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THE COMPLETE NEVANLINNA-PICK PROPERTY FOR
BEURLING TYPE QUOTIENT MODULES OVER THE BIDISK

JIMING SHEN AND YIXIN YANG*

(Communicated by J. Ball)

Abstract. In this paper, we show that for the inner function 6(z;,z2) € H>(D?), the Beurling
type quotient module .7 = H?(D?) © @H?(ID?) over the bidisk has complete Nevanlinna-Pick
property if and only if 6 is a one-variable Mobius map.

1. Introduction

Let X be asetand let k: X x X — C be a function of two variables. We call k£ a
positive semi-definite function on X if & is self-adjoint (k(z,w) = k(w,z)), and for any
finite set {A1,42,---,Ax} C X, the matrix [k()L,-,)Lj)}%:l is positive semi-definite, i.e.
forevery oy,0p, -, 0y € C, we have that

N
2 a,-&jk(k,-,lj) > 0.

ij=1

We will use the notation k > O to denote that k is positive semi-definite.

A reproducing kernel Hilbert space .7 on X is a Hilbert space of complex valued
functions on X such that every point evaluation is a continuous linear functional. Thus
by the Riesz representation theorem, for every w € X, there exists an element k,, € .7
such that for each f € 7,

<f7kw>=%ﬂ = f(W)

Since k,(z) = (kw,k;)», k can be regarded as a function on X x X and we write
k(z,w) =ky(z). Let 5 (k) be areproducing kernel Hilbert space on X with reproduc-
ing kernel k. See [6, 13] for background on reproducing kernel Hilbert spaces.
Complete Nevanlinna-Pick kernels are related to the solution of Nevanlinna-Pick
interpolation problems. If for a set X, whenever {A;,---,Ax} C X, and W;,---, Wy are
s-by-t matrices such that
(1 =W k(2. 2) >
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we can find @ in the closed unit ball of

Mult(# (k) @ C, (k) & C)
={®:X - M, : ®f € #(k)®C’* forevery f € (k) @C'}

such that ®(A;) =W;, i =1,2,--- N, we say k has s x t-Pick property. If k has
s x t-Pick property for all positive integers s and 7, then we say k has the complete
Nevanlinna-Pick property.

Complete Nevanlinna-Pick spaces share many properties with the Hardy space
H?(D), and they have been studied extensively in the literature, see e.g. [2, 3, 4, 5, 6,
11]. Examples of complete Nevanlinna-Pick spaces include the Hardy space H*(ID),
the Drury-Arveson spaces Hﬁ [6], the classical Dirichlet space 2 [1], all Dirichlet
spaces with superharmonic weights %,, [16], the Sobolev space W12(07 1) [14]. A
natural question is to decide which reproducing kernel Hilbert spaces have complete
Nevanlinna-Pick property.

In 2020, Chu [8] determined which de Branges-Rovnyak spaces (sub-Hardy spaces)
have complete Nevanlinna-Pick property. In 2023, Luo and Zhu [12] determined which
sub-Bergman spaces have complete Nevanlinna-Pick property. In this paper, we will
characterize which Beurling type quotient modules of the Hardy space over bidisk have
complete Nevanlinna-Pick property.

Let D? = {(z1,22) : [z1] < 1,|22] < 1} be the unit bidisk in C?, and T? = {(z1,22) :
lz1| = 1,|z2] = 1} be the distinguished boundary of D?. The Hardy space over the
bidisk H?(ID?) is the closure of all polynomial in L?(T?, ;15d6,d6,) . The Szegd kernel

1
(I—=wiz1)(1 —wpz2)

k(z,w) =

on D? is the kernel for the Hardy space H?(D?).

A function @ € H?(D?) is called an inner function if |0 (e, e/%2)| = 1 almost
everywhere on T?. We say that a submodule My of H?(ID?) is of Beurling type if Mg
is generated by an inner function 8 € H*(D?), that is, Mg = OH?(ID?). To every inner
function 6(z1,z2) on D?, the associated quotient space is defined by

Hy = H*(D?) © 0H*(D?).

