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THE ESSENTIAL SPECTRUM EQUALITIES OF 2 x 2
UNBOUNDED UPPER TRIANGULAR OPERATOR MATRICES

XINRAN LIU AND DEYU WU *

(Communicated by B. Jacob)

Abstract. Based on the space decomposition theory, the conditions for the essential spectrum
equalities
G*(y) = 6*(A) U 6*(D)7 (6* = Ofel, €2, €3, e4, e5, eﬁ})v

for the diagonally dominant unbounded upper triangular block operator matrix .7 = <‘g g)

are given, where the sets 0,1 (-) and 0.2(-) denote the Gustafson and Weidmann essential spec-
trums, 0,3(+) denotes Wolf essential spectrum, G,4(+) denotes the Schechter essential spectrum,
0,5(-) and O,6(-) denote the essential approximation point spectrum and the essential defect
spectrum, respectively.

1. Introduction

In the theoretical study of linear operators in Hilbert space, the block operator
matrix plays a crucial role, and widely appears in the study of many practical problems,
such as the problem of solving partial differential equations, fluid mechanics, elasticity
theory and quantum mechanics.

Consider the basic partial differential equations in [7]

aa(ix afxv +fx _ O
Boy QTXV +fy (1)

2 Afe | 9fy
<gx +§y )0+ 0y) + (1+v) (% + ) =0,

where Q be a striped region satisfying —h < x < & in the direction of x-axis. Intro-
ducing state functions

do, do,  doy @

:8y 8y’q_ dx = ox’
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Then we have the equivalent form of (1)

Txy 0 % O —1 Txy _fx
2 | o -2.00 0 oy —Jy
9 _ + L Of 2
ay | p 0 00-21|]|p (1+v)(%E+ %) @
q 0 0<£ 0 q 0
X
0 4 0-1 0 —4&
=J12(— 2(_ = dx — — dx
Let X = L*(—h,h) x L*(—h,h), A (_;_X()),B (00>,D <% 0)'

Then the corresponding block operator matrix of (2) is

7= (gg) . D(A) x D(D) C X x X — X x X,

and it is a form of upper triangular operator matrix.

Therefore, it is very important to study the properties of the upper triangular block
operator matrix (see [10, 11, 15]). In [17], the sufficient and necessary conditions for
the spectral equality of the diagonally dominant upper triangular operator matrix were
given:

ABY) .
0D )"
triangular operator matrix, where A, D are densely defined closed and B is closable.
Then o(7) = 6(A)Uo(D) if and only if (0,1(A) N0, 1(D))U(p(A)N0,1(D)) =
0orAe(o,1(A)N0,1(D)U(p(A)N0oy1(D)) satisfies one of the following:

(i) N(B)NN(D — AI) # 0;

(ii) BN(D—AI)NR(A— A1) #{0};

(iii) BN(D—AI)+R(A—AI) £ X.

LEMMA 1. Let = D(A) x D(D) — X x X be a densely defined upper

Moreover, as an important part of spectral theory, the essential spectrum of the
block operator matrices has also received extensive attention (see [1,2, 3]).

In this paper, we will continue the investigation of the essential spectrums of the
diagonally dominant upper triangular block operator matrix, and several types of the
essential spectrum equalities are given.

Let X, Y be the infinite dimensional complex Hilbert spaces (see [5]). € (X,Y)
is denoted as the set of all densely defined closed linear operators from X to Y, where
€ (X,X) is written as €' (X). #(X,Y) and J# (X, Y) denote the subset of all bounded
linear operators from X to Y and the subset of all compact operators from X to Y
(see [9]), respectively. When T € ¢'(X,Y), the symbols D(T), N(T), R(T), T*,
p(T), o(T), n(T) and d(T) denote the domain, the null space, the range, the adjoint
operator of T, the resolvent set, the spectra, the dimension of N(T'), the dimension of
the orthogonal complement of R(T'), respectively.

The set of all upper semi-Fredholm operators (see [6]) are defined as

Dy (X):={Te€€X):0(T)<e,R(T) is closed in X}.
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The set of all lower semi-Fredholm operators (see [0]) are defined as
D_(X):={T €b(X):B(T) <eo,R(T) is closed in X}.
The sets of all Fredholm operators on X are defined as
D(X): =D (X)ND_(X).
i(T) := o(T)— B(T) denotes the index of linear operator. T is called Weyl operator
(see [12]), if T is a Fredholm operator with i(T) =0.

