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ORDER BOUNDED STEVIC-SHARMA OPERATORS
BETWEEN WEIGHTED DIRICHLET SPACES

ZHI-JIE JIANG

(Communicated by G. Misra)

Abstract. The order bounded Stevi¢-Sharma operators between weighted Dirichlet spaces are
characterized, which generalizes the previous result obtained by Lin and his colleagues.

1. Introduction

Let N be the set of all positive integers, D = {z € C: |z| < 1} be the unit disk of
the complex plane C, T ={z € C: |z] = 1} be the unit circle and H(D) be the set of
all analytic functions on ID. Let dm be the normalized Lebesgue measure on T and
dA be the normalized Lebesgue area measure on D.

At the beginning of the paper, we give several definitions of the common function
spaces. For 0 < p < oo, the Hardy space H? consists of all f € H(ID) such that

Il = (s [ eOPam(©)" <

0<r<

For f € H?, it follows from [2] that f has non-tangential limit a.e. T. See [2] for more
information of the space.

For —1 < o and 0 < p < oo, the weighted Bergman space AL, consists of all
f € H(D) such that

I = ([ 1r@Pdrata) " <o

where dAy(z) = (a+1)(1 — |z|*)*dA(z). If o =0, it is the classical Bergman space,
usually denoted by A”. One can see [3,9,36] for more information about the weighted
Bergman space.

The weighted Dirichlet space D}, consists of all f € H(ID) such that

1o, = (O + [ | @ aauta) " <o
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There are many studies about this space, see, for example, [6, 23,24, 32,34]. From the
definitions, we see that f € Dg, if and only if f’ € Af,. Moreover, ||f'[l,2 < || £l -

Through some previous studies, we can find some relations between these spaces.
For instance, it follows from [4] that if p < ot + 1, then Dﬁ :Ag_ P From the relations
between Hardy spaces and weighted Dirichlet spaces (see [4, 23, 24]), we have that if
0< p<2,then D£71 CH?;if 2< p <o, then HP C D£71 . It is well known that the
Hardy space H? is contained in the Bergman space A%P. This is also true for the space
Dy, thatis, D) | CHP CA* for 0< p<2,and H” C D} | CA* for 2 < p <eo.
Therefore,if 0 <p <2 and f € Dﬁ _;-then f € H?, and so f has non-tangential limit
a.e. T. From this, we have thatif 0 < p <2 and f € Dz_l, then f(re') = O(1) as
r— 1 forae. e cT.

Next, we introduce the definition of order bounded operators and the related stud-
ies. Let (X,p) be a metric space of analytic functions defined on Q, (Q,.<7, ) a mea-
sure space and

L”(Q%nu):{f\f:QﬁCismeasurableand /Q|f|pd,u<oo}.

An operator T : X — LP(Q, o7, 1) is said to be order bounded if there exists a non-
negative function g € LP(Q, 7, u) such that for all f € X with p(f,0) < 1, it holds
that

IT()(x)| < glx) ae. [u].

This definition in the case when X is a Banach space of analytic functions on
Q was introduced by Hunziker and Jarchow in [12]. From the following facts, we
see that order boundedness is an interesting class of properties. Kwapieni in [14] and
Schwartz in [25] proved that if X is a Banach space, p is any measure, 1 < p < oo
and T : X — LP(u) is order bounded, then T is p-integral. Ueki in [31] proved that
every order bounded weighted composition operator between weighted Bergman spaces
is bounded. Maybe motivated by these interesting studies, Gao et al. in [5] studied
and obtained a sufficient condition for order boundedness of a weighted composition
operator between Dirichlet spaces. Sharma in [26] proved that their condition is also
necessary for order boundedness of a weighted composition operator between Dirichlet
spaces. Recently, Lin et al. in [21] have characterized the order bounded weighted
composition operators on weighted Dirichlet spaces and derivative Hardy spaces.

It is well known that in addition to weighted composition operators and composi-
tion operators, there are many other concrete operators such as Stevi¢-Sharma opera-
tors. So, a natural problem is to characterize the order bounded Stevié-Sharma opera-
tors. This is exactly the issue to be considered in this paper.

