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OPPENHEIM-SCHUR’S INEQUALITY AND RKHS

AKIRA YAMADA

(Communicated by M. S. Moslehian)

Abstract. In 2012, we obtained Oppenheim’s inequality for positive semidefinite matrices and
its equality condition by the reproducing kernel method. In this paper, as a continuation, we give
a reproducing kernel proof of the block matrix version of the Oppenheim-Schur’s inequality and
its equality condition in the positive definite case.

1. Introduction

Let A= (a;;) and B = (b;;) € M,, be n x n positive semidefinite complex matrices.
The matrix (a;;b;;) € M, is called the Hadamard product or the Schur product of A and
B, and is denoted by Ao B.

THEOREM 1.1. (e.g. [8]) The following inequalities hold:

(1) Hadamard’s inequality:
‘A| g ajjazy...ayp-

(i1) Oppenheim’s inequality:
|AoB| > |Albi1 -+ byn.

(iii) Oppenheim-Schur’s inequality:
|AOB| + ‘AHB| > |A|b11 coobun + |B|a11---ann.

Our aim is, as a continuation of [14], to prove an extension of the Oppenheim-
Schur inequality for positive semidefinite block matrices by the theory of the reproduc-
ing kernel due to Aronszajn [2] and Schwartz [12], and obtain equality conditions in
the positive definite cases. Our main tool is the identity (6) between the determinant of
a positive semidefinite matrix and the minimum norms of solutions of the inner product
in a RKHS with the matrix as the reproducing kernel. We also make use of a RKHS
which is contained in another Hilbert space, which is called a sub-Hilbert RKHS. Pos-
itive semidefinite block matrices are considered as the reproducing kernels of RKHSs,
which are the most basic and fundamental examples of sub-Hilbert RKHS.
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2. Interpolation problem and RKHS

Throughout the paper, all operators are continuous linear, and all vector spaces
are Hilbert spaces unless otherwise stated. Using the interpolation problem for inner
products in RKHS, we shall give simple proofs of Oppenheim-Schur’s inequality for
matrices, the equality conditions, and its extensions to block matrices (cf. [14], [15]).
We will make some preparations for this.

First, we recall the theory of the reproducing kernel due to L. Schwartz [12]. To
adapt the symbols and the notion of conjugate spaces to the case of Hilbert spaces, we
denote by C* the space of continuous antilinear functionals in a locally convex space C
and call it the antidual of C. If J7 is a Hilbert space, Riesz’s representation theorem
allows us to identify JZ* with .. Let the canonical antiduality (C,C*) on C x C*
be the sesquilinear form:

y(x) =, )cer, xeC,yeCh.

Let C be a Hausdorff quasi-complete locally convex space, and introduce the weak
topology ¢(C*,C) on C*. If a Hilbert space 7 is a linear subspace of C, and if the
inclusion operator i: 5 — C is continuous, ¢ is called a C-RKHS. The reproducing
kernel of the C-RKHS .7 is the operator ii* € £ (C*,C), and we call C the ambient
space of . When we distinguish these reproducing kernels with those defined by
Aronszajn, these kernels are called the Schwartz reproducing kernel. Since i*: C* —
¢, we have ranii* C ¢ . The reproducing kernel k € .Z(C*,C) of the C-RKHS has
the following reproducing property: for any x € ¢ and c € C,

(x,ke) = (x,¢)ccx-

We call a C-RKHS a sub-Hilbert RKHS if the ambient space C is a Hilbert space. In
this case, from the above identification, we have

<kac>if = <)C, C>C-
The reproducing property gives |kc||> = (kc,c)c ¢+, thus for every ¢ € C*,

<kC, C>C,C* 2 0.

If an operator k € £ (C*,C) satisfies the above inequality, then k is called positive
definite and is denoted by k > 0. A theorem of Schwartz [12, Proposition 10] asserts
the converse: for any k € £ (C*,C) (i.e., k> 0), there exists a unique C-RKHS 57
with the reproducing kernel k, which we denote by .77 .

DEFINITION 2.1. Let JZ be a Hilbert space and let V be a vector space. For a
linear map A: 77 — V with closed kernel, there exists a unique Hilbert space structure
on the subspace ranA = A(.7’) of V such that the linear map Ag: x € 7 — Ax €ranA
is a coisometry. In other words, we define an inner product on ranA such that, for
f,g € (kerA)*,

(Af.AG) wray = (f.8)r-
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The space ranA equipped with this inner product is a Hilbert space which is called the
operator range of the map A and is denoted by .7 (A). The norm || - || 44 of .#(A)
is called the range norm (cf. [11]).

By definition, we note that if only one of f, g € ./ belongs to (kerA)~*, we have
(AfAG) .y = (f.8)r-

DEFINITION 2.2. (Image of a RKHS) If T € Z(C,D) is weakly continuous, then
the operator range .# (T | ;) of C-RKHS . is called an image or an image RKHS of
¢, which is denoted by T,..77 .

The following theorem is the counterpart of the classical theory of integral trans-
form (see, [10, p. 83]) in Schwartz’s theory of RKHS.

THEOREM 2.1. ([12, Proposition 21]) Let C and D be quasi-complete Hausdorff
locally convex spaces, and ¢ be a C-RKHS with the reproducing kernel k. Let T €
Z(C,D) be weakly continuous. Then, the operator range T.. 7 of the restriction T | y
is a D-RKHS with the reproducing kernel TkT*. The norm of an element x € T, 7
satisfies the identity:

1xl|7. 50 = inf{|[yl|l ez Ty =x, y € A}

In general, the image of the reproducing kernel is dense in the RKHS.

Schwartz [12, Proposition 7 bis] gave the conditions for coincidence when the
ambient space is locally convex. Here, we describe the related results for the case
where the ambient space is a Hilbert space. There are many equivalent conditions, but
we list some of them which are related to RKHSs.

LEMMA 2.1. Let 5 and ¥ be Hilbert spaces, and let A € £ (H,K). The
following are equivalent:

(i) ranA is closed.
(ii) ranA* is closed.
(iii) ranA =ranAA*.
(iv) ranAA* is closed.

(V) There exists an operator X € £ (K,H) with AXA=A.

