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GENERALIZED WEIGHTED COMPOSITION
OPERATORS ON WEIGHTED HARDY SPACES

LIAN HU, SONGXIAO LI* AND RONG YANG

(Communicated by N.-C. Wong)

Abstract. In this paper, we investigate the complex symmetric structure of generalized weighted
composition operators Dy, ,, on the weighted Hardy space H 2(B). We obtain explicit conditions
for Dy , to be complex symmetric with the conjugation J;, . Under the assumption that D'y , is
Jy -symmetric, some sufficient and necessary conditions for D’\Z«P to be Hermitian and normal
are given.

1. Introduction

We denote by D the open unit disc and by H(ID) the space of all analytic func-
tions in D. Let {B(n)} be a sequence of positive number such that $(0) = 1 and
liminfB(n)'/" > 1. The weighted Hardy space H>(B) consists of all f € H(ID) given
by f(z) = X_ganZ", such that

T io an*B(n)?

Every weighted Hardy space H>(f) is a Hilbert space The weighted sequence for
H?(B) is written as B(n) = ||2"||. The set {e,(z) = ﬁ }n>0 forms an orthonormal

basis for the space H*(B). For f(z) = Yo7 oanz" and g(z ) > gcn?t in H?(B), the
inner product on H?(B) is given by (f,g) = ¥ ya,cnB(n)*. H*(B) is a reproducing
kernel Hilbert space of analytic functions which means that the point evaluations of
functions on H?(f) are bounded linear functions. For any point ¢ in I, define

Obviously, Ky is the reproducing kernel function for H%(B), i.e., (f,Ky) = f(cx) for
any f in H*(B). For each point ¢ in ID and positive integer m, evaluation of the m'"
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derivative of functions in H?(fB) at o is a bounded linear functional and £ (o) =
(f. K3y (see [1]), where

anfmzn

V=2 G B

Clearly, the Hardy space H?, the Bergman space A”, the Dirichlet space D and the
derivative Hardy space S? are the weighted Hardy spaces which are identified with the
weighted sequences B(n) =1, B(n) = (n+ l)_% , B(n) = n? and B(n) = n, respec-
tively.

Let m e N, y € H(D) and ¢ be an analytic self-map of D). The generalized
weighted composition operator D"V}N, (see [29,30,31]) is defined by

Dy of(2) = y(@) " (9(2), f € H(D),z€D.

If m =0, the operator Dy , becomes the weighted composition operator, which is
always denoted by wCy. If ¥ =1 and m =0, the operator Dy, , is the composition
operator Cp. When y =1 and m = 1, the operator Dy, , is called the composition-
differentiation operator and denoted by Dy, . When m = 1 the operator DYy ,, is called
the weighted composition-differentiation operator and denoted by yDy, . In [5], Fatehi
and Hammond obtained the adjoint, norm and spectrum of D, on the Hardy space H-. 2
Some properties of weighted composition-differentiation operators were investigated
in [6,15,16,20]. See [2,21,27,29,30,31,32,33] for more results on generalized weighted
composition operators on analytic function spaces.

An operator C is called a conjugation on complex Hilbert space H if it satisfies
the following conditions:

(i) conjugate-linear or anti-linear: C(ax + by) = aC(x) +bC(y), for any x,y € H
and a,b € C,;

(ii) isometric: ||Cx| = ||x||, for any x € H;
(iii) involutive: C2 = I, where I is an identity operator.

The operator J, defined as Jf(z) = f(z), is a standard conjugation. In this paper,
we consider a generalized conjugation J,,, which is defined as follows:

Jof(z) = f(wz), z€ D,

where f € H*(B) and w € C with |w|= 1.
A bounded linear operator 7 is said to be complex symmetric (complex symmetric
with C or C-symmetric) if there is a conjugation C on a Hilbert space H such that

T =CT*C.

