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SPECTRUM AND FINE SPECTRUM OF BAND MATRICES
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(Communicated by R. Curto)

Abstract. In this paper, a new class of band matrices is considered where the entries of each non-
zero band form a sequence with two limit points. The compact perturbation technique is used
to study the spectrum over the £,,, (1 < p < o) sequence space. Several spectral subdivisions
such as fine spectrum, discrete spectrum, essential spectrum, etc. are obtained. In addition, a
few sufficient conditions on the absence of point spectrum over the essential spectrum are also
discussed.

1. Introduction

The spectral analysis of infinite matrices, in particular band matrices, defined over
sequence spaces has been treated by many researchers worldwide. Over the last few
decades, localization of spectrum and various spectral sub-divisions of band matrices
over sequences spaces generated by difference equations has evolved into a substantial
area of study in the field of spectral theory.

The spectral properties of the double band operator B(r,s) defined by the differ-
ence equation with constant coefficient

(B(r,8)X)n = sXp—1 + 7%y, nE€N

with xop = 0 were studied by Altay and Basar [6], Furkan et al. [31], Bilgi¢ and Furkan
[15] over the sequence spaces co and ¢, I; and bv, [, and bv, (1 < p < ) respec-
tively. The case r = 1 = s was explored by Altay and Bagar [5], Kayaduman and
Furkan [38], Akhmedov and Basar [2] over the sequence spaces ¢y, ¢ and [, bv and
bv, (1 < p <o) respectively. B(r,s) was further generalised to the triple band opera-
tor B(r,s,t) and Furkan et al. [29, 30], Bilgi¢ and Furkan [14] examined the spectrum
and fine spectrum of B(r,s,t). The fine spectrum of the generalised n-band triangular
Toeplitz operator was studied by Altun [7], Birbonshi and Srivastava [16]. Band ma-
trices with non-constant band are also been considered in the literature. The spectrum
and fine spectrum of the generalised differnece operators A, and A,, were obtained in
[3,46] and [4, 24, 25, 26, 47] respectively where

(A X)n = VX — Vn—1Xn—1,
(Auv x)n = UpXp — Vn—1Xn—1
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with x_; =0, n € N and certain assumptions on the sequences u# and v. Later on, El-
Shabrawy [24, 25] has studied the fine spectrum of the operator A, on the sequence
space [, (1 < p <o) and ¢y respectively. In 2012, the fine spectrum of lower tri-
angular triple band matrix A2 on [; is studied by Panigrahi and Srivastava [43] and
analogously, the upper triangular case is studied by Altundag and Abay [9]. An impor-
tant class of tridiagonal matrices, known as Jacobi matrices, has been studied by several
researchers. In this context, we refer the readers to the recent works done by J. Dom-
browski [21, 19, 20]. The generalised m+ 1 banded matrix A", m € N is considered in
[22]. The spectrum and fine spectrum of the difference operator A} over the sequence
spaces co and /1 have been studied by Dutta and Baliarsingh (see [10, 23]). Recently
Meng and Mei [41, 42] characterise the spectrum of the generalised difference operator
B&””. Spectra of tridiagonal matrices [13, 27, 37] and symmetric 2n + 1 band matrices
[8] are also studied. For a detailed review, one may refer to the survey articles [11, 48]
and the references therein.

An interesting problem is to study the spectrum and fine spectrum of banded ma-
trices acting over sequence spaces where the entries of the band forms oscillatory se-
quences. Recent articles [ 18, 40, 44] focus in this direction. However, the spectral prop-
erties of symmetric band matrices whose bands are generated by oscillatory sequences
are not much explored. In this article, we attempt to study the spectral properties of a
class of penta-diagonal band matrices defined over the sequence space £, (1 < p < oo)
where the entries in the non-zero bands form sequences with two limit points. The case
where the entries in the non-zero bands form oscillatory sequences is treated separately.

Let £, represents the Banach space of p-absolutely summable sequences of real
or complex numbers with the norm

1

oo ?
Ixll, = (2 Ixnl”> :
n=1

Also let D, denotes the set of all diagonal operators on ¢,. For any operator T &
D, diag(T) represents the sequence in the diagonal of 7. In this work we investigate
the spectral properties of a class of operators T defined over £, represented by the
following form:

T = $2D) 4 D,S? + D3

where S,,S,: ¢, — {,, denotes the right shift operator, left shift operator respectively
and Dy, D;,D3 € D) with diag(D;) = {c,} C C\{0} diag(D;) = {b,} C C\ {0} and
diag(D3) = {a,} € C. We further assume that the subsequences {a2,—1}, {b2—1},
{can—1} converges to the non-negative real numbers ry, sy, s1 respectively and {az,},
{ban}, {can} converges to the non-negative real numbers ry, s3, s respectively where
s1#0 and 55 #0.

Our focus is to investigate the spectral properties of the operator 7' using compact
perturbation technique. Let us consider another operator 7 over £, defined by

Ty = S2D) + DS} + D
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where D, D5,D5 € D), with

dlag(D’I) = dlag(Dé) = {Sl,SQ,Sl,SQ,”-}, dlag(Dg) = {rl,rz,rl,rg,---}.

Using the properties of compact operators, it can be proved that 7 — Ty is a compact
operator over £,. Both the operators T and Ty can be represented by the following
penta-diagonal matrices

a10b100~~~ r10s100~~~
0a20b20--- OI"20S20---
c1 0as O b3 --- s10r O sy ---
T=10c0a30--| To=]050rn0--

OOC30a5~~~ 00s10r1~~~

We obtain the spectrum, fine spectrum and the sets of various spectral subdivisions
of the operator Tp. It is interesting to note that the spectrum of 7y is given by

[r1 —2s1,r1 4 2s51]U [r2 — 252,72 + 252],

which is also its essential spectrum with no eigenvalues. Later we investigate how the
spectrums of 7" and Ty are related. Few results on the essential spectrum of 7" (which
is identical to the essential spectrum of 7j) being devoid of its eigenvalues are also
derived. This helps us to characterize the point spectrum of 7. Theory of difference
equations plays an important role in our study. We use various results on the asymptotic
behaviour of solutions of difference equations to demonstrate the findings of our paper.
For more details on difference equations one can refer [28].

