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STRONG COMMUTATIVITY PRESERVING ADDITIVE MAPS
ON INVERTIBLE TRIANGULAR MATRICES OVER T,

WAI LEONG CHOOI, L1 YIN TAN AND YEAN NEE TAN*

(Communicated by E. Poon)

Abstract. Let T,(F2) be the ring of n x n upper triangular matrices over the Galois field F
of two elements. In this paper we characterize strong commutativity preserving additive maps
v : T,,(F2) — T,(FF2) on invertible matrices for n =2 and n > 5. This result completes a recent
result obtained by Chooi et al. in [14] and yields a comprehensive structural characterization of
strong commutativity preserving additive maps on rank k upper triangular matrices over division
rings. Some irregular forms are included to exemplify the complexity in structure of strong
commutativity preserving additive maps y : T,(IF2) — T,(IF2) on invertible matrices for n =3
and 4.

1. Introduction and results

Let &% be a ring and let . be a nonempty subset of &#. For any x,y € Z,
we denote by [x,y] = xy — yx the commutator of x and y. A map y : % — % is
called commutativity preserving on . if [y (x),y(y)] = 0 whenever [x,y] = 0 for all
x,y € . Watkins’ pioneering result on commutativity preserving linear maps [33]
inspired several analogous results for rings, matrix spaces and operator algebras; see
[4,5,9,12,28,32] and references therein. In particular, Bell and Mason [3] introduced
the notion of strong commutativity preserving maps in 1992. A map v : # — Z is said
to be strong commutativity preserving on . if [y(x),w(y)] = [x,y] for all x,y € ..
A strong commutativity preserving map is commutativity preserving, but the converse
is not true in general. Subsequently, Bell and Daif [2] proved that a semiprime ring
Z% admitting a strong commutativity preserving derivation on &% must necessarily be
commutative. Following this, BreSar and Miers [8] characterized strong commutativity
preserving additive maps y : #Z — % on semiprime rings &% and proved that v is of
the form

W(x) = Ax+ u(x) (L

for all x € #, where A is an element in the extended centroid ¢ of £ satisfying
A?>=1and u: % — % is an additive map. The significance of this structural result
has attracted considerable attention and there has been remarkable progress in the study
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of strong commutativity preserving maps on various rings and algebras, as evidenced
in[1,10,11,15,18,20-23,25,27,30,31,34].

Let n > 2 be an integer and let M, (F) be the ring of n x n matrices over a field F.
Motivated by the elegant and astounding results obtained in addressing linear preserver
problems [19,29] on matrices, Franca [16,17] initiated the study of functional identities
[6,7] on matrices, in particular, commuting additive maps on subsets of M,,(IF) that are
not closed under addition such as invertible matrices, singular matrices and rank &
matrices. In light of this, Liu [24] characterized strong commutativity preserving maps
on the subset of invertible (respectively, singular) matrices of M, (ID) over division rings
D and showed that these maps conform to the standard form (1). In a later development,
Liu et al. [26] extended this result to the set of all rank k matrices of M, (D) for some
fixed integer 1 <k < n.

Let T,,(D) denote the ring of n x n upper triangular matrices over a division ring
D. Most recently, Chooi et al. [14] obtained a complete structural characterization of
strong commutativity preserving additive maps  : T,,(D) — T,,(D) on rank k matrices,
where 1 < k < n is a fixed integer such that £ # n when D is the Galois field F, of
two elements. They showed that such additive maps y are of the standard form (1)
when D is a noncommutative division ring, but there are some irregular nonstandard
forms when D is a field. Inspired by these results, in this paper, we complete the study
in [14] by addressing a characterization of strong commutativity preserving additive
maps Y : T,,(F,) — T,(F2) on invertible matrices, i.e., additive maps y satisfying
[w(A),w(B)] = [A,B] for all invertible matrices A,B € T,(F2), in Theorem 1.1 for
n > 5 and Theorem 1.2 for n = 2. It is worth pointing out that the structural result of
these maps is quite different from the result in [14]. For instance, the following additive
map

A A+ aiiX;
i=1

for all A = (a;;) € T,(F2), where Xi,...,X, € T,(F,) are some fixed matrices such
that X; 4 --- + X, = 0, is strong commutativity preserving on invertible triangular ma-
trices over ;. Furthermore, there are many irregular forms of strong commutativity
preserving additive maps v : T,,(F,) — T,(IF») on invertible matrices for both n =3
and n =4. We include a selection of irregular forms for n =3 and n =4 in Examples
2.2 and 2.3 below. Because of the complexity of these mappings, a full characterization
of strong commutativity preserving maps on invertible matrices may be an intractable
problem for n =3 and n =4.

Here and subsequently, [, is the Galois field of two elements, I, is the n xn
identity matrix and E;; € T,,(F2) denotes the standard matrix unit whose (i, j)th entry
is one and zero elsewhere. One sees immediately that E;;Ey = 0;E;; for E;j,Eq €
T,(IF2), where §j; is the Kronecker delta, and [A, B] = [B,A] forall A,B € T,,(IF,).

We are now ready to present the main results in the study.

THEOREM 1.1. Let n > 5 be an integer. Then y : T,(Fy) — T,(F>) is a strong
commutativity preserving additive map on invertible matrices if and only if there exist
scalars o, B,y € By, additive maps W, n : T,(Fy) — Fy and matrices Xy,...,X, €
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T,(Fy) satisfying Xy + -+ -+ X, = 0 such that

V(A) =A+u(A)L+n(A)E,+ Y aiXi+ Dy py(A)
i=1

forall A= (a;;) € T,(F2), where @y g, : T,(F2) — T,,(IF2) is the additive map defined
by

O gy (A) = (Yar + aan—1,4)E1 n-1+ (Baiz + yan—1.4)Ean
forall A= (a;;) € T,(IF2).
THEOREM 1.2. An additive map v : Tr(Fy) — Tr(F,) is strong commutativity

preserving on invertible matrices if and only if there exists an additive map u : T»(F,) —
Fy and matrices X1,X, € To(F,) satisfying X; + X, = 0 such that either

0 oap +apn
A)=A+uA)b+anXi +anXs +
v(A) WAL+ ann Xy + anXs (oﬁa11+(a+1)yan)

forall A= (a;;) € Tr(F2), where o, B,y € Fy are some fixed scalars, or

0 oary
A)=A+u(A)h+ a1 X1 +anXs +
II/( ) ‘LL( ) 2 T A114] T aA&) (0 B(aall —|—(112)>

forall A= (a;;) € Tr(F2), where o, B € Fy are some fixed scalars.

2. Examples

In this section, we address some examples of strong commutativity preserving
additive maps v : T,(F,) — T,(F,) on invertible matrices.