2. Preliminaries

DEFINITION 1. For T € ¥'(X), the following types spectrums can be defined:
0 (T)={ALeC:A-T ¢ D, (X)},

On(T)={AeC:A-T ¢ d_(X)},
03(T)={ALeC:A-T ¢ d(X)},
0.4(T) ={A €C: A —T is not a Weyl operator},
0es(T) = n Oup(T + K),

Kex (X)
0.6(T) = n os(T +K).

Ket (X)

where A A
O,uy(T) = eC: inf —T)x|| =0},
pT)={hec: it [[(A~T)|=0)

05(T)={A € C: A —T is not surjective}.

AB)\
0D )"
dominant and B be closable. Then 7 is closable (closed, respectively) if and only if
A, D are closable (closed, respectively).

LEMMA 2. (see [17]) Let T = ( D(A) x D(D) — X x X be diagonally

LEMMA 3. (see[2,4]) If A€ D(X,Y), then there exist Ag € B(X,Y), F; € B(X)
and Fy € B(Y) such that
A()A =1- F1 on D(A),

AAO =1—- F2 onY.
LEMMA 4. (see [1,3]) Let A € € (X,Y). Suppose there exist operators Ay, Ay €
B(X,Y), Ky € #(X), K € A (Y) such that

AIA=1—K, on D(A);
AA2=I—K2 on Y.
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Then A € d(X,Y).

LEMMA 5. (see [8]) Let T € €(X, Y) andlet J: X — Y be a linear operator.
(WIFT DX, Y) andJ € # (X, Y), then T+J € (X, Y) and i(T +J) = i(T);
(ITed (X, Y)andJ € H (X, Y), then TH+J €D (X, Y) and i(T+J) =

(i) IfTeDd_(X,Y)andJ € # (X, Y), then TH+J € ®_(X,Y) and i(T +J) =

AB
0D
a densely defined upper triangular operator matrix, where A, D are closed operators,
and B is a closable operator. Then

(i) n(4) <n(:7) < n(A) +n(D);

(i) d(D) <d(7) <d(A)+d(D).

LEMMA 6. (see [3,14]) Let T = ( ) :D(A)xD(D) CX xX — X xX be

LEMMA 7. (see [15]) Let T,S € € (X, Y). Then T~'S is bounded if and only if
D(T*) C D(S).

LEMMA 8. (see [8]) Let T € €(X). Then
(i) A ¢ 0.5(T) ifand only if A\ — T € @, (X) and i(AI—T) < 0;
(ii) A ¢ 0.6(T) ifand only if Al —T € ®_(X) and i(AI—T) > 0.

A B
0D
A, D are closed operators, B is a closable operator. Then
()IfA, D€ @ (X), then T € @, (X);
(i) IfA, De ®_(X), then T € D_(X).

LEMMA 9. (see [4]) Let T = :D(A)xD(D) CX xX — X x X, where

REMARK 1. Obviously, Lemma 9 is not a necessary and sufficient relation. For
example, define linear operators S,, S; in Hilbert space X = I*[1, o

er: (07 X1, X2, X3, )7
Slx: (x27 X3, X4, )7

where x = (x1, x2, x3, --+) € X. Let
(SIS,
y_<0 S, )

It is easy to prove that .7 is a left semi-Fredholm operator, but S; is not a left semi-
Fredholm operator.
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3. The essential spectrum equalities

A B
0D
are closed operators, B is a closable operator, D(A*) C D(B*), Pgiy_a)Blp(p) is

THEOREM 1. Let = ( ) :D(A)xD(D) C X xX — X XX, where A, D

compact, where A & 0,1 (A) and Py _py1 2 X — R(AI—A)* is a orthogonal projec-
tion. Then
6.1(T7) =0,1(A)Uo, (D).

