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ON THE BEREZIN NUMBER OF OPERATOR MATRICES

MESSAOUD GUESBA AND MOHAMMAD SABABHEH*

(Communicated by I. M. Spitkovsky)

Abstract. Scalar quantities associated with Hilbert-space operators have attracted the attention
of numerous researchers due to their role in understanding the geometry of the C*-algebra of
bounded linear operators on a Hilbert space. In this paper, we explore the Berezin number of
operator matrices, and present several new relations that simulate the existing relations between
the numerical radius and the operator norm.

1. Introduction

Let A () denote the C*-algebra of all bounded linear operators acting on a non
trivial complex Hilbert space # with inner product (-, -) and associated operator norm
I||. An operator A € B() is called positive if (Ax,x) > 0 for all x € 57, and we

then write A > 0. The absolute value of A is denoted by |A|, that is |A| = (A*A)%,

where A* stands for the adjoint of A.
For A € #(7), the numerical range of A is defined by

W(A) = {{Ax,x) :x € 2, ||x|| =1},
while the numerical radius is defined as

w(A)= sup |z|.
ZeEW(A)

It is well known that the norm || - || and the numerical radius () are equivalent, where
one has the two-sided inequality [15]

1
SIAl< o(4) < 4],

This inequality has been studied extensively in the literature, where numerous resear-
chers attempted finding sharper bounds for each of the two inequalities. We refer the
reader to [2, 10, 14, 17,22, 25,26, 28, 30, 31] as a sample of references treated this and
other numerical radius inequalities. When discussing scalar quantities associated with

Mathematics subject classification (2020): 47A30, 15A60, 47A12.

Keywords and phrases: Berezin number, Berezin norm, reproducing kernel Hilbert space, operator
matrices.

* Corresponding author.

© MV, Zagreb 129
Paper OaM-18-09


http://dx.doi.org/10.7153/oam-2024-18-09

130 M. GUESBA AND M. SABABHEH

a Hilbert space operator, the spectral radius r(-) deserves mentioning. We recall that
for A € (), we have
r(A):= sup [z],
z€0(A)
where 0(A) is the spectrum of A.

Another interesting scalar quantity that is associated with a Hilbert-space operator
is the so called Berezin number. In the following few lines, we remind the reader of
this significant number.

Let Q be a nonempty set. A functional Hilbert space ¢ = 5 (Q2) is a Hilbert
space of complex valued functions, which has the property that point evaluations are
continuous, i.e., for each 4 € Q the map f +—— f(A) is a continuous linear func-
tional on .»#. The Riesz representation theorem ensures that for each A € Q there
exists a unique element k, € .7 such that f (1) = (f,k,) for all f € 5. The set
{ky : 2 € Q} is called the reproducing kernel of the space 7. If {e,},~( is an or-
thonormal basis for a functional Hilbert space .7, then the reproducing kernel of 77
is given by k; (z) = +Z en(A)en (z) (see, e.g., [16,27]). For A € Q, let k= Hl]zﬁ be

n=
the normalized reproducing kernel of 7# . Let A be a bounded linear operator on .77 .

The Berezin symbol of A, which was firstly introduced by Berezin [11] is the function
A on Q defined by
A (2,) = <Akl,kl> .

The Berezin set and the Berezin number of the operator A are defined respectively
by
Ber (A) := {{Aky,k; ) : 2 € Q}

and
ber (A) := sup {|(Aky. k)| : A € Q}.

It is clear that the Berezin symbol A is the bounded function on © whose value
lies in the numerical range of the operator A and hence for any A € #(),

Ber(A) CW(A) and ber(A) < o(A).

Thus the Berezin number is strongly connected with the numerical radius and the oper-
ator norm.

Other immediate properties of the the Berezin number of an operator A can be
stated as follows [20]

(i) ber (A) < [|A]|.

(ii) ber (@A) = |o|ber (A) for all o € C.

(iii) ber (A4 B) < ber (A) +ber (B) forall A,B € AB(¢).