It follows from [9] that the operator T is complex symmetric if and only if 7 has a
self-transpose matrix representation with respect to an orthonormal basis. Complex
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symmetric operators can be regarded as a generalization of complex symmetric ma-
trices. In [10, 11,12, 13], Garcia, Putinar and Wogen initiated the general study of
complex symmetric operators. Examples of complex symmetric operators include nor-
mal operators, binormal operators, Hermitian operators, compressed Toeplitz operators
and Hankel operators. In recent decades, complex symmetric composition operators
and weighted composition operators acting on some Hilbert spaces of analytic func-
tions have been studied considerably. See [3,4,5,6,14,8,10,11,12,13,7,15,16,17, 18,
19,20,21,22,23,24,25,26,28] for more results on complex symmetric operators.

Garcia and Hammond in [8] gave several classes of J-symmetric composition op-
erators and weighted composition operators on H>(f3). In [22], Malhotra and Gupta
characterized complex symmetric weighted composition operators on H>(f3). Com-
plex symmetric weighted composition-differentiation operators on the Hardy space H>
were investigated by Han and Wang in [15]. Complex symmetric weighted composition-
differentiation operators Dy on the weighted Bergman space A%( and the derivative
Hardy space were characterized in [20]. In [16], Han and Wang studied complex sym-
metric generalized weighted composition operators on the Bergman space A”.

In this paper, we investigate the symbols y and ¢ give rise to J,, -symmetric
generalized weighted composition operator Dy, , on H?(B). As an application, we
give some necessary and sufficient conditions for J,,-symmetric operator Dy, , to be
Hermitian and normal.

2. Main results and proofs

In this section, we state and prove our main results in this paper. For this purpose,
we need the following lemma, which will be used in proving our main result.

LEMMA 1. Let m € N, ¢ be an analytic self-map of D and y € H(D) such that

DYy , is bounded on H?(B). Then for any o € D,

(Dl o) Kal(z) = (@)K (), zeD.

Proof. Forany f € H?(J3), we have

(f+ (Dly o) Ka) = (Dly o f Ka) = w(o)f" (9(e))
=Y(@) (Kb = (. W@ ),

which implies the desired result. [J

The following theorem gives the characterization of y and ¢ such that the oper-
ator Dy, is J,,-symmetric on H*(B).

THEOREM 1. Let m € N, @ be an analytic self-map of D and y € H(D) be not
identically zero such that Dy, ,, is bounded on H*(B). If DYy o is Jy-symmetric on
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H?(B), then
. B(m—|— 1)2611(](2)
¢(z) =ao+ (m+ w1 B(m)2p(z) M
and
2
v(z) = %Kﬂ( ), )
where ag = ¢(0), a; = ¢'(0), a = ‘V(m)(o)’
o n!  (Wapz)"™"
PE= 2 G Bnp *
and
B o n Wnag m— IZn m 4
1= 3 GommT BT Y

Conversely, let ag,a; €D and ay € C. If ¢ and y are analytic maps of D, defined
as in equations (1) and (2), then DY, , is J,,-symmetric on H?(B) only if ag =0 or
a) = 0.

Proof. Assume that Dy, , is J,,-symmetric on H 2(B). Then for any z,ct € D,

Jw(Dly o) Ka(z) = Dy oJwKa(2)- (5
Lemma [ yields that
$u(Dly )" Kal2) =1y (0)K 1 (2) = i (gzmz d
< n! (W
Y 2 Gy (p(aia(nv =

and

bl D0, 5

=D Ko (2) = w(z)K@"g«p(z» =v(2) i CErS I IE

for any z, o0 € D. Hence, equation (5) is equivalent to

g n! <P(oc§(n";§wz) :W(Z); (nf!m )!w(z>;(:)(2w>” ©6)