Proof. The equivalence of (i) and (ii) is the assertion of the closed range theorem
itself. From the orthogonal decomposition H = ranA* @ kerA, (ii) implies that ranA =
A(ranA*) = ranAA*, i.e., (iii). Conversely, (iii) implies that H = ranA* + kerA. From
the orthogonal decomposition we have ranA* C ranA*. Thus, ranA* is closed, i.e., (ii).
We have now proved the equivalence of (i)—(iii). Obviously, (i) and (iii) imply (iv).
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(iv) = (iii) From
ranAA™ C ranA = A(fanA*) C TanAA™ = ranAA”,

we obtain ranAA* = ranA.

(v) = (i) Suppose that Ax, =y, — y (n— o). Then, Ax, = AXy, — AXy,
which implies that y = AXy € ranA. Thus, ranA is closed.

(i) = (v) The operator X is known as a generalized inverse of A. It is well
known (e.g. [3, Chapter II]) that if ranA is closed, then the Moore-Penrose inverse
At € Z(K,H) satisfies AATA=A. O

LEMMA 2.2. Let 7 be a sub-Hilbert C-RKHS with the reproducing kernel A.
If A€ £7(C) has a closed range, then 5 =ranA as a vector space, and we have,
for Vx,yeC,

<AxaAy>3ﬁ\ = <Ax7y>C = <x’Ay>C-

Proof. By Theorem 2.1 the RKHS . is given by the operator range of A'/2.
From Lemma 2.1 we have ranA!/2 = ranA. Thus, %} =ranA as a vector space. Since
A is the reproducing kernel of .77} , the last identity holds. [

If C is a finite-dimensional Hilbert space, then the range of A € .7 (C) is closed,
hence as a corollary of Lemma 2.2 we have (cf. [14, Proposition 2.1]),

PROPOSITION 2.1. Let A= (a;;) = (a1 @ ... a,) € My, be a positive semidefinite
matrix. Then, the RKHS 7, on the set {1,2,...,n} is given by the subspace ranA of
C" spanned by the column vectors ay,...,a, of A, equipped with the inner product:

<A.X,Ay>);ﬂ/\ = <Ax,y>cn = <xaAy>(C" .
In particular, dim 7€y =rank A. The i-th column a; of the matrix A is the reproducing

kernel for the point i, and we have (a;j,a;) = ajj (i,j = 1,...,n), i.e., the matrix A is
the Gram matrix G(ay,...,a,) of the reproducing kernels {a;} of the RKHS .

LEMMA 2.3. Let A and B be positive semidefinite operators in a Hilbert space
C. Then, the following hold:

(1) Farp = 4 + B as vector spaces, and for any f € ¢ and g € 3,
15+ 813, 5 < 112, + llel s (1)
Equality holds if and only if (f,h) », = (g,h) n for every h € 3N 3.

(ii) If C is finite dimensional, then ran(A + B) = ranA +ranB. Furthermore, the
equality in the inequality (1) holds if and only if there exists a z € C such that
f=Azand g=Bz.
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Proof. (i) Well-known facts (cf. [2, pp. 352-354]). One can also prove this fact by
showing that the operator range of the linear map f ©g € 4 ® 5 — f+g € CE is
the RKHS with the reproducing kernel A + B.

(ii) The first assertion follows from Lemma 2.2 and (i). Let us show the last equiv-
alence.

<= By Lemma 2.2 we have, for every & € ranANranB,

<f7h><%”/\ = <Az7h>iﬁ = <Z7h>C = <BZ,h>% = <g’h>)?”3

Thus, equality holds by (i).

— Since, by assumption, the ranges of the operators A and B are closed,
Lemma 2.2 implies that 73 = ranA and /3 = ranB. Thus, there exist x and y € C
with f = Ax and g = By. If equality occurs, then, by (i), we have for each & € ranAN
ranB,

<.X,h>c = <fah>%p/\ = <gvh>%p3 = <y7h>C
Thus, x—y € (ranANranB)* . Since for arbitrary subspaces E and F of C, (ENF)* =
E+ + FL, we have
(ranANranB)* = (ranA)* + (ranB)* = kerA + kerB.

Thus, there exist a € kerA and b € ker B with x —y = a+ b, which implies that f = Az
and g =Bz ifwetake z=x—a=y+becC. U

Using the theory of integral transform, we can obtain results for solutions of the
interpolation problems concerning the inner product of a Hilbert space.

THEOREM 2.2. Let G = ((aj,a;)) € M, be the Gram matrix of the sequence
{a;}}_, in a Hilbert space 7. Given b= (b;) € C", consider the interpolation prob-
lem for f € 7 :

(f,ai)=b;, i=1,....n 2)
Then, the following hold:

(1) The RKHS ¢ consists of the set of vectors b € C" such that there exists a
solution f € 7 of (2). 7 =ranG as vector spaces.

(ii) The norm of 5 is the range norm of the operator [ € € — ({f,a;)) € C": for
any b € g,

16| s, = inf{|| f||: (f,ai) =bi, i=1,...,n}.

(iii) If there exists a solution f € F of (2), then there exists a unique solution with
the minimum norm. The solution f has the minimum norm if and only if f €

span{a;}} ;.
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Proof. (i) Let E be the set {1,2,...,n}. For f € 2, define a function f: E — C
by f(i) = (f,a;), i € E. Then, the space . = {f: f € #’} isan RKHS on E with the
reproducing kernel G, which is called the integral transform of 7 (see, [10, p. 83]).
On the other hand, by Theorem 2.2, if G is a positive semidefinite matrix, then ran G is
an RKHS on E with the reproducing kernel G. By the uniqueness of the RKHS with
the same reproducing kernel, we have . = ranG. Therefore, the set of (b)), ccr
with a solution of the interpolation problem (2) coincides with the set ranG of the
image of the integral transform.

(ii) Since the image RKHS ran G of the integral transform is the operator range of
the map f € A+ f € A, the norm of (b;) € ranG coincides with the range norm of

(iii) For a solution f of (2), let f,, be the orthogonal projection of f onto span{a;}.
Then, f, is also a solution, and since f — f, € {ay,... ,an}i, we have

A1 = 1F = fal®+ 1Ll

Thus, f, is the unique solution with the minimum norm. [J

If the sequence {a;} is linearly independent, then we obtain a concrete represen-
tation of the minimum norm solution using the determinant.

