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NONLINEAR SKEW LIE TYPE HIGHER
DERIVATIONS ON SOME OPERATOR ALGEBRAS
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(Communicated by C.-K. Ng)

Abstract. Let </ be a unital x-algebra. Let p,(A1,Az,---,A,) be the polynomial defined by
n indeterminates Aj,A,,---,A, € &/ and their multiple skew Lie product, and N be the set
of non-negative integers. In this paper, under some mild conditions on <7, it is shown that if
P = {dm }men is the family of maps d,, : & — </ such that dy = id, , the identity map on .o/
satisfying
dﬂ1(pﬂ(A17A27'”7An)): Z pn(dij (Al)7di2(A2)v‘”7din(An))
i1+t tin=m

for all Aj,As,--+,A, € . and for each m € N, then 2 = {dy, }en is an additive =*-higher

derivation. Moreover, we apply the above result to prime -algebras, von Neumann algebras
with no central summands of type 7;, factor von Neumann algebras and standard operator alge-
bras.

1. Introduction

Let o/ be a x-algebra over the complex field C. For A,B € </, denote by
[A,B]. = AB — BA* the skew Lie product of A and B. The skew Lie product is found
playing a more and more important role in some research topics, and its study has re-
cently attracted many authors’ attention (for example, see [2, 6, 12, 14-17,21]). The
product is extensively studied because it naturally arises in the problem of representing
quadratic functionals with sesquilinear functionals (see [14—16]) and in the problem of
characterizing ideals (see [2, 12]).

Recall that an additive map @ : &/ — &/ is said to be an additive derivation if
D(AB) = ®(A)B+AD(B) forall A,B € o/. We say that @ is an additive *-derivation
if it is an additive derivation and satisfies ®(A*) = ®(A)* forall A € &/. A map @ :
o/ — of is said to be a nonlinear skew Lie derivation if

®([A,B].) = [®(A),B]. +[A,D(B)].

for all A,B € o/ . More generally, we say that a map @ : &/ — </ is a nonlinear skew
Lie triple derivation if

@([[A, B].,Cl.) = [[@(A), Bl Cl. + [[A, ©(B)].,Cl. + [[A, B, ®(C)].
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forall A,B,C € <.

Given the consideration of skew Lie derivations and skew Lie triple derivations,
we can further develop them in one natural way. Suppose that n > 2 is a fixed positive
integer. Let us see a sequence of polynomials with x

p1(Ar) = Ay,
p1(A1,A2) = [A1, A7),
PI(AI»A27A3) = [[AlaAZ]*aAf’]*a
pn(A17A27' o aAn) = [pn—l(A17A27' o aAn—l)aAan

According, a nonlinear skew Lie n-derivation is a map @ : &/ — o satisfying the
condition

P

q)(Pn(Al 7A27 tee 7An) = pn(Ah e 7Ak—17q)(Ak)7Ak+l7 e 7An)

k=1

forall Aj,A,As,---,A, € o/. Clearly, every nonlinear skew Lie derivation is a nonlin-
ear skew Lie 2-derivation and every nonlinear skew Lie triple derivation is a nonlinear
skew Lie 3-derivation. These type of nonlinear skew Lie derivations, nonlinear skew
Lie triple derivations and nonlinear skew Lie n-derivations collectively known as non-
linear skew Lie type derivations.

Nonlinear skew Lie-type derivations in different backgrounds are extensively stud-
ied by several authors (see [3,5,7-11,19-21,24]). Yu and Zhang in [21] proved that
every nonlinear skew Lie derivation between factor von Neumann algebras is an ad-
ditive x-derivation. This result was extended to the case of nonlinear skew Lie triple
derivations by Li et al. [8]. Let ¥ be a standard operator algebra which is closed under
the adjoint operation. Lin [10] proved that every nonlinear skew Lie type derivation
® on o/ is automatically linear. Moreover, @ is an inner *-derivation. Lin [9] also
proved that every nonlinear skew Lie type derivation between von Neumann algebras
without central abelian projections is an additive *-derivation. Under some mild con-
ditions on a unital *-algebra 7, Madni et al. [11] proved that every nonlinear skew
Lie type derivation ® on <7 is additive. Moreover, if ®(i %) is selfadjoint, then @ is
an additive *-derivation.

Let N be the set of non-negative integers and 2 = {dy, }men be a family of maps
dpy . &/ — o (not necessarily linear) such that dy = id,, the identity map on /. 2
is called an additive higher derivation if for each m € N, d,, is additive and satisfies the
condition

dn(AB)= Y. di(A)d;(B)
i+j=m
forall A,B € &/. A family 9 = {dy} men of maps d, : & — < is said to be:
(1) a nonlinear skew Lie higher derivation on .« if for each m € N,

dul(ABL) = Y [d(4).d,(B)).
i+j=m
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ABe .
(ii) a nonlinear skew Lie triple higher derivation on 7 if for each m € N,

dn(([A,B].Cl) = 3, [[di(A),dj(B)].,di(C)].

i+ j+k=m
A,B,C € .
(iii) a nonlinear skew Lie n-higher derivation on 7 if for each m € N,
dm(pn(AhAL"'aAn)) = 2 Pn(dil(Al)»diz(AZ)»'“7di,,(An))
i) +igt e tin=m

for all Aj,Ay,---,A, € o/ . Clearly, every nonlinear skew Lie higher derivation is
a nonlinear skew Lie 2-higher derivation and every nonlinear skew Lie triple higher
derivation is a nonlinear skew Lie 3-higher derivation. These type of nonlinear skew
Lie higher derivations, nonlinear skew Lie triple higher derivations and nonlinear skew
Lie n-higher derivations are collectively referred to as nonlinear skew Lie type higher
derivations.