GENERALIZED COMPOSITION OPERATORS ON WEIGHTED HARDY SPACES 1113

forany z,oc € D. Let oo =0 in (6). We obtain that

5 a0y (m)”
vO 2 T

for any z € D, which means that y(0) =0.
Let y(z) = z*h(z), where k is a positive integer and 4 is analytic on D with
h(0) # 0. Next we claim that k = m. If k > m, equation (6) is equivalent to

ak—mh(a)ngn (n il'm)' ¢(a)"ﬁ(’:>w2nznm _ Zk_mh(Z) ngn (n il'm)' (P(Z)nﬁ';:—;"zanm

for any z, o € D. Setting o = 0, we have that 4 = 0, which contradicts with #(0) # 0.
If kK < m, the equation (6) is equivalent to

ik el n! (p(a)n—mwnzn—m —k e n! (P(Z)n—mwn an—m
" h = h
S N e Ty 17 A YN o Ty [
Setting oo = 0, we have that 7(0) = 0, which contradicts with #(0) # 0. Thus k =m
and the equation (6) becomes

o nloe(a)mwm o n e@""wWa"
h(a)ng;n (n—m)!  B(n)? = h(z) ng,n CET I ITE @)

forany z,oo € D. Let oo =0 in (7). We get

oo n' O n—lﬂw}’l n—m m'wﬂ’l
H0) %, o M e =
that is h(O)ﬁ( )2 oo ' (O)n—m—n—m n—m
m n 0} wty
h(z) = m! ng;ﬂ (n—m)! B(n)?
Therefore,

m At Py
(m) 0 m 2 oo n! 0)—mypmn
_Y ((m)!i( ) ,Z;,,(n—m)!(p( )ﬂ(n)z g (8)
B (m!)? w(0)

R Rt s T
Koo LG Bar o 2 G
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forany z,o0 € D. Let

and

mo. . m W)

It is clear that N derivative of K" _ is equal to 0 at z =0, that is, (K H—> (0)
wo(0) wo(0)

=0, where N=1,2,---,m— 1. In addition, we have

(K[m] ) 2 2 qD(O)n—mwn—mzn—m

o0 By
m] (m+1) B ind (n!)2 (p(o)nfmwnfmznfm—l
(wa(O)(Z ) A (n=m)!(n—m—1)! B(n)? ’
(mtl) < (n!)? W (o)t ml
LD Y e T iy Ry

and

Therefore, differentiating the equation (9) (m+ 1) times with respect to z, we have

mil /i1
> (")
_ 3 (n1)* Q0" el 2l @(2)" " (War)”
_nf%l '(n—m—1)! B(n)? ngm(n—m)! B(n)?

+2«H)<$M®@#“”@

oo (n!)2 (P(O)n—mwn—mzn—m .
; [(n—m)!]2 B(n)?
i nt e (We)"¢'(2)

(K " (Z)>  Fy(g) -

(n—m)

+(m+1)

= (n—m—1)! B(n)?
— gl < (n!)? Wie(or)mgi—m=1
_KWW(O‘)F’”H (n—m)l(n—m—1)! B(n)?

(10)
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Let z=0 in (10). We get

[(m+ D)1P0(0) & o0y
ﬂ(m+1 2L g
it Dl 5 0 (0" (70 ¢'(0)
T B ; oy
[<m+m (o)
B(m+ 1) ww( o) %)

forany o € D. Thus
(p(o)n—mwn an—m

[(m+1)!wp(0) & n
B2 2 G-mi By
(m+D)m)> & at @0y Iwan g/ (0)
’ B(m)? ,Zm (n—m—1)! B(n)? (an
_ [+ )P (o) i a0y
B(m+1)? = (n—m)! B(n)?
for any o € D. Hence, (11) deduces that
_ B(m+1)°9'(0)g(er)
p(o) = (0) + ot 7 B ) 2pl )
where _ R
. n! wago)" "
PO 2 Gt By
and
_ b n! wnag m— 106 —m
e = n:%Jrl (n—m—1)t  B(n)?
Conversely, let ag,a; €D and a; € C,
B(m+1)%aig(z) and y(2) = ﬁé:;); 20 (o),