JHy is called the Beurling type quotient module. The space %y seems to be the most
natural generalization of the one variable space H*(D) < 0H?*(D). It is well known
that the reproducing kernel of %y is

- O(WI,WQ)O(Zl,ZQ)

0 _
K (z,w) = (I—wiz1)(1 —wazp)

A classic example of a complete Nevanlinna-Pick kernel is the Szego kernel

1

S(Zlan):m
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on D, however, we will see that the Szego kernel on D? does not have complete
Nevanlinna-Pick property. This inspires us to consider which Beurling type quotient
module 7y have complete Nevanlinna-Pick property. For a € D, let h,(z1) = %
be the one-variable Mobius map. We now state the main result of this paper.

THEOREM 1.1. (Main Theorem) Suppose 0(z1,22) € H*(D?) is an inner func-
tion. Then the Beurling type quotient module %y has complete Nevanlinna-Pick prop-

erty ifand only if 0(z1,22) = Bha(z1) or 0(z1,22) = Bha(z2), for some |a| < 1, |B|=1.

2. Proof of the main theorem

In this section, we will prove the main Theorem 1.1, which consists of several
steps. Firstly, we need some preliminaries.

We will introduce the equivalent definition of complete Nevanlinna-Pick kernel,
which will be used in this paper.

Let k be the reproducing kernel of an J# (k) on X. In [5], if k(z,w) # 0 for all
z,w € X, it was shown that the k is a complete Nevanlinna-Pick kernel and if and only
if
k(z,20)k(z0,w) “ 0
k(z0,20)k(z,w) —

for some zp € X. A kernel k is normalized at 7o € X if k(z,z0) =1 forall ze X. If k
is normalized, then & is a complete Nevanlinna-Pick kernel if and only if

1
=0
k(z,w) —

Let J71, 4 be reproducing kernel Hilbert spaces on X . A multiplier of J7] into
6 is a function h: X — C such that whenever f € 741, hf € 7. We let

Mult(s4,.96) ={h: X — C:hf € s forall f € 1}

denote the set of all multipliers of .7 into % . Given a multiplier & € Mult(s4], 5%4),
we let M), : 1 — % denote the linear map M,,(f) = hf . By the closed graph theorem,
Mj, is a bounded linear operator on .7 into 7%, and we set ||h| \Mult(ﬂ7%) =||My]|.

For two positive kernels ki, k>, we write k| = ky if k; —ky = 0. The following
lemmas can be obtained from [13], which will be used in our proof.

LEMMA 2.1. ([13], Theorem 5.1) Let 5 (k1) and 7€ (k) be reproducing kernel
Hilbert spaces on X . Then
H (ki) C A (k2)

if and only if there exists a constant ¢ > 0 such that
ki < k.

Moreover, ||f|| sk, < clfl| @, forall f € H (k).
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LEMMA 2.2. ([13], Theorem 5.4) Let 5 (ki) and ¢ (k) be reproducing kernel
Hilbert spaces on X and let k = ki + ky. Then

Ak ={f=f+h:ficH (k) frcH ()}
Forevery f € 7(k),

12w = min{[| 1120, + 15| Bewy) = fi+ fo i € # (k). fo € A (ka)}

Let ¢ : S — X be a function. If k is a positive kernel on X, then ko ¢ is also a
kernel function on S (see e.g. [13, Proposition 5.6]).