THEOREM 2.3. (cf.[1,p. 13],[14]) Let {a; | be alinearly independent subset
of a Hilbert space . Then, for any (b;)!_, € C", there exists a unique element
f € J which satisfies the interpolation problem (2) and minimizes the norm, where f
and its norm are given by

0 ap ay
P 1 |b1 (ar,a1) -+ (an,a1)
by, <al7an> <an7an>
0 El En
T 1 |bi {ar,a1) -+ (an,a1)
Gul |2 0 ol
by, <al7an> <an7an>

To derive determinant inequalities, we now consider a special interpolation prob-
lem (2) of the form

by=--=by_1=0, by=1, 3)

assuming that the set {a;} C 7 is linearly independent. Let f, be the minimum norm
solution for the above data (3), and A, = ||f,|| be its norm. From Theorem 2.3 and (3)
we conclude that the sequence {f,} of solutions with minimum norm coincides up to
multiple constants with the sequence {F,} obtained by the Gram-Schmidt orthogonal-
ization process. More precisely, f, = (|Gn_1|/|Gn|)"/?F,, n=1,2,.... Hence, we
have
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COROLLARY 2.1. If {a;}!., C A is linearly independent, then A, =

V|Gn-1l/1Gu|, where G, = G(ay,...,ar), k=1,...,n, are the Gram matrices of {a;}
(Go=1).

3. Hadamard product of vector-valued RKHSs and inner product interpolation

Consider a C-RKHS # whose ambient space C is a direct sum @,z C, of
Hilbert spaces {Cy}rcr. An element of C = @, Cy is regarded as a function that
takes values in Cy at the point x € E. The point evaluation f € 7 — f(x) € C, at
x € E is denoted by ev,, and, for each x € E, ev, € £ (5,Cy) is bounded. The
adjoint operator k, = evy € Z(Cy, ) is called the reproducing kernel of € for the
point x. The reproducing property of k, is given by, for f € J7, c € Cy,

(fike(€)) e = (f (%), ¢)c,-

The operator K(x,y) = kik, € Z(C,,Cy) is called the kernel function of C-RKHS
. Between the Schwartz reproducing kernel K € £ (C) of C-RKHS 7, the
reproducing kernel &, for the point x, and the kernel function K(x,y), the following
identities hold:

evyKiy =K(x,y), ky=Kiy,

where i,: C, — C denotes the canonical injection. The kernel function K(x,y) of C-
RKHS 77 is positive semidefinite: for every ay,...,a, € E and ¢; € C;,

Z<K(ai,aj)cj,c,->cai > 0.

Note that the inner product of the tensor product Hilbert space ®I’f:1 H; of the Hilbert
spaces Hi,...,H, satisfies the identity (see, e.g. [9, p. 49]): for f; € H;, g € H;,
p=1,....m,

m

(i®...Q fm, 81® ... @ gm)en; = [ [ (fir8i) ;- (4)
p=1
Hereafter, we fix the natural numbers m and s, and let E be the set {1,...,s}

and C? = @, Cf be the direct sum of the finite-dimensional Hilbert space Cf . For
simplicity, we identify an element of Cf with its image in C? of the canonical injection.
Under this identification, CI; is a mutually orthogonal subspace of C?, which leads to

the orthogonal decompositibn Cr =@j; Cf . Now we have a canonical isomorphism
of the tensor product Hilbert space ®Zq: 1CP:

RQxcr= P cje..ec.
17:1 (jl:"'ajm)EEm

Let 5P (p=1,...,m) be a C’-RKHS on E, and let kf € .Z(CP,7) be the repro-
ducing kernel of 77 for the point j € E. Since every element of JZ7 is a C? -valued
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functionon E, for f, € €7, p=1,...,m, we can define the simple tensor f1®...® f
as a vector-valued function on the Cartesian product £ :

m
(1@ @ f) (15 m) = f1(j1) ® - ® fun(jm) € QCP.
p=1
Thus, the tensor product Hilbert space ®),_; 7 is a @),_; C” -RKHS on the product
space E™. From the identity (4), for any @7, f) € QP and cfp € C?, we have

m

<®Zl=1fpa®:g=1k§?p(Cfp»@-%”” = H<fp(jp):cp >C§’ - <®Z1=1fp(jp)a®Zl=1cﬁ?p>®;’"ﬂcl?

p=1 p =1"Jp

= <(®Zl=lfp)(]l yeee 7jm)7 ®Zqzlc§?,,>®$:1c7pa

which shows that ®Z‘=1k§-’p is the reproducing kernel of @’y 77 for the point (ji, ..., jm)
€ E™. Let
m m
¢ feE@AT =" f=Ffope(DCP
p=1 p=1
be the pullback by the diagonal map ¢: j € E + (j,...,j) € E™, where O}_,C?
denotes the direct sum
PDcre...ach.
jeE
Denote the operator range of ¢* by ©),_, 77, which is a O},_;C”-RKHS on E,
and is called the Hadamard product RKHS of {"})_,. For vector-valued func-
tions fi € A, ..., fn € #™, the pullback ¢*(f| ®...® f,,) is denoted by @Z'Zlf,- or
fi*...x fn, and satisfies O),_, fi € O),_; #7. Thisis called the Hadamard product of
{fp})-1. Since &}, kf € (ker¢*)*, by the reproducing property of the tensor prod-
uct ®’_ k%, and by definition of the operator range, we see that O)y_ k € O A7
is the reproducing kernel for the point i € £ of @I’le P . Furthermore, we immedi-
ately have an inequality, for any f € ®/,_; 77,

10" fllon, e < |fl@n_, v

DEFINITION 3.1. An element f € ’;,1:1 JP s called extremal if m > 2 and if
equality holds in the above inequality ([13, p. 378]).

Note that f is extremal if and only if f € (ker¢*)*.

PROPOSITION 3.1. (cf. [14]) Let CP be a Hilbert space, and let 7P be a CP -
RKHS on the set E (p=1,...,m). An element f € ®I’§':1 FCP is extremal if and only
if f is in the closed linear span of the set Jjcg rankjl- @...®rank’?, where kf is the
reproducing kernel of 7€ for the point j € E.
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Proof. By the reproducing property of &,_; kg.’ for the point (j,J,...,j) € E™,
we have ker¢* = (Uj€ E®p—1 rankf )*. Thus, its orthogonal complement is given by
(kerg*)*t =V jee @1 rankf , where \/ denotes a closed linear span. [

In particular, if the ambient space is finite dimensional, then we have a simple
characterization of extremal simple tensors.

