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A GENERALIZATION OF THE WEIGHTED
ALGEBRAIC NUMERICAL RADIUS ON C*-ALGEBRAS

FUGEN GAO AND MENGYU HoOU

(Communicated by F. Kittaneh)

Abstract. Let N(-) be anorm on a unital C* -algebra 2(. For s and 7 are both nonnegative reals
and s+t > 0, we introduce a family of non-negative real-valued functions on 2(, defined by

v sy () = ;lé%N (9%(&,) (e’%)) , (xe).

Here, R, (ei"x) = sei6x+t(ei9x)* for all x € 2. Some basic properties and other useful
characterizations of this family of functions are presented. As a special case of this family of
functions, some results involving the weighted algebraic numerical radius are obtained. Addi-
tionally, we establish the equivalence between the numerical radius v(x) and the norm vy, (x).

1. Introduction and preliminaries

Let 2 be a unital C*-algebra with unit denoted by e. We denote by A* the
topological dual space of 2. A linear functional ¢ € A" is said to be positive, and
write @ > 0, if @ (a) > 0 for every positive element a € . A state is a positive linear
functional whose norm is equal to one. Let .7 () denote the set of all states on 2.
The algebraic numerical range of x € 2 is defined by

Vix)={ox):peS@)}.

It is a nonempty compact and convex set of the complex plane C, and its maximum
modulus is the algebraic numerical radius of x € 2, defined by

v(x) =sup{[§|: E €V (x)}.

It is known that v(-) defines a norm on 2, which is equivalent to the C*-norm ||-||. In
fact, for every x € 2, the following inequalities hold:

1
5 Il < v () < [l

For more detailed information about C* -algebras, the reader is referred to [17,23,
24] and the references therein.
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There are many generalizations of the classical numerical range and numerical
radius, and there has been a great deal of interest in their systematic properties and
applications. For instance, in [4], authors introduced and studied A-numerical range
and A -numerical radius for Semi-Hilbertian space operators. Then more properties of
these concepts were established, see [3,11,20]. Bourhim and Mabrouk in [9] introduced
and studied a-numerical range and a-numerical radius of elements in C*-algebras.
More basic properties of these concepts were established in [2, 16]. Sheikhhosseini,
Khosravi and Sababheh in [22] introduced and studied the weighted numerical radius
of Hilbert space operators. In addition, the relationship between weighted numerical
radius and classical numerical radius was also investigated. In [14], the weighted A -
numerical radius for Semi-Hilbertian space operators was introduced and some basic
properties and inequalities about it were obtained. For more about numerical range and
numerical radius, we refer the reader to [5-7,10,12,13,15,18,19,21] and the references
therein.

Throughout this paper, 20 denotes a unital C* -algebra with unit denoted by e, and
s and ¢ are both nonnegative real numbers such that their sum is positive. Let N(-) be
anorm on 2. The norm N(-) is said to be an algebra norm if N (xy) < N (x) N (y) for
every x,y € 2, and is called self-adjoint if N (x) = N (x*) for every x € 2.

Any element x € 2 can be represented by the Cartesian decomposition as x =
R (x) +iJ (x), where R (x) = %()H—x*) and J(x) = 5 L (x —x*) are the real and imagi-
nary parts of x, respectively. Recently, Mabrouk and Zamani in [16] defined the weighted
real and imaginary parts of x € 2, by

Risp) (¥) = sx+0x" and Ty (x) = s (—ix) +-1(—ix)",

respectively, where s and ¢ are both nonnegative reals and s+¢ > 0. When s =7,
t=1—y, where 0 <y <1, we can see that Ry (x) =yx+ (1 —y)x" and Jy(x) =
¥ (—ix)+ (1 — ) (—ix)". When s =t = 1, we can see that SR% (x) = (x) and 3% (x)=
J (x). In addition, the authors also defined the following norm:

‘m” (g""x)H (1.1)

for all x € 2, which generalizes the C* -norm and algebraic numerical radius.
Some interesting relationships about R, ;) (x), I, (x) and R (x), T (x) are con-
tained in the following result.