At this point, we should remark that, in general, the Berezin number does not
define a norm. However, if 7 is a reproducing kernel Hilbert space of analytic func-

tions, (for instance on the unit disc D = {z € C: |z < 1|}), then ber(-) defines a norm
on #(H (D)) (see [19, 20]).
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The Berezin symbol has been studied in details for Toeplitz and Hankel operators
on Hardy and Bergman spaces. A nice property of the Berezin symbol is mentioned
next. If A(A) = B(A) forall A € Q, then A= B. Therefore, the Berezin symbol
uniquely determines the operator. We refer the reader to [6, 7, 12, 16, 32, 33] as a
sample where the reader can find some progress on the study of Berezin symbol and
Berezin number.

Notice that the operator norm is defined by ||A|| = sup{| (Ax,y)| : x,y € 2,
|lx|l = |ly]| = 1}, and the numerical radius is defined by ®(A) = sup{| (Ax,x)|:x € 2,
||lx|[ = 1}. A similar connection is available between the Berezin number and the Berezin
norm. The Berezin norm of A is defined by

Aoy := sup{ |(Akz. k)| : A, € Q},

where lAc;L,lAcﬂ are normalized reproducing kernels for A, i, respectively. Clearly from
the definition, Berezin norm satisfies the following properties:

(1) ber(A) < ||A||her'

(11) HA“ber < ”AH

(lll) ”A*Hber = ”A“ber'

The direct sum of two copies of . is denoted by J#% := . ® . If A,B,C,D €

. AB . .
(), then the operator matrix T := [ C D] can be considered as an operator in
L. Ax| + Bxp
B(H ), which is defined by Tx =
(A @A) y (Cx 1+ Dx>
DI .

Operator matrices and their properties and inequalities have received a consid-
erable attention in the literature, as one can see in [1, 4, 8, 10, 18]; where operator
norm and numerical radius inequalities were studied and applied. Very recently, some
inequalities for the Berezin number of operator matrices have been presented in [5, 9].

Our goal in this paper is to present Berezin number inequalities for operator ma-
trices in a way that complements the existing inequalities for the Berezin number, the
numerical radius and the operator norm.

However, to achieve our goals, we will need some lemmas as follows. These
lemmas are needed for two reasons. First, some of them will be used to be able to
accomplish our proofs. Second, other lemmas will be used for comparison reasons so
that the reader comprehends the full picture behind the results.

) for every vector x = (xj,xp) €

LEMMA 1.1. [8] Let A,B € B (). Then

(i) ber ( {18 g]) < max {ber (A),ber (B)}.

(ii) ber ( [g i)\} ) < w. In particular,

(iii) berqgg]) <.
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LEMMA 1.2. [8] Let A,B,C,D € B (). Then

AB ber (A) ||B||
ber([CDD S “’([ Ic| ber(D)|)"
LEMMA 1.3. [18] Let A,B,C,D € B(H). Then
AB IA[L 18] D
r <r .
(Le3])=-(ict i
Next, we need the following technical lemma which can be easily verified.

LEMMA 1.4. If a,b,c,d € R", then

r([‘C‘ZD = % <a—|—d—|— (a—d)2—|—4bc> .

LEMMA 1.5. [23] Let A,B€ B (). Then
(i) If A is self-adjoint, then ® (A) =r(A).
(ii) r(AB) =r(BA).

LEMMA 1.6. [7] Let A € B (). Then

ber (A) = 6s)lé%ber <EK (ei9A>) ,

where R (A) = A+TA*.

LEMMA 1.7. [12] Let A € B (H) be a positive operator. Then
14|, = ber (A).
LEMMA 1.8. [21] Let A € B (). Then

>

[(Ax, ) < (1AL A", )

foll all x,y € 7.

LEMMA 1.9. [21] Let T € B () andlet f and g be non-negative continuous
Sunctions on [0,+o0) such that f(t)g(t) =1t forall t € [0,+00). Then

[(Tx, )P < (£ (TDxx) (& (1T )y.y),
Sforall x,y € 7.

