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FURTHER INEQUALITIES FOR NORMAL MATRICES

FENG ZHANG AND HEFANG JING*

(Communicated by J.-C. Bourin)

Abstract. In this paper, we study the properties of normal matrices and obtain some nonnegative
function inequalities between normal matrices and their modulus. Some related works are also
presented. Furthermore, we also give a novel approach to prove

lr G (4B )| < rtan-+saeni

for normal matrices A, B.

1. Introduction

Let M, be the set of complex matrices with order n. For A € M,,, the conjugate
transpose is denoted as A*. We write the singular values of A as s;(A) (1 <i<n)
in decreasing order, which are defined as s;(A) = A4; (JA|) (Ai(A) are the eigenvalues

of A) and |A| = (A*A)% . The notation A > 0 indicates that A = A* with nonnegative
eigenvalues and A & B is the block matrix [g )(_!);] . A matrix A € M, is contractive if
s1(A) <1.For A= (a;;), B=(b;;) are two matrices with same size, the Schur product
Ao B is the matrix (a;;b;j).

Majorization theory is a key tool for obtaining matrix inequalities. The basic defi-
nitions and concepts of Majorization could be found in [1]. For A,B € M,,, let s(A) =
(Sl (A),Sz(A), T ,Sn(A)) and S(B) = (51 (B)aSZ(B)7 T ,Sn(B)) , We use S(A) =w S(B) to
represent

for 1 <k <nand s(A) <10 5(B) if

k
HS, X H ,(B)

with k € {1,2,---,n}. Let A € M,,, anorm ||-|| on M, is said unitarily invariant if
||UAV || = ||A|| for any unitary matrices U, V. It’s known in [1] that ||A|| < ||B]| if and
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only if s(A) <, s(B). Let A>0, B> 0 and let f(r) be a nonnegative concave function
on [0,°°). Bourin and Uchiyama [7] obtained

[f(A+B)| <[ f(A)+ f(B)]- (1)
A matrix A is normal if AA* = A*A. Bourin [4] extended inequality (1) to
F(A+B) < [f(AD+ £(BD] (2)

for normal matrices A, B. Inequality (2) contains the following inequality
s(A+B) <ws(|A|+B]) 3)

by using Fan’s dominance principle [1]. Some related works, elegant generalizations
and refinements of inequality (3) has been given in [3], [5], [6], [8], [12]. We are most
interested in the results presented in [8].

In [8], Zhang obtained

N <§Al> =wlog § (Zl |Az> 4)

s (ofL1A;) =wlog s (oL |Ail) )

for normal matrices A; (i =1,2,---,m). Bourin and Lee in [6] provided more stronger
results of inequalities (4) and (5).
Motivated by Bourin’s work in [4]. Huang [11] proved that

and

1 * *
i <|r (5 (4T85 T )| < b+ saenl @

After reading [11], we find that the method used by Huang in [11] is similar to that
of Zhang [13], so we believe that it is necessary to provide a new proof.

The purpose of this paper is to give a further version of Theorem 2.7, Theorem
2.13 and Theorem 2.18 in [8], some related works are also given. The left ride of
inequality (6) is equal to the left ride of Theorem 10 in [13]. Therefore, in order to give
some significant applications of inequality (6), we present a new method to get the right
ride in inequality (6).

2. Main results

In the rest of this paper, we consider f is a nonnegative function on [0, o).
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THEOREM 1. Let A; € M,, be normal matrices with polar decomposition A; =
Ui ‘Al| Then

m m

s <2U,-f(|A,-)> <wlog § (Zf(AiD) :
i=1 i=1

Proof. Since f is nonnegative, we get

FOAD @AD" o (7(AD) 0Y o
(Uif(Al-l) £(Az) >—2Wz< 0 O)vm >0 o

(11
form_ﬁ(U,-—U,- .