PROPOSITION 3.2. Let m > 2. Suppose that CP = @}_, C! is a direct sum of
Sinite dimensional Hilbert spaces, and suppose that each AP € £(CP) is positive def-
inite (AP > 0) for every p=1,....m. If f, € AP\ {0} for p=1,...,m, then the
simple tensor f1 ®...Q f, is extremal if and only if there exists a point i € E such that
fp Erank? forevery p=1,....m.

Proof. Foreach p, the reproducing kernel k¥’ for the point i € E is the i-th column
of the operator matrix A? = (A},)? ,_;, thatis, A” = (k{ ... k7). Since A” is positive
definite, A” is an injection. Thus, if APc =3} | klpci =0 for ¢ = (¢;) € CP, then ¢; =0
for each i. Since C? is finite dimensional, by Lemma 2.2 J#” and ranA? are identical
as vector spaces. Hence, we conclude that 77 is a direct sum €}_, rank? .

— Since for every p J#7 is a direct sum @;_, rank!? and since f, # 0, there

exists a subset E,, of E and an element ¢/ € C!" such that f, is a linearly independent

sum of the form
fr= 2 kf’(cf).

icEp

Thus, their tensor product is the sum of linearly independent terms:

f®...®fn= Y k(e . @k ().

. . i’n
i1€EEY,....in€E,

Since CP? is finite dimensional, from Proposition 3.1, f| ®...® f,, must be a linear
combination of elements in rank; ® ... ®rank?”, i € E. This is only possible if there
exists an i € E such that the set E,, is the singleton {i} forevery p=1,...,m.

<= This is clear from Proposition 3.1. [

In this paper, the inner product interpolation in a sub-Hilbert RKHS played an
important role. We will describe the setting and state some lemmas concerning the
interpolation problem. Let C be a Hilbert space. Given a C-RKHS 7, and a CONS
{u;}jes of C, we consider the problem of finding solutions f € J; that satisfy, for
JeJ,

(f,Auj) , = 0forall i < j, and (f,Au;)n, =1,

which is called the inner product interpolation problem (IPIP) of order j with respect
to a CONS {u;} of the C-RKHS 77, . For simplicity, we denote this IPIP of order j by
triple (%4, {u;},j). The set of solutions to this problem is denoted by Pj‘. We require

that the index set J to be linearly ordered. If P;‘ = (0, we denote the element of Pj‘ with
the minimum norm by f7' and its normby A%, If C = @}_, ; is a direct sum of Hilbert
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spaces, we denote the CONS of C; with a double suffix as {u;;: j=1,...,n;}. Thus,
{wjj: i=1,...,s; j=1,...,n;} isa CONS of C. Here, we introduce the lexicographic
order for the suffix ij of u;;. From the definition of f;? and the reproducing property

of kf;, we obtain

f=0, 1=1,..i-1,j=1,..n
This is important when considering equality conditions for inequalities.

LEMMA 3.1. Let C = @j_, C; be the direct sum of finite-dimensional Hilbert
spaces C;, and let the operator A € £ (C) be expressed as an operator matrix A =
(Aij)} =1 Aij € Z(C},G). If A is positive definite, then the IPIP (4, {u;j},ij) has
a solution, and the following inequality holds:

/< nul/aulj>1/2- (5)

Equality holds if and only if f;; A is a constant multiple oka (uij), which in turn is equiv-
alent to the condition that kA(u vi) L k& (uij) in A, for every i'j <ij. In particular,

when equality occurs, the Cy,...,Ci_1 -components of the vector Au;; € C are equal to
0.

Proof. Since C is finite dimensional, A > 0 implies that A is an injection. Hence,
the sequence {Au;;} is linearly independent, which implies that the Gram matrix G is
nonsingular. Therefore, G is a surjection which implies that P4 ;é 0 by Theorem 2.2.

Since Au;; = k (u;j), if f € P}, then by Schwarz’s inequality,

lj’
L= (ki i) o < I\ F ol (i)l -

From u;; # 0, we conclude that
1 (i) 2, = (KR (i), i) e = (i, wij)e, > 0.

Thus,
2

11l > 1/ At i)
Taking the minimum of the left-hand side, we obtain the inequality (5). From the
equality condition of Schwarz’s inequality, f; A and k2 (u; ;) are linearly dependent, thus
we have

ki (i)

(Ajiuij,uij)e,
By definition of f7}, if j < ij, then it is clear that kf} (uy ;1) L kf*(u;;). Conversely, if
this is the case, then f-/? is a constant multiple of & (ul i), which implies equality. The
last statement follows from the note immediately above this Lemma. [J

A
fij:

If {u;}"_, is a CONS of the n-dimensional Hilbert space C, then, by Parseval’s
theorem, the operator ¢: C — C" defined by ¢(f) = ((f,u;))’}_, is an onto isometry.
We call ¢ the isometry induced by the CONS {u ,} _, - From a finite-dimensional sub-
Hilbert RKHS .77, we can construct a classical RKHS due to Aronszajn [2] which is
isometrically isomorphic to 57 .
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LEMMA 3.2. Let ¢: C — C" be the isometry induced by a CONS {uj};?zl, and
let A € My, be the matrix representing the operator T € £+ (C) with respect to the
basis {u j}?:l- Then, the matrix A= T ¢~ is positive semidefinite, #7 =ranT and
Jt =ranA as vector spaces, and we have for any x,y € H7,

C L cr
<x7y>=%ﬂr = (¢x, ¢y>=%‘j4~ ]\ T .
S ,?‘ff@ 4

Thus, |z @ AT — F, is an onto isometry.