LEMMA 1.10. [24] If f is a convex function on a real interval J containing the
spectrum of the self-adjoint operator A, then for any unit vector x € 7,

[ ({Ax,x)) < (f (A)x,x).
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LEMMA 1.11. [13] Let x,y,z € 7 with ||z|]| = 1. Then

[€6,2) (&2 < 5 (eIl + [ 1) -

N =

gg] € B(H D) andlet [ and

g be non-negative continuous functions on [0,+4o°) such that f(t)g(t) =t (t >0).
Then, for all non-negative nondecreasing convex functions h on [0,+eo),

LEMMA 1.12. [3, Theorem 3.5] Let T =

h(o (7)) < 3 max |4 (72 (AD) +4 (& (4°])

h(£7(B)) +n (e (1B*)|}-

LEMMA 1.13. [29, Theorem 3.1] Let A,B € B (). Then

AB 1 N e
w([o OD <5 (llall+llaa* + BB 7).

LEMMA 1.14. [10, Theorem 2.2] Let A,B,C,D € B (). Then

AB o
wz([CDD gmax{“’z(A)""Z(D)}+“’2([C OD
2 0 BD
| H}+w<[CA 0 D

LEMMA 1.15. [10, Theorem 2.3] Let A,B,C,D € B (). Then

AB | *

w2<[cD]> gmax{wz(A),w2(D)}+Zmax{H|C‘2+|B 2

+max{(A), o (D)} max {[||C[+ B[, [[|B] +|C"[[[}
+%max{a)(BC)7a)(CB)}.

1
+§max{H|A|2+ IB*|?

"}

LEMMA 1.16. [4, Theorem 2.8] Let A,B,C,D € B (). Then

“’([ég}k%(“’“’“”(l)’ P () + B +/ (1 - +C||)

fort€]0,1].

LEMMA 1.17. [4, Theorem 2.7] Let A,B,C,D € B (). Then

w([égD <A||+2w ,/|z2AA*+BB*+\/H 1 —12AA" +CC

forte]0,1].

)
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2. Main results

In this section we present our results. In the first result, we present an inequality
that governs the relation between the Berezin number and the Berezin norm, in a way
similar to the relation between the numerical radius and the operator norm as in Lemma
1.12. This further explains the similarity between the different concepts.

THEOREM 2.1. Let A,B € B () and let f and g be non-negative continuous
Sfunctions on [0,+oc0) such that f(t)g(t) =t (t >0). Then, for all non-negative non-
decreasing convex functions h on [0,+eo),

wver (|3 5])) < gman (200 +4 (2 (4 D),

17 (/> (1BD) +h (> (IB) |0 } -

Proof. Put T = . Forany (41,4;) € Q x Q, let lAc(;Ll’;Lz) = ’ll} be the

A0 k
0B ki,

normalized reproducing kernel in 7 & 77 . Then, in view of Lemma 1.9, we have

~ ~ ~ ~ 1 ~
(T ki, 0) k31 200) | < (P2 AT DRy ) K 20)” (87 (T D g
(TN ke ) ks 20)) + (&7 (IT*])

2
(by the arithmetic-geometric mean inequality).

2
(A1,22)> (ll7lz>
kip, a0k 2))

<

Therefore, we infer that

h(}<Tlez A177L2)>|)
(F2UTN) kay 20) kg 20)) + (&2 (IT* ) K¢ /11,/12)712(/11,/120)

2

VA
:‘
—~

N

NI»—@NIH@NI'—‘
— <

R UTD kg a0y k) + (& (1T D kg 20y k)
the convexity of /)

(Ch (P2 ATD) kiay 20 ki an))) + (CR (& (T0) kiy 20 ki )
Lemma 1.10)

{ (2 (1AD) +h (s> (Ja*])) 0

/

0 h (7 (1B) +h (g (1B"])) ] i‘<“‘2>’£<“h)> '

o~ <
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Taking the supremum over all k(3 3,) € # & A with ||k(;, 2,)|| = 1. we obtain

h (ber (T))

h(£2(|A]) +h (% (JA*]) 0
<""’"<[ TR ghie )h(f2<|B|>)+h(g2<B*l>)D

< 3 max {ber (1 (72 (A1) + k(¢ (4°]))) ber (1 (2 (D) + A (&> (B))}
(by Lemma 1.1 (1))

= 1max{Hh( (JA]) +h (g 2(‘A*|))Hber’
(by Lemma 1.7).

h (£ (1B1) + 1 (8 (1) | e,

Thus,

h(ber(T))<1maX{Hh( (141) 4 (8 (A" D) [l 1 (£ (1BD) +1 (2 (1B"D) [}

which completes the proof. [

The following corollary follows from Theorem 2.1.