It is the objective of this article to investigate nonlinear skew Lie type higher
derivations. Many authors have paid more attentions on the related topics (for example,
see [1,4,13,22,23,25]). Zhang et al [25] showed that every nonlinear skew Lie higher
derivation on factor von Neumann algebras is linear. Ashraf et al. [1] observed that
every nonlinear skew Lie triple higher derivation on standard operator algebra is an ad-
ditive *-higher derivation. Wani et al. [22] proved every nonlinear skew Lie n-higher
derivation on standard operator algebra is an additive *-higher derivation. Let o/ be
a unital x-algebra over the complex field C. In our current paper, under some mild
conditions on .7, we prove that every nonlinear skew Lie n-higher derivation on <7 is
an additve =x-higher derivation. As applications, nonlinear skew Lie n-higher deriva-
tions on prime x*-algebras, von Neumann algebras with no central summands of type
I, factor von Neumann algebras and standard operator algebras are characterized.

2. The main result and its proof

The following is our main result in this paper.

THEOREM 1. Let &7 be a unital *-algebra with the unit I and P be a nontrivial
projection in <7 . Assume that </ satisfies

(&) XZP=0 implies X =0

and
(%) XF(I—P)=0 implies X =0.

Then every nonlinear skew Lie type higher derivation 9 = {dy}men on & is an addi-
tive x-higher derivation.
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In the following, let Py =P and P, =1 —P. Denote «/;; = P.</P;, i, j=1,2. Then
o =32 j—1“j. For every A € &/, we may write A =37, A;j. In all that follows,
when we write A;;, it indicates that A;; € <7;. We will complete the proof by several
lemmas.

LEMMA 1. d,,(0) =0 for each m € N.

Proof. Processing by induction on m € N with m > 1. If m =1, by Lemma
1 in [11], the result is true. Now assume that the result holds true for k < m, i.e.
di(0) = 0. Our aim is to prove that d,,,(0) = 0. Then
dm(O) = dm(pn(0,0, T 70))
= T pald(0).dn(0),-+.d;,(0))

i1 4ip i =m
:pn(dm(o)aof"’o) +pn(0adm(0)a"' 70) + "'+pn(0a0a"'adm(0))
+ > pn(diy(0),diy(0),---,d;, (0))

iy +ig+tip=m
0<iyia, g <m—1

=0. O

LEMMA 2. Forany Ay € |5 and By| € <51, we have

dp(A12+ Ba1) = du(A12) + dpu(Bar).

Proof. Using the inductionon m € N with m > 1. By Lemma 2 in [11], the result
holds true for m = 1. Assume that the result holds true for k <m, i.e. di(A;p+ Bo1) =
di(A12) +di(Bar). Let

T =dn(A12+B21) —dw(A12) — dw(B21).

Let us now show that 7 = 0. It is easy to see that for each A € o7,

(1111 Lp PA) (1111 Lip PB)—O
212 2 1 254112 212 2al 2,021 ) — Y.

On one hand, we get

11 1
O:dm< (;I 1, 1P1—P2,A12+le>>

27727 72
1. 1
= Dn (dm<§ll>,§1,"',ﬂ —P,Ap +321>

1 1
+Pn<§il,dm<zl>,"',f’1 —P,Ap +321>

1.1
+"'+Pn(211 2] Pl—Pz,dm(A12+BZI>>

1. 1
+ 2 pn(di1<§ll>adi2<§>7"'7din I(Pl ) di (A12+le)>
i1 +ip+-+ip=m
0<i17i2,'~',in<m—l
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On the other hand, by induction hypothesis, we have

1.1 1
O:dm( (zl 21, 1,P1—P2,A12+B21))

M by

:dm( (lzl L Pl—P2A12>>
2Mah ’

tdy (p,,(liL Yp —P27le>>
22

1, 1
= pu(dn(3il)s 31+ P = P2
1. 1
+pn(5d7dm(51),---71>1 —P27A12)

1.1
++pn(211 2] P —P27dm(Al2)>

1. 1
+ 2 pn(dil <§ll>7di2<§>7”'7din,1(Pl_P2)7din(Al2)>
ijtip+-tip=m
0<iy,ip, - ip<m—1

Ly 1 Lol
pa(dn(5i1) 51+ Pr = PosBar ) £ pa(5ildn (51 ) -+ L= P2, B )