Let ¢ be an analytic self-map of ID. Associated with ¢ is the composition oper-
ator Cy, which is defined by Cyf = fo ¢ for f € H(D). Let u € H(D). Associated
with u is the multiplication operator M, is defined by M, f =u- f for f € H{D).
As a product of M,, and Cy, the weighted composition operator W, , is defined by
Wy =M, -Cy,thatis, W, of =u-foe for f e HD).
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Let D be the classical differentiation operator on H(D), that is, Df = f'. The
authors in [30] introduced the following operator, called Stevi¢-Sharma operator,

Ty uz,0 = My, Cp + My, CyD.

From a direct observation, we have that W, o = T, 0, . Now, we explain the reasons why
this operator was introduced. Before studying the operator, the following six operators
were studied many times (see, for example, [18,19,27]).

M,CyD, CyM,D, Co,DM,, M,DCy, DM,Cqy, DCyM,. (1.1)

Other products containing differentiation operators can also be found in [12,20,28,33]
and the related references therein. However, it is easy to see that if one studies the
operators in (1.1) one by one, it will require a great deal of time and effort. From the
following relations, as we expected, Stevi¢-Sharma operator can overcome this mal-
practice. More precisely, it holds that

MCoD =Toug, CoMuD=Touog,p, CoDMy=Tyopucp,e;

MDCy =Toug 9» DMuCo =Tuugo:  DCoMu=Tiop)g! (uog)¢' 0"
Another reason to be interested in Stevi¢-Sharma operators is that it needs to obtain fur-
ther methods and techniques for studying its properties. For some later and continuous
studies of this operator, see, for example, [7, 8,24, 29].

In this paper, we characterize the order bounded Stevié-Sharma operator between
weighted Dirichlet spaces. As some applications, we can obtain the corresponding
results for the operators in (1.1). Let us recall that the operator Ty, u, ¢ : Dy — D’é is
order bounded if and only if there exists a nonnegative function g € L9(dAg) such that
forall f € Dg with || f]|pe < 1, it holds that

(T f) ()| < g(2) ae. [dAg].

We hope that the study can attract more attention for the order boundedness of other
concrete operators. For example, one can continuously try to consider such a property
for Toeplitz operators, Hankel operators and so on.

As usual, in this paper the positive numbers are denoted by C, and they may vary
in different situations. The notation a < b (resp. a = b) means that there is a positive
number C such that a < Cb (resp. a > Cb). If a <b and b = a, we write a < b.

2. Auxiliary lemmas
First, from the direct calculations, we have the next lemma.
LEMMA 2.1. Foreach f € H(D), it holds that

(Tuyangf) (2) =i (2) f(0(2)) + [11(2)9' (2) + 44 (2)] £ (9(2)) + u2(2)0' (2) " (9(2)).
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Let &, be the point evaluation functional at z € D on DY, thatis, &,f = f(z) for
each f € DL If &, is viewed as an operator on DY, then for the norm of &, we have
the following result (see [21]).

LEMMA 2.2. Let o > —1, 0 < p < oo and z € D. Then the following statements
hold.

(@) If p < a+2, then ||5,|| <= — 77—
(1-lz2) 7 !

(b)If p=a+2, then ||5;|| < —L—.
(log 172‘"‘2 P

(c)If p>a+2,then ||§] < 1.

Let j € N. For a fixed z € D, denote 5Z(j ) f=fU(z) as the jth derivative point
evaluation functional at z on D%,. By using the similar point evaluation functional on
AL, we have the following result.

LEMMA 2.3. Let o > —1, 0 < p < oo and z € D. Then

1

18] § ———-
STy

Proof. Let f € D%,. From the definition, we have f’ € A. For the functions in
AL, it follows from [19] that there exists a positive constant C independent of f € D},
and z € D such that
!
1

_ 2.1
o+2
(1= |22+~

@I =1 Vel <c

Since

1A Mg, < 11N
it follows from (2.1) that
1

18 § —————
BRCEEDR

The proofis end. [

By Lemma 2.3, there exists a positive constant C independent of f € D and
z € D such that 1Al
. f DI’
@ < C——Z—,
(L—1[z) >

which shows that 5Z(j ) is bounded on DY,. In particular, by Riesz’s representation
theorem in Hilbert space theory, there exists a unique function KZ[’ Vin D?, such that

F9(2) = (f,k
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forall f € D?. KZ[O] is usually called the reproducing kernel function in D? .

