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PROPERTIES OF INTEGRAL OPERATORS
ON BERGMAN-MORREY SPACES

RUISHEN QIAN" AND ZHONGHUA HE

(Communicated by V. Bolotnikov)

Abstract. For 0 < g <o and 0 <1 < oo, the tent space T, (1) consists of all u-measurable
functions f such that

Loy
1|1 = su —/ 2)|9du(z) < oo.
R A MICLTE

In this note, we study the boundedness and compactness of the inclusion mapping i from
Bergman-Morrey Spaces .o/’ P2 to Tent Spaces T, (). The boundedness and essential norm
of Volterra integral operators from Bergman-Morrey Spaces <77 to Bergman-Morrey Spaces
/%M are also investigated in this paper, which generalized the main results in [31]. In the end,
we investigated the closed range Volterra integral operators on Bergman-Morrey Spaces &/ .

1. Introduction

Let D denote the open unit disk in the complex plane C, JD its boundary and
H(D) the space of all analytic functionsin D. Let 0 < p < oo, —2 < g <oo, 0 < 5 < oo,
The space F(p,q,s) (see [32]) is the space consisting of all f € H(ID) such that

A7 (pgs) = |f(0)|p+Sl€1H1; A @I (1= [2*)!(1 — |0a(2) ) dA(z) < o,

where dA is the normalized Lebesgue area measure in D such that A(D) = 1 and
04(2) = {== . Especially, when p =2 and s = 1, it gets the BMOA space (see [8]), the
space of analytic functions in the Hardy space whose boundary functions have bounded
mean oscillation. It is well known that F(p, pa —2,5) is equivalent to weighted Bloch
space A% (0 < o < o) forall s > 1, where the weighted Bloch space Z% (see [34])

is the class of all f € H(D) for which

£l e = 1 (0)] “;g“ —[z2)¥If (2)] < eo.
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If oo =1, we denote % simply by %, which is the well-known classical Bloch space.
Let S(I) be the Carleson box based on I with

S([):{zeID):l—\I|<|z|<l and ‘%el}.

If I = 0D, then S(I) =D. For 0 < s < o, we say that a non-negative measure y on D
is a s-Carleson measure if
u(si))

con I

< oo
When s = 1, it is the classical Carleson measure (see [35]). From [32], we see that
fE€F(p,q,s) ifandonly if du(z) = |f'(z)|7(1 —|z|?)9**dA(z) is a bounded s-Carleson

measure, where 0 < p < oo, =2 < g<oo, 0<s<ocoand g+s>—1.
Hardy space H? (0 < p < o, see [3]) is the space of all f € H(DD) such that

1 21 0 P a0
115 = sup o [ 170 <

Weighted Bergman space A}, (0 < p <o, —1 < a < o, see [35]) consists of all
f € H(D) such that

Hf||§g :/D\f(z)\l’(l — [2]*)dA(z) <
As usual, let Aj = AP.

Let 0 < p <o and 0 < A < 2, the Bergman-Morrey space &/ P4 denoted the
spaces of function f € H(ID) satisfies

1fllorpz = 1£(O )\+Sup(1—\a| )7 N 0 0u— F@)llar <.

The Bergman-Morrey space </P* was introduced by Yang and Liu in [31]. And
from [31], we can see that the Bergman-Morrey space ./”* is a special space of
F(p.q.s), thatis, @/P* = F(p,p—A,A). Furthermore, we see that F(p,p—A,A) =
N (p,—A,A) by [12]. Thus, when p >0 and 0 < A <2, we have

AP =F(p,p—2A,4) = A (p,~A,2),

where .4 (p,—A,A) is the class of all f € H(D) for which
sup J 1F@)I"(1 - |2*) (1= |oa(2) ) dA(2) <
Associated with f,g € H(ID), the Volterra integral operators are defined as follows

/f w)dw, Sgf(z) /f w)dw, z€D.
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For 0 < g < oo and 0 < s < o, the tent space T, (1) consists of all u-measurable
functions f such that