Proof. By Lemma 9, the proof of 6,1(.7") C 6,1(A) U0, (D) is obvious.
Next, we will show that 0,1 (-7) 2 0,1(A) U0 (D). Let A ¢ 0,1(.7). By Lemma
3, there exists .# € B(X xX), N € H# (X x X) such that

M= T) =5 — N

[ My M, (NI N
= (M3M4>, N = (Na N4).
Then, M(Al —A) =1—N; on D(A), where M| € #(X), and N; € #(X),s0 A ¢
0.1(A) by Lemma 4. And Al — .7 can be decomposed into

Let

(AI-A); 0 B N(AI—A)XND(AI—A) R(AI—A)
AM—T = 0 0 B |: N(AI—A) — | R(AT—-A)*
0 OAI-D D(AI—D) X

Obviously, (A1 —A)1 = Pr(ar-a) (Al = A)|y(a1-a) - np(r1-a) 18 invertible. Let

10—(A1—-A);'B, N(AI—A)* N(AI—A)*-
Or=(01 0 [ NAT-A) | = | NAI-A)
00 I X X
Then,
(AI—-A);0 0
(Al —7)Q; = 0 0 B
0 OAI-D
(3)
(AI—-A);0 0 000
= 0 0 0 +(00B,
0 OAI-D 000

By given condition, By = Pg(;;_4)1B|p(p) is compact. So A ¢ 01(D), ie. A ¢
Oel (A) U Ce1 (D> t

However, considering whether R(AI — A) is dense when A ¢ 0,1(A), we have the
following remark:
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gg :D(A)xD(D) C X xX — X x X, where A, D is

closed, B is a closable operator, D(A*) C D(B*) and 0,3(A) = 6,1(A) = 0. Then

REMARK 2. Let .7 =

0.1(7) =0.1(A)Uo,1 (D),

where 0,3(T) ={A € C: A —T is not injective, R(AI — T') # X, R(AI—T) is not closed
inX}, 0,/ (T)={A €C:A—Tisinjective, RIAI —T) #X, R(AI—T) is closed in X }.

Proof. For A ¢ 0,1(A) and considering the condition in Theorem 1, we have
R(AI—A) is closed. i.e.

A€ p(A)Uoy1(A)Uop3(A)UoH(A).
By given condition 0,3(A) = 0,1(A) =0, we have
R(AI—A)L = {0}, i.e. PR(llfA)LB|D(D) =0.

So Gel(g)zcel(A)UGel(D). O

ABY
0D )"
are closed operators, B is a closable operator, D(A*) C D(B*) and B|y(;;—p) is com-
pact operator on X, where A ¢ 0,,(D). Then

THEOREM 2. Let . = D(A)xD(D) C X xX — X x X, where A, D

0:2(7) = 0n(A) U0, (D).
Proof. By Lemma 9, the proof of 6,2(.7) C 6.2(A) U0e2(D) is obvious.

It suffices to show that 0,2(.7) 2 0.2(A) U0 (D). Let A ¢ 0,0(7). Then A ¢
0.2(D) by Lemma 3 and Lemma 4. We can obtain

Al-A B, B D(AI—A) X
AM—T= 0 (AM—D); 0 |:| NAI-D)*NnD(AI-D) | —| R(AI-D)
0 0 0 N(AI—D) R(AI—D)*

Obviously, (A1 — D)y = Pg(a1-p)(A — D)|y(a1-p)-nprs-p) are invertible. There ex-

ists Q», N
I1—-A 0 By

QA —T) = 0 (A—-D); 0
0 0 0
)
AMl—A 0 0 00 B,
= 0 (AMI-D);0|+|000
0 0 0 000

By given condition, B; is compact. Similar to the proof process of Theorem 1, A ¢
0n(A),ie. A ¢ 0n(A)Uo(D). O

Same as remark 2, considering whether A7 — D is injective when A ¢ 0,,(D), we
have
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gg :D(A)xD(D) C X xX — X x X, where A, D is

closed, B is a closable operator, D(A*) C D(B*), 6,1(D) = 6,3(D) = 0. Then

REMARK 3. Let .7 =

0:2(.7) = 0(A)U0Cn(D),
where 6,,1(T) ={A € C: A —T is notinjective and R(AI—T) =X }.

ABY
0D )"
are closed operators, B is a closable operator, D(A*) C D(B*) and Py 3 ;_5)1B|n(11-p)
is compact, where A ¢ 0.1(A)U0p(D). Then

THEOREM 3. Let . = D(A)xD(D)C X xX — X x X, where A, D

0.3(7) =0;3(A)Uo3(D).

Proof. By Lemma 9, the proof of 6,3(.7) C 0,3(A) U0,3(D) is obvious.

It suffices to show that 0,3(.7) 2 0.3(A) Uo.3(D).