In order to construct some functions in D%, we need the following lemma (see
[36]).

LEMMA 2.4. Assume that z€ D, o> —1 and ¢ > 0. Let

(1w
Ja,c(Z)Z/DWdA(W)-

Then we have the following asymptotic properties.
(a)If ¢ >0, then

1
Joc(2) <X ——>=-

‘ (1= z?)

(b)If c =0, then
Jae(2) = log —
c Z =108 ———.
* R

By using Lemma 2.4, we obtain some test functions in D%, as follows.

LEMMA 2.5. Let o > —1 and 0 < p < oo. For each w € D and j € N, the
following function belongs to D¥,

o+2 .
(1—|wP) 7

kWJ(Z) = 2044 1"
(1—7) 7 !
Moreover,
sup [kl pp < 1- (2.2)
web

Proof. From the calculations, it follows that

a_+2 .
[k (0) = (L= w]?) 7/ < 1

and

o+2 .
(- |wp) T

ki, j(z) = cojw sy

(I—wz) »

where cq j = Zod4 4 i 1. Then, by Lemma 2.4 (a), there exists a positive constant C
independent of w such that

w11 = |kW~,j(0)‘p+/I;)|ka,j(Z)|p(l_ [2*)#dA(2)

<14cy i(1—|w2)oet2tr &
X Coc.,J( wl") |1 _WZ|2a+4+pj

dA(z)
- 1 + COC,jC-
From this, (2.2) holds, and then the desired result follows. [

For the case p = a+ 2, we also can give some special functions in D% .



300 7. JIANG

LEMMA 2.6. Let oo > —1 and p = a+2. For each we D and j €N, the
following function belongs to Db,

(log =)/

le(Z) = 1 .
) [P
(log 17|2w|2 ) p+J
Moreover,
sup [[lw.jllpr < 1. 2.3)
weD

Proof. First we have |1 —wz| <2 forall z€ D). Then, by the definition of complex
logarithmic function,

2 2 . 2
‘log _’:‘log‘—_‘—ﬂarg(—_)’
1—wz 1—wz 1—wz
2
<10g)—_‘+n
1—wz

<log +7

1—|w|?
for all z € D. From this and the calculations, it follows that

2 4
log =z | 8T up t 7 _logdtn
log lf\zw\z log 1*|2W|2 log2

2.4)

forall ze D.
On the other hand, we have

(log2)/

1(0)] = < (log2)' "7
| 7,/(0)| (log 5 2)§+j71 (log2) 7
1—|w|
and -
j- _
l/ ( )_ (log 1—2WZ) w
w, .. p—
T g

Thus, by (2.4) and Lemma 2.4 (b), there exists a positive constant C independent of w
such that

[l = IO + [ 1o s)17 (1~ 1) da@)

logd+m\PU=D (1—12»)"
< (log2)P 4 [ =—= / dA
(log2) ( log2 ) 10g1—|2—w|2 D |1 —wz|*+2 @)

log4 p(i—1)
og +n) c

= (log2)P~!
(og2)r -+ (P52
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From this, it follows that (2.3) holds, and then the desired result follows. [

Next, we will use the functions &, ; and [, ; to construct new test functions. Such
an approach has actually been formed and implemented in our papers (see [15-17] for
early papers; see [10, 11] for recent papers).

