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COMPOSITION OPERATORS AND THE CLOSURE OF
DIRICHLET-MORREY SPACES IN THE BLOCH SPACE

MAO XIAO, JUNMING L1U* AND YUTIAN WU

(Communicated by E. Fricain)

Abstract. In this paper, we characterize the closure of the Dirichlet-Morrey spaces in the Bloch
space by higher-order derivatives. Moreover, the boundedness and compactness of the products
of composition and differentiation operators from the Bloch space to the closure of the Dirichlet-
Morrey spaces in the Bloch space are investigated. A criterion for an interpolating Blaschke
product to be in the closures is given.

1. Introduction

Let D be the open unit disk in the complex plane C and H (D) be the space of
analytic functions on D. For 0 < p < .o, H? denotes the Hardy space, consisting of
all functions f € H(D) for which

1 2 .
7P, = sup —/ F(re®)|PdO < o.
170 = sup 5 [ 1)
As usual H” denotes the space of bounded analytic functions in D.

For 0 < a < o, the Bloch type space B* consists of all f € H(ID) such that

£ llgx = [£(0)] +S§§,(1 —[2)*If (@) < .

It is a Banach space with the above norm || - ||z«. When o = 1, then the space B* is
the classical Bloch space B. It is well known that H~ is a subset of the Bloch space.
Let n be a positive integer. From [27, p. 1149], we see that || ||z is equivalent to

1Nl = LF O]+ 1 ©O)] +---+ "D (0)] +sup(l = |22 ().
zZ€

The little Bloch type space B consists of all f € H(ID) with

lim (1 2P)*|£'(2)| = .

lz]—1
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It is easy to see that the little Bloch type space B is the subspace of B%. We refer to
[27] for more results on Bloch type spaces.

Let I be an arc of dDD and |I| be the normalized Lebesgue arc length of I. The
Carlenson box based on I, denoted by S(I), is defined by

Sy ={z=ré® eD:1-|1|<r<1,6®ecl}.
Let u be a nonnegative measure on . For 0 < or < oo, u is said to be an a-Carleson

measure if
u(S(1))

1CoD |1\°‘

< oo

u(s)
e

If u is an o-Carleson measure and limy;
o -Carleson measure.

For 0 < p<eo, —2<g<eo, 0<s <o and —1 < g+ < oo, recall that the
general family of function spaces F(p,q,s) consists of those f € H(ID) such that

=0, then u is called a vanishing

1717 = 0P [ @Pa-1Pi - loPraae) <

where dA is the normalized Lebesgue area measure on D.
For 0 < p < e, the weighted Dirichlet space D), consists of functions f € H (D)
for which

1/2
I, = O+ ([ 1F@FQ - EPraAQ)) <o

For 0 < p,A < 1, the Dirichlet-Morrey space Dfﬁ consists of those functions f €
H(D) such that

p(l

1112y = O]+ sup(1  la?) 2 £o 02— £ (@), < =

where o, = l":azz, is the Mobius transformation of ID. It is known that Dfﬁ is a Banach

space with the above norm || - || 2. When p =1, Dfﬁ is the Morrey space £>*, which
p

was studied in [13, 14]. Moreover,
BMOAC L>* CH?, 0<A<l.
When A =0or A =1, Dfﬁ reduces to D), and Qp’ respectively. Moreover,
0,CDhCD, 0<A<L

By [10, Proposition 2.1], the norm of functions f € Dé (D) can be defined as follow

_ LR P
1oy = A+ sup \/ T o |/ QR = R )raAG), m
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Let n be a nonnegative integer. Denote by D" the n-order differential operator. Namely
D'f = f for f € H{D). Let ¢ be an analytic self-map of I. The products of
composition operators and n-order differential operators C,D" are defined by

(CoD")(2) = f"(9(2), f €H(D).

If n =0, we get the composition operator Cy . The products of composition operators
and differential operators have been studied on some analytic function spaces (see [15,
16, 33, 34]).

Let X and Y be two Banach spaces of analytic functions. For simplicity, the clo-
sure of X NY in the norm of Y is denoted by Cy(XNY). In [1], Anderson, Clunie
and Pommerenke posed the follwing problem: what is the closure of H* in the Bloch
norm? This problem remains open to this date. Recently, Zhao [3 1] studied the closures
of some Mdbius invariant spaces in the Bloch space. Aulaskari and Zhao [2] charac-
terized composition operators from the Bloch space to the closures of some Mobius
invariant spaces in the Bloch space. Bao and Gogiis [3] investigated the closure of
Dirichlet type spaces Ds(—1 < s < 1) in the Bloch space. Hu and Zhu [12] studied the
closure of Morrey space in the Bloch space. See [4, 9, 17, 18, 20, 21, 29, 30] for some
related results.