EXAMPLE 2.1. Let n > 3 be an integer. Let y : T,(F,) — T,(IF,) be the additive
map defined by

W(A) =A+ u(A)L+n(A)E,+ Y aiXi+ g p 4 (A)
i=1
for all A = (a;j) € T,,(F2), where u, n : T,(F,) — [, are additive maps, Xi,...,X, €

T,(F2) are matrices satisfying X; +---+X, =0, and @ g, : T,,(F2) — T,(IF2) is the
additive map defined by

CDO(,B,}/(A) = (yal2 + aanfl,n)El,nfl + (ﬁal2 + ’yanfl,n)E2n

forall A= (a;;) € T,(F2), where o, 8,y € F are fixed scalars in which o8 = y? when
n =3. We will show that y is a strong commutativity preserving additive map on
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invertible matrices. Let A = (a;;), B = (b;j) € T,(F2) be invertible. Then a;; = 1 = b;;
fori=1,...,n,and thus ¥}, a;X; =0= Y], b;X; and

[w(A),w(B)|=[A+u(A)ly+ n(A)Er + Pq p 4 (A),
B+ u(B)ly+n(B)E1y+ g p(B)]
:[A,B] [qu)ocﬁ,y( )] [q)a.ﬂy(A)aB]"’[q)a.,&y(A):q)ocﬁ,y(B)]'

We note that (@4 5 (A), P p y(B)] = (af +7?)(a12b23+ b12az3)E;3 =0 when n=3,
and [®, g ,(A), P, g,(B)] =0 when n > 4. Also, one easily sees that

[A,d)a B, y( )}

(@1
(@ py(A),B] = ((Yai2 + aan—1,4)bu—1,n+b12(Yan—1,,+ Baiz))E1y.
It follows that [w(A), w(B)] = [A, B] for all invertible matrices A, B € T,,(FF) as claimed.

2(Ybu—10+ Bb12) + (Yb12 + Oby—1 p)an—10)En,

We now list a selection of some irregular forms of strong commutativity preserving
additive maps v : Ty(F,) — Ty4(IF») on invertible matrices.

EXAMPLE 2.2. Let u : T4(F,) — F, be an additive map. Let X;,X5,X3,X4 €
T4(F2) be such that ¥}  X; = 0. Consider the additive map v : T4(IF) — T3(IF,)
defined by

II/(A) A+.u I4+ Zau i

for all A = (a;;) € T4(IF2). In view of Example 2.1, we see that y is a strong com-
mutativity preserving additive map on invertible matrices. Let 1 : T4(F,) — [, be an
additive map and o, 3,y € F,. For each i = 1,2,3,4,5, let v; : Ty(F2) — Ta(F,) be
the additive map defined by

00yan+oaaz n(A)
00 0 Baix+vazs

v (A)=w(A)+ 00 0 0 for all A = (a;j) € Tu(IF,),
00 0 0
Oaiz 0 ayp
00 0 O
Wa(A)=y(A)+ 00 ax ax forall A = (a;;) € T4(F2),
00 O ans

Oapp ap+as 0

- 00 ar;  axtas o
l[/g(A) = l[/z(A) + 00 0 a4 forall A = (al.,) € T4(]F2),

00 0 0

00ap+aps 0

_ 00 ax axy-+tazy
1I/4(A)—1I/2(A)+ 00 0 0

00 0 0

for all A = (a;;) € Ta(F2),
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0 app ajn 0
o 00 0 as4 o B
Vs (A) = l[/z(A) + 00 0 axy forall A = (al.,) € T4(]F2).
00 0 O

Firstly, by Example 2.1, y; is a strong commutativity preserving additive map on in-
vertible matrices. Next, we claim that y; is strong commutativity preserving on invert-

ible matrices. We set

O0xi3 0 x4
00 0 O

O(X)= 0 0 x2s 1o forall X = (x;;) € Tu(IF2).
00 O X23

Let A= (aij), B

(bij) € Tu(F,) be invertible. Then a;; =1=>b;, i=1,...

see that [(P (A), (P(B)} = (a14b23 + b14a23)E14 , and

00 aizboz+bizars aizbrg+bizass+aisbas

100 axba; ax3bog + axabaz
00 0 0
00 ai3baz+bizarz aizbrg+bizars+brgax
_ 100 bazan; bazazs + bagans
[‘p (A)aB] - 0 0 0 O
00 0 0

It follows that [wa(A), y2(B)] = [w(A) + 0(A), w(B) + 9(B)] = [A.B] + [A,0(B)] +

[¢(A),B]+ [¢(A),¢(B)] = [A,B] for all invertible matrices A, B € Ty(F,).

We show that y3 is a strong commutativity preserving additive map on invertible

matrices. Set

Oxi2+x13 Xi2+x13 X4
. 0 0 X23 X4 + X34
o(X) = 0 0 X3 X24+X34
0 0 0 X23
for all X = (x;;) € Tu(F2). Let A = (a;j), B = (b;j) € Tu(F,) be invertible matrices.
We see that [@(A), (B)] = (a14ba3 + b14a3)E14, and
00 (a1 +ai3)bas (a12 +ai3)(baa+b3s) +
+(b12+b13)ax;  (b12+bi3)(ax +azs) +asb;
A, 0B)=[00 ax3br3 a23(baa + b3a) + baz(aza + aza)
00 0 0
00 0 0
00 (b1 +b13)ass (b12+b13)(aza +azs) +
+(ain+ai3)bys (a2 +ai3)(bas+b3s) + braan
[QD(A),B] =100 byzar; by3 (6124 + a34) “+ a3 (b24 + b34)
00 0 0
00 0 0
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Then [y3(A), w3(B)] = [w(A)+ @(A),w(B)+ @(B)] = [A, B] for all invertible matrices
A,B € T,(FF,) . Likewise, it can be verified by direct computations that yy and s are
strong commutativity preserving maps on invertible matrices.

The following example provides a selection of some irregular forms of strong com-
mutativity preserving additive maps y : T3(IFy) — T3(FF») on invertible matrices.

EXAMPLE 2.3. Let u : T3(F;) — F, be an additive map and let X;,X,,X3 €
T;3(FF;) be such that X; + X, + X3 = 0. We define the additive map y : T3(F,) — T3(F,)
by

3
V(A) =A+u(A)L+Y aiX;
i=1
for all A = (a;j) € T3(F,). For each i =1,...,6, let y; : T3(F,) — T3(F,) be the
additive map defined by

0van+oaas n(A)
vi(A)=y(A)+ |0 0 Bayx+ vax forall A = (a,-j) € Tz(F,),
0 0 0

where 1 : T5(FF) — F» is an additive map and «, 3,y € F, are scalars satisfying o =
2
Y-, and

00 ars
(A =w(A)+ (00 O forall A = (a;;) € T3(F2),
00 any
00 als
l[/g(A) = I[/(A) +10ap O forall A = (aij) € T3(F2)7
00 ain
00 aiz3+ax
va(A)=yw(A)+ |00 axn for all A = (a;j) € T3(IF2),
00 ain
0 ax a3
Us(A)=y(A)+ [O0an+as 0 for all A = (a;j) € T3(IF2),

0 0 app +as

0 ap+az aiz+ax
Ye(A)=w(A)+ |0 a3 a3 for all A = (a;j) € T3(FF2).
0 0 aln

Since aff = y2, it follows from Example 2.1 that y; is a strong commutativity
preserving map on invertible matrices. We now claim that y; is strong commutativity
preserving on invertible matrices. We set

OOX13
o(X)=[00 0
OOX23
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for every X = (x;;) € T3(IF2). Let A = (a;;), B= (b;;) € T3(IF2) be invertible. We see
that [y (A), w(B)] = [A,B], [¢(A),¢(B)] = (a13b23 + b13az3)En3,

00 a13b23

[A,0(B)] = [ 00 axbas |,
00 O

00 by3a;
[0(A),B] = [ 00 brzax
00 O

Then [y (A), y2(B)] = [y (A) + ¢ (A), w(B) + ¢(B)] = [A, B] +[A, ¢ (B)] + [¢(A), B] +
[¢(A),¢(B)] = |A,B] for all invertible matrices A, B € T3(F»).