COROLLARY 2.2. Let ALB€ B(H), r=1and o € [0,1]. Then

1
ber” <|:A 0]) < _maX{H|A|2ra+|A*‘2r(l—a) ,

2ra *2r(1—a)
0B 2 + 5]

ber} ’

Proof. The result follows immediately from Theorem 2.1 for k(1) =", f (1) =1%
and g(t) =¢'"%. O

For r=1and o = % in Corollary 2.2, we get the following corollary.

COROLLARY 2.3. Let A,B € (). Then

A0 1
ber (| 5] ) < 5max A1+ W 181+ 18-

In the following we obtain an upper bound for the Berezin number of operator
. |AB]| . - . . .
matrix [ 0 0} in a way similar to the relation between the numerical radius and the

operator norm of the same operator matrix, as in Lemma 1.13.

THEOREM 2.4. Let A,B € % (). Then

ber (|5 0] ) < 5 (1Al +1aa+ 35712
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AB

Proof. Let T = [0 0

} . We have

2ber <ER <ei9T>> = ber <eieT + e_ieT*>

~ ber eiOA 4 e—iGA* eiGB
- e 0p* 0

® eiOA 4 e—iGA* eiGB
e—iGB* 0

eiOA 4 e—iGA* eiGB .
=r ( [ o—i0 g 0 (by Lemma 1.5 (i))

_ ([~ 01 [e®r10
o B* 0 A B|)’
Using the commutative property of the spectral radius, we get
[ A% ,i0 —i6

i0 < A* ¥l e 10

Zber@ <e T)) ST B o A B

_, [e71 0] [A* €1

- | A B||B" 0

_, r e*iGA* 1

~ "\ |AA* +BB* €A

[ Al 1 D

<r (by Lemma 1.3)
<_||AA*+BB*|| 1] Y

|A]l + [|AA™ +BB*||% (by Lemma 1.4).

N

Therefore, we have
. 1 1
ber (3 (¢7) ) < 5 (Il4]l + llAa" + BB ).

Taking the supremum over all 8 € R in the above inequality, and noting Lemma
1.6, we get the desired result. [

Our next result presents new relations for the Berezin number, in a way similar to
Lemma 1.14, where the numerical radius was treated.

THEOREM 2.5. Let A,B,C,D € B (). Then
>(|AB (0B 0 BD
v ([2]) <mer([6]) o[04 7))
+max {ber” (A) ,ber? (D) }

1
5 max {[|A*A + BB",,.. |CC* + D"D]|,,}.



ON THE BEREZIN NUMBER OF OPERATOR MATRICES 137

0B BB* 0 A0 A*A 0
Proof. PutM—[CO],N—[ 0 CC*}’P_[OD]’Q_{ 0 D*D} and

| 0 BD . _ __ |A"A+BB* 0
R—[CA 0 ].NotlcethatMP_R and Q+N—{ 0 D*D+CC*]'AISO’
M* =N and PP* =Q.
Let l}( M) = [?1 ] be the normalized reproducing kernel in 2% & 7. Then, we
75
have

2

AB|» A
< C D] Kar.20) K(ag.20)

+2}< ’Emm’ (2)) (MG, 20) K 21.20)) |
r? (P) +ber® (M) +2 Pk, 2,k ) ) Mk, 1) K3y 20)) |
= ber’ (P) +ber? (M) + 2 [Pk, 1, k3, 20)) ko ag)» M k(3 200 |
r? (P) +ber? (M )+ [(Pka, 1), Mk 3, 2))]
+ HPIAC (M1,ha) H ||M*/A<()LI,AZ)H (by Lemma 1.11)
= ber? (P) +ber? (M) + }<MPIA<(,117,12),IA¢(;LI7;L2)>|