1
nmgwyzﬁ%ﬁﬁéMﬂmwmm<w
The tent space 7> (u) = T,> was introduced by by Xiao in [29] to studied Volterra
integral operators acting on s space, generlized by Pau and Zhao in [18] later. For
more results on tent space and Volterra integral operators, we refer to [3,4,7,19,36].
Recently, Yang and Liu studied tent space and Volterra type operators acting on
Bergman-Morrey space .o/ P4 in [31]. They proved that V, is bounded from .o/ 22
to «/P* if and only if g € Z. Motivated by their works, we prove that inclusion
mapping i : &/P* — Tq 5 42A) (u) is bounded if and only if u is a 2-Carleson measure
: 7

which generalized the main results in [31]. Furthermore, V, is bounded from .&/ P2 to
2-2)
755 if and only if g € A, where 0 <g<p<o and 0 <A,n <2. And

essential norm related them are also investigated. In the end, we also investigated the
closed range Volterra integral operators on Bergman-Morrey Spaces <7 ph

Throughout this article, positive constants are denoted by C, they may differ from
one occurrence to the other. We say that f < g if there exists a constant C such that
f < Cg. The symbol f ~ g meansthat f Sg < f.

2. Embedding from o7+ to T, (1)

In this section, we will characterise the boundedness and compactness of the in-
clusion mapping i : &P — wn (). For this purpose, we start this section by quoting
some auxiliary results which will be used in the proofs of the main results of this paper.

LEMMA 1. ([31]) Let 0 < p < oo and 0 < A < 2. Then f € a/P* if and only if

sup = [ 17 QP (1= [eP)PdAG) <

1com M1 sy

LEMMA 2. ([31]) Let 0 < p < oo and 0 < A < 2. Suppose that f € /P then

ol s WMz e,

(1—[zP) 7

LEMMA 3. ([31]) Let 0 < p <o and 0 < A < 2. Then
L—|a]?

PA
_ 1422 €
(I—az) "7

fa(Z) =

and 5
1—|a
i S 642{”’1, a,z€D.

84(2) = T 2%
a(l—az)' "7
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LEMMA 4. ([14]) For 0 <r <1, let Yi...|<y(2) be the characteristic function
of the set {z:|z| <r}. If U is a p-Carleson measure on D, then U is a vanishing p-
Carleson measure if and only if [|u — py||, — 0 as r — 17, where djty = Y(.|-|<dU.

Now, we are going to prove our first result.

THEOREM 1. Let U be a positive Borel measure on . Suppose that 0 < p < g <
oo and 0 < %/l <M < 2. Then the inclusion mapping i : /P — un (W) is bounded

if and only if
us()

Sup =)

1COD |I\”+

Proof. Forany I € dD, let a = (1—|I|){ € D, where ¢ is the center of /. Then
1—|a|~|1—az| = |I|, z€S().

Necessity. Suppose that the inclusion mapping i : @/?* — yn(u) is bounded.
From Lemma 3, we see that

1—|al?
fa(Z) _ |1| € 42{1771
(1—az)'t 7
Then {
|fa(2)] P,
e
Thus,
1 u(si))
> i L Va1 (@) = prz=s
Sufficiency. Suppose that f € o7 P4 and
usm)
q2-2)
1CoD |I‘77+ 7

Then

Ty NCIZHE

< ([, 11 - r@pan+ [ 1r@lanc))

=:M-+N.
Combine with Lemma 2, we obtain

If(a)] < ”fHﬁl .

e
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Thus,
1
N < sup H(S()

~ 1COD ‘I|r’+‘i(2;/1)

Now, we estimat M. Since 0 < p < g <o and 0 < %/1 <1n < 2. We have

2—-4 2—-4
p 82D P2

p p

=2.