Next, we show that g is a strong commutativity preserving map on invertible
matrices. Set

0 xi2+x13 x13+x23
eX)=(0 x3 x23
0 0 X12

for all X = (x;j) € T3(F2). Let A = (a;;), B= (bij) € T3(FF2) be invertible. A direct
verification gives

0 apbiz+baiz aiz(bia+bs)+biz(ain+axs)
[0(A),oB)]= |0 0 ax3(bia+b13) +baz(ain+arz)
0 0 0

= [A,9(B)] +[0(A),B].

Thus [ye(A), ws(B)] = [w(A) + @(A), w(B) + ¢(B)] = [A, B] for all invertible matrices
A,B € T3(F,). In the same manner we can verify that W3, ys and s are strong
commutativity preserving maps on invertible matrices.

3. Proofs
We begin with the following observation.

LEMMA 3.1. Let n > 2 be an integer. Then v : T,(F,) — T,(F») is an additive
map such that y(A) = A for all invertible matrices A € T,(F) if and only if there exist
X1,..., Xy € T,(Fy) satisfying X1+ -+ X, = 0 such that

n
I[/(A) =A+ Z CliiXi
i=1
forall A= (a;;) € T,,(IF2).

Proof. For the sufficiency, let A = (a;;), B = (b;j) € T,(F2). Then

W(A+B)=(A+B)+ En:(aii +bi)Xi = w(A) + y(B).
i=1
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Hence y is an additive map. Let A = (a;;) € T,,(IF2) be invertible. Then a;; = 1 for all
i, and thus y(A) =A+3] | X; = A as desired.

We consider the necessity. Let ¢ : T,,(F,) — T,,(F2) be the additive map defined
by

P(A) =w(A)+A

forall A € T,,(F»). Let B € T,,(F2) be invertible. Then ¢(B) =0, and so [¢(B),B] =0.
We infer that ¢ is a commuting additive map on invertible matrices that vanishes on
invertible matrices. By [13, Lemma 2.6], there exist Xi,...,X, € T,,(F,) satisfying X; +
-+ X, =0 such that ¢(A) =¥}, a;;X; for all A = (a;;) € T,(F>), which completes
the proof. [

We first characterize strong commutativity preserving additive maps v : > (F,) —
T»(F,) on invertible matrices.

Proof of Theorem 1.2. Note that if H,K € T»(F,) are invertible, then H = I, +
aEy; and K = I, +bE); for some a,b € F,. Thus [H,K] = 0. We prove the sufficiency.
Let u : T>(F,) — F, be an additive map and let X;,X, € T>(IF,) be matrices satisfying
X1 + X, = 0. We first consider the additive map v : T>(F,) — T»>(F,) of the form

2

0 oaj+a
lIf(A)=A+H(A)12+011X1+6122X2+( e )

0 Bay1+ (a+1)yars

forall A = (a;j) € To(F2), where o, 8,y € F, are some fixed scalars. Let A, B € T>(IF,)
be invertible. Then A =1, +aFE|, and B= 1, +bE|; for some a,b € [F,. It follows that
Y(A) =A+u(A)L+ (a+a)E;+ (B + (a+ 1)ya)Ex by (2). Since [xE|»,X]| =0 for
any x € F, and invertible matrix X € T»(F»),

[w(A),w(B)] = [A+ (B + (a+ 1)ya)Ex, B+ (B+ (a4 1)yb)Enr)]
+ [(B+ (a+ 1)ya)Ex, (a+b)E1)]
+[(a+a)Er, (B + (o+1)yb)En].
Since [A,B] =0, [(B+ (o +1)ya)Ex, (+b)Ep]+[(a+a)Erp, (B+ (o4 1)yb)Ex) =
ﬁ(a-f—b)Elz, [A, (ﬁ + (OC+ l)yb)Ezﬂ = a(B + (OC + l)yb)Elz and [(B + (OC + l)ya)Ezz,B}
=b(P + (ot + 1)ya)E)2, it follows that
(w(A),y(B)] =Bla+b)Enx+a(f+(a+1)yb)Ern+b(B+ (a+1)ya)Eir =0.

Then [w(A),w(B)] = 0 = [A,B] for all invertible matrices A € T»(IF,) when y is of
form (2).
We consider the additive map v : T>(F,) — T>(F,) of the form

0 oary
A=A Al X X
V(A) =A+u(A)b+an X, +axn 2+<06(aa11+a12)> (3)

for all A = (a;;) € Tr(F,), where o, 8 € F, are some fixed scalars. Likewise, if A =
I, +aE; and B =1, + bE|, for some a,b € [F,, then

(W(A),y(B)] = [A+ (o +Ba)Exn,B+ (af + Bb)Exn] + of(a+b)E,.
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Since [A, (af + Bb)Exn] =a(af + Bb)E1r and [(off + Ba)Exn,B] = b(off + Pa)E2,
we have

(w(A),w(B)] =a(af +Bb)Er,+b(af + Ba)Ex+af(a+b)En=0=[A,B]

Hence v is strong commutativity preserving on invertible matrices when y is of form

Q).

For the necessity, we denote

v = (T2, @
W(En) = (gél g;) 5)

for some fixed scalars f;;,g;; € F2, 1 <i< j<2. Since y is strong commutativity
preserving on invertible matrices, it follows that [y(L), w (L + E2)| = [, h + E12] =
0, which in turn gives [y/(l), w(E12)] = 0. By (4) and (5),

(fi1 + f22)812 = fi2(g11 +&22)- (6)

We argue in the following two cases:

Case 1: g;p = 0. We first consider fj» = 1. Then g;; = g2z by (6). Let f; =
fui+ fa2 €Fy. By (4) and (5), y(hh) = fitlh + BiEx +Ej2 and y(E12) = g1l So,
for A = (a,-j) S {127E12},

V(A) =an(fith +BiEx+En) +apngih

0ai+anz
0 Bian )’

Let u; : TQ(]FQ) — [F, be the additive map defined by L (A) =ayfi1 +angi +an
for all A = (a;j) € T>(IF2). Then, by the additivity of v, we have

=A+ (a11fit +angn+an)h+ (

(7

0aj+an
A)=A+uw(A)L+
wi) =+ man+ (ot )

for all invertible matrices A = (a;;) € T>(FF»). Consider now fi» =0. Let y; = g1 +
g22 € F2. By (4) and (5), we get W(E12) = gl +v1Exn and y(h) = fullh + BiEx,
with Bi = fi1 + fao. For A = (a;;) € {I»,E12},

v(A) =ai(fith+ BiEx) +an(gih+11E»)

0 an
:A—|— a +a +a I + '
(anfu 12811 1)h <0 Brai —H/lalz)

By the additivity of v, we have

o 0 arn
W(A) _A+“1(A)12+ <0 ﬁlall +YI5112) (8)
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for all invertible matrices A = (a;j) € To(F»). Together with (7) and (8), there exists
ay € [F, such that

0 Brar + (aq + 1)yian

for all invertible matrices A = (a;j) € T>(IF2). Let ¢ : To(F2) — T>(IF2) be the additive
map defined by

V(A)=A+w(A)hL+ (0 cna =+ an )

©))

¢@%ZWMH#MM&+(O onar +an )

0 Biaii + (o + 1)yiann
for all A = (a;;) € T»(F2). Then ¢(A) = A for all invertible matrices A € T>(IF,).
It follows from Lemma 3.1, there exist X;,X, € T>(FF,), with X; + X, = 0, such that
©(A) = A+ a1 X1 +anX; forall A = (a;;) € T>(F2). By (9), we thus obtain

0 oap +apn
A)=A4+ u(A) L+ a1 X1 + anX, +
w4 (At anXi +anXs (0 ﬁ1a11+(0¢1+1)7’1012>

forall A = (a;j) € To(F2).