It is well known thatfor 0 < p < 1,

DCQ, S BMOACB.

Hence,
Cs(Qp) € Cs(Dj NB) C Cs(D,NB).

From [3], we see that a Bloch function f is in Cg(D;NB), —1 < s < 1 if and
only if forany € > 0,

| (=P 2aae) <=,
Qe (f)

where
Qe(f) ={zeD: (1= [z)|f (2)| > €}-

Itis also know that F(2,0,s) = Q. From [2] and [31], we see that a Bloch function
fisin Cg(Qy), 0 < s < 1 if and only if for any € > 0,

sup (1= [0a(@)[*) (1 = [2*) ?dA(2) < e,
achD Qe (f)

where
Qe(f) ={zeD: (1-zP)If (2)| > e}.
According to the above, it is natural to ask what are the necessary and sufficient
conditions for a Bloch function f is in Cg (Df,L nB)?

The purpose of this paper is to characterize CB(D;L N B). In [29], Zhang char-
acterized the boundedness and compactness of the operator C,D" from B*(B{) to
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Crp (AN BP). Sun et al. [25] studied the boundedness and compactness of the opera-
tor CpD" from B(By) to Cs(F (p,p —2,s)). In this work, we will characterize the the
boundedness and compactness of the operator C,D" from B(By) to C B(Df,L NB).

The rest of this paper is organized as follows: In Section 2, we characterize the
closure of the Dirichlet-Morrey spaces in the Bloch space by higher-order derivatives.
In Section 3, we give the characterization of boundedness and compactness of the prod-
ucts of composition and n-th differentiation operators. In Section 4, a criterion for an
interpolating Blaschke product to be in CB(DI’} N B) is obtained.

Throughout this paper, we say that A < B if there exists a constant C such that
A < CB. The symbol A ~ B means that A <B < A.

2. Characterization of C B(DI’} nB)

To state and prove our results in this paper, we need an estimate, which can be
found in [28].

LEMMA 2.1. Let s >0 and t > —1. Then there exists a positive costant C such
that

(1— o) ¢
—————dA < —-
/ID) |l _Zw|2+t+s (CO) (1 _ |Z‘2)S

The following lemma, quoted from Lemma 1 in [32], is an extension of Lemma
2.1. See also [19].

LEMMA 2.2. Let s> —1, nt >0 and r+t—s>2. If t < s+t <r, then there
exists a positive costant C such that

(- [P c
— —dA < .
i merAm O RPy—2 &

The follow lemma is Lemma 3.1.1 in [26].

LEMMA 2.3. Let a,t € (0,%0) and a nonnegative measure (L on . The U is a
o -Carleson measure if and only if

(1—|a]?)
Su —_—
oeb Jo [T —az] e

dpi(z) <ee.

LEMMA 2.4. Let 0 < p,A < 1. Then f € D; if and only if
sup [ |f' ()P (1= [P M (1 = |ou(z)[*)* dA(z) < e.
ach/D

Moreover,

1/2

11 ~ 71+ (sup [ 171G~ P00 - o))
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Proof. Denote
dp(z) = |f' @) (1 = |21*)"dA(2).

Then, from (1) we have that f € Dfﬁ if and only if du is a pA-Carleson measure.
Hence, by Lemma 2.3, we get that f € Dfﬁ if and only if

—lal)’
0, a0
(1—|aP)’
ZSUHI; b WV’(Z)F(I —|2*)PdA(z)
ae -
oo,

Let t = pA, we get the desired that. [

The following Theorem A (see [22] and [23]) is the characterizations of F(p,q,s)
spaces using higher order derivatives:

THEOREM A. Let [ be analyticon D. Let 0 < p < oo, =2 < g < oo, 0 <5< 0o,
LetneNand g+s> —1,or n=0 and q+s— p > —1. Then the following statements
are equivalent:

() fE€F(p.q,s);

(i) sup [ | F™ (2)P (1= [2[*)"P~PH9(1 = |0u(2)*)'dA(z) <
acD

(iii) sup fiy|f)(2)[P (1= [z*)"P~ P+ (z,a)dA(2) < oo
acD

(iv) du(z) =" (2)|P(1 - |z|?)"P~PH9+3dA(z) is a bounded s-Carleson measure.