Vis. su
( 't)( ee%

PROPOSITION 1.1. Let x € A. Then

(1) Rsy) (x) = T ().

(i) Ry (x) = (s+t) (x)+i(s—1)T(x).
(i) T(sy) (x) = (s+1) T (x) + it — 5)R (x).
@iv) 9‘{ (5,) (x) R (1) (ix) = 2sx.

Proof. (i) According to the definition of weighted real and imaginary parts of
x €A, we have J(,) (ix) = s (—i%x) +1(—i%x)" = sx+1x* =R, (x).
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(i1) According to the definition of weighted real part of x € 2, we have

R ()— +1x* = E_FE + E_g *
(s0) (X) = sx+1x" = > 3 X > > X

x+x* x—x*
=(s+1) +i(s—1)

=(s+)R(x)+i(s—1)T (x).

(i) By (i) and (ii), we can derive J(,,) (x) = Ry, (—ix) = (s +1)R (—ix) +i(s —
t)J (—ix). And because R (—ix) =T (x), T (—ix) = —NR(x), we have Ty, (x) = (s +
)3 (x)+i(t— )R (x).

(iv) By (ii), we have Ry, (ix) = (s + )% (ix) +i(s — )T (ix) . Hence,

=(s+0)Rx)+i(s—1)T (x) —i[(s+1)R (ix) +i(s — )T (ix)]
= (s+0)RE)+i(s —1)T (x) —i[(s+1) (=T (x)) +i(s — )R (x)]
=2s(R(x)+iJ(x)) =2sx. O

Inspired by the weighted numerical radius of Hilbert space operators, let s =7,
t =1—1v asin (1.1), where 0 < y < 1, the authors defined the weighted algebraic
numerical radius of elements in C*-algebras in [16]. As shown below.

DEFINITION 1.2. Let x € 2l and 0 < y < 1. Then the weighted algebraic numer-
ical radius on 2 is denoted by
9]

The remainder of the paper is organized as follows. In Section 2, inspired by
[25], we introduce a family of non-negative real-valued functions on a C*-algebra
2L, which generalizes the norm v ) (x) and the weighted algebraic numerical radius
vy (x). Some of the fundamental properties of this family of functions are presented.
We also present some other useful characterizations of this family of functions. Further,
we draw some conclusions about the norm v ;) (x (x) and the weighted algebraic numer-

ical radius. In Section 3, some results of vy x) are given. In particular, we prove the
equivalence between the numerical radius v (x) and the norm vy (x).

vy (x) = sup
0eR

2. A generalization of v, (-) and vy ()

In this section, we introduce a norm on 2(, which generalizes the norm v, ) (x)
and the weighted algebraic numerical radius vy (x). Further, some basic properties of
this norm will be established.
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DEFINITION 2.1. Let N(:) be a norm on 2. The function vy () () : A —
[0,+o0) is defined by

Y (s)) (X) = SUp N (%(s,n (e""x)) . xeQ

REMARK 2.2. When N(-) is the C*-norm ||-|| in Definition 2.1, the function
V(n,(s,)) () s denoted by (1.1). When N(-) is the C*-norm |[|-|| and s =y, 1=1-y
in Definition 2.1, where 0 < v < 1, the function V(N (s.)) () represents the weighted
algebraic numerical radius, and is denoted by (1.2).

THEOREM 2.3. Let N(+) be a norm on 2 and x € . Then

V(N,(s,t)) (x) = SEEN (j(SJ) <ei6x>> .

