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Abstract. In this paper, we characterize bounded linear operators A,B on a complex Hilbert
space such that inf ||[A+B— Al|| = inf [|[A — AI||+ inf ||B— Al||, where [ is the identity op-
AeC AeC AeC

erator. We also establish some inequalities satisfied by the distance from scalar operators for
products of two complex Hilbert space operators.

1. Introduction

Let 2 be a complex Hilbert space with inner product (-,-) and || -|| denote the
induced norm. Let () denote the collection of all bounded linear operators acting
on 7, the operator norm is also denoted by || -||. For A € #(), the numerical
range of A is given by

W(A) = {(Axpc) cx€ A and x| = 1}.

It is known that W (A) is a nonempty (when .2 # {0} ) bounded convex subset (not
necessarily closed) of the complex plane. To measure the location and relative size of
W (A), one frequently used quantity; numerical radius of A. It is denoted and given by

w(A):sup{M\:)LEW(A)}.

It is well-known that w(-) is a norm on % () and
1
Sl < wia) <A 1)

forall A € #B(), thatis w(-) defines an equivalent norm to || -|| on Z(). Also, it
is a basic fact that the norm w(-) is self-adjoint (i.e., w(A*) = w(A) forall A € B()
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where A* is the adjoint of A ) For more material about the numerical radius and other
information on the basic theory of numerical range, we refer the reader to [10].

In [16], Stampfli introduced the center of mass of A € #(J¢) as the (unique)
value A € C at which the minimum of ||A — AI|| (where I is the identity operator on
) is attained, we denote d (A) := /llr€1£ |A—AIl.

In 1963 Bjorck and Thomée [5] proved, that if A is a normal operator acting on a
Hilbert space, then the radius R, of the smallest circular disc containing the spectrum of
A, 6(A),isequal to d(A). Later, in 1980 Garske [8] generalized Bjorck and Thomée’s
result for an arbitrary operator A € Z(7#) and showed that in the general case we have
only the inequality R4 < d(A). In [3], Ando has proved that

LEMMA 1. ([3]) Let A € B(H). Then,
(i) d(A) =sup{[(Ax,y)| : x,y € H, ||x]| = ||yl = 1 and (x,y) = 0};
(ii) d(A) =sup{||(I—P)AP| : P € B(H) is an orthogonal projection of rank one}
(P € B(HA) is called an orthogonal projection if P> = P = P*).

Many authors have obtained several refinements and reverses for the inequalities
in (1) seee.g., [7, 9, 14, 15]. It has been shown in [7, 12], that if A € B(.57), then

IAI> < w?(A) +d*(4),
it is shown in [2] that if A,B € B(.5), then
w(AB) < w(A)(d(B) + || B])-
In [11, 13], the authors proved that
w(AB) < w(A)w(B) +d(A)d(B).

The numerical radius equality (w(A + B) = w(A) +w(B) ), has been discussed in [1],
the authors proved that

THEOREM 1. ([1]) Let A,B € B(H), the following conditions are equivalent:
(i) wA+B)=w(A)+w(B);
(ii) there exists a sequence of unit vectors {x,} in A such that

Hm (A*x,,x,) (Bxy,xn) =w(A)w(B).

n— oo

The proof of Theorem 1 is similar to that of norm equality ( ||A+B|| = ||A| +||B]|)
which says that ||A + B|| = ||A|| + ||B]| if and only if there exists a sequence {x,} of
unit vectors in .7 such that lim,—.. (A*Bx,,x,) = ||A||||B]|, see [4].

The purpose of this paper is to characterize operators A,B € () such that
d(A+B)=d(A)+d(B). We also establish some inequalities satisfied by d(-) for
products of two complex Hilbert space operators.
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2. Main results
Our first main result in this section reads as follows.

THEOREM 2. Let A,B € B(H) with A is normaloid (i.e.,

Al =w(A)) and
w(A+B)=w(A)+w(B).

Then,
w(A)w(B) < min{w(AB),w(BA)}.

Proof. If dim(¢) = 1, then the inequality holds without any hypothesis.
Using Theorem 1, there exists a sequence of unit vectors {x,} in 7 such that

Hm (B*x,,x,) (Ax,,xn) =w(A)w(B).

n——+oo

Let {y,} C # be a sequence of unit vectors with (x,,y,) =0 and Ax, = (Ax,,x,)x, +
(Axp,Yn) yn, for all n € N, it follows that

(BAXp,xn) = (Axpn,Xn) (BXn,Xn) + (Axn,Yn) (BYn,Xn) » ()

and
1A% |12 = | (Axn,0) 2+ | (A, ) [ 3)
Since | (Axp,x,) (Bxn,Xu) | < w(A)w(B) and
M [(Ax, ) (B xa)| = T [(Bxu, xn) (Axn, )| = w(A) w(B).

ngl}rlm\ (Bxn,xy) | =w(B) and HETJ (Axp,xn) | =w(A) =||A]| (because A is normaloid).
From (3), we have

1A% |12 = | (Ao, 0) 2 4| (A, ) [P > (A x0)

this implies that 111}3 (Axp,yn) = 0. Now, from (2) we derive that
Nn— oo

w(A)w(B) < w(BA). 4)
Now, we apply the same argument to A* and B*, we get
w(A")w(B*) <w(B*A*) =w(AB).

