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CONTINUITY BETWEEN SOME SPECIAL KOTHE SPACES

EMRE TA§TUNER AND MURAT HAYRETTIN YURDAKUL

(Communicated by R. Curto)

Abstract. In this work, we gave some necessary and sufficient conditions for a special lower
triangular map from a nuclear Kéthe space to a nuclear G -space to be linear and continuous.
Also, we considered its upper triangular version.

1. Preliminaries

Suppose that A = (ak), ren is a Kothe matrix, that is, A satisfies 0 < ak < a&'!
for all n,k € N and supa® > 0 for all n € N. The ¢! -Kothe space A(A) is the space
k

defined by A (A) = {x= (x,) : ||x[[x = Y. |x|ak < oo forall k € N} and the topological
neN
dual of A(A) is isomorphic to the space of all sequences u = (u,) for which |u,| < Cak
for some k and C > 0.
The ¢'-Kothe space A (A) is a Fréchet space with the topology generated by the
system of seminorms {||.||; : k € N}.

We know that A (A) is a nuclear space if and only if for each k € N there is m € N
k

such that 2 a_’,; < oo,
n=1"n
If A(A) is nuclear, then the fundamental system of seminorms ||x||; = 2 |
neN

can be replaced by the equivalent system of seminorms ||x||; = sup |x,|aX .
neN

The space ¢! is a Kothe space A (A) where A = (at) with @t =1 forall n,k € N.

The space of all sequences w = K is a Kothe space A (A) where A = (aX) with
ak=ej+tert+...+ep=(1,1,...,1,0,0,0,...) (here I ends in the k”* place).

Let (o), be a monotonically increasing sequence of positive numbers with limit
oo as n goes to oo. Then the Kothe spaces given by the matrices (¢¥%*) and (e’aT") are
called the infinite and finite type power series spaces, respectively. Power series spaces
play an important role in the structure theory of spaces of entire functions on C and
spaces of holomorphic functions on the unit disc.
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Smooth sequence spaces G.. and G| appear in [4] and they are generalizations of
power series spaces.

The ¢'-Kothe space A(A) is called a G.. space if its Kothe matrix A = (a),xen
satisfies:
L=1

n )

a],i Sa],‘lﬂ forall k,neN;j

for all k there exists j such that (a¥)? = O(a}).
The ¢'-Kothe space A(B) is called a Gy space if its Kéthe matrix B = (b),, xen
satisfies:

0<bi, <bi<1 forall k,n€N;

for all k there exists j such that bX = O((b})?).

Finally, by [1], we know that a linear map T between the ¢! -K&the spaces A (A)
|| Ten| |

and A(B) is continuous if and only if for all k there is m such that sup Tenl]
n €nlim

For the terminology used, but not defined here we refer to [2], [3] and [4].
The aim in this work is to generalize the results given in [5].

2. Continuity between special Kothe spaces

THEOREM 1. Let A(A) be a nuclear Kithe space and A(B) be a nuclear G-
Kothe space. Let T : A(A) — A(B) be a linear map given by the lower triangular
matrix C = (c}) jnen where (") Y)en is a bounded sequence.

Then T is continuous if and only if for all n (c';); € A(B) for j >n and A(A) C

A(B).

Proof. Notice

0
Ten: Cj’ ]>n;
0, j<n

HTenHk:S'UP‘Cﬂbﬁ and |lep||m = ay.

jzn
Te
Suppose that T is continuous. Then for all k there exists m such that sup || '|' k
n €nllm
oo i.e. for all k there exist m and p > 0 such that sup \c;l|b]jC < pay) forall n € N.

jzn
By taking j = n, we get that |c|bk < pa forall n € N.
Since ((¢®)~!), n € N is a bounded sequence, this means b < Ca™ for all n € N
for some C > 0 and hence A(A) C A(B).
Notice that Te, = (0,0,...,0,c, ¢, 1,640, ---) € A(B) for all n. Since (c}); is
a subsequence of Te, for j >n , we get (cj); € A(B) for j >n.
Conversely, suppose that for all n (cj); € A(B) for j >n and A(A) C A(B).
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So, since B isa Gy -setand A(A) C A(B) forall k there exist m; =m(k), C; >0,
my = my(my), Cy > 0 such that

I\Ten\lk—suplcj\bk Clsup\cnl( b

j=n
C1(8upIC"\b"”)b’"1
j>n
< GG (sup|c"\bm1) "2 L Cay?
jzn
T
for some C > 0. So, for all k£ there exists my such that sup [ Tenl | <oo,ie. T:

n HenHmz

A(A) — A(B) is continuous. [J

THEOREM 2. Let A(A) be a nuclear G..-Kéthe space and A(B) be a nuclear
Kothe space. Let T : A(A) — A(B) be a linear map given by the upper triangular
matrix C = (c'}) jnen where (")™Y en is a bounded sequence.

Then T is continuous if and only if for all n (c'}), € A(A)' for j <n and A(A) C
A(B).

Proof. Notice

n
Ten: Cj’ ]gn;
0, j>n

[|Ten|lx = sup |c"\bk and |len||m = da)
1<j<n
Suppose that T is continuous. Then for all k£ there exist m and p > 0 such that

sup |c"\bk < pay forall n € N, in particular |c} \bk < pa)} for all n € N and for all
1<j<n
J —, 1,2,.
So, wehave | < Cay,ie. (¢])n € A(A) for j <
Now choose j=n. Then for all k there exist m and p > 0 such that |c¢|bX < pa™
for all n. Since ((¢?)~!), n € N is a bounded sequence, we have that for all k there
exist m and C > 0 such that bX < Ca forall n € N and hence A(A) C A(B).
Conversely, suppose (c/}), € A(A)" and A(A) C A(B) forall j <n.

So there exist my, Cy > 0 for all k there exist my = my(k), C, > 0 such that
||Teq|lx = sup \c;f|b < Cy sup da) 1bk
1<j<n 1<j<n

< GGy sup dld}?
1</<n

< GO < GO (d))?

J

where m = max {mj,m;} since A is a G..-set.

m\2
Also, since A(A) is a G-space, there exists j = j(m) such that sup (ay )
n o ap

ie. there exist j = j(m) and € > 0 such that (a”)? < Caj. Thus, for all k there

< oo,
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[|Ten lx

< oo, Hence, T is
llenll;

exist j and € > 0 such that ||Te,||[x < CC,Cral, ie. sup

continuous. [
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