Proof. To prove this result, first of all, we need to prove that
) (Ax) = A vy () (%) 2.1)
for all A € C. We may assume that A # 0, otherwise (2.1) trivially holds. For every
nonzero A € C, there exists ¢ € R such that A = M|ei¢, we get
V(N,(s)) (AX) = supN (ER(”) (eie/lx» =supN (seie)tx+te_i6)fx*)
’ 0cR ’ R

= supN (s|/1|ei(9+¢)x+tWe—i(em)x*)
CISIN

=|A| sup N <sei(9+¢)x+t67i(9+¢)x*>
0,0cR

= AV, (s0)) () -

Then by using Proposition 1.1 (i), we have

_ SN\ . 10
VN, (s.)) (X) = V(v (5.)) (%) = Sg%N (9%,;) (le X>>

=supN (T (ei9x>>. U
0eR ( (=)

REMARK 2.4. When N(-) is the C*-norm ||-|| in Theorem 2.3, we have

P ()

Visg) (X) = sup
S

forall x € 2.

REMARK 2.5. InRemark 2.4,let s=7y,¢t=1—7v, where 0 <y < 1. Then

()]

vy (x) = Sug
S

forall x € 2.
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In the following result, we present some properties of vy () (+)-

PROPOSITION 2.6. Let N(-) be a norm on 2 and x € A. Then

@) v, (s.)) () =V s (X7)-
(ii) If x is self-adjoint, then vy (s)) (x) = (s +1) N (x).

Proof. (i) can be obtained by the definition of the vy () (+), as follows
_ 0.\ _ i0 —if
V(N,(ss)) (X) = supN (9‘{(”> (e x)) =supN (se xX+te Vx )
o 0€R : 0R

=supN (te_iex* + se'® (x*)*>
0cR

= SEPRN (%(t’s) (e_iex*>>

= VN, (1,5)) (X7) -

Next, we prove (ii). Since x is self-adjoint, we have

V(N (s4)) (X) = supN (sei9x+te_i6x*> =supN ((seie +te_i9) x)

0cR 0cR

= sup |se'? +te‘i9)N(x)
OcR

= sup \/s2 +12 4 2st (cos?0 —sin*0) N (x)
0cR

=(s+7)N(x). O

REMARK 2.7. When N(-) is the C*-norm ||-|| in Proposition 2.6, for every x € 2
the following statements hold:

Lo v (0) = v (7).
2. If x is self-adjoint, then (s+1)v (x) = v(y) (x) = (s +1) [|x]|.

REMARK 2.8. In Remark 2.7, let s=y,t=1—Yy, where 0 < y < 1. Then for
every x € 2, the following statements hold:

Lovy(x) =vimy (x¥).
2. If x is self-adjoint, then v (x) = vy (x) = ||x||.

In the next theorem, we prove that vy (s () is a norm on 2, and the bounds of
the norm vy () (+) are presented.

THEOREM 2.9. Let N(-) be a norm on 1. Then v(y (s)) () is a norm on 24 and
max {sN (x) ,tN (x*) } < vy, (54 (x) < (s +1) max {N (x) ,N (x*)} (2.2)

SJorall x €.
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Proof. Let N(-) be anorm on 2 and x € 2. Since v(y,(5,)) (x) = 0, we know
that non-negativity is ture. Next, we show that positive definiteness is also true. Let
us assume that vy (s4)) (x) = 0. If s =0, we have vy (5)) (x) =N (x*) = 0. Since
s+1t>0,then t #0. Thus x* =0, or equivalently x = 0. Similarly, if # = 0, we have
Vv, (s4)) (X) = sN (x) = 0. Thus x = 0. Hence, we may assume that s 7 0 and ¢ # 0.
Then by Definition 2.1, we can see that Ry ;) (¢/x) =0 forevery 6 € R. Taking 6 =0
and 0 = %, respectively, we obtain

Rsa) (¥) =Ry (ix) = 0.
Applying Proposition 1.1 (iv), we get
. Rir) () = iR (iX)
B 2s -