1.1
++pn(211 2] P —P27dm(B2l)>

1, 1

C B () -maa)
i iyt tip=m
0<iy,ip, i <m—1

1 1
= Dn <dm(§il> , 517"',P1 —P,Ap +321>
1 1
+ pn (EiLdm (51) o PL—PyAp +le)

1 1
+--'+pn(zll SLee P —Pz7dm(A12)+dm(le>)

+ X (dil(%il>7di2<%>7---,din,l(Pl —Pz)»din(Alz)dein(le))

i Fip+-ip=m
0<iy,ip,+ip<m—1

1 1
=Dn <dm(_i1> y5l, - PL— Py A +321>
2 2
1 1
+Pn<§il,dm<zl>,"',f’1 —P,Ap +321>

1 1
+--'+pn(zll SLee P —Pz7dm(A12)+dm(le>)

1. 1
+ D Pn(dil<§ll>7di2<§>r“,din,l(Pl—Pz),din(A12+B21)>~
i +ig e ip=m
0<iy,ip, - ip<m—1
Comparing the above two equations, we see that pn(%zl 51, ---7%I,P1 —P,,T)=0.
This leads to Ty; = T»; = 0. Invoking the fact that pn(%ll 1I ~~~,%I,A12,P1) =0 and
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Lemma 2.2, we find that

i\ Pn ( i, 1 A12+321,P1>>

dm( (11 1, A12,P1>>+dm< (;zl 1, le,P1>>
:pn(dm(%ﬂ),%1,...,A12,P1)+pn( il.d, ( ) A, 1)

1.1 1
oot pn (it g1 dnlAn) )+ (il g1 A, m(Pn)

1. 1
+ Z pn(di1(511>7di2(§>7" dln 1 A12 ln
iy +ip+etip=m
0<ipig,in<m—1

1 1 1 1
n m _.I>a_la"'7B 7P> Pn(_.ly m(_l>a"'aB 7P>
+p (d (21 > 21,P1 ) + 5 d > 21, Pt

11 1.1
ot pu( =i, =1, B ,P) P( 1 ~1.. B,mP>
++p (21 s 5l dm (B21),P1 ) + il 51, 21,dm(P1)

1, 1
+ X <di1 (511) diy (§>,"wdin4 (321),0’:}1(1’1))
iy +ip+etip=m
0<iy i in <1

1 1 1 1
— Pn dm(_.1>a_la"'7A B 7P> Pn(_.lydm(_l>a"'7A B 7P>
P( 21 5 12+ B21,P1 | + 21 5 12+ B21, P
1.1
+---+pn<2ll 21 dp (A12+321),P1>
1.1
tpa(5i, 51+ Ar+ Boysdn(P)

1. 1
+ S P (d,-l (Ell> Jdi, (§I>,---,di,,,l (A12) +din,1(321),din(P1)>-
iy +ip+etip=m
0 i, inm—1

On the other hand, by induction hypothesis, we also have

1,1
dn(pa(5il. 51,0+ A+ B, 71 ) )

22
- (d (1'1) L An+B P>+ (I'Id(ll> A+ B P)
_pn m 21 727 ) 12 213 1 pn 217 m 2 b) b) 12 217 1
1.1
+~~~+pn<§i1,51,"',dm(A12+321),P1>
1.1
+Pn(211 21 A12+321,dm(P1)>

1. 1

+ Y pn<di| <§ll>,di2(51>,"',di,,,1(A12)+di,,,l(321),din(P1)>~
iy +ip+etip=m
0<iy i, ip<m—1
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The above two relations give that pn(%il, %17---7%1, T,P;) =0. Thus T5; = 0. And
then we get 71, = 0 in the similar way. So T = 0, that is

dn(A12+ B21) = d(A12) + dw(B21). U
LEMMA 3. Forany Ay € &1, By € o1y, Co1 € 91 and Dy, € <bh,, we have
dn(A11 + B2+ Ca1) = dn(A11) + dw(B12) + dw(Ca1)
and

dn(B12 +Ca1 + D) = d(B12) + du(Ca1) + d(D22).

Proof. By Lemma 3 in [11], the result holds true for m = 1. Assume that the
result holds true for k < m, i.e.

di(A11 + B2+ Co1) = di(A11) +di(B12) +di(Ca1).

Let
T =dn(A11 +Bio+Co1) —dn(A11) —du(Bi2) — du(Ca).

We need to prove that 7 = 0. Our aim is to show that the result is true for every m € N.
On the one hand, we obtain

1.1 1
dm< n(—'],—l,~~~,—I,P —Py,A; +BpnC ))
p 21 > SR 11 +B12+Cx

1 1
=Pn (dm<§il>,§1,"',P1 —P,Ay +312+C21>

1.1
+--'+Pn<2ll 2] P —Pz,dm(A11+Blz+C2l)>

I 1
+ Z pn<di1(Ell>7di2(§I>7"'adi,,,l(P1 P), dz,z(A11+312+C21)>
ijt+ip+-+ip=m
O<iy,ip, -+ in<m—1
On the other hand, by Lemma 2.3 and invoking the fact