Proof. Since ¢ is an isometric isomorphism, we have ¢* = ¢! . By Theorem 2.1,
this implies that the reproducing kernel of the image RKHS ¢.(7#7) is the matrix A.
Since ¢.(s#7) is a C"-RKHS, we see that ¢.(7) = 5. By Lemma 2.2 57 =
ranT and 7} = ranA as vector spaces, since C and C" are both finite dimensional.
Furthermore, for x =Tz, y=Tw, z,w € C,

<xay>ifr = <)C, W>C = <¢)C,¢W>(Cn = <¢X7A¢W><}f/\ = <¢X, ¢y>%p/\ U

DEFINITION 3.2. The RKHS % on {1,...,n} constructed above is called the
scalarization of the C-RKHS 77 .

From Lemma 3.2, we can express the determinant of the reproducing kernel 7' of
the sub-Hilbert RKHS using minimum norms {1/ }.

LEMMA 3.3. Let {u;}_; be a CONS of finite-dimensional Hilbert space C, and
let T € Z(C) be positive definite. Then,

[1AT =77 '/2. (6)
i=1

Furthermore, if C is the direct sum C = @}, C;, and if {c,-j};f"zl is a CONS of C;,
then, for i=1,...,s,

i r |Ti71‘1/2

HIA‘I']: ‘T;|1/2 ) (‘TO‘:1)7

j:

where T; = (Tjk);‘.kzl is the i-th leading principal submatrix of the operator matrix
T= (Tjk)}k:l-

Proof.: By Lemma 3.2, let ¢: C — C" be the isometry induced by a CONS {u;},
and let 7 be the scalarization of .77 . Then, the representation matrix A € M,, of T
with respect to the basis {u;} is positive definite, and .77 is isometrically isomorphic
with ;. If {e;}"_; is the canonical basis of C", then ¢(u;) = e;, for each j =
1,...,n. Thus, the inner product interpolation problem of .77 with respectto {u;} C C
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is reduced to #; with respect to {e;} C C". Since Ae; is the reproducing kernel of
) for the point j € {1,...,n} by Proposition 2.1, we have, from Corollary 2.1,

Gn(A) . Gn—l(A) .

41=G:(4) = 505 G - Gi(A) = (A 2) 72

Thus, (6) holds by isometry, ¢| .

If C is a direct sum, let ll C) — C be the canonical injection, and let m;: C —
C be the projection with C1) @’_IC Then, it is easy to see that T; € .Z(C1))
is the reproducing kernel of the image RKHS (m;).(77), and, by the reproducing
property, for each f € 77 and ¢;; € C; (I < i),

(f. k] (c1))yorr = (. T (uict))) g = (f uictj)e
<7rlf7clj> )_<7rlf7Tclj>ﬁﬂT
= <7Tlfa (Cll»)ﬁ,
Thus, 7% = /ILT;, [ <i. Consequently, for the CONS {u;;} (= Ule{uij}?"zl) of C, we
have,
i n n T;
1A= I, I A _ Il L /l
] [— n
J=1 ! H;:i l—Ijlzlz’lg Hl:lnj:1 l

which is equal to |T;_{|'/2/|T;|'/? by the first half of the proof. [

4. Main results

We list the settings:

o C= @;’,1:1 CP, CP? = @j_, C?: direct sums of finite-dimensional Hilbert spaces,

C? is identified with the subspace of C by the canonical injection,

{Cu}/ ,:aCONSfor C?,i=1,....s, p=1,....m,

The order of the set J? of subscripts of {c -} is the lexicographic order of N?
obtained by identifying ij with (i, /) € N?:

JP={ij: 1<i<s; 1< j<nl},

1

and the order of the Cartesian product J = Hl’f:l J? is the lexicographic order of
JP,p=1,....m

The subset J; of J is defined by

Ji=A{(ij1;--sijm): 1< jp <nf, 1< p<m}.



OPPENHEIM-SCHUR’S INEQUALITY AND RKHS 723

Now, the set {cf}}ijejp is a CONS of CP, and if we put, for y= (ij1,...,ijm) € Ji,
i=1,...,s,

m

_ .l m P

Cy—Cl-jl ®®Cllm S ®Cl y
p=1

then ¢ = {cy}yeys,; is a CONS of the Hadamard product

m N m

O =-PR.

p=1 i=1 p=1
If A? = (Ap )i j=1 € Z(CP) is positive semidefinite for each p =1,....m, then the
Hadamard product RKHS O_; #4r of the CP-RKHS 4» is a @’“ Cp -RKHS on
the set E ={1,...,s}, whose reproducing kernel is given by

@AP— ALe..eAm:,_ le.f(@CP)

p=1
Note that the function f4” € #» vanishes for every point i’ € E with i/ < i. For, if
k;}p is the reproducmg kernel of #p for the point i’ € E, then, since i’ j' < ij, ;j
orthogonal to k*} (c, ,) By the reproducing property, we have

<flfé}p(i/)7cl /> <fl/ 7k114p( t )> Ap :07

hence ;3 (") = 0, because the vectors {c}) ,}J/ span C} .

THEOREM 4.1. In the above settings, suppose that m > 2, AP € £ (CP) is pos-
I
itive definite for each p = 1,...,m and that the set {k\"(c? iy " . is an orthogonal

j=1
. Q- AP
system for each i. Then, for each y = (ijy,...,ijm) € Ji, the minimum norm A, "~ !

of IPIP (Ol #ar,c,Y) satisfies the following inequality:

@m AP
ay \m,,, {TToa2aiet, o),
pP=
~1/2

m
H[ AL ¢ ;’,pwp—l]}

Equality holds if and only if there exists a | < i such that fj‘: is a linear combination
oka (¢ lj)) and {k?”(c{;l)}ljlgij’) foreach p=1,....m. In the case of equality, the
minimum norm solution is given by

OpA” _ (13:)2/6?‘"( ) = O L) 2K (el — £

Iy :
',LM;}") AT ) o~ T [T, Y 1]
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Proof. By the reproducing property of @I’Z': 1 k;-“p ,foreach f, e CP, p=1,...,m,
we have

m

@ @ U,, Yo, Ay = H(fp:kAp( l,,,))é@r

p=

Let f be the minimum norm solution of IPIP (4, {c’. i Yijed,ij) and let kﬁp be its
norm. C0n51der the element  of ©),_; #4» defined by

m
h @ AS; i l,/p Q{ 2’3: 2k1i4’ Up) ‘f;jll’} (7)
p=1

We show that /& satisfies the conditions for interpolation. First, we show that % is or-
thogonal to @p 1kAp (c, ,) in O}_ Har foreveryorder ¥ <y with y' = (/'jy,...,7 j,,)

€ Jy. Since &, "k (cgj;)) is extremal, if H is defined by
m
_ A” Al’ AP
H= ®(A’ijp lj’, ®{ 2’zj,, i zj,,) -fljp}
p=1
then,
m m
P P
<h,C)1 7 (chp)om, g = (H, 1k;-‘? (chp )@y o (8)
p= p=

Since i < i, we divide the cases.