The remainder of paper is organized as follows: section 2 is devoted to introduce
some terminologies and results which are relevant to our work. Section 3 contains the
results on the spectrum and fine spectrum of Ty over £,. The spectral properties of T
are discussed in section 4.

2. Preliminaries

Let X and Y are Banach spaces and for any operator A: X — Y, N(A) and R(A)
denote the null space and range space of A respectively. The operator A* : Y* — X* is
called the adjoint operator and defined by

(A*f)(x) = f(Ax) forall f€Y" and x€ X

where X*, Y* are the dual spaces of X and Y respectively. B(X) denotes the set of all
bounded linear operators from X to itself. For any A € B(X), the resolvent set p(A,X)
of A is the set of all A in the complex plane such that (A — AI) has a bounded inverse
in X where [ is the identity operator defined over X . The complement of resolvent set
in the complex plane C is called the spectrum of A and it is denoted by o(A,X). The
spectrum (A, X) can be partitioned into three disjoint sets which are
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(i) the point spectrum, denoted by 6,(A,X), is the set of all such A € C for which
(A—AI)~! does not exist. An element A € 6,(A,X) is called an eigenvalue of
A’

(ii) the continuous spectrum, denoted by o.(A,X), is the set of all such A € C for
which (A —AI)~! is exists, unbounded and R(A — A1) is dense in X but R(A —
Al £X,

(iii) the residual spectrum, denoted by o,(A,X), is the set of all such A € C for which
(A—AI)~! exists (and may be bounded or not) but R(A — AI) is not dense in X .

These three disjoint sets are together known as fine spectrum and their union becomes
the whole spectrum. There are some other important subdivisions of the spectrum such
as approximate point spectrum 0y, (A,X ), defect spectrum o5(A,X) and compression
spectrum O, (A,X), defined by

(A,X) = {A €C: there exists a Weyl sequence for (A—Al)},
05(A,X) = {A € C:(A—Al) is not surjective},
(A,X) = {)LE(C:R(A—/II);AX}.

Oapp

G(,()

The sets which are defined above also forms subdivisions of spectrum of A (which are
not necessarily disjoint) as follows [12, p. 178]

0(A,X) = Oupp(A,X)U0w(A,X),
0(A,X) = 0upp(A,X)U0os5(A,X).

An operator A € B(X) is said to be Fredholm operator if R(A) is closed and dim(N(A)),
dim(X /R(A)) are finite. In this case the number

dim(N(A)) — dim(X /R(A))

is called the index of the Fredholm operator A. The essential spectrum of A is defined
by the set

Oess(A,L,) = {A € C: (A— AI) is not a Fredholm operator} .

If A is a Fredholm operator and K € B(X) is a compact operator then A + K is also a
Fredholm operator with same indices. Since compact perturbation does not effect the
Fredholmness and index of a Fredholm operator, we have

Oess(A,X) = Ouss(A+ K, X).

For any isolated eigenvalue A of A, the operator Py which is defined by
1
Py(A / 1-A)"'dp,
A(A) = i (1 )" du

is called the Riesz projection of A with respect to A where y is positively orientated
circle centred at A with sufficiently small radius such that it excludes other spectral
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values of A. An eigenvalue A of A is said to be a discrete eigenvalue if it is isolated and
the rank of the associated Riesz projection is finite. The rank of the Riesz projection
is called the algebraic multiplicity of A. The set of all such eigenvalues with finite
multiplicities is called the discrete spectrum of A and it is denoted by 6,(A,X). This
type of eigenvalues sometimes referred as eigenvalues with finite type.

In the following proposition, we mention some inclusion relation of spectrum of a
bounded linear operator and its adjoint operator.

PROPOSITION 2.1. [12, p. 195] If X is a Banach space and A € B(X), A* €
B(X*) then the spectrum and subspectrum of A and A* are related by the following
relations:

(a) o(A",X")=0(A,X),

(b) 0c(A",X") C oupp(A, X)),

(¢) Oupp(A™,X") = 05(A, X),

(d) 05(A",X") = 0upp(A,X),

(e) 0p(A",X") = 0c0(A,X),

(f) Oco(A",X7) 2 0p(A,X),

(8) 0(A,X)=0upp(A,X)U0CHA", X")=0,(A,X)U0ypp(A*,X*).

Here we record few lemmas related to the boundness of an infinite matrix defined
over sequence spaces, which are useful to our research.

LEMMA 2.2. [17, p. 253] The matrix A = (ay) gives rise to a bounded linear
operator T € B({y) from £y to itself if and only if the supremum of {1 norms of the
columns of A is bounded.

LEMMA 2.3. [17, p. 245] The matrix A = (ay) gives rise to a bounded linear
operator T € B(lw) from le to itself if and only if the supremum of {1 norms of the
rows of A is bounded.

LEMMA 2.4. [17, p. 254] The matrix A = (ay) gives rise to a bounded linear
operator T € B({,)(1 < p <o) if T € B({1) N B({w).

3. Spectra of T

It is already mentioned that we study the spectral properties of 7 by using the
spectral properties of 7 and compact perturbation technique. In this section we derive
the spectrum and fine spectrum of 7. The notation ||T||, denotes the operator norm
of an operator T € B({,) where 1 < p < o.
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THEOREM 3.1. The operator Ty : £, — £, is a bounded linear operator which
satisfies the following inequality

<r1p+ |ra|P + |s1]? 4 |s2/”
2

1
p 1
) <|1Toll, < 377" (In]P +2ls1 [P + [ral? +2]52/7)) 7 .