= +
P G P B e
where p(z) and g(z) are defined as (3) and (4). Then for J,, -symmetric operator D

equation (6) must hold. This is equivalent to
S onl o ay "W & n!w'z" B(m+1)%ayq(a) e
&, mm)t Bn)? (2 (n—m)1B(n)? <“°+<m+1> W B (m)p(a >) )
B(m+1)*aig(z !

ag mW" " & nlwo ; ) -
<§ e B (O G o) )
(12)
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For any o,z € D, % is analytic and ¢(0) = 0. Thus % can be written as

q(Z) - —i+m i—1_i
=L =N ew Ml (13)
p(2) ;21 0

where ¢y =1 and ¢; € R, i =2,3,---. Therefore, (12) is equivalent to

nmnm oo

n!w' "ag l'w
(n— m'ﬁ 2 )

M s

. - [—m—k
m+1) —i+m i— 1
.k= ( (m+1) ’"Hﬁ( )201W+ 0 105)
< Wt May M & I'Wo
_,Z‘ (n— m)'ﬁ() ;( )ﬁ()

[—m—k
. l—m - ﬁm+1) ai v Mgl
kzb< ) (Z m+ 1w B (m)2 G Z)

for any o,z € ). Considering the coefficient of z”T2a™ !, we obtain that

(m+ 1)1 mIB(m+1)2 m' (m+2)'w? 2
Bont 12\t DB(m) 2" T Bm2 N T 2y 22
_ (m+2)1w"+? (m—|—1)!Wa3 2m!ﬂ(m—|—1)2c .
2B(m+2)2 \Bm+ 12" (m+ D)Bm)* "
Therefore, equation (14) holds only if ay =0 or a; = 0. Next, we consider the follow-

ing two cases:
Case 1. ag = 0. In this case,

(14)

a .

¢0(z) =ajz and y(z) = il

Then
m * ) - ! n m(waz)n m
hw(Dy A= Z‘ B(n)* = Dly pwKa(2).
Case 2. ap = 0. In this case,
B(m)’ay i
0@ =ar and y(o) = LRI G),
Then
ok _ﬁ(m)zw’"aQ > n! ay "W & nl ay "Wt
I Dyg) Kal)) === L G B Gm)l B

=Dl o JuKa(2).
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The proof is complete. [
The following result obtains the condition on ¢ so that ¢ is an automorphism on

D and Dy , is J,,-symmetric on H?(B).

THEOREM 2. Let m € N, ¢ be an automorphism on D and v € H(D) be not
identically zero such that Dy, ,, is J,,-symmetric on H 2(B). Then one of the following
statements holds:

(i) ©(z) = —Az with || =1 for some A € C.

(ii)
ap(m+1)2B(m+2)? a-—z
aw((m+2)B(m+1)*—(m+1)B(m)2B(m+2)?} 1—az

for some a € D\0.

¥(z) =

Proof. Since Dy , is J,,-symmetric on H 2(B), Theorem 1 yields that

B(m+1)’a1q(z)
(m+ 1)@+ B(m)*p(z)”
where ag = ¢(0), a; = ¢'(0), p(z) and g(z) are defined as Theorem 1. Since ¢ is an

automorphism on D, then there are a € D and A € C with |A| = 1 such that for any
zeD,

¢(z) =ao+

B(m+1)%aiq(z a—z

)
O Gt D Bmpe) 1z

which is equivalent to

(m+ )aoB (m)*w" ' p(z) — (m+ 1)agapP (m)*w" ' zp(2)
+a1B(m+1)%q(z) — ayaB(m+1)*zq(z) (15)
= (m+1)AaP (m) "' p(z) — (m+ 1A (m) " zp(z)

for any z € D. Considering the constant in (15), we get
ap = Aa.
Similarly, considering the coefficients of z and z%, we get

1 2
(”;;(Fm ?fl(;gl) 202 — " ag + W ay

m m 2
= —( ﬁ—é_n:?fl()g W’"Hlaao o AWH-H

(16)



1118 L. Hu, S. L1 AND R. YANG

and
(m+ 1)(m+2)!ﬂ(m)zwm+3a3 ~ (mA1)(m+ 1>!ﬁ(m>2w’“+2aa2
2B(m+2)2 0 Blm+1)2 ’
(m +ﬁ2(ir!lﬁ+(rg)2+ 1>2_m+zaoa1 — (m+ 1)l aa, (17)
_ (m—|— 1)(m+2)!ﬂ(m)2wm+3laa2 _ (m+ 1)(m+ 1)!ﬁ(m)2wm+21a
2B(m 1 2)? 0 Blm+ 1) ’
forany we .