It is well known that u is n + Q( %) _Carleson measure if and only if A? -t CLi(u)

(see [35]). Note that 0 < 24 <1 <2, we have &/P* C /P C ,Qﬂn - Then

q

uslaf)? [T
;
<o) ? [[| ST auio
u—mﬁ(@f%;%%ﬂvmﬁ”kmﬂﬁ
u—ﬂ>fQL—Wféf@—ﬂwpf%gégu—dwﬂ“wkﬂp
< (a-1ape [ 1) - (LQ%@%

=(O—M%WMWb%@—ﬂmﬁap<w =

THEOREM 2. Let 1 be a positive Borel measure on D. Suppose that n+ +=— q(2 A) >
2, n+ q( I 3 qg<p<oo and 0 < A,m < 2. Then the inclusion mapping i :

AP T,m (1) is bounded if and only if

u(S(1))
1CoD |I‘n+q(2;?t)

Proof. Necessity. Similar to the proof of Theorem 1, thus we omitted the proof.
Sufficiency. Suppose that f € «/P* and

u(S(1))
1CoD |I‘n+q(2;?t)
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Similar to the proof of Theorem 1, we only need to estimat M. Since u is n+ q(2 A)

Carleson measure if and only if A? a2 _, C Li(u). Note that p > g, we have
N+

o P cwcwcw e, . Then

M<(1_|a‘2)2+"(2;“/ [f(z) = f(a)| du(2)

~ S |1 —az|2+q( A in
(2-2) — 4
<1 fappr? [ TETOL g
a(2-2) — 4 a=2) _
§ (1 _ |a|2)2+ 7 / |f(Z) f(;jy (1 _ ‘Z|2>T]+ 2dA(Z)
Dy = 242y
|[1—az|" 7
e (@)
< 1— 2 2+q dA
(1 laP) AR

= (1—a] ) ||fO<Pa( )= F(@) 5y
S|P T otz )= @)l <. D

THEOREM 3. Let U be a positive Borel measure on . Suppose that 0 < p < g <
oo and 0 < %/l <M < 2. Then the inclusion mapping i : /P — wn (W) is compact if

and only if
Las)

[1]—0 ‘I|7]+q(2;l)

Proof. Suppose that the inclusion mapping i : &7 pA_, Tyn(u) is compact. Given
a sequence of arcs {I,} with lim,_..|l,| = 0. Denote the center of I, by ¢% and
an = (1—|I,))e’%. Let

It is clear that {f,} is bounded in /7 and {f,} converges to zero uniformly on any
compact subset of . Then lim,—c || fa |7, ,, () = 0. Since

A=2 A=2
fu(@) = (1 =|an|) 7 =|L| 7, z€S(L),
we obtain

M(S(In)) ~ L
\I |Tl+q ‘I ‘77

Jo ) < Il g =0, =

By the arbitrariness of {I,}, we deduce that u is a vanishing (1 + a2 )) -Carleson
measure.
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Conversely, suppose that y is a vanishing (1 + a2 >) -Carleson measure, then u

2=

isalsoa (n+2 )) -Carleson measure and lim,_, |- Hu ,ur|| o2 = =0 by Lemma

4. It follows from the boundedness above, the inclusion mapping i : 427 Ph Tyn(u) is

bounded. Let {f,} be a bounded sequence in .<7”* such that {f,} converges to zero
uniformly on each compact subset of ). We have

1 | 1
\I|n/ |fu(2)|9du(z) < W’/ ()9 (2) + \1|n/ Al — )2
1
Sl LG O R R Ny VA
1
S 7 oy L) =l
—>0’

as r— 1~ and n — oo. Therefore, lim,—. || fa|7, , (x) = 0. This shows that the inclusion
mapping i : &/P* — T, (1) is compact. [J

THEOREM 4. Let U be a positive Borel measure on D. Suppose that n+ +=— q(2 A)

=
2, n+ q( 4 o< qg<p<oo and 0 < A,n < 2. Then the inclusion mapping i :
AP T,m (1) is compact if and only if

u(S(1))

(2-2)
\I\HO ‘I|Tl+q p

Proof. The proof is similar to Theorem 3, thus we omitted the proof. [
From Theorem 1 or Theorem 2, we obtain [31, Theorem 3.3], that is

COROLLARY 1. Let 0 < p <o and 0 < A < 2. Suppose that U is a positive
Borel measure on . Then the inclusion mapping i : AP »a () is bounded if

and only if
u(S(1))

cop M|

3. Boundedness of Volterra integral operators V,(S,) : &/ — o7/9N

In this section, we study the boundedness of Volterra integral operators V,(Sg) :
AP s g

THEOREM 5. Let g € H(D).