Proof. As linearity of T is trivial, we omit it. Let e = (1,1,0,0,...) € £,. Then
To(e) = (r1,r2,51,52,0,...) and one can observe that

1
1To(e)ll, _ <|r1|P—|— |Fa|? + 5117 4+ S21’) »
lell, 2

This proves

1
|71 |P 4 |72| P+ [s1]P + [s2|P\ P
( : < Tl

Also, let x = {x,} € £, and x, =0 if n < 0. Then,

1To()15 = N [s1x20-3 + Fixon—1 + s10241|

n=1

+ Y [s2%n-2 + raxon + s2x2542|"

n=1

<Y (Is1x2n—3| + |[rixan—1] + |s122041])7
n=1

+ Y (Is2xon—a| 4 [r2xon| + [s2x2012] )P
n=1

By Jensen’s inequality we get,
I1To@) 17 <3771 Y, (Is1xan-3|” + [r1x2e-1 1P + |s12204117)
n=1

+3771Y (Is2x2n-2|P + |rax2n|” + [s2%2042|)

n=1
<3P (I [P+ 20511 4 [r2]P 4 2] s2[7) [1x]15-
This implies,
1
IToll < 377 (It +20s117 + [raf” +252]7)) 7
This completes the proof. [

The following theorem proves the non-existence of eigenvalues of the operator Tj
in ¢
p-
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THEOREM 3.2. The point spectrum of Ty over £, is given by c,(Ty,£p) = 0.

Proof. Consider (T —AI)x =0 for A € C and x = {x,} € CN. This gives the
following system of equations

(r; — A)x1 + s1x3 =0
(1’2 —A)XQ—I—SQ)M =0
s1x1+ (r1 — A)x3 + 515 =0
s2x2 + (rp — A) x4 + s2%6 =0

S1Xon—1+ (r1 — A)xonq1+ 51202443 =0

$2X2n + (12 — A)Xopy2 +$2X2044 =0

If x; =0 then x,,_; =0 for all n € N. Similarly x, =0 implies x,, =0 forall n € N.
Therefore let (x1,x;) # (0,0) and consider two sequences {y,} and {z,} where y, =
Xon—1 and z, = xp,, n € N respectively. Then the system of equations of (7o —Al)x=0
reduces to

Yn+ P1Yn+1+Ynr2 =0, (3.1

n+ P2int1 t 2 =0, 3.2)

where py = "=, py = ;A , n € NU{0} and yp =z0 =0. If x; # 0, the general
solution of the difference equation (3.1) is given by ([28, p. 75],

(c1+nc)(—1)" ifpr=2
Vn = c1+ncy, if pp=-2 3.3)
ClO(f—FCQOCé’, ifpl §é {—2,2}

where ¢y, ¢ are arbitrary constants and ¢, 0y are the roots of the polynomial
V4py+1=0 (3.4)
which is called the characteristic polynomial of (3.1). The following two equalities
oo =1and o) + 0p = —p
are useful. Equation (3.3) suggests there are three cases to be considered.
Case 1: If p;y =2 (i.e., A = r; — 2s1). In this case the general solution of (3.1) is
yn = (c1 +cn)(—1)", ne NU{0}

with the initial condition yp = 0 which gives ¢; = 0. This reduces the solution as
yn = nca(—1)". This also implies ¢, = —y; and the solution in this case is

Vn :nyl(—l)"H, neN.
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Case 2: If py = —2 (i.e., A = ry +2s1). Similar as Case 1, the solution reduces to

Yn=ny1, ne€N.
Case 3: If p; ¢ {—2,2}. The general solution of (3.1) is given by

Yo =100 + 204

With the help of initial condition yp = 0 and by using the equalities ;o =1, oy +

o = —p1, one can obtain that ¢c; = —c; and the solution reduces to
o' —af
1 2
=—= neN.
Yn o — Y1,

If y1 # 0 then {y,} ¢ £, in Case 1 and Case 2. In Case 3 {y,} € ¢, if and only if
|oi1| < 1 and || < 1 which can not be the case since o 0 = 1. Hence in all the three
cases {y,} € £, if and only if y; = 0 and this leads to the fact that x; # 0. Hence there
is no non-trivial solution of (3.1).
Similarly for the difference equation (3.2), if x, # 0, the general solution {z,} is
of the form
(di+ndy)(—1)", ifpy=2
= di+ndy, ifpp=-2 (3.5)
difi +dap3, if pr ¢ {-2,2}

where dy, d, are arbitrary constants and f;, [, are the roots of the polynomial
P4 prz+1=0 (3.6)

which is called the characteristic polynomial of difference equation (3.2). In a similar
way, it can be proved that {z,} € ¢, if and only if z; = 0 and this leads to the trivial
solution of (3.2). Hence, there does not exist any non-trivial solution of the system
(To — AI)x = 0 such that x € £,,. This proves the required result. [J

REMARK 3.3. The solution x = {x, } of the system Tx = Ax, which are obtained
in terms of the sequences {y,} and {z,} in the equations (3.3) and (3.5) respectively,
actually depends on the unknown A. Therefore, instead of writing x,(A), we write x,
for the sake of brevity throughout this paper except in Theorem 4.8 where the depen-
dency of the solutions on A is vital.

The adjoint operator of Tp is Ty which is defined over sequence space ¢, where
¢}, denotes the dual space of £, which is isomorphic to ¢, where % + Ll] =1.

COROLLARY 3.4. The point spectrum of adjoint operator Ty over the sequence
space L), is given by o,(Ty,£},) =0

Proof. It is well known that the adjoint operator Tp* : £}, — {7, is represented by
transpose of the matrix 7p. Since Tp is represented by a symmetric matrix, using the
same argument as Theorem 3.2, it is easy to prove that GP(TO*,E;) =0. O
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COROLLARY 3.5. The residual spectrum of Ty over the sequence space {, is
given by o,(Tp,Lp) = 0.

Proof. We know that the operator 7 has a dense range if and only if 7™ is one to
one [12, p. 197]. Using this we have the following relation

0r(To,lp) = Gp(To*»g;;) \ 6p(To, Lp)-
Hence, 0,(1p,{,) =0. O

Following that, we obtain the spectrum of Tj.

THEOREM 3.6. The spectrum of Ty over £, is given by

O'(T(),fp) = [r1 — 281,711 —|—251] U [rz —282,1 —|—252].

Proof. First we prove the inclusion relation
o (To,gp) - [rl — 281,11+ 2S1} U [rz — 28,1 —|—252].