If a=0, then ayg = Aa =0. Therefore, (16) deduces that a; = —A, which implies
that ( ) .
m! m~+ 1)!w" iz
p(z) = B and ¢(z) = Bt
Hence, @(z) = —Azwith [A| =1.
If a#0, ap = Aa and (17) give that

o — (m+1)B(m)?B(m+2)*wA%a(|al> — 1)
B(m+1)2[(m+2)B(m+1)2wha— B(m+2)%4a]’

which with (16) yields that

ap(m+1)2B(m+2)?
aw[(m+2)B(m+1)*— (m+1)B(m)2B(m+2)3]

The proof is complete. []

As an application of Theorem 1, we investigate the necessary and sufficient con-
ditions for J,,-symmetric operator Dy, ,, to be Hermitian and normal. Recall that a
bounded linear operator 7 is Hermitian if 7 = 7*. An operator 7 on H is normal if
and only if TT* =T*T, orforany x € H, || Tx| = ||T*x]|.

THEOREM 3. Let m € N, ¢ be an analytic self-map of D and y € H(D) be not
identically zero such that Dy, ,, is bounded and J,, -symmetric on H 2(B). Then Dy,
is Hermitian if and only if

y™(0),¢'(0)eR  and  ¢(0) =We(0).

Proof. 1tis clear that DY ,, is Hermitian if and only if D ,Kq(z) = (D} )" Ka(2)
forany z,ax € D. Since DYy, , is J,,-symmetric, then for any z,a € D,

Jw (Drl;,(p)*KO( (z) = Dnyj,(prKa (2)-
Therefore, D’{!z 0 is Hermitian if and only if for any z,a € D,

Ju(Dl o) Ka(2) = Ju Dl oKa(2) = Dl pJwKa(2). (18)
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Since
JDly oKa(2) =1 (2)KS" (9(2))
=) 3, o
RGP a%%)z
and

Dly oJwKa(2) = w(2) i o i”m)! <P(Z);(: )(2Woc)"

for any z, o0 € D, then (18) is equivalent to

—n—m

=

W(WZ) n=m (n — m)' ﬁ(n)2 n=m (n - m)' ﬁ(n)z

2 n!  a"pwg) — () i n! o(@)""(w

1119

19)

for any z, o € ID. Considering the coefficients of o and o"*! respectively, we obtain

that y(wz) = w"y(z) and w(wz)@(wz) = w" 1y (z)@(z), which means that

Therefore,
—~ oo n! Wn—m¢(0)"7m(wz)n—rn
PO = 2 o B(n)?
_n:m (n—m)' ﬁ(n)Z
- n!  (e0)wz)" ™"
=X mmi par @
and
n—m—1
_ d n! w"(0) (wz)r—m
wz) =
q( ) n=m+1 (n—m—l)! ﬁ(n)2
- i n! Weranfmfl(p(o)n—m—lwnznfm
n=m+1 (n—m—l)! ﬁ(n)2
B oo n Wit ngpn—m—lypm+1, m+1 (p(())"—m-lwnzn—m
n=m+1 (n_m_l)! ﬁ(n)2
:W2m+lq(z)

(20)

21
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Then
—  B(m+1)29/(0) q(w2) W B(m+1)%¢'(0) w>'q(2)
POt G w1 B pwz) 2O Gt DB 5
:W(p(o) ﬂ(m+1)2(P/(0 mem+1 @