LEMMA 2.3. ([13], Theorem 5.7) Let ¢ : S — X be a function and let k : X X
X — C be a positive kernel. Then

H (ko) ={fop:feA(k)}.
Moreover, for u € 7€ (ko ¢),

]l (ko) = min{ || f|[ k) 1 0 = f o @}

LEMMA 2.4. ([13], Theorem 6.28) Let 57 (k1) and 5 (ky) be reproducing ker-
nel Hilbert spaces on X, let F be a Hilbert space and ® : X — HB(F,C). The fol-
lowing are equivalent:

1. @ is a contractive multiplier from 7 (k1) ® F to F (kz);
2. ky(z,w) — ki (z,w)D(z)®(w)* is positive semi-definite.

For the general inner function 8 € H*(ID?), it is well known that there exist two
subsets E1,E, C T of positive measure such that for each 11 € E, 0(z;,n) is a one-
variable inner function, and for each § € E,, 6({,z,) is also one-variable inner func-
tion (see [15] for instance).

LEMMA 2.5. Suppose 0(z1,22) € H*(D?) is a nonconstant inner function, which
is not one-variable inner function. A necessary condition for %y to have complete
Nevanlinna-Pick property is that there exist two subsets E1,E, C'T of positive measure
such that for each 1 € DUE;, 6(-,n) is injective on D, and for each { € DJE;,,
0(&,) is injective on D.

Proof. For the general inner function 6 € H*(D?), if 6(0,0) = a # 0, we can let
O(z1,22) = ha(0(z1,22)), then ©(0,0) = ,(6(0,0)) =0, and

KO (z,w) = g(wi,w2)g(z1,22)k% (z,w),

— Vel
T 1-ab(z1.22)
only if k®(z,w) is a complete Nevanlinna-Pick kernel. So we can assume that 6(0,0) =

0.

where g(z1,22) , 50 k%(z,w) is a complete Nevanlinna-Pick kernel if and
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Suppose 8(0,0) =0, and k?(z,w) is a complete Nevanlinna-Pick kernel, we have

1
1— m t O, then
(I =wiz)(1 = wzo)

1—6(wi,w2)0(z1,22)

= 0. 2.1
Rewrite (2.1) as

Wiz1 +Wazo — wiziwazo — 0(wy,w2)0(z1,22)

— = 0. (2.2)
1—0(wi,w2)0(z21,22)
Let
W)= —— Mo W
1—6(wi,w2)0(z1,22) 1—6(wi,w2)0(z1,22)
W1Z1W2Z m@ 21,2
kiz(z,w) = Sue . ko(z,w) = (w1, w2)0(21,22)

1_0(W17W2)0(217Z2) 1_0(W17W2)0(217Z2)7

then (2.1) holds if and only if 72 (k1 +k2) 2 7 (kia+ke) s [|f 1]k +k) < S| (ki+9)
forall f € 7 (kip+kg).

Next we identify the corresponding reproducing kernel Hilbert spaces. By Lemma
2.3, we notice that the corresponding reproducing kernel Hilbert space of the reproduc-
ing kernel |

1- 9(W1,W2)0(21,Z2)

is
H(s00)={fo8:fecH D)}

={ 21,22) Zan (z1,22) ,Zan|2<+oo}.

n=0
Therefore

H(k) =z (500), i=1.2,
(k1) = 2120€ (50 0),
(ko) = 0(z21,22)7 (50 0).

Then for every f € H*(D), there exists g1,g2 € H*(D) such that
(1224 0(21,22)) f(0(21,22)) = 2181(6(21,22)) + 2282(6(21,22)).  (2.3)
By taking f = 1, then we also have g1,g> € H*>(ID) such that
2122+ 0(z1,22) = 2181(0(21,22)) +2282(0(z21,22))- (2.4)

Let E; C T be a measurable subset of positive measure such that foreach n € Ey,
0(z1,n) is a one-variable inner function. We will show that for each n € DUE,
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(-,n) isinjective. Suppose that 8(1!,n) = 0(A%,n) for some pair ! # A%, A1, 1% €
D. Putting z; = A', z =1 and z; = A2, 20 = N in (2.4), respectively, we obtain that

A'n+0(A'n)=2"g1(6(A",n))+ng2(0(2",m)),
AN +0(2%,n) = A%1(0(A%, 1))+ Ng2(6 (2%, M))-

Then we have

(A =2 = @' =2%)gi1(6(2",m)).