Let A ¢ [r1 —2s1,r1 +2s1]U[r2 — 252,72 + 257]. Since point spectrum of T over £,
is empty, (T — AI)~! exists for all A € C. Consider the characteristic polynomials
(3.4) and (3.6) as defined in Theorem 3.2 which has the roots ¢4, o and B, [
respectively. Since A € C\ ([r] —2s1,71 + 251U [r2 — 252,72 + 252]), either |oy| < 1,
|| > 1 or oy | > 1, |ap| < 1. Similar argument also applies for the roots 81 and f3;.
Without loss of generality, we can assume that |oq| < 1 < |op| and [B;| < 1 < [B,].
One can check that the infinite matrix B = (b,;) mentioned below is the inverse of
(To — A1), where

1 M_M+1 M_A,_ﬂ_;rl .
_ > 2 - 2 if n,k both are odd and n > k
\'1(061271) ’ ’

k+1 _ n+l k+1_ ntl
MLl e | .
L (e T 2 . if n,k both are odd and n < k
2_ 1 1
51(061 l)
= -k ! .
b yz(lZ 5 (ﬁf 2 BE? ), if n,k both are even and n > k
P
1 5-5+1_ phts+l :
—— | B - B , if n,k both are even and n < k
Sz(ﬁl 1)
0, otherwise.

From Lemma 2.2 it follows that

[(To—20)~"|, = sup > 1Bl
n=1

Let for each k € N, S; denotes the sum Y |b,x|. Thus
n=1

k—1 oo
Sk = 2 |bnk| + 2 |bnk|'
n=1 n=k
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Two cases are considered.
Case 1: (k is odd) In this case

k—1
Z |bnk| =
n=1

as b,y =0 when n is even. Putting n = 2g — 1 where g runs over 1,2, ,"5—1 we
obtain
T 3 1 Z Ml gl Mligrn
2 ‘bnk‘ = 2 |b2q71,k| == 1 2 ‘051 — oy .
n=1 g=1 si(eg —1) =
Now,
kil kil
S - ol o541 F o[4S e
g=1 g=1 g=1
jon| = —1, Jou| —Joa| ™
k43 — —
)P 1 + 1 1
1—|oy] 1—|oy]
k+3 k+5
P~ T +]on] T —Jou |2
1— oy
As || < 1, the above relation gives us
k=1
2 ‘bnk‘ < oo,
n=1
Also
Y Abul =Y, x4l
n=k q=0
_ 1 — al"”Tq“_%_H _ak+22q+1+%+1

51(0512— l)q—O
Z‘ g+l k+q+2)
1(of —1

The inequality |/ ™" — af+q+2\ < oy |77 4oy [FF9+2 and the fact |0y | < 1 provides

+1 k+ 2
Z‘ of "*)<°°,

which proves Y, |by| < eo. Hence we have,
n=k

Y |buk| < oo, for odd k. (3.7)

n=1
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Case 2: (k is even) In this case if n is odd then b,;, = 0. Let n is even and n = 2q
where g € N. Then

o

k-1 2
> bkl = ol 4 bagl + -+ [ba2z il = Y, Ib2gk
- =1

—q+1 2+q+1

et

Since |B;] < 1,
k_g+1 g+t k
3B B <1 2 B+ Z}Bll
=1 =1 =1
=[5! |ﬁ1|1_7—1 Bl — 1Bl
1= B 1—[Bi]
k k
_BP —[Bu 2t [Br 2 — By [ -
1= B
Therefore,

k—1
2 ‘bnk‘ < oo,
n=1

Now,
N k| =|bik| + |Brso k| + |branl -
n=k
- k
= |brsapil = 2 \ﬁpﬂ p+ <o
p:O (B] =
Therefore,
2 |bnk‘ < oo,
n=k
Hence we have,
Y, |bak| <o, if kis even. (3.8)

n=1

By using relations (3.7) and (3.8) we get,

H(T()—)LI)*IH1 = SIip i |buk| = sgpSk < oo, forall k.
n=1
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As the matrix of inverse operator (Tp —AI)~! is symmetric, performing similar calcu-
lations to the rows of B = (b,;) we get,

[(To—AD)7|., <.
From Lemma 2.4, it follows
(To— A1)t € B(¢,).
Hence it is proved that,
o(To,lp) C [r1—2s1,r1+251] U [r2 — 250,12 + 252].

For the reverse inclusion relation let A € [r; —2s1,r1 4+ 2s1] U [r2 — 252,72 + 255] and
y=(1,1,0,0,---) € £,. Define x = (x1,x2,x3,---) by

x=(Ty —)LI)_ly.

This implies,
_ 517

52

, if n is even
Xn =
n n+l
—a
S1 )

if n is odd.

ntl

2
—a
S1

Also A € [r; —2s1,r1 +2s;] implies |0 | = 1 which also implies

n

/40 asn— oo,

g2
Similarly A € [ry — 253,75 + 2s5] implies Sizl # 0 as n — oo. Hence x ¢ {,, and
A € 6(Tp,¢,). This proves the following relation

[r1—2s1,r1 +2s1]U[rs —2s2,r +252] € 0(Tp, Lp).
Hence, we conclude that

o(To,lp) = [r1 —2s1,r1 +251]U[r— 280,12+ 2s5]. O

COROLLARY 3.7. The continuous spectrum of Ty over £, is given by

0c(To,Lp) = [r1 —2s1,r1 + 251U [r2 — 252,12+ 257).

Proof. 1t is evident that ¢ (7p,¢,) is the disjoint union of 0,(7y,¢,), 6,(To,¢p)
and o.(Ty,£p), we have

O'(To,fp) = O'C(To,fp).

Hence, O'C(To,ep) = [r1 — 251,711 —|—251] U [VQ—ZSQ,FQ —|—252}. U
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COROLLARY 3.8. Essential spectrum of Ty defined over {,, is given by

Oess(T0,Lp) = [r1 — 251,71 4+ 251] U [r2 — 280,12 + 252].

Proof. Tt is well-known that 6. (7p,¢,) € O (T0,£,) and we have
Gess(T07£p) c G(TO7£p) = GC(TO7‘€p) c GESS(T()agp)'

Hence, the desired result is obvious. [
Using the relations which are mentioned in Proposition 2.1 we can easily obtain

the following results.