Case i’ < i: By expanding the second term of H to the sum of simple tensors,
each term of H has at least one factor of the form f; j , 1 < g < m. However, since
I'ji, < ijq for every g, by definition of f} we have (f} 1k (ch )) =0, So H is
orthogonal to ®"_, k4" (c} i)

Jp

Case i’ = i: Since Y <y, there exists a p with j), < j, by definition of the
lexicographic order. By expanding the second term of H, each term of simple ten-
sors contains a factor kAp( b ) or . By the hypothes1s of the orthogonal system,
kA (¢! )L kAp(c i ). On the other hand by definition f ffj‘,” Thus, H is orthog-

4 P

1

onal to the tensor product &)1 K’ (ci,j;’), as desired.

1

Second, we calculate the inner product of & with @Z‘zlk‘-“"(cf}’)) by (8):

m
P P
(h, Ok Nop, 0 = H(%’jﬁ) (Afict;, el )er
p=1 p=1
m AP
p P
H[ 2’l/p An 1] ) l] >Clp_1:|7

p:
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which is easily seen to be greater than or equal to 1, since (/llf? )2 (ALe 57/,, {;p>cp >1
by Lemma 3.1. Thus,

(TIG @, o, HW” arer o)1)} ne )

p=1

Also, by definition of /7" and A/}’

ijp >
m
P p
F. @;;,, (el )~ QLA (eh )~ ﬁ,,,}\ .
_ p=1 =17CAP
_ Ap P
- U 2, n ljp7cl]p>
AP p p APN\2 APN\2
+H{ MRl e )+ (D =20}
AP\2 p A” 2, AP

—ZRC H{ A« <k114 Up) ( Up) kIl4 ( Up) flj,;>}

- Ap APN2 - A” 4

H Al/l’ {H Al/l’) < ii Up’ l]p H[ Al}p tl lj,,’ctjp>_1]}'

p=l1 p=l1

Therefore,
Q)1 A7
x}/ ! < HhHO;’" l-')f/\p
m -1
A” Ap V4
{H A ll zj,,’ ljp 1_[1[ z’ljp ll ljp’clj,;>_1]}
p=1 p=
oA
< m AA” p.p m AA” 14 P 172
p=l( ij,,) <An zj,,7 lj,,> p=1 [( ij,,) <Au ijp’ Up>_1]

This completes the proof of the inequality.

Next, we consider the equality condition of the inequality. Noting the identity (7)
and Proposition 3.1, we see from the above proof of the inequality that the equality
holds if and only if the simple tensor &), HAA 2K (! j’)) fj‘:} is extremal. From

ijp i

Proposition 3.2, this is equivalent to the condition that there existsa [ € {1,...,s} such
that, for each p =1,...,m, there exists a ¢/ € C/" satisfying
APN\2 7 AP p
VR (el ) — £ =K (D).
By Theorem 2.2, the solution f; j " with the minimum norm belongs to the span of the
set {k4" (chy): i'j <ijp}, and since Hjp is a direct sum of rank{”,... rank}", we

conclude that [ < i, and that, if [ =i, ¢/ € span{c 3723, gy It fl-jp is of the form

A=)+ S k),

J'<ip
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then, by the interpolation condition, we obtain
P r
v= Ul () + 3wk () = I = (g2,
J <]p
hence equality holds if and only if there exists a [ < i such that, forevery p=1,...,m,

AP P D
}, is a linear combination of k" (cf; ) and {k"" (c[;;)}1j7<ij, - Moreover, if equahty

occurs, we see from the above proof that the function (9) has the minimum norm for
the IPIP.
n Ap

Therefore, this is the extremal function f? =0

REMARK 4.1. If i = 1, the equality condition of the above Theorem is satisfied.
Therefore, equality holds.

5. Application to determinant inequalities

We derive determinant inequalities from the minimum norms A,. To evaluate the
inequalities, we need to change the order of the products, in which case the following
elementary inequality is useful. The case of m = 2 has appeared in [7, Prop. 2.1].

LEMMA 5.1. Let m and n be natural numbers. If every a;j > 1, then the follow-
ing inequality holds:

[T{ITess Tt -1} >
i=1 " j=1 j=1

Equality occurs if and only if one of the conditions (i)—(iii) holds:

m

HHau H(gai./’— 1). (10)

j=li=

i) m=1lorn=1,

(ii) There exists a column of the matrix (a;j) such that every entry of the column is
one, i.e., there exists a j such that a;j =1 for every i,

(iii) There exists a row of the matrix (a;;) such that every entry of the other rows is
one, i.e., there exists iy such that a;j =1 for every i # iy and every j.

Proof. Let Pij =aij — 1. Let pje = (pil,...,pim) S R’ﬁ and Dej = (plj7~~~ ,pnj) S
R, respectively, be the i-th row and the j-th column of the matrix p = (p;;) €
M, (R ). Using multi-index notation, for the matrix o0 = (0;;) € M, ({0,1}), we
denote by p® the product [T, H;’Ll pf;-ij . The matrix with each entry equal to one is
denoted by 1. Let the order of the matrices be the product order with respect to each
entry, that is, (b;;) > (c;j) <= bjj > c;; foreach i and j. Then,

m
H%—H L+ pij) = 2 pit"  Pi’ = 2 Pia"
J J 1 Qe Qe
m

1
H dij— 1) =Pil---Pim = Pie>
J=1
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and we have identities:

m m
[Tai—Tl@—-1)= 3 pi,
=1 =

Oje<1
n m m
[{ITa - -np= 3 pirpie= 3 p%
i=1"j=1 j=1 Vi, Olje<1 Vi, o<1
m n n
I]:[Iau _'I]:[IaU‘_'Elpah' pﬁ?‘ §:pa’
j=li=1 i=1j= o
m n
H(Haly—1>=]—[ Yorg= Y puplr= Y p*
j=1"i=1 J=104;>0 Vj, 0ej>0 Vj, 0ej>0

Thus, if we define the subsets E and F of the set M, ,,({0,1}) by

E={aeM,,({0,1}): Jis.t. oo =1},
F={oeM,;,({0,1}): Vj, 0t >0},

then the inequality to prove is the following:

Zpag Zpa.

acE ocF

However, it is clear that E C F, and since p* > 0, we have proved the inequality (10).