+\/ (P*Pkia p) ki, Az>><MM k(xl 3oy K o))
= ber? (P)+ ber ’<Rk (A1 Aa)s )Ll,)L |

)
+1/(Qka, 1) K2, 20) > (Nk(3, 20)5k(21.2))
< ber2 (P) +ber + }<Rk(ll7lz (A1) >|

3 ((Qhay ) Riag ) + Vit 1y Kty 1)

(by the arithmetic-geometric mean inequality)
1 A .
< ber2 (P) +ber2 (M) + ber (R) + 5 <(Q+N)k(ll,kz)ak(kl,lz)>
1
< ber? (P) +ber? (M) + ber (R) + Eber (O+N)

1
< ber? (P) +ber? (M) + ber (R) + 5 max {ber (A"A + BB") ,ber (CC* + D*D)}
(by Lemma 1.1 (1))
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. > > > 0B 0 BD
= max {ber” (A) ,ber” (D) } + ber ([CO}>+ber<[CA 0 ])
1
+§max{HA*A+BB*Hher,HCC*+D*D||,W} (by Lemma 1.7).

Thus,

2
AB]; R
’< [C D} k(xl7zz>7k<mz>>

< max {ber” (A) ,ber’ (D) } + ber? ({g g])

+ber<[CA ) D + s max{[A"A+BB'|,,.|D'D+CC'[,}.

Taking the supremum over all k3, 5,) € # @ A with ||k, 2,)|| =1 in the above
inequality, we get the desired result. [

As an immediate consequence of Theorem 2.5, we have the following.

COROLLARY 2.6. Let A,B € B(.). Then

AB 1
ber? (| ] ) < 117+ 1BA - ber* () + 5 a4+ B8,

Proof. Using Theorem 2.5 and Lemma 1.1, we have

ber’ ([213}) < ber? ([g g]) —l—ber([B(i\ Bg&}) + max {ber” (A) ,ber* (A) }

1 " #
+§ maX{HA*A +BB Hber’ ”A*A +BB ”ber}

1
< |IBI* + | BA|* + ber? (4) + S [|A"A + BB, D

In the next theorem we obtain a new upper bound for a 2 x 2 operator matrix,
similar to the numerical radius bound found in Lemma 1.15.

THEOREM 2.7. Let A,B,C,D € B (). Then

e ([e5])

1
gmax{ber2(A),ber2(D)}+Zmax{H\cEHB*FHb 1B+ 10
er
+max {ber (A) ,ber (D)} max {|||C| + B" ||| o, , | |B| + [C*| Il e, }

ber}

+% max {ber (BC) ,ber (CB)}.
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A B A0 0B A
PVOOf. let T = |:CD:|’ we put M = |:0D:| and N = |:CO:| . Let k(llﬂz) =

[]]?1 ] be the normalized reproducing kernel in 77 @ 7. Then we have
A

Tk, )k )|

= (M +N) iz, 1) Ky )|

= [(Mkz, 20): k03 20)) + (Nk 2, 20) K032

< (|(Mkg, ) 7% 2o |+ 1Nk 20) 5 K0 ])

= ok a2 1M, 20y Kt 1)) (V1 1)K )
(V1 20) K )|

< |(Ma, ag) ki an)|” +2 (M, )k,

AN Ry ) Ry (N LRy )Rt )

1 27 ; 27 ; ; -
+3 (\/ (INP Ey 20y ag ) (N R, oK ) )+ [V g N kml,xz>>l>
(by Lemma 1.8 and Lemma 1.11)

R . 2
< (M, 25k, 20) |
+ [ (M, 20 K 0)) | (N1 Ry 20) 5 K20 20) >+<|N* | kia

2

1 2 A 1

t (<|N| k<m7xz>ak<zl,zz>> + <|N R as e ki1.20) >> 3
(by the arithmetic-geometric mean inequality)

=|<M7€zlzz> o) |+ [ (M ) Ry ) ) CONT+ IN* D 1) R 20))
* 7 1 7
<(|N| IV ) Ry 2y ke ) + 5 |V 1) s )

1 1
< ber? (M) + ber (M) ber (|N| + |N*|) + Zber <|N|2+ |N*|2> + 5 ber (N?).