So,
w(A)w(B) < w(AB). (5)

From the inequalities (4) and (5), we get
w(A)w(B) < min{w(AB),w(BA)},

and this completes the proof. [J
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REMARK 1. Itis worth mentioning that in the absence of normaloidity, the result
of Theorem 2 need not be true. To see this, consider

01
= [a]
then w(A) = § and w (4%) = 0.
COROLLARY 1. Under the conditions of Theorem 2, if also B is normaloid, then

w(AB) =w(BA) =w(A)w(B).

In the following theorem, we give a necessary and sufficient condition for the
equality d (A+B) =d (A)+d (B) where A,B € B(¢).

THEOREM 3. Let A,B € B(H) with dim() > 2. The following conditions
are equivalent:

(i) d(A+B)=d(A)+d(B);

(ii) there exist two sequences of unit vectors {x,},{yn} C H with (x,,yn) =0, for
all n € N such that

lim (A*y,,xn) (Bxp,yn) =d (A)d (B).

n— oo

Proof. (i)=>(ii) Assume that d (A+ B) =d (A)+d (B). By Lemma I, there exist
two sequences of unit vectors {x,},{yn,} C  with (x,,y,) =0, for all n € N such
that

d*(A+B) = hm [{(A+B) X, y)|*

n—+oo
<Axnayn> <anayn>|

|
5

~ lim (\Axn,yn )P+ (B )+ 2Re (A V%) (B 3i) )
tim (1 (A%0,30) P+ 1B, 3) P+ 2 A, 50) (B i) )

2
= hm (‘ Axnayn ‘+| me)’n)\)

N

(d(A)+d(B)) =d*(A+B).

This implies that
lim (A*y,,xn) (Bxn,yn) =d(A)d (B).

n——+oo

(ii) = (i) Suppose that there exist two sequences of unit vectors {x,},{y,} C 7 and
(Xn,yn) =0, for all n € N such that

lim (A*y,,x,) (Bxn,yn) =d(A)d (B).

n——+oo
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Since [{(Axp,yn)| < d(A) and |(Bxy,yu)| < d(B),

lim [(A"y,,x,)| =d(A) and nETwKBX"’y")‘ =d(B).

e
Therefore,
Jim (A4 B)xn,ya)[* = d* (A) +d* (B) +2d (A)d (B)
= (d(A)+d(B))".
This implies that
d(A+B)>d(A)+d(B). (6)

Further, we have

d(A+B) = sup{[((A+B)x,y)|: [[x|| = [yl = 1 and (x,y) = 0}

7
<d(A)+d(B). ™
By (6) and (7), we conclude that

d(A+B)=d(A)+d(B). O

The following lemma will be useful in the proof of the next result.

LEMMA 2. Let A € B(°) with dim() >3 and d (A) = ||A||. Let {x,},{y.} C
FC be two sequences of unit vectors such that liIJIrl |{Axp,yu)| =d (A) and (xn,yn) =0

forall neN. Let {z,} C A be a sequence of unit vectors with (x,,z,) = (Yn,z2n) =0
and Axp, = Opxy + Buyn + Yazn, (0, Bu, ¥ € C) forall n € N. Then

lim (Ax,,x,) = lim (Ax,,z,) = 0.

n—-feo n—-eo

Proof. The following identity holds true:

2 2 2 2
[[Ax |7 = [(Axn; %) |” + [ (A%, y0) |” + | (A, 2n) |7

Since
lim_|(Ax,,yn)| = d (4),
we obtain
i [(Axa, 602+ [(Axa ) = 0
thus,

lim (Ax,,x,) = lim (Ax,,z,)=0. O

n— oo n—-+oo

An application of Theorem 3 is the following result.
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THEOREM 4. Let A,B € B(H°) with B is self-adjoint. If d(A) = ||A|| and
d(A+B)=d(A)+d(B), then d(A)d(B) € W(BA), d(A)d(B) € W ((AB)") and
50

d (A)d (B) < min {w(AB),w(BA)}.