REMARK 2.5. Note that F(2,p(1—A1),pA) = Dfﬁ for 0 < p,A < 1. From the
theorem above, it is easy to see that the following statements are equivalent:
(i) f €Dy

(i) sup fo [ /") (2) P(1 = [22)P =2 #202(1 — |0y (2) ) PHdA(z) < oo
acD
(iii) du(z) = [£" (2)[>(1 = |z[*)P+2"~2dA(z) is a bounded pA -Carleson measure.

THEOREM 2.6. Let 0 < p,A < 1 and let n be a positive integer. Suppose f € B.
Then f € CB(D;L N B) if and only if for any € > 0,

_ 2\ PA
sup (1 O'a(Z)|> ( dA(z) o )

a€DJ Que(f) I |Z|2 1- |Z|2)2_p

where

Que(f) ={zeD: (1-[z)"|f"(z)| > €}
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Proof. Take f € CB(DI},L NB) and € > 0. Then there exists a g € DIQ; N B such

that || f —gl|s.. < §. Since
(1=1zP)"1/ " (2)] < SU%(l — o) (@) — " (@) + (1 - 2*)"|g" (2)]
we

€
<z +(1-2P)"g™ (@), zeD.

2
We have Q, ¢(f) C Q, ¢ (g). Consequently,
sup | ( —6a(2) )M dA(z)
aeD L=z (1= [z2)>=r
<sup (1 —[oa(z)P)P* (1 |2 )2” PHg"W @) dA(z)
aeD/Q, ¢ (s) (1= [z[)2]g")(z) |2 (1= [z2)>=r

4
<gsup |18 @ (1= ) (L~ ou(2)?) A ).

8(16

Since g € DA , by Remark 2.5, we have

sup [ g (@) (1= [z M2 (1~ |ou(2)P)PAdA() <

acD /D

Hence,

1-|o )P\ dAR)
oeb ( ) (= Jppr =™

acD Qnﬁe(f) 1- ‘Z|2

Conversely, suppose that (2) holds. Fix € >0 and let f satisfy (2). Since Cp(
B) is a linear space containing all polynomials, the function

2 f Cs(DENB)
if and only if
o  rk 0
Y S (O) € Cs(DiNB).

Without loss of gennerality, we may assume that
F0)=f'(0)=---= f""Y(0) = 0.
For any z € D, by Proposition 4.27 in [28],

|w‘2)n+ﬁ

[
1@ =g B—I—n/ )2+/3w

dA(),

A
Dpﬂ
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where 8 > —1. Following [31], we set f(z) = f1(z) + f2(z),, where

B 1 (o) (1 —|w|?)"*P
1O = B3 oy (1o P A
e ! £ (@)(1 o)+
O = G2 B Iy (1o For A
After a calculation, we get
), (o) (1 —|w[?)"P
Q=i [ )
e . £ (0)(1— o2+
() = (B+n+ 1>/D\Q”(f) e A©)

Let

n—1 rk

Mo =it - 3, 1

k=0 .

Then 7(0) = '(0) = --- = h(™1(0) = 0 and (f —h)™(z) = £" ().

Combining the above facts with Lemma 2.1, we obtain

1f = hllsq = sup(1 — 22”15 2)]
zeD

[ U0 0Py
SO [0 A

zeD
1—|o*)B
< esup(l— 2”/7( dA(w) <e.
~ Ze]g( |Z| ) D (1 _Zw)n+2+ﬁ ( )N

Hence h € B. Using Fubini theorem and Lemma 2.2, we obtain

sup [ |A®(2) 21— [z2)P 1720721 — o (2) P)PhdA(2)
acDJ/D

=sup || @F (1= )21 o 2) )P aA(
ac

n 1 A)a2n—
<Hf1HB,nSUHP) D|f1( )(Z)|m(1—\2|2)p(1 P21 | 6,(2)|?)PHdA(z)
ac

SlAlBasup [ (1=[ou(2)?)P* (1= [zt -4
acDJD

XQ* mwwu—mwwﬂmoﬂ@
Qne(f)

(1— Z@)n+2+ﬁ
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Ssup £ (0)|(1 = |of?)"*B
acDJ Que(f)
(1= |21 =M1 — o, (2) |2
) (/]D 11— z|2+B dA(z) | dA(o)
1= [af)r?