Since A!' # A2, we see that
gi(0(A',n)=n.

It follows from 6(A',1) = 6(A2,n) that for each 1! nearto A, there exists A2 near
to A2 such that y )
9(7“777) = 9(/12»77)7

and hence g{(0(-,n7)) — N has to vanish at all points z; near to A'. This gives that for
each n e DUE,,
1(8(z1,m)) =n, Vz1 € D.

Combining with (2.4), we obtain that
21(0(z1,22)) =22, 0(z1,22) = 2282(0(21,22))
for all (z1,z2) € D?, and this gives that
0(z1,0) = 0,21 (0) = 0.

Let E; C T be a measurable subset of positive measure such that for each { € E5,
0(&,z2) is a one-variable inner function. Thus

21(0(8,22)) =22

for each § € Ey, this implies that 0({,-) is injective on D, and hence 6({,z2) is
Mobius map. Thus
2 —a(f)

e
where |B(&)| = 1. Note that 6({,0) =0, we obtain that

0(C,22) = B(8)z
forall { € E». By 0({,22) =2282(0({,z2)) for all z, € D, we have

£2(B(&)z2) = B(&),

this implies that g, = 3({) = B is a constant, and thus

0(z1,22) = B2
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is a one-variable inner function, which is a contradiction, and this proves that for each
n € DUE, 6(-,n) is injective on D.
On the other hand, for each { € DJE,, 6({,-) is also injectiveon D. [

For n € E», 6(-,1) is injective, and is a one-variable inner function, thus 6(z;,n)
is a Mbius map. Also we have for { € E,, 6({,z,) is a Mobius map. Therefore, by
Corollary B in [10], 0(z;,z2) is a rational inner function with degree at most (1,1).

Therefore we proved the following theorem.

THEOREM 2.6. Given an inner function @ € H*>(D?), A necessary condition for
Ky to have complete Nevanlinna-Pick property is that 0(z1,22) is a rational function
with degree at most (1,1).

In [10], Guo and Wang determined the following characterization of rational inner
function with degree at most (1,1).

LEMMA 2.7. ([10], Theorem 1.2) Given an inner function 8 € H>(D?), If 0 is
a rational inner function having degree at most (1,1). This turns out to be equivalent to
that 0 has one of the following forms:

1. 0(z1,22) = Bha(z1) or 6(z1,22) = Pha(z2), for some |a| < 1, |B|=1;
2. 0(z1,22) = Bha(z1)hp(22), for some la| < 1, |b| <1, |B|=1;
3. 0(z1,2) = pAtetbote g some |Bl =1 and ¢ # ab.

1+§Zz+521+521zz

LEMMA 2.8. Suppose 0(z1,22) = Bha(z1) for some |a| < 1, |B| =1. Then 4
has complete Nevanlinna-Pick property.

Proof. If 0(z1,22) = Bha(z1) = B{—=L, then it is easy to check that

17(721 ?

1 —|af?
(1 —awy)(1 —az;)(1 —waz2)

KO (z,w) =
is a complete Nevanlinna-Pick kernel. [J

LEMMA 2.9. Suppose 0(z1,22) = Bha(z1)hp(22), for some |a| < 1, |b| < 1, |B|=
1. Then %y does not have the complete Nevanlinna-Pick property.

Proof. We can assume that 0(0,0) = 0, so let 0(z1,22) = Bz1h»(z2). Suppose
k(z,w) is a complete Nevanlinna-Pick kernel, we have 1 — m > 0, then

| (=mz){d —wz2) - 0.