Case 2: gip=1. Let op = fio € F and B = g11 + g2 € F,. Then fi; =
f22+ 03 by (6). In view of (4) and (5), y(L2) = (fa2 + 2f2) 2 + E12 + 022 Ex
and Y (E\2) = g1l +E2 + BrE2 . For A = (a;;) € {h,Ep},

V(A) =an((fo+aPr)h+ wEi+ PrExn)+ain(giih + Ein+ B2Ex»)
0 ohaiy
0 Ba(par +an))’

Let wp : Tr(IF,) — I, be the additive map defined by s (A) = ay1(1+ foo + ) +
aingn forall A= (a;;) € Tr(F,). By the additivity of y, we have

=A+ (an1(1+ foo+fBr) +angin )b+ (

0 Ohainy
A)=A Al
W( ) +‘LL2( ) 2+ (O ﬁz(Oﬂzan +a12)>

for all invertible matrices A = (a;;) € T>(F2). We now apply a similar argument as in
Case 1 and use Lemma 3.1 to obtain matrices Y;,Y, € T>(F;), with ¥; +Y, =0, such
that

0 Ba(onan +aiz)
for all A = (a;j) € T>(IF2). This completes the proof. [

0 ona
W(A) :A+‘LL2(A)IZ +a11Y1—|—a22Y2+ ( 2011 )

We move on to obtain a complete description of strong commutativity preserving
additive maps v : T,,(F,) — T,(F,) on invertible matrices for n > 5. For any integer
n > 2, it follows immediately from the Jacobi identity that if v : T,,(F,) — T,,(F,) is an
additive map satisfying [y(A), y(B)] = [A, B] for all invertible matrices A, B € T,,(F»),
then

[w(A),[B,C]) + [(B), [C,A]] + [w(C), 4, B]] =0 (10)

for all invertible matrices A, B,C € T, (F»).
Our study starts with some preliminary results.
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LEMMA 3.2. Let n > 3 be an integer and let y : T,,(F,) — T,(F,) be a strong
commutativity preserving additive map on invertible matrices. Then

() (W), w(Epg)] =0 forall integers 1 < p < q < n.
(i) [W(In),Epq] =0 forall integers 1 <p<n—2and p+2<q<n.

(iii) [W(Epq); W(Eg)| = 6¢4sEp forallintegers 1 <p<q<nand1<s<t<n with
p<s.

Proof. (i)Let 1 < p < g<n beintegers. Since [y (I,), w ()] =0= [y (L), y(l,+
Epq)]. it follows that [y(1,), y/(Epq)] = [W(In), W(In +1n + Epg)] = [W(ln), w(In)] +
[w(In), w(ly+ Epg)] = 0.

(ii) Let p and ¢ be integers such that 1 < p<n—2 and p+2 < g < n. Setting
A=1I,,B=1,+E, ;.1 and C=1,+Ep1 4 1in (10), we get

0= [W(In)7 [In +Ep,p+17 I +Ep+1,qH = [W(In)7 [Ep,p+17Ep+l,qH = [‘I/(In)7 qu]~

(ii1) Consider integers 1 < p < g<n and 1 <s <t <n with p <s. By (i), we
obtain (W(5) + W (Epg), (l) + W(Ex)] = [W(Ep), w(Ey). Then

[W(qu)v W(Est)] = [W(In +EP11)7 W(ln +Est)} = [In +qu7 I +Est} = aqupb

This completes the proof. [l

LEMMA 3.3. Let n > 5 be an integer and let y : T,,(F,) — T,(F,) be a strong
commutativity preserving additive map on invertible matrices. Then the following hold.

(i) For each pair of integers 1 < s <t < n satisfying (s,t) # (1,2) and s # 2,
(W(Eg),Ex] =0 for all integers 3 < k < n with k # s.

(ii) Foreach pair of integers 1 < s <t < n satisfying (s,t) #(n—1,n) andt #n—1,
(W(Eg),Exn] = 0 for all integers 1 <k<n—2 with k#t.

(i) For each integer 3 <t < n, [W(Ex),E\x] + % [W(E13),Ex] = 0 for all integers
4<k<n.

(iv) Foreachinteger 1 <s<n—2, [W(Esn—1),Epn] + Ssn—2[W(En—21); Exn-1]=0
for all integers 1 <k <n—3.

(V) (W(Egu),Eiql+ [W(Epq),Esp] =0 for all integers 1 <s <t < p <qg<n.

Proof. (i) Let 1 <s <t <n and 3 <k < n be integers such that (s, ) # (1,2),
s#2and k#s. Setting A=1,+Ey, B=1,+E 2, C=1,+ Ey in (10) gives [w (I, +
Ey), E1x] =0. Since [y(I,), E1x] =0 by Lemma 3.2 (ii), we have [w(Ey), E1x] =0.

(ii)Let 1 <s<t<nand | <k<n-—2beintegerssuch that (s,7) # (n—1,n), t #
n—1and k#¢t. Taking A=1,+Ey, B=I,+E,—, C=1,+E,_1, in (10), we get
[Ww(l,+Eg), Et) =0. By Lemma 3.2 (ii), [y (I,), Ex,] =0, and thus [y (Ey), E,] =0.
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(i) Let 3 <t < n and 4 < k < n be integers. Set A=1,+Ey, B=1,+E\3,
C = I, + E3; in (10). We obtain [y(I, + Ea ), E1x] + [Ww(l, + E13), 83 Ex] = 0. The
desired result follows from Lemma 3.2 (ii).

(iv)Let 1 <s<n—2and 1 <k<n-—3 beintegers. Setting A =1, +E, 1,
B=1,+ Ek,n72 , C=1,+ En—2,n in (10) yields [W(ln =+ Es,n—l)aEkn} + [W(ln +En—2,n)a
Osn—2Ekn—1] = 0. The result follows from Lemma 3.2 (ii).

(v) Let s,t,p,q be integers with 1 <s <t <p <g<n. Taking A=1,+Ey,
B=1,+E;,, C=1I,+Ep in(10), we get [y (Ey), Eiq + [W(Epq), Esp] =0 by Lemma
3.2Gi1). O

The following technical lemma gives a structural result of strong commutativity
preserving additive maps on the identity matrix and strictly upper triangular matrices.

LEMMA 3.4. Let n > 5 be an integer and let y : T, (F,) — T,(F,) be a strong
commutativity preserving additive map on invertible matrices. Then there exist o, 3,y €
Fy and additive maps u, n : T,(Fy) — Fy such that

W(A) =A+ “(A)In +n (A)Eln + q)oc,B,y(A)

for all strictly upper triangular matrices A € T,(F2) and A = I,, where ®y g ., : Ty (IF2)
— T,(Fy) is the additive map defined by

CDO(,B,}/(A) = (yal2 + aanfl,n)El,nfl + (ﬁal2 + ’yanfl,n)E2n

forall A= (a;;) € T,,(IF2).