< L lol2B(1 — 2,7/1(/ ( i) dae
Nzgﬂg Q""e(f)( l@Fy1 = al b [1 —Z0|"T2B|1 — za2P% (2) (o)
Ssu (1_ |(5a((9)|2>p/1 dA(o)
Naeﬂg Que(f) 1—|wl|? (1—|wP)2>r )

that is, h € Dé. Thus for any € > 0, there exists a function h € Dé N B such that
If—gllsnSe,ie., f€ CB(DI},L N B). The proof is complete. [J

3. The boundedness and compactness of the operator C,D"

In this section, we characterize the boundedness and compactness of the operator
CoD" : B(Bo) — C(D} N B) and on Cs(DANB).

THEOREM 3.1. Let ¢ be an analytic self-map of D and let n be a nonnegative
integer. Suppose that 0 < p,A < 1. Then CoD" : B — CB(DI),L NB) is bounded if and
only if for any € >0,

1-|o, P\ dA)
9 ) T <o *

acDJTe(0) 1— ‘Z|2

where Te(@) ={z€D: %\‘P(” et

Proof. Assume that CyD" : B — CB(DI},L N B) is bounded. From [24], we see that
exists two functions f1, f» € B such that

_c
(l _ |Z‘2)n+1 :

@+ 1A ) =

By the boundedness of C,D", we get fl(") o (p,fz(") op € CB(Df,L NB). Hence, Theorem
2.6 implies that, for any € > 0,

1— Ga(Z)2> dA(z)
sup — <o
acD Qg(ff’”O@( 1z (L—|z?)?=P

and

sup

(1 _ aa(z)2>’“ dA(2)
acD Q%(fz(")ow) 1 -z (

L= [e?)>7
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When z € T (@), we get
(A" 0 @) @1+ 12" 0 @) @)1~ [2)
=" @@+ 1A (0@)19 (D) (1 - |2)

1—|z? )
2%@@28,

which implies that either

1 0 ) (2)(1 - [2?) =

N M

or
(n)

(A" o) ()I(1-1z*) =

A
w [ (Lmary” o
achJTe(g) \ 12 (1—z[>)>P
A
<sup (1—% |2>p
a€b Q%(fl(n)o(P)UQ%(fz( Mo 1— |Z|2 1-— |Z|

<sup <l—oa<z>|2>” dA(:)
TaebJog (e \ 1= 2 (1= 1z*)*

1— |ou(z>|2>1“ dA(2)
(

-+ sup ( —
ach Q%(fz(")oqj) 1— |Z|2 1— |Z|2)2 I

<oo,

N M

Hence

Conversely, suppose that (3) holds. Let f € 3. Then
! n n - 2 /
(€D 1Y @101~ ) =" VoI ~ o e Sl

(1-1z*)
<||fHB,n+IW| ¢'(2)]-

Therefore, forany & > 0, if [(CoD"f)'(z)|(1 — |2[*) > &, we have that
(1-zf) / 6
w112 g =

(1=le(2)P)

- Jo@P\" dAR)
iiﬁ/sza<c¢pnf>< T—]aP ) (-7
(1—|oa<z>|2)ﬂ dA(2)

(

1—[e? L —[ef?)?7

Hence,

<sup
acDJTe(0)
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From Theorem 2.6, we have
CoD"f € Cp(DiNB),
ie., CoD": B — CB(DI’} N B) is bounded. The proof is complete. [

THEOREM 3.2. Let ¢ be an analytic self-map of D and let n be a nonnegative
integer. Suppose that 0 < p,A < 1. Then CoyD" : By — CB(DI),L NB) is bounded if and

onlyif ¢ € CB(DI’} NB) and

=l
D o Py @ < “

Proof. Suppose ¢ € CB(Df,L NB) and

R €l RPN
K= T oy ¥ ) <

Let f € B. For any € > 0, there is a constant r(0 < r < 1) such that

@I 1P < £

whenever |z| > r. Let z € Q¢(Cy,D"). Then, by the assumed condition, we have
e <[ (0(2))[19' @)1~ |2*)
<1 I —lo@ Py A ED oo
(1=[e(2)[?)"