2

2

Mk(ll )

ok i)
(N

Nk 20) k020 |

Thus,
7 7 * 1 *
(ks 20y ks, 20| < er? (M) + ber () ber (IN| + [N*) +  ber (INP+ )
1
—l—zber (Nz).

Taking the supremum over all iC(/ll, 4y) € A © A with Hl}( M2 H =1 in the above
inequality, we get

1 1
ber? (T) < ber? (M) + ber (M) ber (IN| + |[N*|) + Zber <|N|2 + |N*|2> + Eber (Nz) )
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Therefore,

vert ([28]) <ver ([ 0] ) ver ([ 0] Yrer (9577 0 ])
+%"“<[|C|2+OB*2 \B\2+O c“]) +%be"<[3(f C?BD'

Using Lemma 1.1 (i), we obtain

ber’ ([2 g]) < max {ber? (A) ,ber” (D)}
+ max {ber (A) ,ber (D) } max {ber (|C| + |B*|) ,ber (|B|+ [C*|) }
+%max{ber <|C|2 + \B*|2) ber (|B|2+ |c*|2)}
—I% max {ber (BC) ,ber (CB)} .

Applying Lemma 1.7, we obtain

ber’ ([é g}) < max {ber” (A) ,ber* (D) }

1
+gmax{||cP+ 8P| |BE+ic?
4 ber ber

+max {ber (A) ,ber (D)} max {[|[C[ + |B" [l » [||B] + [C” Il e, }

+% max {ber (BC) ,ber (CB)}.

This completes the proof. [l

Several consequences of Theorem 2.7 can be derived. If A =D and B=C in
Theorem 2.7, we get the following corollary.

COROLLARY 2.8. Let A,B € (). Then

AB * *
ber2([BAD ber? (4) + 1 [ 1BF + BR[| +ber(a) 8]+ 18",

—ber B?).
+3ber (57)
If A =0 in Corollary 2.8, then we get the following simpler form.

COROLLARY 2.9. Let A € B (). Then

ber2<{gg]> %H\B\ + |B*| H + = ber(Bz)
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REMARK 2.10. Using the fact ber (X) < ||X||,,, < ||X|| for every X € # (),

it follows that
>(|0B
e ([50))

N

Ly o2 | o2 1 2

N

Loz ezl L Lyp2
2182+ 1872 + 5 1182

N

1 ol , 1 *2H Lo
rd L R I

2
1B]I”

Thus,

1
0B 1 2 .2 1 5\ 2
ber([B OD < (ZHB IR Sber(8)) < B

This is a non-trivial improvement of Lemma 1.1 (iii).
If A= D =0 in Theorem 2.7, then we get the following result.

COROLLARY 2.11. Let B,C € B (). Then

(leo]) < gmax{fjer+m|
ber ([CO <4max |CI”+ |BY| o

+% max {ber (BC) ,ber (CB)}.

[BI? +C* P

ber }

REMARK 2.12. Using the fact ber (X) < ||X||,,, < ||X|| forevery X € £ ()

2 (0B 1 H 2 | 1pt2
< —
ber ([COD S 4max{ ICF+187) her}

+%max {ber (BC) ,ber (CB)}

[B[* +|C[?

ber7’

1 2 2

< =

< 4<HB|| +Cll +2||BH||C||>
1 2

= —(||B Cl)~.
4(|| [+ NCll)

ber (|6 | ) < 5181+ I

We note that the inequality in Corollary 2.9 refines Lemma 1.1 (ii).
Now, we are in the position to state an upper bound for the Berezin norm of a 2 x 2

Thus,

operator matrix [A B defined on 7 @ .77, in similar form to the existing bound for

CcD
the numerical radius appearing in Lemma 1.16.
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THEOREM 2.13. Let A,B,C,D € B () andlet t € [0,1]. Then

ve([))

1
<5 (ber( )+ 2ber (D) + 1/12ber? (A) + || B||* +\/ )Y ber? (A) + ||C] )
A B
Proof. Let T = [C D} . We have

2ber (EK (ei9T>> = ber (e"eT+e*"9T*>
16A+e t@A* ieB+e iGC*
lec_|_e IGB* 10D+e leD*

l( 19A+e—19A ) etGB:|>

= ber
e*ieB* 0
b

+ber J0C 0

(I
( [8 €D -l-Oe_ieD* } )