Proof. For each pair of integers 1 < s <t < n, we denote

vE)= Y ofEy; (11)
1<i<ji<n

y(l,) = 2 0k (12)
1<i< j<n

(st)

for some fixed scalars oy,

0;; € Fy, 1 <i< j<n. Our first claim is that

2 n
() =oanl,+Y, Y 04Eij. (13)
i=1j=n—1

Let 3 < p <n be an integer. By Lemma 3.2 (ii), [w(I,,), E1,] = 0. It follows from (12)
that
Y EjEi,+ Y, 04E1pEjj=0.
1<i<j<n 1<i<j<n
This yields (o1 + tp)E1p+ Y p+10pjE1;=0. Itis understood that 37_ .| 0p;E1;
vanishes when p =n. Then for every 3 < p < n,

Opp = 01, (14)
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ap; =0 forj=p+1,...n (15)

Likewise, for each integer 1 < p <n— 2 we get [y(1,), Ep,] =0 by Lemma 3.2 (ii).
By (12), we have (o) + On) ,m+21 1 Ot,p in=0.Thenforevery 1 <p<n-2,

Cpp = O, (16)

=0 fori=1,....p—1. 17

Substituting (14)—(17) into (12) yields y/(I,) = o1, + 21-2:1 2;?:"71 0;;E;; as claimed.
We now study the structure of y(Ej) forevery 1 <s < < n. The argument will
be divided into three cases.
Casel-1: s=1.Let 3 < p,q <n beintegers. By Lemma 3.3 (i), [y(E\y), E1p] =
0. We thus obtain from (11) that (Otl(1 94 061(717 ))Elp +¥i o I%q)Elj = 0. Then for
every 3< p,q<n,

oy = aofy?, (18)
o1 —

o =0 forj=p+1,. (19)
Next consider integers 1 < p<n—2 and 2< g<n, with p#q and g #n—1.
By Lemma 3.3 (ii), we see that (W(E1y), Epn] = 0 It follows from (11) that (a,(,,, 9 4
Ot,(,,i )) pn—|—2p IOCI ) Ei, =0. Then forevery | < p<n—2 and 2 < g < n, with

p#qand g#n— I
oy = o, (20)
o =0 fori=1,....p—1. 1)

Substituting (18)—(21) into (11), we obtain

2 n
y(EW =0y "L+ Y Y ol VE; (22)
i=1j=n—1
Let 3 < p < ¢ < n be integers. By Lemma 3. 3 (v), we get [l[/(Elz) Exgl+[W(Ep),
Ejp) = 0. Tt follows from (11) that 32, a\?Ey + 3" o\ Ey; + aPVEy, +

n P
", 0" E ;=0 Thus

J‘]fN

12 12 12
(O‘1(1 )+O‘1()p ))E1p+ (O‘})Z@*‘Oﬁ(z >)Elq+(o‘tgq >+O‘2(2 ))EZq

+ 2 atg}z)Ezj + 2 OCl(f;-q)Elj =0.

Jj=q+1 j=p+L.j#q
Then forevery 3 < p<g<n,
12
oy = oy”, (23)

and for every 4 < p < n,

apy) = oy, 24)
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alt?) — —
o, =0 forj=p+1,. (25)

Substituting (20), (21), (24) and (25) into (11), we get

V(EpR) = 0‘1(1 oA "’0‘12 El?"'z 2 O‘ W Ejj. (26)
i=1j=n—1
Now consider integers 3 <t <n—2 and t < p < g <n. Then [y(Ey), E;q| +
(W(Epq), E1p] =0 by Lemma 3.3 (v), and thus
1 1
(O‘z()q )+O‘1(t ))Elq + (O‘l(l )+O‘4r()p ))Elp (og” +O‘t§qt))th
- 2 oyt Y AVEj+ Y alME; =0
j=q+1 J=p+1.j#q

Then forevery 3<t<n—2andt<p<gqg<n,
ol =0 fori=2,...t—1, 27)

oy = ot (28)
Taking (p,q) = (n— 1,n) in (28), together with (23), we obtain

ol ="M — 1P forr=3,... n—2. (29)

n—1,n

Substituting (18)—(21), (27) and (29) into (11), we get

w(Ey) = a1, + ol E1,+2 2 oV E; (30)
i=1j=n-1

for t =3,...,n—2. Finally, we claim that

2 n
v(E)=ay" L+ Y Y ol VE 31)
i=1j=n-2
Let 1 < p <n—3 be an integer. Since J; ,—» =0, it follows from Lemma 3.3 (iv) that
(W(E1 1) Epn] = 0. By (11), (aS5" D4 gita-Dyp Epn+ 3" ol " VE, = 0. Then
for every 1 < p<n—3,weget
a;;n 1)__a£;n—1% (32)
1n—1 .
=0 fori=1,...,p—1. (33)

Substituting (18), (19), (32) and (33) into (11), we prove (31) as desired.

Case I-2: s =2. Then 3 <t < n. Consider integer 4 < p < n. By Lemma
3.3 (iii), we see that [y(Ey), E1p] + 83 [W(E13), Eap] = 0. Since as¥) =0 by (21), it
follows from (11) that

(a2 + a2NEy, + 83 (S + o) Enp + 2 oV E+ 8, 2 oV Ey;=0.
Jj=p+1 Jj=p+1
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Then forevery 3 <t <nand 4 < p <n,
(21) (21)

Opp =01, (34)

ol =0 forj=p+1,..n (35)

We now consider integers 3 <7 <nand 1 <p<n—2, with 1 # n —1 and p#1t.

It follows from Lemma 3.3 (ii) that [q/(Ez,) Ep,,] = 0. By (1), (052 + o2V Epn +

Zf;ll (xl-( Ein =0. Then forevery 3<r<nand 1 <p<n—2,withr#n—1 and
p#t,

af) = o, (36)

a2 =0 fori=1,...,p—1. (37)

Next, consider integers 3 <7 <n—2 and t < p < g <n. Then [y(Ey), Eq4| +
(W(Epq), E2p] =0 by Lemma 3.3 (v). We infer from (11) that

(at(t g O‘tgq ))th + (O‘z(t '+ 0‘1("1 ))E2q+ O‘l(z )E1p+ (O‘z(z '+ 0‘1(717 ))E217

+ 2 (Xi(tzt)Eiq—f' 2 ocgt)E;j—i- 2 a},?q)Ezi,'ZO.
i=1,i#2 j=q+1 J=p+1,j#q

Thenforevery 3<tr<n—2andr<p<g<

oy = aé?’% (38)
o) = o, (39)

@) _ -
o) =0 fori=1,3,....i—1. (40)

Taking (p,q) = (n— 1,n) in (38), together with (23), we get

o) =" = 0y? forr=3,....n—2. (41)

Substituting (34)—(37) and (39)—(41) into (11), we obtain

2
W(Ey) = o1, + ol E2,+2 2 oV Ey; (42)
i=1j=n-1
fort=3,....n—2.

We next consider r =n—1. Let 1 < p <n—3 be an integer. Note that 5, ,_» =0.
(2,n—1) (2,n— l)

Then [y(E>,—1),Eps) =0 by Lemma 3.3 (iv). By (11), (Otpp + o )Epn+
pya ! l;n VE, =o0. Then forevery 1 < p <n—3,
o'V = oy, 43)

o V=0 fori=1,....p—1. (44)
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Next, setting A =1, +E> 1, B=1I,+E, C=I,+ E>3 in (10), together with Lemma
3.2(ii), we obtain [y (E2,—1), E13] + [W(E23), E1n—1] = 0. It follows from (11) that

2.n—1 2.n—1 23 23 2.n—1
(051(1 )+oc3(3 ))EIB + (Oﬁ(l )+O‘r(; l)n 1+O‘3(n 1))E1~n—1

23 (2,n—1) (2, 1
+ (aig—l),n+ a3nn )Eln 2 O63 " lj =0.