LEMMA 2.7. Let > —1, 0 < p <o and w € D. If p < o+ 2, then for each
k €{0,1,2}, there exist constants cy 1, ¢ and cy3 such that the function

Sk (2) = cr kw1 (2) + cr ok (2) + e 3kw3(2)

satisfies

—k

f(k>(w):(1 ||;V)a_+2+k_1 and  fU)(w) =0 2.5)
— |lw D

for j€{0,1,2}\{k}. Moreover,

sp | fukll g, < 1-

Proof. First, assume that k = 0. For the sake of convenience, we write a = (2o +
4)/p. By a direct calculation, (2.5) is equivalent to the system

co,1 +co2+co3=1
aco 1+ (a+1)coo+ (a+2)co3=0 (2.6)
ala+1)co 1+ (a+1)(a+2)cor+ (a+2)(a+3)cos=0.

It is not difficult to see that there exist constants cg 1, co and cq3 such that the system
(2.6) holds. For the rest of cases, the result can similarly proved. So, we omit the
details. [

LEMMA 2.8. Let ¢ > —1, p=a+2 and w € D. Then the function

gw(z) = 3lw7l (Z) - 3lw72(z) + lw,3 (Z>
satisfies
1 /! "
gwlw) = — 1 and g, (w) =g, (w)=0. 2.7
(log 1_|2—W|2) .

Moreover,

sup [lgwllpy < 1. (2.8)
weD
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Proof. From the calculations, we have

J w
lej(W):
k 2 S 1—|w]?
(log 1—|w|2)p | |
for j € {1,2,3},
1 W
"
w,l(w): T 35
(log; |2 |2)I’ (1= w[?)
2 W 2 W
Lia(w) = +
’ 2 Ll (1 — w2 2 N w2y
(logl_‘ ‘2)’ (1wl (log1 | ‘z)f’ (L—[w]?)
and " 6 w 3 w
lw73(w)_ 1

Then, it holds that

g (w) =31, (W) = 30,5 (w) +1,3(w) =0,
and

(W) =311 (W) = 315 (w) + 13 (w) = 0.
Thus, (2.7) holds, and (2.8) follows from Lemma 2.6. [

3. Order bounded Stevi¢-Sharma operators

For brevity, on D define the functions required as follows:

a1(z) = |u (Z)lq |u1(2)<P’(Z)+u’2(Z)\q lur(z )@’(2)\
' q(a+2) ’
(1-lo(2) ) " (1-lp@P?) » (1-lo(z) |2)
u) (2)| 1(2)9' (2) +u5(D)|" | |u2(2)@'(z |q
gz(Z) = q(1-p) + _ q

T (e O R e R
and . , . g

03(z) = lu1(2) @ (z)—i—uza(zg\ n luz(z) @ (z()\ —

) q(a+2) ) g(o+
(1=le(2)) 7 (1-le@)?) 7
Objectively speaking, the literature on boundedness and compactness of Stevié-

Sharma operators between weighted Dirichlet spaces is largely absent. We have spent a
lot of time to characterize the boundedness and compactness of such operators and also



ORDER BOUNDED STEVIC-SHARMA OPERATORS 303

read many related references (for example, [1, 13,22, 30, 35]), but we encounter some
difficulties that are difficult to overcome in a short period of time. We have compared
the difference between such operators on weighted Bergman spaces (see [30]) and on
weighted Dirichlet spaces, and we find the difference being that the latter has an extra
term that we have no way of dealing with. However, we have obtained the following
sufficient condition. It is a notable point that the result does not depend on the choice
of p and ¢q.

PROPOSITION 3.1. Let —1 < o, B, 0< p,g <oo, uj,up € HD) and ¢ be an
analytic self-map of D. Then the following statements hold.

(@)If p<a+2and [81(2)dAp(z) <o, then Ty u,p : Do — Diy is bounded.

(b)If p=0+2 and [p,82(2)dAp(z) <o, then Ty, u, o : DG — D% is bounded.

(c)If p>a+2 and u € Dy and [y, g3(z)dAg(z) < oo, then Ty .9 - Dy — D
is bounded.