COROLLARY 3.9. The compression spectrum, approximate point spectrum and
defect spectrum of Ty over £, are as follows

(l) O-C()(TOagp) = 0’
(ii) O'app(T(),ep) = [r1 — 251,711 —|—251] U [r2 —282,1 —|—252},
(iii) o5(To,lp) = [r1 — 251,71+ 251) U [r2 — 252,12 + 252].

In particular, if ; =, =r and s; = s, = s then the operator 7y reduces to an
operator with the following matrix representation

r0s00---
0r0s0---

The following results can be obtained from the previously proved results in this setting.

COROLLARY 3.10. The spectrum and other spectral subdivisions over {, are
given by,

(i) O'(To,fp) = O'C(To,fp) = O'app(To,fp) = 0'5(T()7£p) = [r— 2s,r+ 2S],

(ii) op(To,Lp) = 0,(To,Lp) = 0p(Tyy', £},) = 0.
It is interesting to note that the spectrum and fine spectra mentioned in Corollary
3.10 coincide with the spectrum and fine spectrum of the tridiagonal matrix U(s,r,s)
defined over £, which is obtained in [37].
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4. Spectraof T =Ty + K

In this section, we focus on the spectral properties of the operator T defined over
¢, which can be expressed as T = Tp + K where K is represented by the following

matrix
a)—n 0 b1 — 81 0 0

0 a) —nm 0 bz—Sz 0
Cl1— 81 0 asz —rnr; 0 b3—S1~~~

K= 0O c¢c—s55 0 az—r O
0 0 c3 — 81 0 as —ry ---

The following result proves the compactness of K on /,,.

THEOREM 4.1. The operator K is a compact operator on {,.

Proof. The operator K on £, can be represented by the following infinite matrix

I/L10V100---
OM20V20"'
K=|w 0us0vs--
Ow20u40---

where {u,}, {v,} and {w,} are null sequences, which are defined as follows,

a, —ry, nisodd b, —s1, nisodd
Uy = Vp =

a, —ry, niseven, b, — s>, niseven

and

¢, — 581, nisodd
Wp = .
cp— Sy, niseven.

Let x = {x1,x2,x3...} € £,. We construct a sequence of compact operators {K,} such
that for i € N,
(Kx);, i=1,2,...n

0, otherwise.

(Kn(x))i = {

Forn>2,

1

k=n—1

< ( sup Wk|> [IxIl,, + ( sup ukl) [x[l,, + ( sup Vk> [Ix]l,, -
k>n—1 k>n—1 k>=n—1

[(K = Ka)x]|, = ( D Wk st oxksr + vipoxiral” )
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This implies,
IK=Kallp < sup |wi|+ sup |ug[+ sup [v].
>n— >n— >n—
Thus, {K,} converges to K as n — oo in operator norm and hence K is a compact
operator over £,,. [

Hence, the operator 7' is a compact perturbation of 7 and since Ty € B((,,), K is
compact on £, the operator T is an bounded linear operator on £,,.

Next we derive an inclusion relation between o (7p,¢,) and o(T,¢,) and to prove
this result we require the following Lemma.

LEMMA 4.2. [32, p. 373] Let T : X — X be an operator with a non-empty
resolvent set, and let Q be an open connected subset of C\ Oss(T). If QNp(T) #£ 0
then o(T)NQ is a finite or countable set, with no accumulation point in Q, consisting
of eigenvalues of T of finite type.

THEOREM 4.3. The spectrum of T over £, satisfies the following inclusion rela-
tion
o(To,¢p) Co(T,¢))

and o(T,(,)\ 6(Ty,¢p) contains finite or countable number of eigenvalues of T of
finite type with no accumulation point in 6 (T,¢,)\ 6(To,p).

Proof. Suppose A & o(T,{,) = o(Ty+K,{,). This implies (Tp+K —AI)~! ex-
ists and belongs to B(¢,). Then there exists U € B({;,) such that (To+K —AI)U =1.
Hence,

KU—1=—(Ty— AU 4.1)

and (KU —I)x =0 implies (Tp — AI)Ux = 0. This gives us Ux € N(Tp — AI) = {0}
as 0(Ty,¢p) = 0. Therefore x = 0 and consequently 1 ¢ 0,(KU). As K is compact
operator, KU is also a compact operator and it follows that 1 ¢ o(KU ). Hence, (KU —
I) is invertible and consequently (7) — A1) is invertible by equation (4.1). This implies,
A & 0o(Ty) and o(Tp) Co(T).

For the second part we have, p(T') is non-empty as 7 is a bounded linear operator
and GOy (T,Lp) = Oess(T0,Lp) . Let @ =C\ 6(Ty,£)) then QNp(T,¢,) # 0. The set Q
is open connected subset of C\ 0, (70,¢,) = C\ Oess(T,¢p). Then by using Lemma
4.2 we have, o(T,£,) NQ is a finite or countable set with no accumulation point in
consisting eigenvalues of finite type. [

COROLLARY 4.4. 0,4(T,¢p) = 0(To,{p) = [r1 — 251,71 + 251) U [r2 — 250,12 +
252].

Proof. Since a compact perturbation does not effect the Fredholmness and index
of a Fredholm operator, it follows O (7o, ¢,) = Oess(T,£p) . Hence, by using Corollary
3.8, we have

Gg_\'_\'(T,ep) = O'(To,fp) = [r1 — 251,711 —|—251] U [rz —282,1 —|—252}. O
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We now focus on the point spectrum of T on ¢, . First we analyze the eigenvalues
of T lying in Oes(T,¢,) = 0(To,¢p), in particular we derive sufficient conditions for
the absence of point spectrum on G (7, ¢,). In Theorem 4.5, sufficient conditions are
provided in terms of the rate of convergence of the sequences {a2,—1}, {az.}, {P2n—1},
{ban}, {c2n—1} and {ca2,}. Sufficient conditions of absence of point spectrum on
Oss (T, 0 p) are also provided in Theorem 4.6 in terms of the entries of the matrix 7.

THEOREM 4.5. If the convergence of the sequences {ax,—1}, {am}, {ban-1},
{ban}, {can—1} and {ca,} are exponentially fast then

o-e.\'.\'(T7 ep) n O-p(Ta ep) =0.