(1111 Lip PB) (1111 e Pc)—o
212 2 1 27 12 212 271 27 21 ]

we know that

1.1 1
dm<pn(—i1 I, —I,Pl—Pz,All-i-Blz-l-Czl))

220
11 1 11 1
:dm( n(—'l,—l,~~~,—I,P —PA )) dm< ( 1,1, ~1,P, — P,,B ))
P21221211+ Fsgl s hihi=0%,bn

1.1 1
+dm<pn<§lla Ela"HEIaPl _P27C21>>

1y 1 11
= P dm(—'l>,—l,~~~,P —PA ) ( i1, =1, Pl — Py, dy(A )
P( 1) 5 1—P,An )+ +p S5t >, dm(A11)

1. 1
+ 2 pn<di1(Ell>,di2<zl>,"',di,, I(Pl ) d’n(All)>
iy +ip+etip=m
0<ipig,+in<m—1
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1\ 1 11
; dm<—'l>,—l,“',P —-P,B ) n( il,=1,--- P, — P,d,(B )
—|—p( Sil).5 V= PoBu) ot pa 5l 51, ), d(B12)

1. 1
+ Y Pn (dil (511> .di (§I>,---,d,-n71(P1 —Pz),di,1(312)>
iy +ip+etip=m
0y iz in<m—1

1 1 1.1
; dm<—'l>,—l,“',P —P,,C > n( i1, ~1,--- P — P>,dy,(C )
+p ( 7). 5 1 —P,Co1 )+ +p, 55t 2, dm(Ca1)

1. 1
+ 2 pn(dil(511>7di2<51>7"'ad1}, 1(P1 ) dl)z(C21)>
i1 +iy+-+ip=m
0<iy i, ipSm—1

1 1
= Pn (dm(iil>7il7”'7pl — Py, A +B12+C21>

1.1
ot pu( il 31+ P = Poydin(Ant) + d(Biz) +dn(Ca) )
1, 1
+ 2 pn(dil(Ell>7di2(§I>7"'7din,1(Pl_P2)7din(All+Bl2+C2l)>~
i i+ +ip=m

0<iy,ip, i <m—1
Comparing the above two equations, we arrive at pn(%il, %I, e %I,Pl —P,T)=0,
which leads to T = Tr, = 0.

Invoking the fact that pn(%il, %I, e %I,PLAU) = 0 and using Lemma 2.3, we
find that

1
< <11 =1, 21,P27A11+312+C21>>
dy,

1 1
w(p (zl -1, P27An))+dm(pn(§il751,---7P27Blz+c21))

1,1 1.1
dn(pu(3i1 51 Prdn) ) 4 (pa (5L 510+ P2 B12) )

11
+d’"< <2’I b Pz’C”))

1.\ 1 L1
= pu(dn(3il) 31+ ProAn )+ pu( il 51+ Prudn(An))
1. 1
+ 2 pn<di1 (Ell>7di2<51>7"'7di,1,1(P2)7dl'n(All)>
i1 +iy++ip=m
0<iy,ip,ip<m—1

1.\ 1 1.1
0u(dn(5i1): 31+ P Bi2) 4o pa (5l 51+ Posdin(B2) )

1, 1
+ 2 pn<di1 (Ell>7di2<51>7"'7di,1,1(P2)7dl'n(Bl2)>
iy +ip+et+ip=m
0<iy,ip, i <m—1

1y 1 11
w(dn(5) 51+ PGt ) o pu S S+ Psdin(Con) )
+p (d (21 > 5,Co1 ) +--+p 21 > b 2, dm(Ca1)

1, 1
+ Z pn(dil(Ell>adi2<51>7"'adl'nfl(Pz):dl‘n(CZl))
iy +ip+etip=m
0<ipig,in<m—1
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1 1
=Pn (dm<—i1>,51,"',P2,A11 +312+C21>

2
1.1
+"'+pn<§lla517'"aP2adm(All)+dm(BIZ)+dm(C21)>
1. 1
+ )y Pn(dn<§ll>,diz<§1>r"7di,,71(P2),din(A11)+di,1(312)+din(C21)>
iy +ip+etip=m

0<iinyin<m—1

1 1
=Pn (dm<—i1>,51,"',P2,A11 +312+C21>

2
1.1
+"'+Pn<§ll, 517'"aP2adm(All)+dm(BIZ)+dm(C21)>
1. 1
+ > Pn(di1 <511>7di2<§I>7'"?dinfl(P2)7dl‘n(All+B12+C21)>~
i tip+etip=m

0<itinyin<m—1

On the other hand, we also obtain

1.1
dm (Pn<—i1, =1, P,Ap +312+C21>>

2 2
1. 1
= Dn (dm<§ll>,§1,"',P2,A11 +312+C21>

1.1
+"'+Pn<§i1,§1,"',P2,dm(A11 +312+C21)>

1. 1
+ Z pn(dil<§ll>,di2<§1>,"',din,l(Pz),din(Au+312+C21)>-
i1 +ip+-+ip=m
0<i1,i2,’~',in<m—l

Comparing the above two equations, we get pn(%il, %I, e %I,Pg, T) = 0, which fur-
ther implies that Ty = 1oy = 0. So dy(A11 + Bio + Coy) = dw(A11) + du(B12) +

dn(Cay). Similarly, we can show that d,(B12 + Cai + D23) = dy(B12) + dm(Cay) +
dn(Dy). O

LEMMA 4. Forany Ay € @1, Bia € 12, Co1 € 95 and Dy € abh;, we have

dp(A11 +Bia+ Cot +D23) = d(Ar1) + du(B12) + dn(Ca1) + din(D22).