Proof. (a) For each f € D}, and z € D, by Lemma 2.1-Lemma 2.3, we have

)(TuhuMJf / Z)

— [ () F(0(2) + [ (o <>+u2< )] £1(9() + 1220 ()" (0(2)|

< Jp( wa’z |+ |u1 ()0 (2) +ur (2)|[ ' (9(2)| + [u2(2) 9" (2)][ | £ (0(2)) |
- W) +\u1<><p<.>+u2<.>|+ 12(2)¢'(2)
T-le@P) T (-le@P) T (1—le@P) P

and so
T a0y [ e1@dag@I1,

From this, it follows that T, 4,.¢ : Dy — D% is bounded.
Similar to the proof of (a), (b) and (c) can be proved, and then we omit them. [

For the order boundedness, we have the characterization as follows.
THEOREM 3.1. Let —1 < o, 3, 0< p,g <eo, uy,up € H(D) and ¢ an analytic
self-map of . Then the following statements hold.

(a)If p<a+2,then T, 4, : DY — D% is order bounded if and only if

/D ¢1(2)dAg(2) <

(b)If p=o0+2, then Ty, up.p : Db — D% is order bounded if and only if

/ §2(2)dAg(z) <
D
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(c)If p>a+2, then Ty, 4, : Dy — D’é is order bounded if and only if u; € D’é
and

/D 83(2)dAg(z) <

Proof. (a) Assume that [, g1(z)dAg(z) < eo. Let f € Dg with ||f]|pp < 1. Then
by Lemma 2.1, Lemma 2.2 and Lemma 2.3, we have

/

|(Tussof)' )]
= | @) £ (0(2)) + [m(2)g <meﬂfw@»+wu " (9(2))]
<[ @1(9@)]+ 11 Q)0 @)+ ()] [ (0] + | @)¢' )] (0())]
RG] \MU¢U+@QM_\WUW@Z o
I-lp@B) T (1-le@D)™  (1-le@R) "

Since [, &1(z)dAg(z) < e, the function

11 (2)] L@@ +wE)] | 1))

a_+2_1 at2 o

(- leP) I=le@P) 7  (1-le@E*) 7

belongs to LY (dAg) , (T o) (2 )‘ < h(z). Consequently, we deduce
that T u,.¢ : D — Djj is order bounded.

Conversely, assume that Ty, 4, ¢ : Db — D’é is order bounded. Then there exists a

nonnegative function h € L9 (dAg) such that for f € D, with || f|| py, < 1, itholds that

241

(T f)' Q)] < h(2) ae. [dag).

For w € D, it follows from Lemma 2.7 that there exists a function f )0 € DY, with

sup || fp(w)0llpp, S 1
weD

such that
1 y o _
Fotno(00) = g and Sy)ol90) = Falo) =0
Therefore,
W) Z | (T ano Forr0) (W) = [0 9) fopw 0 (0 ()]
|uy (w )I
o+2 [dA ]
(-lpmp T "
which implies that
Juy (w)|*
/ (a+2) dAﬁ( )
(I=low)?) 7~
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Take the test function f(,,),; . From Lemma 2.7, it follows that

sup || foqw.t [l g S 1
weD o

Sow (@) = L&ﬂ and  fo(0) 1 (@(W)) = fo(.1 (@(w) =0.

(I=lpw))?) 7

Thus, we have
h00) 2 | (T Fptm) )] = | [ 000" (06) 165 0)] £ 1 (99))
L ()@’ () + b (w)] | @(w)

(1= lpw)P)

a.e. [dAg].

For |@(w)| > 1/2, it holds that

s (W)@’ (w) + iy (w)|

(I=low)P) »
For |¢p(w)| < 1/2, it holds that

h(w) ae. [dAg].

1
a+2 S 1.

(I=lo(w)]?) 7

Now, taking the constant function 1 and the function f(z) =z in D}, we obtain

‘(Tul,uzxpl)/(z)) = |u}(2)| Sh(z) ae. [dAg]
and
\(Tuhuz,(pf)’(@) = |ul () (z) +11(2) @' (2) + ub(2)| Sh(z) ae. [dAg].