In Theorem 2.3, we have proved vy (s,)) (Ax) = [A|v(y,(s,)) (x) forall 4 € C. Thatis,
positive homogeneity is satisfied. Therefore, to show that v(y (s (-) is a norm on 2,
it suffices to show that v(y,(s,)) (-) is subadditive. Let y,z € 2, we have

Vv (say) V+2) = Sglﬂ%N (9%,:) (eie v+ Z)) )

- 1 (45) 90 ()

< sup (W (9 (9)) 43 (0 (7))

< (e (<)) g (e (+%5)

=V, (s.) ) TV (s) (2) -
In addition, by using Proposition 1.1 (i) and (iv), we have
%(”) (x) + ij(s,t) (x) = 2sx. (2.3)
By the Definition 2.1, we have

Vv, (1)) (X) = N (se’-ex—kte*"ex*) , O0eR.

Setting 0 =0 and 0 = —71 / 2 in the above inequality, respectively. We get
V(N,(5.4)) (x) =N (%(S’t) (x)) and vy (5.1)) (x) =N (j(s’t) (x)) . 2.4)
Then applying (2.3) and (2.4), we have that
N (R ®) +N (O ()

Vv (s (¥) = >
N (Rsp) () +1T(55) (1))
- 2
_ N (2sx) — N ()
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Hence, we have
sN (x) < VN (s.)) (x). (2.5)
In (2.5), let s and ¢ replace each other and let x be replaced by x*. We have
tN (x*) < VN, (1,5)) (x"). (2.6)
Since vy, (5,)) (X) = V(w,(1.5)) () (see Proposition 2.6 (i), we deduce that

tN (x*) < V(N,(5.1)) (x). 2.7
By combining (2.5) together with (2.7), we get
max {sN (x) ,tN (x*) } < vy (54 (X) - (2.8)

On the other hand, by the triangle inequality for the norm N(-), we have

VN, (s)) (X) = supN (se’lex+te*"9x*> <N (x) +tN (x¥)
0eR

<smax {N (x),N (x")} +rmax {N (x),N (x*)}
= (s+1)max{N (x),N (x*)}.

Hence, we obtain
Vv (s.0)) (%) < (s+1) max {N (x) ,N (x") }. (2.9)
By combining (2.8) together with (2.9), we get (2.2) as required. [
As a consequence of the preceding theorem, we have the following result.
COROLLARY 2.10. If N(-) is a self-adjoint norm on 2, then v(y (s) () is self-

adjoint. Furthermore, v(y (s)) (+) is equivalent to N(-) and for every x € 2 the follow-
ing inequalities hold:

max{s,7}N (x) < VN, (5,1)) (x) < (s+1)N(x). (2.10)

Proof. Since N(-) is a self-adjoint norm on 2, we have

VN (s.)) () = supN <sei9x* +te_i6x>
o 0cR

=supN <se7’-ex+teiex*>
0cR

= V(N (s4)) (%) -

Therefor, v(y,(s4)) (+) is self-adjoint. Furthermore, since N(-) is a self-adjoint norm on
A, from (2.2) it follows that

max{s,? }N (x) < vy, (s,)) (X) < (s +1)N(x).

So v, (ss)) (+) is equivalentto N(-). O
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REMARK 2.11. If N(-) is a self-adjoint norm on 2. By Corollary 2.10, we know
that vy (s4) (+) is self-adjoint. In view of Proposition 2.6 (i), thus we have

Vv, () () = V() (F7) = Vi (a,)) () -

REMARK 2.12. Since C*-norm ||-|| is a self-adjoint norm on 2(, by Remark 2.11,
we have
Visg) () = Vi g) (X7) = v g (1)
Furthermore, v(, ) (-) is equivalent to C*-norm ||-|| and for every x € 2 the following
inequalities hold:

max{s, 1} |x]| < vie () < (s+12) [lx]] (2.11)

REMARK 2.13. InRemark 2.12,let s=y,t=1—7v, where 0 <y < 1. Itis clear
that vy (x) is self-adjoint. We have

vy (X) =vimy (X)) =viy (x).
Furthermore, vy (x) is equivalent to C*-norm ||-|| and for every x € 2, the following
inequalities hold:

max{y, 1 =y} [l < vy (x) <] (2.12)

REMARK 2.14. It should be mentioned here that in Corollary 2.10, when 2 is
the set of all bounded linear operators on a complex Hilbert space, and with s =7 = % ,
Abu-Omar and Kittaneh have proved this case in [1, Theorem 2].