Proof. By Lemma 4 in [11], the result is true for m = 1. Suppose that the result is
true for k < m, i.e.,

di(A11+ B2+ Car + Da2) = dp(An1) + di(B12) + di(Ca1) + dp(D22).
Our aim is to show that the result is true for every m € N. Let

T =du(A11 + B2+ Co1 +D22) — dw(A11) — dn(B12) — dn(Ca1) — dw(D22).
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Obviously, we have
1.1 1
dm(Pn(Ell» 517"'751»P1,A11 + B2+ Gy +D22>>
1. 1
=Pn<dm<§ll>,51,'“,P1,A11+312+C21+D22>

1. 1
+"'+Pn(211 21 Pl7dm(All+Bl2+C2l+D22)>

+ D pn<di1<%i1>»di2(11>7"'»din,l(P1)7di,,(A11+Bl2+c21+D22)>~

it ig e tin=m 2
0<iy,ip,ip<m—1

Based on the fact that pn(%il, %17 e %I,Pl ,D2) =0. By Lemma 2.4, we find that

11 1
dm(p (—iI 1. —I,PI,A11+312+C21+D22>>

n 2 727 72
—d( (1111 PLA; +Bpn+C >>+d< (1'111 PD))
=dm 21 3 1,411 12 21 m\ Pn 21,27 , 11,022

1 1
= Pn <dm(§il>,zl7“',P1,A11 +B12+C21>

1.1
+"'+Pn<211 21 Pl7dm(A11+Bl2+C2l)>

1, 1
+ D pn<di1(Ell>»di2(_I>»'"7di,1,1(P1)adin(A11+Bl2+c21)>

iy +ip+etip=m 2
0<ip,ip,+ip<m—1

1 1 1.1
n dm(_.l>a_la"'7PaD ) n(_.17_la"'7Pade )
+P( A 1,00 )+--+p S5 1,dm(D22)
1. 1
+ D pn<dil(Ell>,di2(El>,'",din,l(Pl),din(D22)>
i1 +iy+-+ip=m

0<iy i, yip<m—1

1 1
=Dn <dm<_i1> vzl P AL+ B+ Gy +D22>

2 2
1.1
+~~~+pn<2zl S1- Pl,dm(An+Blz+C21)+dm(D22)>
1. 1
+ Y Pn(dn(Ell,diz(51>,'"adi,,,l(Pl),din(An+312+C21)+din(D22)>>
iy i+ Fip=m

0<iy i, yip<m—1

1 1
=Pn <dm<_i1> vzl P AL+ B+ Gy +D22>

27)2
1.1
+~~~—|—pn<2ll S1- Pl,dm(An)—i—dm(Bn)+dm(C21)+dm(D22)>
1, 1
+ > Pn(dil(511,61'1'2(51),"',611'" (P )dl,z(A11+BIZ+C21+D22)>

i1 +iy+-+ip=m
0<iy i, yip<m—1
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Comparing the above two equations yields that dm(%il , %I -+, P, T) =0, which im-
plies that T1; = T1, = T»; = 0. Using the fact that dm(%il, %I,m,%I,Pz,AU) =0 and
the above similar arguments, we can obtain dm(%il , %I S, %I ,P>,T) =0 which im-
plies To, = 0. Hence T = 0. So dyy(A11 +Bia+Co1 +D2n) = dp(A11) + dm(B12) +
dn(Co1)+dn(Dy). O

LEMMA 5. Forany Aji,Bji € @i, 1 < j# k<2, we have

dn(Ajr+Bjx) = du(Aji) + d(Bjr)-
Proof. Since

1.1 1 . » *
p,,(— Sil. 51w 31 P; +Ajk7z(Pk+Bjk)> = B+ Aj+ Al + BpA'y,

we get from Lemma 2.5 that
dm(Aji+ Bjk) + dm(A%y) + dm(BjxA )
= dm(Bjk +Aji +A;’k + BjkAj'k)

1. 1
= dn(pa( = 5il 5L P+ AP+ B)))

%
1. 1 . .
= 2 pn<di1<_§ll>,di2 5] ,"';din,l(R/"’Ajk),di,l(lpk‘FlBjk))
i1 +iy+-+ip=m
1. 1 . .
= Y pald (— 511> di, <§I> v iy (Py) +di, - (Aje), di, (iPk) + di, (iB i)

i1 +iy+-+ip=m

1 1
= 2 puldi | — =il ),d; —I),“',d,‘,ﬁ (Pj),d,‘n(ipk)>
iy +ig+etip : ( 2 ) ? <2 :
1 1
+ X pald(=5it)di(51) e di (P (B
i\ istrtin=m ( N2 2<2 ! )
1 1 .
+ Z pn(dil(_Ell>7d12<51>7'"7di,1,1(Ajk)7din(lPk)>
PR T —
1. 1 .
+ Z pn<di1(_Ell>7d12<§I>»"'7di,1,1(Ajk)»din(lBjk)>

i +ig e tin=m

1.1 1.1
= du(pu( =5l 51 PyiP) ) 4l (pu( = 5l 51 Py iB))