< ber<|:t( iGA_!_efieA*) eieB:|>

e*lOB* 0

NV (HOA 1 1O AF) O
+ber<[(1 t)(ee;;\g—e A7) e OC }>+2ber(D)

<o ([Iber (eA+e10A%) B||]

[ 1—1) (eA+e70A%) e C } )

+ber

18] 0
o i0 —i0 A%
+o ([(1 t)ber(“ecf—Fe A7) ”CD +2ber (D)
(by Lemma 1.2)

:w<WMM%w%»w”>

1B]] 0

[2(1—1t)ber (R (e°A)) ||C|
vof icl o]) e

()

2(1—t)ber(A) |C D
+wo + 2ber (D
<_ Il
2

(P )

+2ber(D) (by Lemma 1.5 (i))

N
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= ber (A) + \/12ber? (A) + || B||* + \/ )?ber? (A) +||C|)?
+2ber(D) (by Lemma 1.4).
Hence
ber <EK (ei9T>>
1
<5 (ber(A)+2ber(D)+ 2ber? (A) + ||B|)? +\/ )? ber? ( )+||CH2)

Taking the supremum over all 8 € R in the above inequality we get the desired
result, by using Lemma 1.6. [

REMARK 2.14. Theorem 2.13 has recently been proved by Bakherad et al. in [5,
Theorem 3.5]. Our approach here is different from theirs.

Next, an analogue of Lemma 1.17 is stated.

THEOREM 2.15. Let A,B,C,D € B () andlet t € [0,1]. Then

ber([égD <A+2ber 1/|t2AA*+BB*+\/H 1—1) AA*+C*CH).

AB
CcD

Proof. Let T = [ } . We have
2ber <ER <eieT>> = ber (eieT + e‘ieT*>
19A +e—19A* iGB+e—i6C*
- ber( 19C+e—19B* 19D+e—19D*:|>

&z A +e0A%) e’eB]>

—zeB* 0

_ 19 —i0 A * —i6
ber [1 1) (€PA+ e A% e cD

LGC 0

<
(]

19 —i0 A% i0
ber([f A+te A)eBD

ﬂGB* 0

o 19 —i0 A% —i0
+per (|71 lﬁ)‘ e AN TN | ober (D)
C 0
t(’eA—f—e LGA*) etGB
—leB* 0

1 —l z(-)A —iGA* —iGC*
+w<{ igg—e ) e 0 >+2ber(D)
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. ( {z (e®A+e710A%) ei9B] )

e OB 0
_ i0 —i0 A —i0
+r<[(l ) (eelége A7) e OC }) + 2ber (D),

where we have used Lemma 1.5 (i) to obtain the last equality. Thus, we have

2ber (% (7)) = r([?: eigl] [ijl g])

(1—=0)A* 1 [ 701 0
+r ([ e2i6C 0 (1 —Z)A ef2iec* +2ber(D).
Now using the second part of Lemma 1.5, we obtain

—if * i0
i0 - e 10 tA* %1
Zher (1 (<7)) ”’([ 1A B} [B* 0 D
e 01 0 (1—1)A* €1
+r<|:(l—l)A e—ZiOC*:| |: eZiOC 0 :|> +2ber(D)
t]|A] 1
<([jatt o m])

(1=1)]A] !
o[-t -

(by Lemma 1.3)

— ||A|| +2ber (D) + \/|lr2AA* + BB +\/H(1 —t)2AA*+C*CH

(by Lemma 1.4).

) + 2ber (D)

Consequently,

ber (SR (ef"T)) < % <||A +2ber(D)+\/||t2AA*+BB*||+\/H(l—t)zAA*+C*C D :

Taking the supremum over all 6 € R in the above inequality we get desired re-
sult. [

As a consequence of Theorem 2.15, we have the following well-known result.

COROLLARY 2.16. Let A,B € HB (). Then

ber (| 5] ) < 5 (1Al +181).
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Proof. Appling Theorem 2.15, we have

1
we([32]) <o
1
=—(]|A Bl|).
5 (Al +11B1l)

Hence, we get the desired inequality. U
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