The next theorem shows that when N(-) is a self-adjoint norm on 2[ and the sum
of s and 7 is fixed, the maximum and minimum values of the norm vy (s ) () can be
obtained.

THEOREM 2.15. If N(-) is a self-adjoint norm on 2 and A is a positive real
number. Then for every x € U, the function f (s) = vy (s—s)) (X) is convex continuous

Sfunction on [0,A], and that the minimum of f is f (’21) and the maximum of f is

[(0),f(4).
Proof. Forevery x € 2 and § € [0,1], we have

f(&s+(1-=E)r)
= VN, (Es+(1-Ep A—(Es+(1-8))) ()

= suph ((&s+ (1= E)r)ex+ (A — (Es+(1-E)r)) e x)
0ecR

= sup N (&sex+ E (A —5)e x4 (1 = E)1ex+ (1= &) (A~ )¢ x")
PISIN
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< EsupN (sef9x+ (A —s) e*fex*) +(1—&)supN (zef9x+ (A —1) e*fex*)
BeR 6eR
=&V (s,h—s)) () + (1 = &) vy, (1.0 —1) (%)
=&f(9)+(1=8)f ().
Therefore, f is convex on [0,A]. From property of convex function it follows that f is
continuous on (0,4 ). In view of (2.10), we have

A—]2s—A
0 < AN ()~ v o (0 < “ 2N,

Hence f is continuous at s =0 and s = A, i.e. it is continuous on [0,A]. By Remark
2.11, we have

VN, (s.A—s)) (X) = VN, (A=s,5)) () = Vv, (2 —s,5)) (X) -

It follows that f(s) = f(A —s). Thus f is symmetric about s = % In other words, f

is decreasing on [0, %} and increasing on [%,M. Therefore, we get that f attains its

minimum at s = % and its maximum at s =0, s = A. This completes the proof. [J

As an immediate consequence of Theorem 2.15, we obtain the following result.

COROLLARY 2.16. If N(+) is a self-adjoint norm on A, A is a positive real num-

ber. Then for every x € 2, vy (s2—s) (X) < Vi, (1.2—r)) (X) if and only if |s— %‘ <
-4
%1

. . A
Proof. From Theorem 2.15, f is symmetric about s = %,

[0, %] and increasing on [’21,/1} . Thus Corollary 2.16 is obviously true. [J

i.e. f is decreasing on

REMARK 2.17. Let N(-) is the C*-norm ||-|| in Theorem 2.15. Since C*-norm
||| is a self-adjoint norm on 24. Thus the function f (s) = v, (x) is convex con-

tinuous function on [0,A4], and that the minimum of f is f (%) and the maximum of
fis £(0),f(A). Then we have

Av(x) S V(s (¥) <Alx]].
REMARK 2.18. In Remark 2.17,let s =y, t =1—y, where 0 < y < 1. Hence,
the function f(y) = vy (x) is convex continuous function on [0, 1], and the following
inequality holds:

v(x) < vy (x) < [l

Now, we are in a position to state other useful representations of vy, (s,)) ().
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THEOREM 2.19. Let N(-) be a norm on 2 and x € A. Then we have

VN, (s.)) () = % sup N (%(m ((eie — ieid’) x)) .