Proof. Let A € 0.4(T,£p). The equation Tx = Ax for some A € C reduces to the
following system

aixy +bix3 = Ax
arxy + boxy = Axy
c1x1 +azxz +b3xs = Axz
X + agxy +baxe = Axy

If we separate the odd and even terms of the sequences {a,}, {b,} and {c,}, the above
system of equations can also be expressed as

Con—1X2n—1+ (a2n+1 — A)X2n41 + bops1x2043 = 0, 42)
ConXon + (aons2 — A)Xons2 4+ bopioxonsa = 0,
where n € N with the initial conditions
aix) +bixz = Axy,
1X1 + b1x3 1 43)
arxy +boxs = Axs.

Introducing two sequences {y,} and {z,} such that y, =x»,_; and z, = x5, for n € N,
the system (4.2) with the initial conditions (4.3) reduces to

Con—1Yn + (@2n11 = A)Yns1 +bops1yns2 = 0, 4.4)
ConZn + (a2n+2 - A)Zn+l + b2 422042 = 0, 4.5)

where n € NU{0} with yp = zo = 0. Using the assumed convergence of the sequences
{azn—1}, {am}, {Pam—1},{ban}, {c2n—1}, and {ca,}, the characteristic polynomials
of the difference equations (4.4) and (4.5) are

2 4+pit+1=0, (4.6)
24 par+1=0, 4.7)
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where p; = and pp = rzsfl. Let wy, up and vy;, ¥, are the pair of roots of

equations (4.6) and (4.7) respectively. Also we have

rlfl
N

= Gg_\'_\'(T’gp) = O'(T(),ep) = [r1 — 251,711 —|—251] U [rz —282,1 —|—252}.

Let A € [r] —2s1,r1 +2s1] i.e., p1 € [—2,2]. Then the roots u;, yy satisfies |u;| =1
and |up| = 1. Since the convergence of {az,—1},{ban—1},{con—1} are exponentially
fast, if {y,} is a solution of equation (4.4) then by Theorem 2.3 [1], it can be deduced
that, either y, = 0 for large n or there exists p € (0,1) such that

yo=y,+0((1—p)"), forlarge n (4.8)
where {y,,} is a solution of limiting equation of (4.4) which is given by

Yn+ P1Yn+1+Ynr2 =0,

and the solution of this limiting equation is already obtained in Case 1, Case 2, Case 3
of Theorem 3.2. Based on equation (4.8), there exists an M > 0 such that

lyn — Y| < M(1—p)".

Thus,
l? < (lyn] +M(1 = p)")P.

Applying Jensen’s inequality we get,
l? <287V (vl + MP (1= p)™).

As |pi| =1 and || = 1, from Theorem 3.2 we have {y,} € ¢,. Also 0 <1—p <1
implies, {y,} ¢ ¢,. Hence, A ¢ 6,(T,£,,). In a similar way, if A € [r) — 252,72 + 25]
we can obtain that A & 0, (T, ¢,). Hence the desired result is proved. [J

In the next theorem, we apply transfer matrix approach as discussed in [35, 36].
This enables us to examine the sufficient condition for the absence of point spectrum in
essential spectrum of 7' in terms of the entries of matrix 7 .

THEOREM 4.6. If A € Ou5(T,£)p) satisfies either of the following conditions

P
) > 2er: 112 2
(i) Sy M | 5 (Pj(/l) — \/pj()t)z _ bCZZjJJrll ) —
or
P
i 2(,‘2 2 2
(i) X, Ty l% (Q,-()L)— Qi(A) — |52 ) -
where,
| e —AF ©2j a2 — Al
Pi(A) = +1, Qj(A) = n ",
bajy1 bajt1 byjia byjea

then A & 6,(T,1,).
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Proof. (i) Let A € 0,4(T,£,) = 0(Tp,{,). Using Tx = Ax, we have the following
difference equation

n— n—1-+ n —A n +b n n =0
Con—1%2n-1+ (@201 1 )JXon+1 2n4+1X2n4-3 } (4.9)

ConXon + (@2ns2 — A)Xon42 4+ bopioXonsa = 0,
where n € N with the initial conditions

aix; +bixz = Axy, }

(4.10)
arxy +byxy = Axy.

The first equation of (4.9) can be written in the following form

<X2n+1> — B,(A) <x2”1> , ne NU{0}

X2n+3 X2n+1

0 1
By(A)=| —crs —(@mpi—2) |

bont1 bont1

where

with x_; =0 when n = 0. This includes the initial condition
aix) +bixz = Axy.

In this setting, we have

<x2n+1> = Bu(A)B,_1(A)---Bi(A)y (4.11)

X2n43

X1
where, y = _ . Also
y ( ( blal)x1>

» 1.1 2\ P/2
1Bt Buylly > max {2721} (|1B,+Buyl}3)

p
2

= max {202 1} (By- - Biy,Ba+ B1y))

P
(BaeBiy.Bo--Bpy) ) &
=M ( IR ! (412

1 1
where M| = ||y||? max {2F 2.1 } . Using the singular value analog of the famous Courant-
Fischer theorem [33, Theorem 7.3.8] and the result

Omin (AB) 2 Omin (A) Omin (B)

where Opin(A) denotes the smallest singular value of a matrix A, it follows from the
relation (4.12) that

|BuBy—1---Buyllh = Miop, (BuBn—1...Bi)
2 Mlo—rﬁin (Bn) o-nziin (Bn—l) . 'O-Iflin (Bl)a neN.
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From equation (4.11) we obtain that
21 [P+ Panssl” = Miog,, (Bn) Oy (Bu—1) -+ Oy (B1) -

Taking summation over n, the above relation reduces to

=

2 2 |x2”+1|p = M, 2 H mm
|n=1

n=1 j=

This implies,

Zl\xznm” >M12H min (Bj (4.13)

n=1j=
2)

for some constant M| > 0. The lowest singular value of B; is given by

2 2 2 2 2
ajil —A ajil —A

. L‘ i . L‘ 1) -
baj+1 baj+1

where we assume v a? = a for some positive a. Hence, if

1

1
Omin (Bj) = 5

-1 -1 2c2j-1

baji1 baji1 baj+1

ZH \/Pj(k)z— %2 = Joo

n=1j= b2j+l
where,
P azji— AL
i j+L
P = L2,
2j+1 2j+1

then {x,} ¢ ¢, and consequently A ¢ o,,(T,¢,,). This proves the first part of the result.
(ii) As similar to part (i) the second equation of (4.9) can be written as

<x2n+2> — G <X2n ) neN
X2n+4 X2n+2

0 1
GA) = | —c —(am-n) |
bop+a bonto

with xg = 0 when n = 0. This includes the initial condition

where

arxy +boxs = Ax;.