Next, we consider the case of equality. The condition for equality is p* = 0 for

every o € F\ E, where

F\E={aeM,,,({0,1}): e <1 and ae; >0 forevery i and j}.

Let us divide the cases as follows:

(@) pej =0 for some j: In this case, we have p* =0 for every o € F. Thus,
Yace P* = Yaer P* = 0, hence equality holds.

(b) pej # 0 forevery j: We further divide this division into cases.

1. m=1 or n=1: Then, the inequality (10) is an equality.

2. The case where there exists an iy such that p;; = 0 for every i # ip and every

J: Since, every i-th row, i # iy, of the matrix p is 0, the inequality (10) reduces
to the case n = 1, in which case equality holds.

. Otherwise: In this case, for every j = 1,...,m, there exists an 7; such that
pi;j # 0. Since m > 2, we can choose the set {l j}i, with cardinality greater
than or equal to two. Then, the matrix o = (0;;) deﬁned by

1, (i=i;
Qij = ( .J)
0, (i#ij)
satisfies oo € F \ E, hence p* # 0. Therefore, equality does not hold in this
case.
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From the above considerations, we conclude that equality holds if and only if in case
(a), (b)-1, or (b)-2. This completes the proof of the equality conditions. [

As in the list at the beginning of §4, to obtain Oppenheim-Schur’s inequality for
block matrices A, we assume the following:

o CP=@;_,C’, C'=C"r, n,=dimC’=3!np, p=1,....m

o AP=(AD)i . Al €My, (C), where AP is a s x s symmetric partitioned
positive semldeﬁnlte block matrix (p = 1,...,m). By a symmetric partitioned

block matrix, we mean that the main-diagonal blocks are square matrices.
° {cf;}r;zl : a CONS of C"r consisting of eigenvectors of AL >0 (i=1,...,s).

Foreachi=1,...,s, {®Z‘=1cgp : jp=1,...,njp} is a CONS consisting of eigen-
vectors of the matrix ®Z‘=1A5 ([5, p. 245]). Let 4» (p=1,...,m) be the C?-RKHS
on E with the reproducing kernel AP € £ (CP). Then, the reproducing kernel of the
Hadamard product RKHS @I’f: | #m is given by the Hadamard product of A',
A"

m
QAPZAI**Am:(A},@) ®Am)t\j 1

which is also called the Khatri-Rao product of the block matrices A!,...,A™. We
denote by (X); the i-th leading principal block submatrix of a block matrix X, where
we define (X)o =1 for simplicity’s sake.

THEOREM 5.1. In the above settings, if we assume that each block matrix A',
A™ is positive definite, then their Hadamard product @Zqz 1 AP satisfies the following
inequality for each i =1,... s

[l o B o |47 \O
oL IAP,IVH‘A‘ TT{is = (g, ) b av

p=1

with o, = ni;l HZLI nig. Equality occurs if and only if one of the conditions (a)—(c)
holds:

(a) m=1ori=1.
(b) There exists a p with 1 < p < m such that Ap and AI; is 0 for every | < i.

(AP ) 1AP

(c) nip=1 forevery p, and there exists an iy with iy < i such that Ap =Al ioio ioi

Lig
for every | with | <i and every p.

Proof. If m=1 or i =1, then it is clear that equality holds. Thus, we assume
that m > 2 and i > 2. Since the set {c]; }nfl is a CONS of C? consisting of eigen-

vectors of the matrix AL € Z(C?), we have |AL| = "”’ 1&(cf;), where §(v) denotes
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the eigenvalue of an eigenvector v. If y = (ijy,...,iju) € J;, then we have o, > 1 by
Lemma 3.1, where oy, is defined by

p = (A3 )28 (c]))- (12)
Applying Lemma 3.3, Theorem 4.1 and Lemma 5.1, we have
‘(@$=1Ap)i| A\—2
— = A
(O A~ L)
(Af)2E(ch ) ot [(Af)2E(ch ) — 1]
p 1 ijp l]p tp lJp
> 5 (13)
*4 P
B Moo (T (R P ,,,,>— [ ) 1]}
Mo np_m,f}:)
T e G P8 ()~ T Ty G PG -1

Hp:l H}/EJ (A’S:)

If m,: J =TT7_, J/ — J? denotes the projection, then the cardinality of the set 7, (i)
is 0jp. Thus,

[1éCh,)= T1 II &) =I1Afor.

ved; n;’:l(l'j’))ijpe]p
Similarly,
arve _ (1AP)ii[\ o
e = Cramr)
Therefore,
AP\2 JAZII(AP)i— 1|\ o
[T e e, = () (15)

Substituting these identities into (14), we obtain the inequality (11), as desired.
Now, we consider the equality condition of the inequality. From the above proof,
we see that equality occurs when the following conditions (I) and (I) are satisfied:

(I) The equality conditions (ii) and (iii) of Lemma 5.1 for the matrix (cty,) of (12).
(II) The equality condition of Theorem 4.1 for each y € J;.