(1). Suppose that 0 < p < g < oo and 0 < q)L < 1N < 2. Then V, is bounded from

+2- (n+ 22°4) by )

AP* 10 /N ifand only if g € B
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A) —2<g<p<ecand 0<A,n<2.

2- A))

(2). Supposethatn—i—q( 2>, n—|—q(

g2- (n+ 4l

Then V, is bounded from AP* 1o /N if and only if g € B

Proof. (1). Forany I € dD, let a = (1—|I|){ € D, where { is the center of /.
Then
1—la|~|l—az|=|I|, z€ S().

Suppose that V, is bounded from &/ P4 1o @79 . From Lemma 3, we see that

- |a|2 A
fa(Z) - ) c /P
(l—az) "7
Combined with Lemma 1, we obtain
1
= /Sm ¢ (@)1(1~ [21*)"dA()

1
S

o

S

J @Il Q11— 2Py aA()
Amu%nwawu—m%wmasn%nM%n<w

Thus, g € F(q,q (n—i—q( ))T)-i-q( )) Note that 0 < p < q<ooand0<:1—7/1<
n < 2, thus,

2— 2—
n_|_q( A)/1+M:2>1.
p p
g+2-(n+ 43520
Thatis F(q,q— (n+252) n+ 424 — g7
a+2- (n+‘1(2 A,
On the other hand, suppose that f € /7 and g € & . Since
ar2-ne 1) 22 22
§EA T =F<q,q—(n+q(p )),n+q(p )>,

Then d,(z) =: |g'(2)]9(1 — [z]*)dA(z)? is a (n + 92— )) -Carleson measure. Com-
bined with Theorem 1, we have

ﬁ /S(I) [(Vef) (2)]4(1 — |2*)?dA(z)

o
K

:V%Lmﬂmw%@

((1=1aP)E Do @ule) - F@llrye) <

L QI @~ [P)dAce)
(1)

T

A
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(2). The proof is similar to (1), thus we omitted the proof. [

, we have

From Theorem 5, when 1 =2 — @

COROLLARY 2. Let 0 < g< p <o and 0 <A < 2. Suppose that g € H(D).
Then Vg is bounded from <77 1o o4 P lfand onlyif g€ A.
We also easy to have one of main results in [31].

COROLLARY 3. Let 0 < p < oo and 0 < A < 2. Suppose that g € H(D). Then
V, is bounded from dP* 1o /P ifand only if g € B.

The next result generalized [31, Theorem 4.3].

THEOREM 6. Let 0 < g < p < oo and 0 <A <2. Suppose that g € H(D). Then
Sg is bounded from /P A to o/ l’ lfand onlyif g€ H”.

(2-2)
Proof. Suppose that S, is bounded from .2/ P& 1o Aq’2J » . By Lemma 3, we
have
1— |Cl|2 p.A
ga(2) = ) € P,
a(l—az)
Noticed the fact that
1—|al>)(1—|z)?
1—|O_u(Z)|2:( ‘ |)( ‘|)

|1 —az|?

and

1—az|~1—|z>~1—|a*, zeD(a,r),

where D(a,r) = {z:|04(z)| < r}. Then

o0 > HSJ,ga” o)
_q(2-4) _q(2-2)
N/Iga @g@)1 1=z 7 (1= |ou(2)P)* 7 dA(z)
(2 ah) o a2-h)
N/ @)1= |27 (1= |ou(z) ) dA(z)

2 T /ma,,)' @IdA@) 2 lg(a)l”.

Thus, g € H”.
On the other hand, let g € H* and f € «/P* . Using the fact that A? C A7, when
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p=>q. We have || -|[as S || - [|ar. We obtain

’(1 ()PP dA(R)

_4(2-2)
P

_q-a)
P

L@@l -1y
suplg(@)” [ 171~ )"

a2-2)
P

J(1-lou()1?)*”

//\

dA(z)
q
:ggﬂgg(z)w(( 1P fo 0 <a>||Aq)

gfﬁ‘éﬂ%ig@'q((l—lal> 1fo0u— <a>||Ap>q' -

When p = g, from Theorem 6, we easy to have [31, Theorem 4.3].