‘We thus obtain
2,n—-1) _ _(2,n—1)

033 =) , (45)

a7 =0 forj=4...n-2, (46)

and O‘1(1 +o 2231)7,1 1+Oc3(2n" 11) 0 and (x,g 1)n+a3(i" Y'—0. Since al(?) :(x,gzj)?nfl
by (34), and *Y] , =0 by (35), it follows that

a2 V=0 and o)V =0. (47)

Substituting (34), (35) and (43)—(47) into (11) yields

1I/(E2n 1)—051(%" D n

ﬁMN

z": @n-1)g 48)

Now, letting A = I, + E»,, B=1,+E2, C = 1,4+ Ey; in (10), together with
Lemma 3.2 (ii), we get [W(E2,), E13] 4+ [W(E23),E1x] = 0. It follows from (11) that

(Otl(f") + 053(5"))1513 + (Ocl(?) + 06,5? + Otgi"))Em + 2 063 El; =0.

Then
A =0 forj=4,..n—1, (49)
and 051(?) — o\ + aﬁ ") Since al(?) = a2 by (34), we get
a2 = 0. (50)

Substituting (34) —(37), (49) and (50) into (11), we obtain

2 n
2n 2n
y(En) =" +Y Y oE;. 1)
i=1j=n—1 "
Case I-3: 3 <s<n—1. Recall that s <t <n. Let p be an integer such that

3< p<n with p;«és Then [y (Ey), E1p] = 0 by Lemma 3.3 (i). From (11), we get

(0611 +06,(7,7)) Ep+Yi 0 l()j)EIj:O.Thenforevery3<s<t<n and 3 < p <n,
with p # s,

apy) = af}, (52)
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o =0 forj=p+1,..n (53)

Next, consider integers p and ¢ with 1 < p < g <s <t < n. It follows from Lemma
3.3(v) that [y (Ey),Eps] + [W(Epq),Eq] = 0. By (11), we have

(st) (st) (pq) (st) (pq) (pq) = (st)
(otpp’ + atss ) Eps+ (o + 0ty VEpr + (0" + 04"V ) Eqr + ) O‘i; Ejs
i=1
LS S &)
+ ) ai;q Ex+ ), oy Epj+ > azjm Eyj=

i=Li#p J=s L, j# o+l

Thenforevery 3<s<r<nand 1 <p<s—2,

o) = o, (54)
o) =0 forj=s+1,...,n, with j £1, (55)
o) =0 fori=1,....,p—1, (56)
and Oc,(,f,q)—kas(ft) =0 forall 1 <p<g<s.Taking (p,q) = (1,2) gives

al = all?. (57)
Taking (s,7) = (n— 1,n) and substituting (52) — (54), (56) and (57) into (11), we obtain

W(En ln)—al(rll ln)I +O€12 n— 1n+2 2 an ln lj (58)

i=1j=n-2
We now consider s <t < n, with r #n—1 and (s,7) # (n—1,n). By Lemma
3.3 (ii), we have [u/(E )sEpnl =0 forall 1 <p<n—2,with p#t. By (11), (Ocpp +

o) )Epn—i-ff lp)Em—O Then forevery 3 <s<t<nand 1 <p<n—2,with
(st);é(n—ln) t#n—1and p#t,

af) = o), (59)
o =0 fori=1 —1 (60)
i = =1,...,p—1L.

In view of Lemma 3.3 (v) that [y (Ey),E;q| + [W(Epq),Esp] =0 forall 1 < p < g <n.
By (11),

(0" + ey VErg + (0 + oy ) Eyg + (o0 + oy Ey + 2 oy
i=1,i#s

+2apqE + 2 OB+ 3 PV, = 0.
J=q+1 J=p+1,j#q
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Then forevery 3<s<t<n—2,
ol =0 fori=1,...,t—1, withi#s. 61)
Substituting (52), (53), (55), (57) and (59)—(61) into (11), we have

V(Eq) _al(l)l +O‘12 St"'z 2 O‘ (62)
i=1j=n—1
forevery 3 <s <t <n,with (s,t) #(n—1,n) and t #n—1.
Next consider t =n—1. Then 3 <s <n—2. By Lemma 3.3 (iv), we obtain
W(Esn-1),Epn) + Osn—2[W(Ep—2,),Eppn—1] =0 forall 1 < p<n—3. It follows from
(11) that

(o4 ™)+ s Bl s

—+ Zasn D m—|—5_gn 22()51" 2nEl’n_1:0.
i=1

Note that aﬁ’i}?};") =0 by (53). Thenforevery 3<s<n—2and 1 <p<n—3,
apy ™ =Y, 63)
o =0 fori=1,...,p—1. (64)
Substituting (52) - (55), (57), (63) and (64) into (11), we obtain
2 n
W(Esn 1)_a1(sln 1)1 +0612 S,n— 1+2 2 asn 1 lj (65)
i=1j=n-2

fors=3,...,n—2.

Denote A = agz) € IF». We claim that

A=1 (66)
To see this, let 3 < p < n—2 be an integer. Then [l[/(Elz) V(E»p)] = E1, by Lemma
3.2 (iii). By (26) and (42), [AEU S o B A+ S S, o) Ei,-]
=E,. Thus

A2+ )B4 (020 B+ 0 Bt 830! B 1483y By ) =0 (67)

forall 3< p<n—2.Then A2 =1, and hence A =1 as claimed.

We now further simplify the structure of w(E;2) and y(E,_i,) in (26) and
(58), respectively. Let 3 < p < n—2 be an integer. Lemma 3.2 (iii) gives [y (Ep,—1),
V(Ey—1,0)] = Epn. It follows from (58), (65) and (66) that

1 -1 1, 1,
061(1;”1 )E1n+062(l;n1 )E2n+5pn 2<Otl(nn 2n)E1n 1+062(r; 2n)E2n 1) 0.
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By taking p =n—2, we have

(n—1,n) _ _(n—1.n)

Uy =0, 5 =0, (68)
and forevery 3<p<n—2,

afh" V= ofhm Y =0, (69)
Next, [W(E12), W(Ep—1,)] =0 by Lemma 3.2 (iii). It follows from (26), (58), (66) and
(68) that [E12+23 VX OB By S S ol 1=”)Ei,] — 0. Then

az(nn 11n)El n—1+t (O‘z(z Ln) + al(lnzll)Eln + sz(lnzllEh + a;}n221E3n =0.

Consequently, (x2("n =l = of n)l =0and o' " = o!'? | Taking p=3in

(67) gives O%(n ) — 0. Combining these results with (26), (58), (66) and (68), we thus
conclude that

W(ER) = o\ L+ En+ o' Eyyy + o) Ev+ o4y En, (70)

1n

1, 1 1 12
W(En 1) =o)L Eniat ol Ev oy E F o By (1)

Denote 2" = {(1,n—1),(1,n),(2,n—1),(2,n)}. We next show that for every
I <s<t<n,with (s,¢) ¢ 2 U{(1,2),(n—1,n)},
w(Eq) = a1+ Eq+ o\ VE),. (72)

1n

The proof will be divided into three cases.
Case II-1: 1< s<t<n,with (s,7) ¢ ZU{(1,2),(n—1,n)}, s #2 and 1 #
n— 1. It follows from (30), (62) and (66) that

w(Ey) = o)L, +Est+2 Y K. (73)
i=1j=n—1

By Lemma 3.2 (iii), we have [y(E2), W (Ey)] = 0. Together with (70), we obtain

[E12+a1(n)1Eln 1+061(n )E1n+052,, Esy, st"'z 2 OCSI l,]—o
i=1j=n—1

Since 5,¢ ¢ {2,n— 1}, we have o) |Ey 1 + i E}, = 0. Then for every 1 <s <

t<n,with (s,6) ¢ 2 U{(1,2),(n—1,n)},s#2and t £n—1
o) = oy =0. (74)