1— G(Wl,Wz)e(Zl,Zz)
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Rewrite it as

_ - — — b—wy b—z
WIZL+ W22 = WiZiWa22 = WiZl Ty | 0
— 2+ 0. (2.5)
1 wz 22
W2 T 15

Thus a necessary condition for k%(z,w) to be a complete Nevanlinna-Pick kernel is that
(2.5) holds.

Let ¢ = (# . Indeed, it follows from the proof of Lemma
I=miz lfh@é lflfzzz
2.5 that
H = f(z1,22) Zan< ) Zlan\ < oo
n=0 1-bz/) =0
We claim that 5
—Z
21, _2 g x.
1—->bz

n
If z; € 27, then z; = 2 ay, <21 b bz22> . It follows that ag = 0, and

=0 —

b—z b—2 \>
1=a—2 +ayz; ( Z2> +oe
1-— bZz 1—bz

which is a contradiction. If lb_% € 7, then
“he

= _2b< )
l—bzz n—=0 1—bz

By taking zp = f1,(z2), we get that by =0, and

1 =bizi +byziza+---,

which is also a contradiction. Since 1 € J7, we get that z;, lb—l;zz are not multipliers
iy

of J.
Let w, =w; and zp = z; in (2.5), then (2.5) becomes

— ) b—w, b—z — b—w, b—z
29171 — 1 b=z 2 _ by bz
w1y — Wiy — W1211 “bw; 1 bz1 B w111 T—bw; —bz
bow; b— R b—w; bz
Wl 21 Wl 21
I =wizi 755, bl 1=z, L=wizi = —DW1 1—pz,
By Lemma 2.4, we know that
|- Lbom 1 by |- e
V2 1=bwi /2 1—pz V22
b—w b—z b—w bz
1 1 1 1 1 1
WIZ1 Ty 1 P W21 Ty 1 —bz
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is not positive, and therefore @(z;) = (\%, L D2y o Multy (2 @ C2,.2) . It follows

% 17};21
that -
Pz 1 b-w 1 bz
V2V2 V2 1-bw V2 1-bg
_  b—w b—z
1 —wizg 24—
121 1-bw, 1—bz;

is not positive, and hence (2.5) is not positive. Therefore k% (z,w) does not have com-
plete Nevanlinna-Pick property. [J

LEMMA 2.10. Suppose 0(z1,22) € H*(D?) is an inner function. If #y has com-
plete Nevanlinna-Pick property, then for all |B| =1, Hpg also has complete Nevanlin-
na-Pick property.

Proof. Indeed,

1= BO0w1,w2)B6(21,22) = 1 — BB, )6 (z1,22)
=1-0(wi,w2)0(z1,2).

So k% (z,w) is a complete Nevanlinna-Pick kernel if and only if kB9 (z,w) is a complete
Nevanlinna-Pick kernel. [

LEMMA 2.11. Suppose 0(z1,22) = ﬁ% for some |B] =1 and ¢ #

ab. Then J#y does not have complete Nevanlinna-Pick property.

Proof. We assume that 6(0,0) = 0, then we can let

7122 +az; + bz

c=0, 0(z1,22) =B ——
1+ azn + bz

Suppose k% (z,w) is a complete Nevanlinna-Pick kernel, then by proof of Lemma 2.5,
we have that (2.4) holds, i.e. there exists g,g, € H>(ID) such that

2122+ 0(z1,22) = 2181(0(21,22)) +2282(0(z21,22))-

If z; = 0, then we have g ( Bbz )= Bb , and thus g>(z2) = Bb — azp. On the other

14-az 1+az
p _ Bazi \ _ _Ba _ A _
hand, if zo = 0, then we also have gl(—HEZl) Tobe thus g1(z1) = Ba— bz;. There

fore

2122 +0(z1,22) = 21 (Ba—b0(z1,22)) + 22(Bb — ab(z1,22)),
this implies that
—Bziza+az1 + bz

9(21,22) :ﬁ — —
14+ azn+bzy

and thus f = —1.
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A necessary condition for k?(z,w) to be a complete Nevanlinna-Pick kernel is that

(2.4) holds, and then B must be —1. If 6(z1,22) = —Tiﬁgbzz such that %5 has
azp Z1

complete Nevanlinna-Pick property, then by Lemma 2.10, we know that for all |a| =1,
Ko also has complete Nevanlinna-Pick property, which is a contradiction. Therefore,
Ky does not have complete Nevanlinna-Pick property. [

The same example appears in the following Remarks.