0.9<R

Proof. Let N(-) be anorm on 2 and x € 2. We have

= g ) 90 ()

- % sup N (ER(SJ) <eiex> 36 <ei(%+9)x>>

feR
<L N (%t) <ei9x> +360) (ei¢x)>
= %GS;SRN ( (

T2 esql)lgRN <m(” ) ((eie a iei¢> x>>
<% SUP V(N (s,)) ((‘fie —iei¢>x>

2 9,9er
*
le’¢>x+t<< le¢)x> )
1
0,0cR

1 .
_ il
= — sup —ie ’v (50)) )
6 R (N,(s:1))
VN (s.0) (X
:(Nit sup /2 —2sin(0 — ¢)

0.0€R
= V(w,(s4)) (%) -

Hence, we have

VN, (s.0)) (x) = %GS;JSRN (ER( ) ((eie _ iei¢>x>> . O

REMARK 2.20. When N(-) is the C*-norm ||-|| in Theorem 2.19, for every x € 2
the following equality holds:
o (¢ =16%) 1)

REMARK 2.21. In Remark 2.20,let s =7, t=1—y, where 0 <y < 1. Then for
every x € 2, the following equality holds:

ot (e =) 1)

In the following theorem, we present an expression of vy, s )) (x) in terms of the
real and imaginary of x € 2.

Vigs) (X) = 5 BS;)IER

vy (x) == BS;;IER
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THEOREM 2.22. Let N(-) be anormon 2 and x € A. For a8 € R, we have

VN, (s.)) (%)

= sup N (o, (x)+ BT, ()
a’+p2=1

= sup N((s+1)(aR(x)+ BT (x))+i(s—1) (T (x) = BR(x))).
o2+B2=1
Proof. Let 6 € R. Put o« =cos6 and § = —sin6, we have

se¥x+1e70x" = 5(cosO +isinO) x+1(cos O —isinO) x*
=c0s 0 (sx+1x") — sin O (—six + rix*)
= aRyy) () + BT 5y (x) -

Therefor, we have
N(se®x+1e70x) =N (@R 5y (x)+ BT (x)) -
Taking the supremum over 0 € R in the above equality, we obtain
Vv, (s0) () = sup N (aRsp) (x) + BT () -
a’+p2=1

Using Proposition 1.1 (ii) and (iii), we get

VN, (s.)) (%)

= sup N (0%, () + BTy (x)
a?+p2=1

= Zil;IZ)—1N((S+t) (aR(x)+ BT (x))+i(s—1)(aT(x) —BR((x))). O

REMARK 2.23. When N(-) is the C*-norm ||-|| in Theorem 2.22, for every x € 2
and o, € R, we have

Visy) (%)

= SI;P 1 | R 50 () + BT (s) )|
024 p2=
= zi%gilH(SH)(Om(x)Jrﬁj(x))Jri(S—l)(ij(x)—Bm(x))w

REMARK 2.24. In Remark 2.23,let s=7y, t=1—y, where 0 <y < 1. Then for
every x € 2l and o, € R, we have

vy (x)

= sup Ha%y(x)—f—ﬁﬁy(x)ﬂ

a?+B2=1

zil;g_l R (x) + BT (x) +i(2y — 1) (T (x) — BR(x)) |
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In the following result, a upper bound of v(y ) (x) in terms of the real and
imaginary of x € 2{ is given.

THEOREM 2.25. Let N(-) be anormon A and x € 2. Then

\/2 s2412) 1nf \/N2 R (e¥x)) + N2 (T (ei%x)).

Proof. Let o, B € R be such that o> 4+ 32 = 1. Then clearly

N((s+1) (@R (x) + BT (x)) +is — 1) (2T (x) = BR(x)))
=N (mR (x) +nJ (x)),

where m = a(s+1) —iff(s—1t) and n = B (s+1)+io(s—1). By using triangle in-
equality and Cauchy-Buniakowsky-Schwarz inequality, respectively, we get

N (mR (x) +n3(x)) < [m|N (R (x)) + [n|N (3 (x))
</l PN (9 () + N2 (3 ().
By simple calculations, we obtain |m|* + [n|* =2 (s*+1%). Hence we get

N ((s+1) (R (x) + BT (x)) +is —1) (T (x) = BR(x)))
<22 +2)\ /N2 (R () + N2 (3 ().