On the other hand, we have [y(Ey), W(E,—1 )] =0 by Lemma 3.2(iii). Using a similar

argument and applying (71), we obtain al(s,t,)_lE In+ az(sfl)_lEzn = 0. Then for every

1 <s<t<n,with (s,t)¢,%”U{(l,2),(n;l,n)},s7€2andt;én—l,

o) =0. (75)
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Substituting (74) and (75) into (73) yields (Ey) = a1, + Ey + " Ey,, as claimed.
CaseIl-2: s=2 and 3 <t <n—2.By (42) and (66), we have

3 n
2 2
V(Ey) = Oll(lt)ln +Ex+Y Y O‘i(jt)Eij (76)
i=1j=n—1
By Lemma 3.2 (iii), we see that [y(E3), w(Ez)] = 0. It follows from (30), (66) and
(76) that O‘3(,2;i)71E1.,n—1 + oéi’)Eln =0. Then forevery 3 <r<n—2,

o) = o) =o0. 77)

Next, we see that [y (Ey), W(E,—1,)] =0 by Lemma 3.2 (iii). Applying (71) and (76),
we obtain al(z,:)_lEm + az(zrf)_lEgn + oc3(2;)_1E3,, =0. Then forevery 3 <t <n—2,

a) =l =0 (78)
Moreover, in view of (67), we see that forevery 3 <t <n—2,
o) = 0. (79)

Substituting (77), (78) and (79) into (76) yields w(Ey) = o2 1, + Ey + a2 Ey,, as
desired.
Casell-3: 3<s<n—2andt=n—1.By(65) and (66), we get

2 n
Y(Eu )=o) L+ B+ Y Y ol VE;. (80)
i=1j=n-2

Note that Lemma 3.2 (iii) gives [y(Es,—1), W(Ey,—2,)] = 0. Together with (62), (66)

and (80), we obtain al(f,’l"_?)

s,n—1

Ey,+ (x2(’n_2 )Ezn =0. Then forevery 3<s<n—2,

-1 -1
o) = ol =0, (81)

Likewise, by Lemma 3.2 (iii), we get [y (E12), W(Esn—1)] = 0. It follows from (70),
(80) and (81) that 0" "Ey .y + 04" VE1, = 0. Then for every 3 <s <n—2,

az(fénill) = az(:;nil) =0. (82)

(s,n—1)

Moreover, in view of (69), we see that ;" ;" =0 for 3 <s<n—2. Combining

this result with (80), (81) and (82) gives W(Eqn1) = ot\3" VI, + Egp 1+l VEy,

which completes the proof of (72). "

We continue to refine the structure of y(1,) in (13) as well as y(Ey), (s,2) € 2,
in (22), (31), (48) and (51). To do this, we first note that [y (Z,), w(Ej2)] =0 by Lemma
3.2(i). It follows from (13) and (70) that ¢ ,,—1E1 ,—1 + 0, E1, = 0. Then

0 -1 = 0, =0. (83)
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By Lemma 3.2 (i), [y(L,),¥(Ey—1,)] = 0. It follows from (13), (71) and (83) that
0 p—1E1, =0, and so o ,—1 = 0. Together with (13) and (83), we obtain

W(In) = allln + alnElrr (84)

Next, by Lemma 3.2 (iii), we get [W(Ey;),w(E12)] =0, i =n—1,n. It follows

from (22), (31) and (70) that o5 Ey, o+ 8" VE . 1 + oy VEL, = 0 and

az(}:llE L1+ az(i")E 1n = 0. Consequently,
! =gV = og "V =0, (85)
| = o, = 0. (86)

By Lemma 3.2 (iii), we have [y(E,), W(E,—1,)] =0, i = 1,2. It follows from (22),
(51) and (71) that o) | Ey, + i) | Ey, = 0 for i = 1,2. Then

o = oy =0 fors=1,2. 87)
One sees immediately from (22), (86) and (87) that
w(E) = oy L+ o) E,. (88)

In view of Lemma 3.2 (iii), we see that [y (E2), W (Ea)] = Ei, i =n— 1,n. It follows

from (48), (51) and (70) that Ey 1+, p0a:" VEi;=0and Ey,+ 3, i Ey,
=0. Then
o =l =1, (89)
S = ol =0, (90)
We infer from (51), (87) and (89) that
W(Es) = o021, + Eyy+ o2V Ey,. 1)

Let 1 < p <2 beaninteger. Setting A=15,+E,, 1, B=L+E;, 2,_1,C=L,+E,_,
in (10), together with Lemma 3.2 (ii), we obtain [y (Ep, ,—1), Ex—2.n] + [W(En—2,1-1), Epn]

= 0. It follows from (31), (48) and (72) that ai{%" ;Y Ey, + 042"V Es, = 0. Then

1,n
o =) =0 fors=1,2. 92)

In addition, we have [W(E;,—1), ¥ (Ey—1,)] = Ein, i = 1,2, by Lemma 3.2 (iii). We

then see from (31), (48) and (71) that otV Ey, + 0" VEy, = Ey, i = 1,2, which

in turn gives ocl(.l"i_ll) =1 and ocl(zr;n__ll) = 0. Combining these results with (31), (48),

(85), (89), (90) and (92), we conclude that

W(Esp1) =" VL + By + " VE, (93)
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for s =1,2. We are done.
Let u, n : T,,(F,) — I, be the additive maps defined by

‘LL(A) :an(om + 1) + 2 aijal(ilj),

1<i<j<n

nA)=anon,+au+ Y, aijOtl(;J)

1<i<j<n

for all A = (a;;) € T,,(IF). We denote y = affll e, a= al(nnill’") €, and B =

o)) €F,. Let @y g, : T(F2) — T,(F2) be the additive map defined by

@y py(A) = (va+ 0ay—1,)Erp-1+ (Barz+ Yan—1,) Exn

forall A= (a;j) € T,(IF2). Note that u(,) = o1 +1, n(l,) = o1, and @y g (I,) =0.
By (84),

W(In) =L+ .u(ln)ln +n (In)Eln + q)oc,ﬁ,y(ln)'
Moreover, in view of (70)—(72), (88), (91) and (93), together with the additivity of v,
we see that for every strictly upper triangular matrix A =¥, <;c j<, aijEij € Ty(F2),

wA) = Y laijE;j)
1<i<j<n

(12)

(12) (n—1,n)
=andy, Eip1+anoy, Ey+an1,0, | Ein-1

o y
tan—1n 061(7,111E2n + > aijEij+ Y, aijal(llj)ln
1<i<j<n, (i,)#(1.n) 1<i<j<n
+ X aoy, B
1<i<j<n
= ’ya12E1,n71 + ﬁal2E2n + aanfl,nEl,nfl + yanfl,nE2n
+ Y aEit Y aen (et Y ayel))E,

I<i<j<n I<i<j<n 1<i<j<n

Consequently, w(A) = A+ u(A)L, +n(A)E1, + P ,(A) for every strictly upper tri-
angular matrix A € T,,(F,) and A = I,. This proves the lemma. [

We are in a position to prove the main result of this section.