1.1 . 1.1 ,
(P (= 5l 51 At ) ) + o (pa = 3,51+ A B ))
= dn(Bj) +dm(Ajk +A%) + dm(BjxA%)
= dw(Bjic) + dm(Ajk) + dn(Af) + din(B kA )-

Hence dp(Aji+Bjx) = du(Aji) +dn(Bjr). O
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LEMMA 6. Forevery Aj;,Bj; € o7;;, 1 < j <2, we have
du(Ajj+Bjj) = dn(Ajj) +dn(Bjj)-

Proof. By Lemma 6 in [11], the result is true for m = 1. Suppose that the result is
true for k < m, i.e.,

di(Ajj+ Bjj) = di(Aj;) + di(Bjj).
Our aim is to show that the result is true for every m € N. Let
T =dn(Ajj+Bjj) — du(Ajj) — dn(Bj;).

For 1 <1+# j<2,since py(%il, 31, Pi,Aj;) = pa(3il,31,--- 31, P,,B};) = 0, we
obtain
1.1

1.1 1.1
dn(pa(5il. 51+ PLAG;) ) (P (5L 51 BB ) )

2
1.y 1 1.1
:pn<dm<§ll>7517a})l7AH> ++pn<§lla Ela7Plydm(Ajj)>

1, 1
+ 2 pn(dil (Ell>7di2<zl>7"'?din—l(PZ)’di)1(Ajj)>
i1 +ip+-+ip=m
0<ip iz in<m—1

1.\ 1 1,1
0u(dn(5i1)s 51+ PrBy )+ pa(5iL 51 P (B ) )

1 1
- > P (dil<§ll>7di2<§1>r“»dinfl(Pz%din(Bjj))
ijtip+tip=m
0<iy,ip, i <m—1

1. 1
= pu(dun(3il), 51, Pl Aj;+ By )

11
+---+pn<§ll7 51,---713},dm(Ajj)+dm(Bjj)>

1. 1
+ > Pn (dn (511)7411-2 (f)»"wdinq(f’z%dm (Ajj) +din(Bjj)>~
ijtip+-+ip=m
0<iy,ip,ip<m—1

On the other hand, we also have
1.1

1.y 1 1.1
:pn<dm<§il>,51,---,}’I,AJ;,'—l—Bjj)+~~-+pn<§il,51,-~~,B,dm(Ajj+Bjj)>
1. 1
+ > Pn (dn <§ll> .diy <§1> s diy (P, di, (Ajj +B,/./))
iy +ip+-tip=m
0<iy g, ip<m—1
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1y 1 11
= pu(dn(5i1)s 31+ P+ By ) -+ pa( il 51+ Plodn(4+ B,))

22"
+ Y P (dil (%ﬂ),diz(%1)""7611',,71(1’1),611',, (Ajj)+din(Bjj)>-

i1 +ip+--+ip=m
0<iy g, ip<m—1

Comparing the above two equations, we conclude that p,,(%il , %I S, %I P, T)
Thus Tj; = T;; = T;; = 0. Now we need to show that 7;; = 0. For all X;; € 4271'1,

11
pu(5il 3l 51 Py Xt ) € T

and

11 1
(211 SLee 3L P, B,,,X,) € .

By Lemma 2.6, we have

1.1 1
dm (Pn(zll, 517"'7§I7P,f7A.f.f+B.f.f’le>>

11 11
—du(p (211 SLoe PAX >>+dm(pn(§i1,§1, [ PjBjj. X))

1\ 1 11
:p,,(dm(EzI),zI PA”,X>+~~~+pn<21121 Prd(A; )XJ,>

1.1
+pn<§lla ElaaPﬁAHadm(le))

1. 1
+ > Pn (dn <§ll> »di <§1> v diy o (P di, (Aj),di, (ij))
iy +ip e ig=m
0<iy g, ip<m—1

1 1 1.1
o 2u(dn (i1 31+ By By Xt ) -4 pu (i 51+ Prsdin(By) Xt

1.1
(51 31+ Pis B (X))

1. 1
+ > Pn (dn <§ll> »di <§1> s diy o (Py),di,_ (Bjj),di, (ij)>
i Figetip=m
0<iy g, ip<m—1

1. 1
=DPn (dm(511> ) EI"" 7P.f’Ajj+B.f.f’le>

1.1
ot pa (5l gL Prdn(Aj) + dn(B7). X1 )

11
a5 51+ P+ Bjsdn(X1))
22"
1

=0.