Therefore,
SEf(AD) 2 (U (AD)T -0
LU (A 2 f (A -

due to |A;| = |AF].
Using Lemma 1 we obtain

s <§:Uif(|Ai)> =wlog § <§:f(Al|)> .
=1 i=1

As an application of Theorem 1, we have the following corollary:

COROLLARY 1. Let A; € M,, be normal matrices, for i =1,2,...,m. Then

Next, we establish a connection between Theorem 1 and Theorem 2.10 in [8].

m

Y Uif (JAi])

i=1

m

Y f (Al

i=1

<

REMARK 1. Let z; be complex numbers with |z;| =1 and let A; >0 (1 <i<m).
Then z;A; is normal and
ziAi = (zil) A,

where z;/ is a unitary matrix.
It follows from Theorem 1 that

K (iZif(Ai)> =wlog § (if(Al)> : (®)
i=1

i=1

Putting f(x) = x in inequality (8), we get

s (2 ZiAi> =wlog § (Z |Zi|Ai> ©))
i=1 i=1
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for any positive integer m and |z;| = 1.
For complex number z; with |z;| # 0, we set z; = [;|z;| with [; = é—i‘ We replace
z and A; in Inequality (9) with /; and |z;|A;, respectively.
Therefore, inequality (9) holds for any complex number z; with |z;| # 0.
If z; =0, we have
ZiA; = |Z,‘|A,‘ =0.

Thus, inequality (9) also holds for any z;. In fact, inequality (9) is the Theorem
2.10in [8].

In order to give our second main result, we list the following lemmas. The first
lemma is an inequality for the Hadamard product of positive semidefinite matrices,
which can be found on page 7 of [2].

LEMMA 2. Let A>0, B>0. Then AoB > 0.

The second lemma provides a characterization of the block elements for positive
semidefinite 2 x 2 block matrices, see page 13 on [2] for more details.

AX*

LEMMA 3. Let A,B € M, with A>0,B > 0. Then [X 5

] > 0 if and only if
X =AZKB? Jfor some contraction K.

The next lemma is due to Horn.

LEMMA 4. [10] Let A,B € M. Then s(AB) <,10g 5(A)s(B).

Our second theorem is an inequality related to Hadamard product and nonnegative
functions.

THEOREM 2. Let A; € M,, be normal matrices with polar decomposition A; =
Ui‘Ai|. Then
s (021 Uif (JAil)) <wiog s (of21f (JAil])) -

Proof. Tt follows form Theorem | and Lemma 2 that

o fA) o @A)
o UL (AD) o fal )7

By Lemma 3, we have
1 m 1
oL Uif (JAi]) = (i1 £ (JAi])) 2 K (021 f (|Ail))?

for some contraction K.
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From Lemma 4, we can conclude that

=

)

(UL (1)) < wiogs ((92L1£ (i) K (o1 f (A1)

< wiogs (7 (JA) E s(K)s (2 £ (JA])) 2
< wiogs (1 £ (A) 2 s (o1 £ (JA]))?
< wiogs (P £ (lA]). O

COROLLARY 2. Let A; (i=1,2,---,m) be normal matrices. Then
5 (012141) <wiog 5 (0711 Ai]) - (10)
Proof. Corollary 2 follows from Theorem 2 by letting f(x) =x. O

THEOREM 3. Let A; € My, (1 <i<4) benormal matrices with A; = U;|A;|. Then

s <[U1f(|Al|) sz(|A2|)D
Usf (|A3]) Usf (|A4])

) Wlogsdfqmngf(mzn f<|A3|>3f<|A4|>D2

(e f(IAzl)if(lAéxl)Di'