Taking the supremum over all «, 8 € R such that o® + 8% = 1, and taking Theorem
2.22 into account, we get

2) < /202 +2)y /N2 (R (x) + N2 (3 (). 2.13)
Replacing x by ¢x in (2.13), we get the desired result. [

REMARK 2.26. When N(-) is the C*-norm ||-|| in Theorem 2.25, for x € 2, we

have
2442y i05)[12 1 (17 (0|12
Vo) 09 < /224 2) i \/ IR (e90) -+ 13 i)

REMARK 2.27. Let s =7y, t =1 —v in Remark 2.26, where 0 <y < 1. We get

< _ 2 inf R ()12 |17 (ei0x)]]2.
vy () < VA= 1)+ 2 jnt /98 e0) |+ 19 0]

In the next theorem, we give a lower bound for the v(y,(s,)) (X)-
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THEOREM 2.28. Let N(-) be an algebra norm on 2 and x € A. Then

N (B () 2 (30 (429) s 0

Proof. Let 0 € R. By simple calculations, we obtain

1
StN (xx* +x"x) + = sup
2 ger

%%SJ) (ei9x> + J%_YJ) <ei6x> = 2st (xx" 4+ x"x) .

It follows from Definition 2.1 and Theorem 2.3 that

V(N (s)) (X) = max {N (m(&f) (eiex» N (j@’) <ei6 )) } '

Thus, we have

I
_l’_

2 2

i0 i0 i ~ i
N (98 (€0)) + N (3 () LIV Ry (¢93)) =N2 (3 () )|
- 2 2

(since N(-) is an algebra norm)

2 (,i0 2 (0 ; - ;
V(08 (€0 + T (€0) N2 (i) (7)) — N (3 (7))
- 2 2
[V? (Rss) (¢7%)) =N (3o (€)) |

= stN (xx* +x"x) +
Whence

1
StN (xx* +x"x) 4+ = sup
2 ger

N (B (694) (3 (99) € i 0 0

REMARK 2.29. When N(-) is the C*-norm ||-|| in Theorem 2.28, for x € 2, we

have
[#8 () [~ e ()

REMARK 2.30. Let s =7, t =1 —v in Remark 2.29, where 0 <y < 1. We get

o () = o ()

1
st [Jxx* +x"x|| + = sup

2
2 ek < v(.\',t) (X) .

* * 1
Y(1 =) [lxx” +x7x[| + 5 sup

<v2(x).
2 ger S
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3. Additional results of v, (-)

In this Section, some results for v, (-) are given. As a special case of norm
V(s (+), some results involving the weighted algebraic numerical radius vy (-) are also
presented.

Below we give a useful lemma for proving the latter theorem.

LEMMA 3.1. Let ¢ be a state over . For x € U, the following statements hold.
) sup [Rs) (0 )] = (s +0) o ()]
€

(i) sup |J(sp) (99 (1)) = (s +1) @ (x)].
0cR

Proof. We may assume that ¢@(x) # 0 otherwise (i) and (ii) trivially hold.

1. Put % = 2% Then we have
lo(x)]

Rs) (eie(l’ (x)> ’

¢ ()] = (s+1) o (x)].

(s+0)10 ()] = [Rsp) (<P 0 )| < sup

< (s41)sup
OeR

Therefore, we obtain

sup
6eR

Rion (%0 ()] = (s+1) [ (4]

2. Replacing x in (i) by ix. By using Proposition 1.1 (i), we get

Jisa) (eiefp (@)‘ = sup Rsr) <€i6<ﬂ(ix)>‘

= (s+0)]@(x)| = (s+1) |o (x)].

sup
6eR

Hence we have

sup [351) (79 ()| = s+ lo @] O

0eR

REMARK 3.2. What we need to mention here is that Lemma 3.1 generalizes [23,
Lemma 2.1]

The next result establishes that v(,,) () and v(-) are two equivalent norm on 2.