Therefore,
lu1(2)@' (2) +us(2)| Sh(z) ae. [dAg].
So, for |@(w)| < 1/2, it holds that
|u1(w)(p’(w)+uiw)\ Shw) ae. [dAg].
(I—[ow)|?) »

Consequently, for all w € D, we obtain

i ()@ W) + W] < ) e, [dAg],
(I=lew)P) »

which shows that

uy(w) @' (w) + ub(w)|?
[ OO

(I=low)?) 7
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Consider the function fyy 2 - It follows from Lemma 2.7 that sup,,cp || fp(w) 2| 7
<1

’

)
(1= Jpw)) > !

From the order boundedness of T, 4,.¢ : D5 — D%, we have

f(;’(w) 2 and  fo)2(9(w)) :f(;(w),z((P(W)) =0.

w (W) o' 2

From this, we see that for |@(w)| > 1/2, it holds that

luz (W)@’ (w)| < h(w) ae. [dAg].
(1= lpw)2) 7+~ B

Next, we consider the case |@(w)| < 1/2. For this case, we have

l at2 5 L.
(1=[pw)) 7"

Let h(z) = 7> € D%, From the order boundedness of Ty, ., o : D — D%, we have

‘ ug,uy, (Ph )
= |uy( 2)+2[u1(2)9' (2) + u5(2)] 9(2) +2uz(2) @' (z)| ae. [dAg].
Since we have obtained the relations
[y ()| Sh(z),  [ui(2)e'(2) +ur(2)| Sh(z) ae. [dAg],
and the boundedness of ¢(z), we have
u2(2)9’(2)| S h(z) ae. [dAg].

Therefore, we obtain that for |@(w)| < 1/2, it holds that

|2 (w) o' (w

(1= o)) 7"

In conclusion, for w € D,

Sh(w) ae. [dAg].

~

2 (W)@’ (w))| <Sh(w) ae. [dAg]
(1—[pw)P) 7 ™ '

which gives

JEECLI R
D (1 o))"
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Accordingly, this completes the proof of (a).
(b) Assume that [ g2(z)dAg(z) < o holds. Let f € Dg with |f|pp < 1. Then
by Lemma 2.1, Lemma 2.2, and Lemma 2.3, we have

/

: )

(Tuhuzipf
=11 () f(9(2) + [m1(2)9'(2) +us(2)] [ (9(2) + 12(2)@ ()1 ((2))]
<[ @] I (9)| + [u1(2)¢' (@) +us ()| | £/ (0(2))] + [u2(2)9" (2) | [ £ (9 (2))]
1 (2)] u1(2)9"(z) + 1y (2))| qu() '(2)|
S = (3.2)
(log ) ™ T ler +<1—\<p< P
Let / !/ /! !/
hz) ui (2)] L @)+ | ea2)e()]

o I=lp(2)P L— o))"
(log 12 ) (1-lo()P)
Since [ g2(z)dAp(z) < oo, it shows that h € L9 (dAg) , and by (3.2) )( wanof) @ )‘ <
h(z). This shows that Ty, 9 : Dg — D is order bounded.
Conversely, assume that Ty, 4, ¢ : Dy — D% is order bounded. Then, there exists a

nonnegative function g € LY (dAg) such that for g € D}, with ||g|| py, < 1, it holds that

)(TM1~,M27<0g)/(Z)‘ <g(z) ae. [dAﬁ] .

Take the function g, defined in Lemma 2.8. By applying the order boundedness to
this function, we obtain

/
gw) 2 } (Tu1~,M27<0g<P(W))/(W)| = ‘MI(ZW)‘ 5 a¢ [dAﬁ] )
(log o) 7

! q
/ ‘Ml(W)| —— dAB(W) < oo,
D10 2T
(log T

The remaining proofs of (b) are similar to that of (a) with some modifications. So, we
omit them.

(c) By Lemma 2.1, Lemma 2.2, and Lemma 2.3 and using the function in Lemma
2.7, the proof is also similar to that of (a). So, we omitit. [J

which implies that

REMARK 3.1. From Proposition 3.1 and Theorem 3.1, it follows that if 7}, 4, ¢ :
Dg, — Dy is order bounded, then it is bounded. Since W,y = T,.,0,¢ . Theorem 3.1 also
generalizes the result obtained by Lin et al. in [21].
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