REMARK 2.12. Suppose 6(z1,22) = 21755 for |a| <1, then for every f(z1) €

H?(D), there exists g1 (z1) = af(z1),82(z1) = az1.f(z1) € H*(D) such that (2.3) holds.
However, by Lemma 2.9, .%, does not have complete Nevanlinna-Pick property.

Thus, combining Lemma 2.8 with Lemma 2.9, Lemma 2.11, we obtain Theorem
1.1, which we restate as follows.

THEOREM 2.13. Suppose 0(z1,z2) € H*(D?) is an inner function. Then the
Beurling type quotient module ¥y has complete Nevanlinna-Pick property if and only

if 0(z1,22) = Bha(z1) or 6(z1,22) = Bha(z2), for some |a] <1, |B] = 1.

In [8], Chu characterized the de Branges-Rovnyak spaces .77 with complete
Nevanlinna-Pick property. If 0 is an inner function on I, there are a large number
of 0 such that H*(D) © @H?(D) has the complete Nevanlinna-Pick property. In [12],
Luo and Zhu proved sub-Bergman Hilbert space

%<1—W9(21)>

(1—wyz1)?

on D has the complete Nevanlinna-Pick property if and only if 6 is a Mobius map.
Theorem 1.1 implies that there be few %y with complete Nevanlinna-Pick property,
and we will see that H*(D?) does not have complete Nevanlinna-Pick property. It
seems that the complete Nevanlinna-Pick property of the quotient spaces is closed relate
to the Nevanlinna-Pick property of space which is sited.

REMARK 2.14. H?(D?) does not have the complete Nevanlinna-Pick property.

Proof. By definition, we need to check 1 — (1 —wjz;)(1 — wpzz) is not positive
semi-definite. Rewrite it as

_ 1_ _ 1_
wizi (1 - §W212> +wozo (1 - §w1z1> . (2.6)
Let o €D, |a|* = 5. Since oz; for i =1,2 is not a contractive multiplier in a constant

space, by Lemma 2.4, we know that 1 — %Wizi is not positive. Let zp = z; and wy = w
in (2.6), then

1 1 1
w121 <1 — §W222> +wo2p <1 — §W121> =2w1z1 <1 — §W121>
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is not positive, and hence (2.6) is not positive. Therefore H?(ID?) does not have the
complete Nevanlinna-Pick property. [

We will give two examples which can be calculated explicitly.
EXAMPLE 2.15. If 6(z1,22) = z122 or 0(z1,22) = 23, then %5 does not have

complete Nevanlinna-Pick property.
(1) By definition, we need to check that

L wizi+waz —2wiziwaz
k9 (z,w) 1 —wiziwazp

1—
is not positive semi-definite. Rewrite this as
Wizi (1 —woz2) + Woza (1 —wizp) Z wiz1waz2)". (2.7

Note that for i = 1,2, 1 —w;z; is not positive, and by the same argument as Remark
2.14, we know that

wiz1(1 —wpzp) +woza (1 — wizy)

is not positive. Therefore (2.7) is not positive.
(2) By definition, we need to check that

_ _ - —2
1 _ W121+W2ZZ_WIZIWZZ2_WIZ%

1-—

is not positive semi-definite. Rewrite this as

Mg

(W]Zl +W2Z2) (—1)"(W1zl)"7 (2.8)

n=0

and since X, o(—1)"(w;z1)" is not positive, we know that (2.8) is not positive.
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