Proof of Theorem 1.1. The sufficiency follows immediately from Example 2.1.
We now prove the necessity. By Lemma 3.4, there exist o, 3,y € F,, additive maps
w, n : T,(F,) — F, such that

W(A) =A+ ‘u(A)In +n (A)Eln + q)oc.ﬂ,y(A)

for all strictly upper triangular matrices A € T,(F,) and A =1,. Let ¢ : T,(F,) —
T,,(F,) be the additive map defined by

@A) = w(A)+ p(A) L+ N(A)E1, + Py p 4 (A)
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for all A € T,,(F,). Itis easily verified that ¢(A) = A for all invertible matrices A €
T,(F,). By Lemma 3.1, there exist matrices Xi,...,X, € T,(F,) satisfying X; +--- +
X, = 0 such that ¢(A) = A+ ¥}, a;;X; for all A= (a;;) € T,,(F,). We thus obtain

n
Y(A) =A+ u(A) L+ n(A)E+ Y, aiXi+ Py (A)
i-1

for all A = (a;j) € T,,(IF2), which completes the proof. [

Acknowledgements. The authors would like to thank the referees for their thorough
reading of the manuscript and the constructive comments and suggestions. The research
work is financially supported by the Ministry of Higher Education Malaysia (MOHE)
via Fundamental Research Grant Scheme (FRGS/1/2022/STG06/UM/02/7).

REFERENCES

[1] Z.BAI AND S. DU, Strong commutativity preserving maps on rings, Rocky Mountain J. Math. 44, 3
(2014), 733-742.
[2] H.E.BELL AND M. N. DAIF, On commutativity and strong commutativity-preserving maps, Canad.
Math. Bull. 37, 4 (1994), 443-447.
[3] H. E.BELL AND G. MASON, On derivations in near rings and rings, Math. J. Okayama Univ. 34, 1
(1992), 135-144.
[4] D.BENKOVIC AND D. EREMITA, Commuting traces and commutativity preserving maps on triangu-
lar algebras, J. Algebra 280, 2 (2004), 797-824.
[5] M. BRESAR, Commuting traces of biadditive mappings, commutativity-preserving mappings and Lie
mappings, Trans. Amer. Math. Soc. 335, 2 (1993), 525-546.
[6] M. BRESAR, Functional identities and their applications, Bull. Math. Sci. 13, 3 (2023), 2330002.
[71 M.BRESAR, M. A. CHEBOTAR AND W. S. MARTINDALE, Functional Identities, Frontiers in Math-
ematics, Birkhduser Verlag, Basel, 2007.
[8] M. BRESAR AND C. R. MIERS, Strong commutativity preserving maps of semiprime rings, Canad.
Math. Bull. 37, 4 (1994), 457-460.
[9] G. H. CHAN AND M. H. LIM, Linear transformations on symmetric matrices that preserve commu-
tativity, Linear Algebra Appl. 47 (1982), 11-22.
[10] Z. CHEN AND H. L1uU, Strong commutativity preserving maps of strictly triangular matrix Lie alge-
bras, J. Algebra Appl. 18, 7 (2019), 1950134.
[11] Z. CHEN AND Y. E. ZHAO, Strong commutativity preserving maps of upper triangular matrix Lie
algebras over a commutative ring, Bull. Korean Math. Soc. 58, 4 (2021), 973-981.
[12] M. D. CHOI, A. A. JAFARIAN AND H. RADIJAVI, Linear maps preserving commutativity, Linear
Algebra Appl. 87 (1987), 227-241.
[13] W.L. CHool, K. H. KWA AND L. Y. TAN, Commuting maps on invertible triangular matrices over
F,, Linear Algebra Appl. 583 (2019), 77-101.
[14] W.L. CHoOI, L. Y. TAN AND Y. N. TAN, Strong commutativity preserving additive maps on rank k
triangular matrices, Linear Multilinear Algebra 72, 1 (2024), 1-24.
[15] V. DE FILIPPIS AND G. SCUDO, Strong commutativity and Engel condition preserving maps in prime
and semiprime rings, Linear Multilinear Algebra 61, 7 (2013), 917-938.
[16] W.FRANCA, Commuting maps on some subsets of matrices that are not closed under addition, Linear
Algebra Appl. 437, 1 (2012), 388-391.
[17] W. FRANCA, Commuting maps on rank-k matrices, Linear Algebra Appl. 438, 6 (2013), 2813-2815.
[18] T.-K.LEE AND T.-L. WONG, Nonadditive strong commutativity preserving maps, Comm. Algebra
40, 6 (2012), 2213-2218.
[19] C. K. L1 AND S. PIERCE, Linear preserver problems, Amer. Math. Monthly 108, 7 (2001), 591-605.



124

[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]

[28]
[29]

[30]
[31]

[32]
[33]

[34]

W. L. CHooOI, L. Y. TAN AND Y. N. TAN

P.-K. L1AU, W.-L. HUANG AND C.-K. L1U, Nonlinear strong commutativity preserving maps on
skew elements of prime rings with involution, Linear Algebra Appl. 436, 9 (2012), 3099-3108.
J.-S.LIN AND C.-K. L1U, Strong commutativity preserving maps on Lie ideals, Linear Algebra Appl.
428, 7 (2008), 1601-1609.

J.-S. LIN AND C.-K. L1U, Strong commutativity preserving maps in prime rings with involution,
Linear Algebra Appl. 432, 1 (2010), 14-23.

C.-K. L1u, Strong commutativity preserving generalized derivations on right ideals, Monatsh. Math.
166, 3-4 (2012), 453-465.

C.-K. L1U, Strong commutativity preserving maps on subsets of matrices that are not closed under
addition, Linear Algebra Appl. 458 (2014), 280-290.

C.-K. L1u AND P.-K. LIAU, Strong commutativity preserving generalized derivations on Lie ideals,
Linear Multilinear Algebra 59, 8 (2011), 905-915.

C.-K.L1u, P.-K. L1IAU AND Y.-T. TSAIL, Nonadditive strong commutativity preserving maps on rank-
k matrices over division rings, Oper. Matrices 12, 2 (2018), 563-578.

L. L1u, Strong commutativity preserving maps on von Neumann algebras, Linear Multilinear Algebra
63, 3 (2015), 490-496.

M. OMLADIC, On operators preserving commutativity, J. Funct. Anal. 66, 1 (1986), 105-122.

S. PIERCE et al., A survey of linear preserver problems, Linear Multilinear Algebra 33, 1-2 (1992),
1-129.

X. F. Q1 AND J. C. HoU, Nonlinear strong commutativity preserving maps on prime rings, Comm.
Algebra 38, 8 (2010), 2790-2796.

X. F. QI AND J. C. HOU, Strong commutativity preserving maps on triangular rings, Oper. Matrices
6, 1 (2012), 147-158.

P. SEMRL, Commutativity preserving maps, Linear Algebra Appl. 429, 5-6 (2008), 1051-1070.

W. WATKINS, Linear maps that preserve commuting pairs of matrices, Linear Algebra Appl. 14, 1
(1976), 29-35.

H. YUAN et al., Strong commutativity preserving generalized derivations on triangular rings, Oper.
Matrices 8, 3 (2014), 773-783.

(Received May 27, 2024) Wai Leong Chooi

Institute of Mathematical Sciences
Universiti Malaya

50603 Kuala Lumpur, Malaysia
e-mail: wlchooi@um.edu.my

Li Yin Tan

Department of Mathematical and Data Science

Tunku Abdul Rahman University of Management and Technology
53300 Kuala Lumpur, Malaysia

e-mail: tanly@tarc.edu.my

Yean Nee Tan

School of Mathematical Sciences
Sunway University

47500 Selangor, Malaysia

e-mail: yeanneet@sunway . edu.my

Operators and Matrices
www.ele-math.com
oam@ele-math.com