(m+ 1wt B(m)?  plz

which implies that ¢'(0) € R. Since D} , is J,,-symmetric, Theorem 1 yields that

WOBm? & nl wrg) " (we)
e T
VOBm? & ooy
=y ; B
B W(’”)(O ﬁ hnd n! Wn(p( )n myn
=y ; B

which implies y()(0) = ") (0).
Conversely, assume that ¥ (0),¢’(0) € R and ¢(0) = we(0
sufficient to verify that equation (19) holds. Since ¢(0) =we(0) an

Obviously, it is

).
nd

— B>y (0) & w'e(0)" " (wz)"
N T o
m)2y™(0) & n! 0)" "(wz)"  _,
_B( (mv!f)2 (0) 5 o >ﬁ(n><2 D' _ ),

we see that (20) and (21) hold. Thus from (22), we obtain that ¢(wzZ) = w¢(z). There-
fore,

_ n!  o"e(wz) o & n! oW ()"
"D 2 G, V@ L Gmy B
anwn(p(z)n—m

> n!
VO X G By

for any z,oc € D. The proof is complete. [J

If ¢(0) =0, the following result implies that every J,, -symmetric operator Dy o
is normal.
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THEOREM 4. Let m € N, @ be an analytic self-map of D with ¢(0) =0 and
v € H(D) be not identically zero such that DY, , is bounded and J,-symmetric on

H?(B). Then DYy o is normal.
Proof. Obviously, @(0) =0 gives

m! (m+1)!wt!z
p(z) = Bn? and ¢(z) = “BmElr
Since D’{,}Jp is Jy, -symmetric, Theorem [ yields that

_ @
¢(z) =ajz and W(z)—ﬁz ;

where a; = ¢'(0) and a; = w")(0). Then for j € N*,

m Z
m el = 2| n peisen)| —Z\weﬁ-)o&mﬂz
ij Z

B 'aza1 2
2' G- mBG) B

n=

and

=

2
(Do) ejll* = ZI (D) ejen)? =3, [(ejs Dy gen)]
n=0

=3 n—m_n

7/ nlaxd] ™"z

ng .7Wn )| }Z,OK[;(J-)’m!(n—m)!ﬁ("))"

Therefore, for j € NT,
. j! 2
10 g2 = D) =] " ()
Hence DY, , is normal. The proof is complete. [

The following result finds a necessary and sufficient condition for a J,, -symmetric
operator Dy, ,, to be normal.

THEOREM 5. Let m € N, @ be an analytic self-map of D with ¢'(0) =0 and
v € H(D) be not identically zero such that Dy o is bounded and J,,-symmetric on

H?(B). Then DYy o is normal if and only if ¢(0) =w¢(0).
Proof. Since Dy , is J,,-symmetric and ¢’(0) = 0, Theorem 1 deduces that

(VB (m)? 1
#(2) = 9(0) and y() = IR o).



1122 L. Hu, S. L1 AND R. YANG

Since for any f € H*(j3), we have
(£, o) KLY = (Dl o fKE) =y (@) £ (9(e)) = (£, ()KL ).

Then

(Dly )" Ks' = v (@)K

for any o € D. Hence, for any o,z € D,

@ '
(m) 0 m 2 oo n! —n 0)r—m ) ;
T R B R VORI
" m 23 n o n—m — m
_Y ((2)!532( ) > (n_'m>!06 252;2 ‘I/(m)(WQO(O))K(E,&))(Z)
_ WO OPBm 5 w0
(WZ!)4 =, (n —m)! ﬁ(n)z

and

W/(m)

R TR TP e T rumpes Ly TP

Therefore, DZ”,@ is normal if and only if

i nl o @0 Sl 90) "z

n—m n 2 n—m n
m) B & m)! B o

for any z,a € ). Considering the coefficient of @"z"*! in (23), we have

¢(0) =we(0).

Conversely, assume that ¢@(0) = w¢(0). By a simple calculation, equation (23)
holds. The proof is complete. []
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