+ D P (dn (%il> di (§1> v diy o (Py)ydi,  (Ajj) +di, (Bjj),di, (le))

i1 +ip+-+ip=m
0<iy,ip, ip<m—1
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On the other hand, we obtain

1.1

dm (pn (511, L P Ajj +Bjj:le>>
1y 1

=Dn (dm (511) y5 b PiAjj +Bjj’Xﬂ>

1.1
+...+pn( il, =1, P,',dm(Ajj+Bjj)7Xﬂ>

27727
11
+Pn<211 7h Pj,Ajj+Bjj7dm(le)>
1, 1
+ X P (dil <—ll>7di2<—1)r“»dinfz(Pj)»dinfl(Ajj+Bjj)7din (le>)
iy +ip+eig=m 2 2

0<iy,ip,ip<m—1
1.y 1
(i () 31t )

1.1
+...+pn(211 Sk P,',dm(Ajj+Bjj)7Xﬂ>

1.1
+Pn<§il, 51,'",Pj,Ajj-i-Bjj,dm(le))
1

. 1
+ > P <di1 (Ell> NS <§1> s diy o (Py),di,  (Ajj) +di, (Bjj),di, (le)>~
iy +ip+e+ip=m
0<iy i, yip<m—1
Comparing the above two equations, we conclude that pn(%il , %I ;P T, Xj) =0.
So Tj;X;; = 0 for all X;; € o/j. It follows from (&) and (&) that T;; = 0. Hence
dw(Ajj+Bjj) = dm(Ajj) +dn(Bjj). U

LEMMA 7. d,, is additive on <.

Proof. Forany A,B € </ , we write A = Z%chlAjk and B = 237,(:1 Bji. It follows
from Lemmas 2.5-2.7 that

2 2
dn(A+B) =dn( Y, (Aj+Bj) = Y, dn(Aj+Bj)
J.k=1 jk=1
2 2 2
2 Aj)+dn(Bj)) =dn( D, Aj)+du( Y, Bjx)
=1 k=1 Jk=1

LEMMA 8. dy(31) =0, dy(%il) =0 for each m € N with m > 1 and d,,(iA) =
idy(A) forall A€ of .

Proof. The result is true for m = 1 by Claim 2 in [9]. Assume that the result
holds true for k <m, i.e., dk(%l) =0, dk(%il) =0 and di(iA) = idi(A). We prove this
lemma by serval steps.
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Step 1. dw(31) = dn(3I)".
Since pn(%L %I, ,%I) =0, we get
1.1 1
0=d ( (—1,—1,---,—1))
m\ Pn ) 3
1 1 1
= pu(i (50) . (51) 5+ (51))
i1+i2+2+in=m \2 2\2 2
1N 1 1 1 1 1
— Pn dm<_1>a_la"'a_l> n<_17dm(_l>7"'a_l>
p( 2')2 5') TP\ 2 2
Fot (11 L (11>
pn 2 2 “yUm 2

Cs () al)

i1 Fip+-+ip=m
0=y i, sin<m—1

() 1)
L) ()

(31 - an(3y)

Step 2. dp(%il)* = —dy(Lil).
By pn(%lla%lla%Lv%l) = O’ we have

111 1
O:d( ( i1, =il =1, 1))
m\Pr\ 3t 5t 5h g

This leads to

1.y 1.1 1 ! !
:pn(dm(211> 212 ) >+pn(211d ( ) 1...,§I>
1.1, 1
+...+pn(zll 21,2 : < ))
1 1 1 !
n pn(dl < lI) d; ( zI) d; (—I),...7d-,,<—l>>
i1+l'2+2+in=m 2 2 2 o
0<iy,ip, i <m—1

1N 1.1 1 1N\ 1 1
_p"(d’"(2’1> 2l I)+p"(§’1’d’"(§’1>’EI""’§I>

1. A L
=a(gitin(51). 31+ 51)

So
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Since pn(%i ,%17 ey %1) = %il, by Step 1 and Step 2, we conclude that

o (8) =i (3.3 1)
o) B ) () 1
C T ma e el

i +ip+-+ip=m
0<iy,ip,in<m—1

o (30) o ) ()
:dm(%ﬂ) +(n— 1)idm<§1).

Thus

Step 4. dy(3il) = 0.
Since py(—3il,31,--,%1,%il) = 11, by Lemma 6, Step 2 and Step 3, we get

w(3)

ol )

A T TP
=g S ()
3l ;ﬂw ()t (3. ()

i F+ip+-Fip=m
0<iy,ig, -+ ip<m—1

0

|
&

1N1 11, 111 1

= pu(dn (= 51) 3151 5i1) +ou( = 531 5 hdn(51))
1N 1 11 111 1

= pu( —d (—'1),—1,.--,—1,—'1) (——1,—1--.7—1,61 (—'1))
p”( m\gM) gl ghgt) t e =gt g hdn(3

. L,
= —2id,, (71) .
So

1,
dm<511) —0.
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Step 5. dy(iA) = idy(A) forall A € o/ .
For any A € 7, by Step 3 and Step 4, we have

d(iA) = dy, (pn (;11 ;1 ;I,A»

s () () aw)

1| +ip+-+ip=m
1

1.1
= pu(5il. 51+ 31 dn(4))

=idy(A). O
LEMMA 9. Forall A € o, we have d(A*) = dy,(A)*.