Proof. Let U = {l(])l 8 ], V= [3 l(])z] . Then
4 3

Ay 0] _ 1Al o
0As] 7| 0 |A4l

0 Ay] _ [lAs] 0
A3 0|~ 0 ja |

It follows from inequality (7) and Lemma 3 that

and

D=

(oAl 0 ] _[f0AD 0 ‘5K[f<|A1|> 0 ]
0  Usf(lAal)] | 0 f(A4])] 0 f(lA4])

and

0 Uf(Ad)] _[£(aa) 0 ‘5L[f<|A3|> 0 F
L Usf (1As]) 0 ] L 0 f(As)] 0 f(lA2])

for some contractive matrices K, L.
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Let
_[rqa) o
Br=1""0" r(as |
_[rqal) o
Br=1""0"" riiaa |
o [FA) 0 ]
TLo0 0 flas]) )
5 [FU4s) 0
¢ 0 f(lAaf) |

As a consequence of Lemma 4, we obtain

Ui f (|A1]) Uaf (JA2|)
S([w(mn U4f(|A4)} 690)

0 0 B; 0
5 opa KO B 0
B? B 2
<wlogs< 01 03 )S([OL:|>S<[320‘|>
5 p3 B0
= wlog$ B; B3 s 21 :
0 0 B; 0

Observe that

) ([ o ]e0)

B 0|\ _ ([F(aD+r(a) 0
([Bi OD‘ ([ 0 f(IAz|)+f(|A4)]®0)'

Thus, we get our desired result. [

and

REMARK 2. Theorem 2. 13 in [8] is a special case of Theorem 3 by letting f(x) =

A0
(49)|<

THEOREM 4. Let f(t) be concave on [0,0). Then

7 |A|+|B|] A*+B* l |A|+|B] A*+B*
A+B |A*|+|B*| 2\ A+B |A*|+|B¥|

< Il (|A|)+f(|B|)] [F(A™) + £ (1B

LEMMA 5. [3]Let A>0, B>0. Then
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for A,BeM,.

Proof. Let A=UJA| and B = V|B| be the polar decomposition of A, B. First,
let’s consider the case when f(0) =0.

/(G (Rt ) G (2 f]ﬁfé*))i\
- GUATE e ) o3 (M )|
(% |§:|>@%<|—Af|x w)]

(305 )23 (%))

PG GO E))
() G5 E)))

[l () - ()|

The first inequality is obtained by inequality (1) and the second inequality is due to
Lemma 5, the final step follows from

f@@ 3i|)>”( ('ij |A*>)
() (s Yo (8 1)
(o it )5 (0 %) (S aomho ) (6. %)
-f
f

(
FUAD FUADUN L £(A) —f(lAhU”
( )* ( ~Uf(A)  f(AP) )

N

N

N = =

ur(al raar ) -2

_ (1Al 0

I -1
- L
WhereUl—ﬁ[U U]'
By following the same argument, we get

(G5 ) G i) = (8a)
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For the general case, i.e., f(0) > 0. We suppose that g(x) = f(x) — f(0). Then
g(x) is a nonnegative and concave function on [0,e) with g(0) = 0. Thus,

GO ) GO0 ) )
g(lAD) +e(B)]@ g (A" )+ (B DI - (1D

(L (IAl+1B] A*+B L (|Al+1B] A*+B" B
LetM_<2< a+B w15 )) 2 avs w s ) ) X9

|A*|, Y = |B| @ |B*|. Then inequality (11) is equivalent to

lg (M) < llg(X)+g@)]. (12)
For 1 <k < 2n, we get
k k
Y 5i (f (M) =Y 5;(g(M)) +kf(0)
j=1 j=1
k
< Y si(g(X) +g(¥)) +kf(0)
j=1
k
< Z,ISj(f(X)Jrf(Y))
from inequality (12).
For 2n < k < 4n, we obtain
k
X 55 (f (M ZSJ ) +kf(0)
ZSJ (Y)+kf(0)
ZSJ (¥))+4nf(0)
= ;Sj(f(X)Jrf(Y)%
from inequality (12).

Thus, we derive

IF M) < f (X)+fX)]]
for f(x)>0. O

REMARK 3. The following inequality

G5 T ) < vran +

is established if |A| = |A*| and |B| = |B*|.
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