First, we consider case (I) of the equality condition (ii). Then, there exists a p such
that (A4")2&(cl}) = 1 for every j. By Lemma 3.1, for every [ < i, the C} -component
of APc vanishes for every ¢ € C’'. Thus, Al' = A} =0 for every | < i, since AP is
Hermite. This is the equality condition (b) of Theorem. Conversely, it is easy to see
that equality holds if the condition (b) is satisfied.
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Next, we consider case (I) of the equality condition (iii). By Lemma 5.1 there
exists a Y = (if},...,ij),) € Ji such that oy, =1 for every y = (iji1,...,ijm) € Ji \
{®} and for every p =1,...,m. We divide the cases according to the integers n;,
(=dimC?), p=1,...,m. If there exists a g with nj; > 1, then we can choose an
index j, with j, # jj, such that the index y = (ij1,...,ijq,---,ijm) € Ji satisfies y 7 ¥
for every index ij, (p # q). Thus, ay, = 1. By Lemma 3.1 we have A, = Al =0
for every [ < i and every p # ¢q. Therefore, in this case the condition (b) holds. The
remaining case is one where n;, = 1 for every p, in which case the inequality (14) is
always an equality, since only one order is possible. As for the inequality (13), by the
equality condition of Theorem 4.1, there exists an ip (< i) such that f}p is a linear
combination of k4" (u u> and k' (cp), ¢, € C foreach p. If ig = i, then f1" is a
constant multiple of k‘l“ (uf}), since C? is one dimensional. Similar to the proof of
Lemma 3.1, we have AJ = Al =0 for each [ < i, which is the case (b). If iy < i,
then " is a nonzero multiple of k" (uf’,) + k%p (cp). By the orthogonality condition

J

of IJ , we have

p P P
0= (k" (uf) + ki) (cp) ki () = (ATl + AT cpyury)ep

for each / < i and for each j'. Since the set {u;;}; spans C7, Ajuj; +A}

0 for each [ <i. Noting that u; € C{ and C is one dimensional, we have A}, =

Cp:

Aho (AZ) i) 1A§:) ; foreach I <. ThlS is the condition (c) of Theorem. Conversely, it is

easy to see from the above proof that if (c) is satisfied, then equality holds. [

REMARK 5.1. Since oy = 1, from (15) we have, for i = 1,...,s,
(A)i]
[(A)i—a]”

where A = (A;;) is a symmetric partitioned positive definite s x s block matrix. Multi-
plying this inequality for i = 1,...,s gives Fischer’s inequality (cf. [4, p. 506]):

[T14il = Al
i—1

In particular, if the matrix A” is a s x s block matrix of the form A” € M(M,,) for
each p=1,...,m, we obtain the following extension of Oppenheim-Schur’s inequality.
The cases m =2 and t; =1, = 1 correspond to the usual Oppenheim-Schur’s inequality.

|Aii| >

THEOREM 5.2. If each block matrix AP = (Ap) €EM;(My,), p=1,...,m, is pos-
itive semidefinite, then we have the following mequallty for the determmant of the
Hadamard product &) 1AL

@A”I > [T g - TI{TT g - e} (16)

p=li= p=1 "i=1
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with 6, =1, ! H;":l ty. If each AP is positive definite, then equality holds if and only if
one of the following conditions holds:

(a) m=1ors=1.
(b) There exists p such that AP is block diagonal.

(c) Forevery p=1,...,m, t, =1 (i.e., AP € My) and there exist i and j (1 <i,j<s)
such that every entry of the matrix AP is 0 except for the diagonal entries and the
(i,J) and (j,i) entries.

Proof. If AP is positive semidefinite, then the inequality (16) is obtained by taking
the limit € — 40 of one for the positive definite matrices A” + €I, where I denotes
the identity matrix. Thus, without loss of generality, we can assume that every A? is
positive definite. Moreover, if m = 1, then equality holds trivially in (16), and if s =1,
then (16) is also equality, since this is the case i = 1 of Theorem 5.1. Thus, we assume
m >?2 and s > 2. Similar to the proof of Theorem 5.1, we have

I} o o _ (A%l yer
m/}i{m | '—H{\A” (|(/§Aﬂl>7i)_|1|> j

1 p=1

=T ()

R (D)™ 1]

p=1 p=l1

- |(©p lAp)‘
AP| =TT p=1 i
Onl= s o

[(AP)i] yor
> _— 17
,-UI,E(KAP)H) an
- ill(AP)ia[\or iill(AP)i1 [\ o
XI_HHI( (AP);] ) Hl{< (AP);] ) 1}}
i=1"p P=
Consequently, from Lemma 5.1, we have

QAP|/}_IIH( 1.1‘>

)™ )
- [« [ g™ - {1

= [T - TT{TTg - vy,

p=li= p=1 "i=1
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as desired.

Now, we consider the equality condition of the inequality (16). If we define oy,
by (12), then the equality condition is derived from those of (ii) and (iii) of Lemma 5.1
and those of Theorem 4.1. Consider the case (ii). In this case, there exists a p such that
(A4")2E(cl) =1 forevery j. By Lemma 3.1, k" (cyy) L k" (cf;) forevery i/ < i and
every j. Thus,

P P
<Af7,CZ»Cf7,r>C :<kf‘ (CZ)J(;} (ngf»ﬁf,w =0.

Since {c,} and {cf;} span C} and C, respectively, we have A}, = 0. Therefore,
for some p, AP is an upper trlangular block matrix, which implies that A? is a block
diagonal matrix, since A” is Hermitian. Conversely, if this is the case, then @Z’ZIAP
is also block diagonal, and thus it is easy to see that the inequality (16) is an equality.

In case (iii), there exists a ¥ = (iji,...,ijm) € J such that oy =1 forevery y=
(1.0 jh,) with ye J\{pw}, and every p =1,...,m. We divide the cases. If there
exists a g with #;, > 1, then, as in the proof of the equality condition of Theorem 5.1,
AP is block diagonal for every p # ¢, which implies that the equality is trivial.

There remains the case that 7, = 1 for every p, that is, the case of scalar matrices
or non-block matrices. In this case, by the equality condition of Lemma 3.1, the j-th
column of A” satisfies Afzj = A’;k =0 (k=1,...,j— 1) forevery j (#i). From this
and the equality condition of Theorem 4.1, we easily conclude that there exists an iy < i
such that AZ. =0 forevery [ # iy and [ # i. Therefore, A? is the matrix which satisfies
the condition (b) of Theorem for every p. Conversely, if this is the case, then

|AP| = (AfAT, — AT %) l;[ Al
g

Thus, equality holds in this case (cf. [8]). U

REMARK 5.2. If the matrices A? are all positive definite, then, by the inequal-
ity (17), we have

ém>ﬁW%
Xﬁ{H(%)% ﬁ[(%)%-—l]}

Noting that A}, = (A?); and (AP)y = 1, we see that the product []}_; can be changed
to [I;_,. Thus, for m > 3 the inequality (17) is sharper than the one obtained by Li-
Feng [6, Theorem 2.5].
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