Proof. By Lemmas 7 and 8, we obtain d,(I) = de(%l ) =0 for each m € N with
m> 1. Forany A € o/, we have
2" 2d,,(A) — 2" 2d, (A") = d,y (2" 2 (A — AY))
= dm(Pn(A»I»I» e 71))
= > paldi (A),di(I),- -, d, (1))

iy t+ip+etip=m
:pn(dm(A)717I7' o al)
=2""2d,(A) — 2" 2d,,(A)".

Hence d,,(A*) =dn(A)*. O

LEMMA 10. d, is an additive *-higher derivation on <7 .

Proof. Based on the fact that pn(%iL %I, e %I,A7B) =i(AB+BA*) forany A,B €
o/ , and using Lemma 2.8 and Lemma 2.9, we obtain

11, 1
idy(AB + BA™) =dm<p,,<—il 1, —I,A,B))

27727 72
:pn(dm(ill>7zl”§I’A7B> +pn<§ll7dm<il>, 721A B)
ot e L an).8) + (i L L)
DPn 272 Pr 2 72 02 "
1 1
+ Z Dn (di1<§ll>7di2 <§I>7" i, 1< ) di,_ I(A)’di"(B)>
i\ +ip+ip=m
0<iy,ip, - ip<m—1
11 1 1.1 1
111 A).B) + pu (5. 51+ 514 dn(B))
(21 gl g lidn(A).B) Fpal5il 51 5 &)
1 1 1
. 5 pn(d”<_ll> di < 1>’...,din71(-1),d,~n,l(A),diﬂ(B))
i\ +ip+ip=m 2 2 2

0<iy,ip,ip<m—1
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= pa(idu(A),B) + Py (iA,dn(B)) + Z p2(ids(A),di(B))
s+t=m
O<spt<m—1

= idy(A)B+ iBdyu(A)* 4 iAdy(B) + id,y(B)A*
+ Y, (idy(A)di(B)+id;(B)ds(A)¥).

s+Ht=m
O<spt<m—1

Hence

dn(AB+ BA*) = dpy(A)B+ Adyy(B) + din(B)A* + Bd,(A)*
+ z (ds(A)d,;(B) +d,;(B)ds(A)").

s+it=m
O<spt<m—1

Replacing A by iA in the above equality, we get

d(AB — BA*) = dyy(A)B + Adyy(B) — dy(B)A* — Bd,,(A)*
+ 2 (dS(A)dt (B) _dt(B)ds(A)*)'

s+it=m
O<spt<m—1

Therefore

dw(AB) = d(A)B+Ady(B)+ Y, (d(A)di(B))= Y, ds(A)d(B).
051 0<srem
Together with Lemmas 7 and 9, d,, is an additive *-higher derivation on .2/, which
completes the proof. [

3. Corollaries

Recall that an algebra < is prime if Ae/B = {0} for A,B € </ implies either
A =0 or B=0. Itis easy to see that prime *-algebras satisfy (#) and (&). Applying
Theorem | to prime *-algebras, we have the following corollary.

COROLLARY 1. Let o/ be a prime *-algebra with unit I and P be a nontrivial
projection in < . Then every nonlinear skew Lie type higher derivation 9 = {dy } men
on & is an additive *-higher derivation.

Let B(7) be the algebra of all bounded linear operators on a complex Hilbert
space S and % () C B(¢) be the subalgebra of all bounded finite rank operators.
A subalgebra o7 C B(7¢) is called a standard operator algebra if it contains .7 (7¢).
Let </ be a standard operator algebra. Note that every additive derivation d : &/ —
B() is an inner derivation (see [18]). Nowicki [13] proved that if every additive
(linear) derivation of o7 is inner, then every additive (linear) higher derivation of <7
is inner (see also [23]). Since standard operator algebra is prime, by Corollary 3.1, the
following corollary is immediate.
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COROLLARY 2. Let &/ be a standard operator algebra on an infinite dimensional
complex Hilbert space ¢ containing the identity operator 1. Suppose that <f is
closed under the adjoint operation. Then every nonlinear skew Lie type higher deriva-
tion 9 = {dmtmen from o/ to B(J) is an additive x-higher derivation. Moreover,
2 is inner.

A von Neumann algebra .# is a weakly closed, self-adjoint algebra of operators
on a Hilbert space .77 containing the identity operator I. .# is a factor von Neumann
algebra if its center only contains the scalar operators. It is well known that a factor von
Neumann algebra is prime. Now we have the following corollary.

COROLLARY 3. Let .# be a factor von Neumann algebra with dim(#4') > 2.
Then every nonlinear skew Lie type higher derivation 2 = {dy}men on A is an
additive x-higher derivation.

It is shown in [7] that every von Neumann algebra with no central summands of
type I, satifies (#) and (). Now we have the following corollary.

COROLLARY 4. Let ./ be a von Neumann algebra with no central summands of
type 1. Then every nonlinear skew Lie type higher derivation 2 = {dy }men on A is
an additive x-higher derivation.
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