Let A ¢ 6,3(7). Then A ¢ 06,1(A)U 0, (D) by Lemma 3 and Lemma 4. And
Al — 7 can be decomposed into

D; 0 B B, N(AI—A):ND(AI—A)
AT — 0 0B3 Bs | . N(AI—A)
1 00D, 0 | | NAI—-D)-ND(AI—-D)
000 0 N(AI—D)
R(AI—A)
R(AI—A)*
R(AI—D)
R(AI—D)*

Obviously, Ay = Pr(ir—a) (M = A)|y(ar-a)tnp(ai-a) and
D), = Pr(ar-p)(A = D)|y(a1-p)rp(ai—p) are invertible. Let

_ — N(AI—A)* N(AI—A)*
0, [0ALBL —A; By N(AI-A) | | N@AI-A)
3= 8(’) 8 (1) N(AI—D)* N(AI—D)*
N(AI—-D) N(AI—-D)
R(AI—A) R(AI—A)
10 0 0
o.=[or-Bp 0] RAI-AY | [ R(AI-A)*
00 301 ;]| RaI-D) R(AI—D)
R(AI—D)* R(AI—D)*
Then
A, 00 0 A, 00
01— 7)0s=| QO U Ba] 1 0000, 888;}) (5)
4 3=l oop,0 ]|~ 00D,0 00004 :
000 0 0000
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By given condition, B4 = PR(}LI—A)LB‘N()LI—D) is compact. So A ¢ 6,2(A)Uc, (D), i.e.
A ¢ O¢3 (A) U 0g3 (D) O

REMARK 4. Let .7 = (g g) :D(A)xD(D) C X xX — X x X, where A, D is
closed, B is a closable operator and D(A*) C D(B*). If one of the following conditions
is satisfied:

(i) 6p3(A) = 011(A) = 0;

(ii)apl(D) = Gp3(D) =0.

Then,
03(7) = 0i3(A)Uoe3(D).
A B
REMARK 5. Let .7 = 0D :D(A)xD(D) C X xX — X x X, where A, D

are closed operators, B is a closable operator, D(A*) C D(B*).

() If PgeayB|p(p) is compact, then 7 € @ (X) if and only if A € @, (X) and
Ded, (X).

(ii) If B|y(p) is compacton X, then 7 € ®_(X) ifand only if A€ ®_(X) and D €
D_(X).

(iii) If Py LB|N is compact, then 7 € ®(X) if and only if A € ®(X) and D €
D(X).

THEOREM 4. Let T = (‘é g) :D(A)xD(D) C X xX — X XX, where A, D

are closed operators, B is a closable operator, D(A*) C D(B*), Pp(3;_ayBln(a1-p) is
compact and i(Al —A)i(Al — D) > 0, where A ¢ 0,1(A) U0 (D). Then

064(9) = Ge4(A) U 064(D).

Proof. Let A ¢ 0.4(A)U0G.4(D). Then by Lemma 5 and Theorem 3, we have
AM—T € ®(X) and

i(AI— F) = i(Al — A) +i(Al— D) = 0.

Therefore, A ¢ G.4(7).
On the other hand, let A ¢ 6,4(.7), by formula (5) of Theorem 3, AI—A and AI—
D are Fredholm operators, and

i(AM—A)+i(Al-D)=i(Al—T)=0
By given condition i(Al —A)i(AI — D) > 0, it is easy to prove
i(AI—A) = i(Al — D) =0.

ie. A ¢ 0.4(A)Ucy(D). O
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A B
0D
closed, B is a closable operator, D(A*) C D(B*). If one of the following conditions is
satisfied:

(D) 0p1(A) = 0p3(A) = 011(A) = @

(i1) 0,1 (D) = 6,3(D) = 6,1(D) =

Then,

REMARK 6. Let§:< ):D(A)XD(D)CX><X—>X><X,whereDis

0:4(T) = O (A)UG.4(D).

Proof. We only prove the case of condition (i). Let A ¢ 6,1(A) U 6,2(D), consid-
ering the condition in Theorem 4, R(AI —A), R(AI — D) are closed. i.e.

AEpP(A)Uop(A)U03(A)UGCH(A)Up(D)UO, (D)Uo)s(D)Uoc (D).

Then, we have

R(AI-A)* = {0}, N(AI —A) = {0},
i.e.

Prai—a)-Blpw) =0, i(AI = A) = 0.