<K (@@)I(1 - o)),
which implies that |@(z)| < . Thus,
e <[ (0(2))[19'@)|(1 = |2*)

(1-1zP /
< I/ &Hle’ (@)

< Uﬂ%(l—lzf)(ﬂ@”'

Let § = -0 Then (1—[z2)|¢/(z)| > 8. Hence, Qe(CoD"f) € Qs(@). Since

B H.fHBJHrl

o< CB(Df,L N B), by Theorem 2.6 we get

sup | <l—|ca<z>|2)” dA(z)
aedJoc(copr) \ 1= 2 (1—1[z3)*r

(1 - aa(z)|2>1“ ( dA(z)

L=z L= [e?)>7

<sup
acD J25(9)

<oo,
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By Theorem 2.6, we see that CpD" f € CB(DI},L NB). Hence, CyD" : By — CB(DI},L NB)
is bounded.
Conversely, suppose that Cp,D" : By — CB(Df,L N B) is bounded. Noting that

fulz) ="/ (n+1)! € B, we have
@ = CoD"(f,) € Cs(D} NB).

Since CB(DI’} N B) is a subspace of B and C,D" : By — CB(DI),L N B) is bounded, then
CpD" : By — B is bounded. It is easy to see (4) holds according to [34, Theorem 2.1]
with oo = B = 1. The proof is complete. [

THEOREM 3.3. Let ¢ be an analytic self-map of D and let n be a nonnegative
integer. Suppose that 0 < p,A < 1. Then the following statements are equivalent.

(i) CoD": B — (33(1)177L NB) is compact;

(i) CpD" : By — Cp (Df,L NB) is compact;

(iii) ¢ € Cs(D}NB) and

, (1-1z?)
ol TT= Tty 1 = ©

Proof. (i) = (ii) Itis clear.

(if) = (iii) Assume that CoD" : By — CB(DI’} N B) is compact. Then Cy,D" :
By — CB(DI’} N B) is bounded. By Theorem 3.2, we see that ¢ € CB(DI),L NB). Since
CB(DZ; NB) C B, we get that CyD" : By — B is compact. This implies that (5) holds
by [34, Theorem 2.2].

(iif) = (i) By the assumption, we see that there exists r (0 < r < 1), such that

L
%W’(ZM < %, when |@(z)| > .

Let z€T¢(¢). Then |¢(z)| < r. Therefore,

1—|z)? , 1—
e < A,

(
Thus €(1—r2)"t1 < (1—|z?)|¢'(z)|. Let § = &(1 —r*)"*!. Then z € Qs(¢). Hence
P

- C—%mﬁl dA(2)
wbIre) \ 1=RP ) (=[PP

(1_ |ou(z>|2)ﬂ ( dA(z)

1—[e? L —[e?)>7

£<

<sup
acDJ/Qs(9)

Since ¢ € Clg(Df,L NB), by Theorem 2.6 we have

_ 2\ PA
sup (1 %(@I) : dAz)

aeDJQs(9) \ 1 —[2]? 1 —[z[?)2-p
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Therefore,

- (1 - |<;a(z>|2>”A dA()
acDJTe(@) \ 1=z (1—z?)>=P
By Theorem 3.1, C,D" : B — CB(Df,L N B) is bounded. It is easy to know that C,D" :

B — B is compact by [34, Theorem 2.2]. Therefore CyD" : B — CB(DI’} NB) is com-
pact. The proof is complete. [

From Theorem 3.3, we immediately get the following corollary.

COROLLARY 3.4. Let ¢ be an analytic self-map of D and let n be a nonnegative
integer. Suppose that 0 < p,A <1 and ¢ € C (Df,L NB). Then the following statements
are equivalent.

(i) CpD" : B — CB(73177L NB) is compact;

(ii) CpD" : By — Cp (1?177L NB) is compact;

(iii) CpD" : B — B is compact;

(iv) CoD" : By — B is compact.

THEOREM 3.5. Let ¢ be an analytic self-map of D and let n be a nonnegative
integer. Suppose that 0 < p,A < 1. Then C,D" :CB(DI’} NnB)— CB(DI’} NB) is compact

if and only if @ € CB(DI’} NB) and

, (1—1z%) )
ol T=TpGpy @1 =0 ©
Proof. Suppose that ¢ € CB(Df,L N B) and (6) holds. By Thoerem 3.3, CyD" :
B— (35(1)177L N B) is compact. Since (35(1)177L NB) C B, we get that Cy : 63(19177L nB)—
CB(DZ; N B) is compact, as desired.
Conversely, assume that CyD" : CB(DI),L NnB) — CB(DI’} N B) is compact. It is
clear that ¢ € CB(D?; NB) since f,(z) =""1/(n+1)! € CB(D?; NB). Since By is
closure of all polynomials in B and the space Dé contains all polynomials, we get that