We can obtain the desired result by using the same argument as in first part. [

REMARK 4.7. Instead of calculating the singular value Omin(B;) in the relation
(4.13), various lower bounds for the same can be used to obtain a less complicated
expression than Opin(B). Several researchers have been working to refine the lower
bound of lowest singular value. Some of the recent works for the lower bound of
smallest singular value of a matrix can be found in [45, 34, 50, 49, 39].
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Now we focus our study on the point spectrum of 7. Under the sufficient condi-
tions as mentioned in previous two results, we have ¢, (T,¢,) N o(Tp,{,) = 0. In this
case, all the eigenvalues of T are lying outside the set o(7y,£,). To characterize the
eigenvalues, let Tx = Ax, x € CY and A € o(Tp,¢,) where o(Ty,¢,) denotes the
complement of o (Tp, ¢ p) . From equations (4.4) and (4.5) in Theorem 4.5, we have the
following system

Con—1Yn + (@2n41 = A)Yny1 4+ b2ng1yn2 = 0, (4.14)

ConZn + (a2n+2 - )L)Zn-'rl +b2py 2202 =0, (4.15)
where n € NU{0} with yo =720 =0 and y, = x2,—1, Z» = X2,. Clearly each of the
difference equations (4.14) and (4.15) have two fundamental solutions. Let {y,(ql)(/l),

y}(12) (A)} and {zﬁ”(k),sz)(x)} are the sets of fundamental solutions of the equations
(4.14) and (4.15) respectively. Under this setting we have the following result.

THEOREM 4.8. Ifeither of the sufficient conditions mentioned in Theorem 4.5 and
Theorem 4.6 hold true then the point spectrum of T over £, is given by

6, (T 1) = {/1 ec:y\"r)= o}u {x eC:zM(A) = o}.

Proof. As Oes(T,L,) N 0,(T,¢,) =0, we restrict our search for point spectrum
outside the set [r] — 2s1,7r] + 2s1] U [ra — 252,72 + 252]. Let uy, pp and y;, 72 are the
pair of roots of equations (4.6) and (4.7) respectively which are the characteristic poly-
nomials of equations (4.14) and (4.15) respectively. Since A ¢ [r] — 2sy,7 + 2s1] U
[r2 — 252,75 + 255], we have p; & [—2,2], and without loss of generality we assume
that |u;| < 1 and |up| > 1. By Perron’s First Theorem [28, p. 344] it can be deduced
that

(1) (2)

A i
fim 2t ) gy e @)

15
) @)
Hence {yg,l)()t)} € {, but {y,(qz) (A)} € £, and the general solution of the difference

equation (4.14), which is the linear combination of the fundamental solutions, is given
by

() = ey () + e (A), ne NU{o}

where ¢ and ¢, are arbitrary constants. In a similar way, we can assume that |y;| < 1
and |y»| > 1 and by Perron’s First Theorem we have

(1) A 2) A
im ) =, gim 2 =
Al T @)

This implies {zﬁll)()t)} €/, and {z,(lz) (A)} & £, and the general solution of the differ-
ence equation (4.15) is given by

wA) =diZ () + P (L), neNU{o}
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where d; and d; are arbitrary constants and consequently the general solution of the
system Tx = Ax is given by x,(A) where

o1 (A) = e () + ey (L), neN
0a(A) =iz (A) + dozP (M), neN

with x_1(A) =xo(4) = 0. Consider
S| = {/1 eC:H\) :o}u{x ec:zg”(/l):o}.

Let A € Sy, then yél)()t) =0or zél)(/l) =0.If yél)(/l) =0, we can construct a non-
trivial solution x,(A4) of the system Tx = Ax in the following way.

Let ¢c; =0 and d; = d, = 0. In this case we have y,(A) :yﬁll)(/l) and z,(A) =0
for all n. Since, {y,(ql)(/l)} € {,, we have x,(A) is a non-trivial solution of Tx = Ax
and {x,(A)} € ¢,. If zé)l) (A) =0 then in a similar way we can construct a non-trivial
solution x,(A) of Tx = Ax where x,(A) =0, if n is odd and x,(A) = zﬁll)()t), if n
is even. Hence, A € 0,(7,¢,) and consequently S; C o(7,¢,). Now, suppose A & S.
Then yél)(/l) # 0 and zé)l)(k) # 0. Clearly A € 0,(T,{p) if and only if ¢; =0 and
d>» = 0. Now we consider following cases with the assumption ¢; =d, = 0.

Case 1: If ¢co =dr, =0 and ¢; =0, we have
Ya(A)=0Vn and z,(A) =dzi" (A) Vn.

Using the initial condition zo(A) =0, we have dlz(()l)()t) =0. If d; =0 then we get a

trivial solution and if d; # 0O then zél)(/l) = 0 and this is a contradiction.

Case 2: If ¢c; =dy =0 and ¢; # 0 we have

yu(A) =y (A) Vn.

Using the initial condition yp(A) =0 we have clyél)()t) = 0, this implies y(()l)()t) =0
which is a contradiction. Hence there are no solution of the difference equation (4.14).
By Case 1 and Case 2, we can deduce that no non-trivial solution exists for the system

Tx=Ax.Hence A € 6,(T,{,). Thus,
6, (T ) = {/1 ec:y\") :o}u{x eC:zM) :o}. O

REMARK 4.9. The adjoint operator 7" : £}, — {;,, is represented by transpose of
the matrix 7 and dual of ¢, is isomorphic to ¢, where %—I—é =1land 1 <gq <eo.
Similar as T, the operator T can also be written as

T"=Ty+ K,
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where K’ denotes the transpose of K and K’ is also a compact operator. Since (7))
= o(T",(,), Theorem 4.3 implies

o(T,lp) C O'(T*7£;‘,)7

and using similar argument of the proof of Theorem 4.3 it can be obtain that o/(7™, ;)\
o(Ty,¢p) contains finite or countable number of eigenvalues of 7* of finite type with
no accumulation point in o(7*,£;,) \ 6(To,¢,). Assuming similar hypothesis on the
rate of convergence of sequences in Theorem 4.5, we can prove that

Oess(T™,£,) N 0p(T*,£},) =0
and this implies, the point spectrum of 7™ is lying outside of the region
[rl — 281,711 —|—251} U [r2 — 28,1 +2S2}.