THEOREM 3.3. Let x € 2, the following inequalities hold.

(s+1)v(x) < V(e (x) < 2max {s,7}v(x).
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Proof. Let x € 2. By Lemma 3.1, we have

(s+1)v(x)=(s+¢) sup |@(x)]= sup sup
pes(A) pes(A) O€R

Rss) (eiefp (X)> ‘

= sup sup
pes () O€R

=sup sup ) ‘(p <9°{(s7,) (eiex>>‘

0ER pe.” (A
=supv (9‘{(&,) <6i9x>> < sup ‘Eﬁ(w) (ei9x> H =V(sy) (%),

0eR 0eR

and hence

(s+1)v(x) < vy (x). (3.1)

On the other hand, using Proposition 1.1 (ii) , we have

o ()= 02 [P (<) |
gl -on()
< (s+1) sup ’%( >H+\s—t|sup ’ ( in)H

0cR
=(s+1)v(x)+|s—t]v(x)
=(s+r+]|s—1])v(x) =2max{s,r}v(x).

0k

Therefore, we obtain

V(s () < 2max {s,}v(x). (3.2)

Now, from (3.1) and (3.2), we deduce the desired result. [

REMARK 3.4. Let s=7,t=1—y in Theorem 3.3, where 0 < y < 1. We obtain
inequalities involving the weighted algebraic numerical radius, that is,

v(x) <vy(x) <2max{y,1 —y}v(x).
Recall that a character on a commutative C* -algebra 2l is a non-zero homomor-

phism ¢ : 2l — C. We denote by 2A the set of characters. Now, we prove a lemma that
we need in what follows.

LEMMA 3.5. Let 2 be a commutative C* -algebra. For x € 2, we have

(s+1) |3l = vs ) (x) = sup{(s+1) [@ (x)| : @ € A}
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Proof. Since 2 is commutative, then v(x) = ||x|| for any x € 2. This together
with (2.11) and Theorem 3.3 allow us to conclude. In fact, one can say a little bit more
that: v(,,) (x) = (s+1)|[lx| for any normal element x € 2 without assuming that 2 is
commutative. [

Analogously to the usual numerical index [8], we define weighted algebra numer-
ical index of 2 by

ny (A) = inf{v, (x) :x € A, ||x|| = 1}.
We can state the following results.

THEOREM 3.6. The following statements hold.
(i) max{y,1 —y} <n,(A) < 1.
(i) If A is commutative then ny () = 1.

Proof. (1) According to (2.12), it is easy to deduce the desired result.
(ii) It follows immediately from Lemma 3.5. [

In [24], the numerical radius Crawford number of x € 2 is defined by
¢ (x) =inf {[@ (x)|: 9 € 7 (A)}.

The following Proposition 3.7, as a generalization of [24, Proposition 2], gives a large
family of elements satisfying %" (x) > 0.

PROPOSITION 3.7. Let x € A with vy (x) <s+t. If y=e+x, then € (y) > 0.

Proof. Since v, (x) < s+, thus there is a positive number o € [0, 1) such that
V(ss) (X) < (s +1) 0 <s+1. From the first inequality of Theorem 3.3, for ¢ € . (),
we have

V(s,t) ()C)

> 1-
S+t

) =lp(e)+o(x)|=|p(e)—lox)| =1~

Taking the infimum over ¢ € . (), we get €(y) > 1— o0, Thus €(y) >0. O

Let s =y, t =1 —y in Proposition 3.7, where 0 < ¥ < 1. We have the following
remark.

REMARK 3.8. Let x € 2 with vy (x) < 1.If y=e+x, then €(y) > 0.
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