Cp:By— C’B(DI},L N B) is compact. By [34, Theorem 2.2], we see that (6) holds. The
proof is complete. [

4. Interpolating Blaschke products in CB(DI},L NB)

If a sequence {ax};, in D satisfies

M s

(1= Jax]) <o,

k=1

then we say that {a;};_, in D is a Blaschke sequence. The corresponding Blaschke
product B is given by

=

B(z)zH@ i

1 _
k=1 Gk 1 — &z
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where |ay|/ax = —1 if @, = 0. It is clear that B € H™. Blaschke products play an
important role in the study of zero sets and inner functions in analytic function spaces.
They also can be used to construct examples in various function spaces. See [5] for
example.

A sequence {a;};_, in D is called an interpolating sequence if for any bounded
sequence {@y}y> , in C, there is a function f in H* satisfying f(ax) = @y for every
k. A significant result of Carleson [6] showed that {a};_, is an interpolating sequence
if and only if {a;};’, is uniformly separated, that is, there exists a 6 > 0, such that

inf [ p(an,am) > 6. (7
" n#m

Here p denotes the pseudo-hyperbolic distance:

, Z,0 € D.

I—
I)(Z’Cl))—'l_—aZ

Also, for a €D and 0 < r < 1, A(a,r) will denote the pseudo-hyperbolic disc of center
a and radius r:

Ala,r)={z€D:p(z,a) <r}.

If the zero set of a Blaschke product B is uniformly separated, then we say that B is an
interpolating Blaschke product. Equivalently, B is an interpolating Blaschke product if
and only if its zero set {z,} satisfying

inf(1— [za])|B'(zn)| > 0.

See [7, 8] for interpolating Blaschke products, and [3, 4, 9] for the characterization of
interpolating Blaschke products in closure in the Bloch norm of some analytic function
spaces.

Now, we characterize interpolating Blaschke products in CB(DI},L NB) as follows.

THEOREM 4.1. Let 0 < p,A < 1 and B be an interpolating Blaschke product
with zero set {z,}7_,. Then B € CB(D;L NB) if and only if

oo

Y (1= a1 < eo. (8)

n=1

Proof. Suppose (8) holds. Note that

oo

B'(2)] < X

n=1

1— |z, [?

e D.
=z ©

Hence, for any € > 0, we know that

2€Q:(B)={zeD:(1—[z])|B(z)| > ¢}
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Then, using Lemma 2.2, we obtain

/ (1_aa(z)|2>f’l dA(2)
Q) \ 11—z (1—[z[?)>=r

SPHECYN (L= loa@P) 0 — Ryt

e~ 1 —Zzf?
1 $ (1—[z?)r!

<= 1— |z, (1 = |a]?)P* dA(z
1 i C(1—|al*)P*

T A (1—|z]?) 7P| 1 — @z, 2P

(1= Jza)P (1 = | 0a(zn) )P

N
M8

3
I
_

(1= 2P0 < oo,

N
M8

3
I
_

Applying Theorem 2.6, we see that B € CB(Df,L NB).

Conversely, suppose B € (33(1)177L NB). Since B is an interpolating Blaschke prod-
uct with zero set {z,};-_,, there exists § > 0 such that condition (7) holds. Girela et al.
[11] proved that
o0(1-19)

8 )
where z € A(z,,0/4) for every positive integer n. Hence

(1= [z)IB'(2)] >

oo

U A(z,,6/4) C {z eD:(1—12)|B(z)| > M}

n=1

By [28], we know that |A(z,,8/4)| = (1 —|z,])? and 1 —|z| = 1 — |z,| ~ |1 — Zuz| for
all z € A(zy,6/4). Clearly, {A(z,,8/4)};_, are pairwise disjoint. These together with
Theorem 2.6, we have

(e o]

/ (1_ |ou(z>|2)ﬂ dA(z)
{zeD:(1- 1) B (@) > L2\ 1 =[] (1— )T r

> [ (1—|oz,,<z>|2)” dA(2)
Tl s TP ) (=P

i/ (1—az,1<z>|2>”A dA(2)
Ans/4) \ 1 —zf? (1—z[?)%>

n=1

WV

(1= Jzal P02,

M s

~
~

n=1

The proof is complete. [
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