Proof. If dim(#) = 1, then the results hold.
Assume that dim(.2) > 3. In view of Theorem 3, there exist two sequences of
unit vectors {x,},{y,} C # with (x,,y,) =0, for all n € N such that

lim (B*y,,xn) (Axp,yn) =d (A)d (B).

n— oo

Let {z,} C S be a sequence of unit vectors with (x,,z,) = (yn,24) = 0 and Ax, =
0uXn + Buyn + Yuzn, for all n € N, it follows that

<BAxnaxn> = <Axn7xn> <an7xn> + <Byn7xn> <Axn7yn> + <BZn7xn> <Axn7zn> .
By Lemma 2, we obtain

lim (Ax,,x,) = lim (Ax,,z,) =0.

n—-oo n—+-oo
So,
lim (BAxu,x,) = lim (Byn,x,) (Axn,yn)

n—-oo n— oo
= HETM (B*yn,Xn) (Axn,yn) (since B* = B)
=d(A)d(B).
This implies that d (A)d (B) € W (BA). Hence,
d(A)d(B) <w(BA). ®)
On the other hand, we have d (A*) =d (A) = ||A]| = ||A*|| and
d((A+B)")=d(A+B)=d(A)+d(B)=d(A")+d(B").
Hence,
d(A™)d (B*) € W (B*A¥)
thus,
d(A)d(B) € W ((AB)").

Consequently, we obtain
d(A)d (B) <w(AB). 9)

So, it follows from (8) and (9) that
d(A)d (B) < min{w(AB),w(BA)}.

Hence, the desired results are proved.
If dim(#) = 2, the proof is similar to that in the case dim(7#) > 3; take z, =
0. O

Our next result is stated as follows.
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PROPOSITION 1. Let A,B € B(H). Then
d(AB) <w(A)d (B)+|B||d(A).
Proof. If dim(7¢) =1 then the inequality holds.

Let x,y € 7 such that ||x|| = |ly[| = 1 and (x,y) = 0. Put Bx = oy + By with
o = (Bx,y), B = (Bx,y") and y* is orthogonal to y. Now, it can be observed that

(ABx,y) = a(Ay,y) + B <AyL,y>
= (Bx,y) (Ay,y) + <Bx7yl> <Ayl,y> .

This implies that

(4B )| < [(Bx) Ao + | (B | [(4525)).

Thus, by taking the supremum in the above inequality over all x,y € 5 with ||x|| =

d(AB) <w(A)d(B)+|B||d(A).
Hence, the proof of the proposition is complete. [
Now, we are in a position to prove the following result.
PROPOSITION 2. Let A,B € #(H). If dim s =2, then
d(AB) <w(A)d(B)+w(B)d(A).

Proof. Let x,y € 2 with ||x|| = |ly|| =1 and (x,y) = 0. Put Bx = ax+ fy with
o = (Bx,x) and 8 = (Bx,y). It follows that

[(ABx,y)| = [0 (Ax,y) + B (A, )|
= |(Bx,x) (Ax,y) + (Bx,y) (Ay,y)|
< [(Bx,x) (Ax,y)| + [(Bx,y) (Ay,y) |-

Taking the supremum in the above inequality over all x,y € 5 with ||x|| = ||y|| = 1
and (x,y) =0, we get

d(AB) <w(B)d(A)+w(A)d(B).
This completes the proof. [
Next we need the following inequality, known as Buzano’s inequality [6].
LEMMA 3. ([6]) Let x,y,z € F, then

2
[l

|2 (2 )| < = (el e v )
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The following lemma is useful in the proof of the next results.

LEMMA 4. Let A € B(H) be a positive operator and let x,y € 7. Then

el < P20+ peet)-

Proof. By using Lemma 3, we obtain

2
e ) (e, )] < gy 1)

If (Ax,x) # 0, then

2
{Ax.y)| < % (sl 1+ 1) ) -
Therefore,
st _ gt _ 44 ke
Ak ) HA”\
— a4
— JAll.

If (Ax,x) =0, then A2x=0 and so Ax = 0. Therefore, we get the desired inequality.
This completes the proof. [

Next, we introduce the following theorem.

THEOREM 5. Let T,S,A € B(H) be such that A is positive. Then,
d (SAT ”AH TS| +d (ST
(SAT) < ITIISII+d (ST) ).

Proof. If dim(¢) = 1, then the inequality holds.
Let x,y € 5 such that ||x|| = |ly]| = I and (x,y) = 0. By using Lemma 4, it can
be observed that

[(SATx,y)| = \(ATX Sy

2
A

< ”2_”(|<5Tx7y>\+ ITII1S])
A

< Bl (irsi+an). o
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As an application of Theorem 5, we derive the following inequality.

COROLLARY 2. Let T,S,A € B() be such that A is positive and let r > 1.
Then,

>

arsary < AL (s +ars)).

N ‘

Proof. Since t — ", r > 1 is a convex increasing function on [0, o),

o sar) < ayr (ILELEAET))

2

<AL ysivarsm). o

Our final result is the following
THEOREM 6. Let T € () with the polar decomposition T = U |T|. Then,
d(T) <

S (Il iritawirih)).

Proof. For any x,y € ¢, we have

Using Lemma 4, we get

1 1 « 1 % 1 %
(irE o) < L ([(ririFuey) |+ i |imF oy

)

1 1 .
< WP (1w )+ It o)

Since ||U]| = ||U*|| =1 and taking the supremum over all unit vectors x,y € ¢ such
that (x,y) = 0, we obtain

a(r) <5 (ITl+IT2a (vIT]?)),

NIH

as desired. [
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