Now similar as Theorem 4.8, let {g,(ql)()t), gﬁ,z) (A)} and {hﬁ,l)(/l)7 n? (A)} are the sets
of fundamental solutions of the following difference equations respectively

ban—18n+ (@2n+1—A)gnt1 + 20418012 =0,
bonhy + (a2ni2 — A)hys1 + congohinio =0,

which are obtained from T*f = Af, f € £}, and gn(A) = fau-1(A), hu(A) = fan(A).
Also, go(A) = ho(A) = 0. This leads us to the following result

0, (T*,05) = {x eC:glV(a) = o} u {x eC:n(2) = o}.
Eventually, we obtain that
O'(T*7£;) = [ry —2s1,r1 +2s1]U[r2 — 252,12 + 252] US>

where,

Sy = {x ec:g" () :o}u{x ec:n"() :o}.

Since, 6(T,¢,) = o(T*,¢;) and Si,S, both sets are disjoint from [ry — 251,71 +2s1]U
[r2 — 252,72+ 255] we have, S| =S,.

Using the observations in Remark 4.9 and Proposition 2.1, we can summarize
all the results of spectrum and various spectral subdivisions of the operator T in the
following theorem.

THEOREM 4.10. [f the convergence of the sequences {ax,—1}, {aon}, {ban-1},
{ban}, {can—1} and {ca,} are exponentially fast and

si={recu@y=olu{rec:aMa)=o},

then we have the following results.
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(i) The spectrum of T on {, is

O'(T,Ep) = [r1 —2S1,r1+2S1]U[r2—2527r2+2S2]US1.

(ii) The point spectrum of T on £, is

Gp(T,fp) =39

(iii) The residual spectrum of T on £, is

o.(T,t,) =0.

(iv) The continuous spectrum of T on £, is

O'C(T,gp) = [rl — 251,711 —|—2S1] @] [r2 —2S2,V2—|—2S2].

(v) The essential spectrum of T on £, is

O'ess(T,gp) = [rl — 281,11 + 2S1] U [r2 — 283,10 + 2S2].

(vi) The discrete spectrum of T on £, is

O'd(T,fp) =S9].

(vii) The compression spectrum of T on [, is

O'CO(T,fp) = Sl.

(viii) The approximate spectrum of T on £, is

O'app(T,gp) = [7'1 — 281,711 —|—2S1] @] [7'2 — 287,12 —|—252] us;.

(ix) The defect spectrum of T on {,, is

GS(T,EP) = [rl — 251,711 —|—2S1] @] [7'2 —2s2,r2—|—252] us;.

Proof. The proofs of the above statements are given below.

(i) It is well known that 0,(7,¢,) C o(T,,) and o(Ty,¢y) € o(T,¢p). This im-

plies,
[r1—=2s1,r1 +2s1]U[r2 —252,r2 +255] US; C o(T,Lp).

Also by using Theorem (4.3) we get,
o(T,Lp) C [r1 —2s1,r1 +251]U[ra — 252,72 +255] US.

Hence,
o(T,Ly) = [r1 —2s1,r1 +251]U[ry — 252,72 +255] US.
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(i1) Result has been proved in Theorem 4.8.
(iii) We already aware of that 6,(T,£),) = 6,(T*,(}) \ 6,(T,(;). Hence,
o, (T,¢p) =0.

(iv) Spectrum of an operator is the disjoint union of point spectrum, residual spectrum
and continuous spectrum. By using this result we can obtain the desired result.

(v) The required result has been proved in Corollary 4.4.

(vi) We already proved that the point spectrum of T is disjoint from [r; — 2s1,7r +
251]U[ra —2s2,r242s], and by Theorem 4.3 we have, every element of 6,(7,¢,)
is of finite type. Hence,

04(T,0,) = {x eC:Ha) = o} U {/1 eC:zM) :o}.

(vii) From part (e) of Proposition 2.1, the desired result is obvious.
(viii) Clearly,
Oupp(T,Lp) C (T, Lp) = [r1 —2s1,r1 + 251 U[r2 — 252,70+ 255] US).

Also, we know that point spectrum is always a subset of approximate point spec-
trum. By using this fact and with the help of part (g) of Proposition 2.1, we
have

[r1—2s1,r1 +2s1]U[r2 — 252,72+ 255] US| C Oupp(T,Lp).

Hence,

aapp(T,ép) = O'(T,ep) = [r1 — 281,711 —|—251] U [r2 — 28,1 +2S2} Usi.

(ix) From part (c) of Proposition 2.1, we have
Oupp(T*,4),) = 05(T,L)).
Clearly,
Gapp(T*,E;‘,) C O'(T*J;Z) = [r1 — 281,71 +2s1]U[rs — 252,72 + 252] US|

Then Sy C Gupp(T*,£},), follows from the fact that 6, (T, ¢},) C Gupp(T*,L},).
By using this fact and with the help of part (g) of Proposition 2.1, we have

[r1 = 2s1,71 + 281U [r2 — 250,72 + 255) US| C O'upp(T*,é;k,).
Therefore, 0,4,,(T",¢},) = o(T,£p). Hence,
05(T,Lp) = [r1 —2s1,r1 +251]U[r — 280,12+ 255]US;. O
REMARK 4.11. One interesting observation of the above theorem is the relation

0,(T,L,) = 04(T,Lp) = 0co(T,€,) = S; holds. In other words, all the eigenvalues are
of finite type and range of T — A[ is not dense in ¢, for any eigenvalue 4.
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