So 64(T) =04(A)Ucu(D). O
A B
0D

are closed operators, B is a closable operator, D(A*) C D(B*), Pgiy_a).Blp(p) is
compact and (Al —A)i(Al — D) > 0, where A ¢ 0,1(A). Then

THEOREM 5. Let .7 = ( :D(A)xD(D) C X xX — X x X, where A, D

0e5(:7) = 0,5(A)Uos(D).

Proof. Let A ¢ 0,5(A)U0,s(D). Then by lemma 8, we have
A—A,A[—De®,(X), i(Al—A) <0, i(A—D) <0.
And by Lemma 5 and Lemma 9, we can obtain
M—-T e (X)), i(AM—T)=i(AM—A)+i(Al—D) <0,
ie. L ¢ 0,5(7).

Conversely, let A ¢ 0,5(.7). By formula (3) of Theorem 1, A/ —A and Al —
D are upper semi-Fredholm operators, and

(AI—A)+i(Al—D)=i(Al—7)<0
By given condition i(Al —A)i(AI — D) > 0, it is easy to prove that
i(AI—A) <0, i(Al — D) <0.

Therefore, A ¢ 0,5(A)U0,s5(D). O
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REMARK 7. Let .7 = (gg) :D(A) xD(D) C X xX — X x X, where D is
closed, B is a closable operator, D(A) C D(B*) and 6,1(A) = 0,3(A) = 0,1(A) = 0.
Then

665(9) = GeS(A) U GeS(D)a

AB\
0D )"
are closed operators, B is a closable operator, D(A*) C D(B*), B|y((n1-p) is compact
operator on X and i(Al —A)i(Al—D) >0, where A ¢ 0, (D). Then

THEOREM 6. Let . = ( D(A)xD(D) C X xX — X x X, where A, D

0u6(-7) = Gu6(A) U Gu(D).

Proof. The proof process of Theorem 6 is similar to Theorem 5. [J

REMARK 8. Let 7 = (gg) :D(A) x D(D) C X xX — X x X, where A is
closed, B is a closable operator, D(A*) C D(B*) and 6,,1(D) = 0,3(D) = 0,1(D) =0.
Then

0.6(T) = 0u6(A) U O6(D).

4. Application

As applications of the main results, we shall characterize various essential spec-
trums of the upper-triangular infinite-dimensional Hamiltonian operators.

COROLLARY 1. Let 5 = (g _i*> :D(A) xD(A*) C X xX — X XX be an
upper triangular infinite dimensional Hamiltonian operator, PR( A) LB D(A*) IS compact.

Then F€ is a Fredholm operator if and only if A is a Fredholm operator.

A B
0—A*
upper triangular infinite dimensional Hamiltonian operator, PR( A B | p(a*) Is compact
and i(A)i(A*) > 0. Then 7 is a Weyl operator if and only if A is a Weyl operator.

COROLLARY 2. Let ¢ = ( ) :D(A) X D(A*) C X xX — X XX be an

Now we will give an example to illustrate the validity of the main results.

EXAMPLE 1. [18] Consider the boundary value problem of the plate bending
equation:

D(j—;+§7)2w:o, O<x<h 0<y<l;

2
2
w(x,0) =u(x,1)=0, 0<x <k

2 2
%TVZV+%TV2V:07 y=0ory=1.
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Let

ow Pw  Pw %w  9*w
0= a=0 (Gt gmr) s m= (G 55)

Here g is the Lagrangian parameter function, and m is the bending moment. Using the
multivariate polynomial with remainder division of the matrix, the Hamilton canonical
equation can be obtained

0 10 0
w 82 J w
ox | ¢ oooj—;2 q
m 0 0-1 0 m

Let Y = L?[0,1] x L?[0,1]. Then the corresponding infinite-dimensional Hamiltonian
operator is

0 —A*

0 I 00
A= d? 7B:< 1)7
<_WO> 0-5

D(A) = { (g) € X : w' absolutely continuous, w(0) =w(1) =0, w', w" € X}

%J:(A B ):D(A)XD(A*)CYXY,

where

2

Obviously, A =
dy?

) is invertible, so PR(A)LBLN(A*) =0, i.e. it is compact

and i(A) =i(—A*) =0.
By Theorem 1 — 6, we have

Coi(H) = 0ei(A) UG, (—A") =0, (i=1,---,6).
On the other hand,
0(A)=0(-A")=0,(A)={km: k=+I1, £2, ---}.
Thus, 6,1(A) =0, and so

o) ={kn: k=+1, £2, --}.
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