COROLLARY 4. Let 0 < p < oo and 0 < A < 2. Suppose that g € H(D). Then
Sq is bounded from AP* 1o /P if and only if g € H™.

REMARK. Since multiplication operator
M, f(z) := f(2)g(z) = f(0)g(0) + Ve f + S f-

Combined with Theorems 5 and 6, similar to the proof of [31, Corollary 4.6], we have

q2-2)
the multlphcatlon operator M, is bounded from .«7/?: A to #9777 if and only if
gEeH”

4. Essential norm of V, from <" to o7/"

Let us recall some definitions. Let (X, -|lx) and (Y,||-||y) be Banach spaces and
T : X — Y be a bounded linear operator. The essential norm of 7 : X — Y, denoted by
| T||ex—y, is defined by

IT|lex—y = igf{HT—KHxHY : K is compact from X to Y }.

It is easy to see that 7 : X — Y is compact if and only if ||T||.x—y =0. Let A be a
closed subspace of X. Given f € X, the distance from f to A, denoted by distx (f,A),
is defined by

disty (f,A) Z;g£\\f—g\\x~
LEMMA 5. [33] If oo >0 and f € B, then

limsup(1 — |z|2)°‘\f’(z)| ~ distge (f, BG) ~ limsup || f — fr| zo.

‘z|~>l’ r—1-

Here f-(z) = f(rz), 0<r<1, zeD.
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g+2- (n+ #h)

)
LEMMA 6. Let g€ A

(1). Suppose that 0 < p < q<°oand0<q/l N < 2. Then Vg, C P oI
is compact;

(2). Supposethatn—i—q( )>2 T)—l—q( A) —2<qg<p<ccand 0<A,n<2.
Then Vg, : of/P* — /97 is compact.

Proof. The proof is similar to Lemma 5.2 of [31], thus we omitted it. [
The following lemma is well known.

LEMMA 7. ([25]) Let X,Y be two Banach spaces of analytic functions on D.
Suppose that

(1) The point evaluation functionals on Y are continuous.

(2) The closed unit ball of X is a compact subset of X in the topology of uniform
convergence on compact sets.

(3) T:X —Y is continuous when X and Y are given the topology of uniform con-
vergence on compact sets.

Then, T is a compact operator if and only if for any bounded sequence { f,} in X such
that {f,} converges to zero uniformly on every compact set of D, then the sequence
{T fu} converges to zero in the norm of Y .

THEOREM 7. Suppose that g € H(D) and Vg : /P — o797 is bounded. Sup-
pose that 0 < p < g <o, 0< q?L <n<2or n—|—q( 4 >0, n—|—q( 4 _2<g<
p<eoand 0 <A,m <2. Then

gr2-(n 91274,
— /
Velle,crpt—cram ~1|1r‘nsup(1— l2*) i (@)
z|—17
gr2-(n+ 154
~ dist g+ (4 22-2)) (f,%o q )
L
Proof. By Lemma 6, Vg, : P* — o/ is compact. Then
1Vellearra voran < Ve =Vl = Weg I~ g =8y (y 00000,
B
Using Lemma 5, we have
HVg”e’py’MHQy’qn thSElP”g &l g2 (n+ 924,
r—1 %#
ar2-(n+ 4274
~dist e (g,% 7 )

%’ q
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On the other hand, let {a, } be a sequence in D such that lim,,_... |a,| = 1. For each
n, let f, be defined as in Lemma 3. Then {f,, } is bounded in «/”*. Furthermore,
{fa, } converges to zero uniformly on every compact subset of D. Let a, = (1—1,,|){ €
D, where ( is the center of I,,. Then

L —lan| = |1 = apz| = ||, z€S(y).

Given a compact operator T : .&/P* — /9" by Lemma 7 we have lim, ... ||T f,, || zan
= 0. Therefore,

Ve =79 2 limsupl| (Ve = T) |
n—oco
2 limsup <Hngan ||§1yq~n — T fa, Hgﬂn>
n—oco

= limsup ||V fa, |4
n—seo
n—seo

Stimsup 2 [ 1 QI @1 - P)aAG

. 1
2 timsup ——— [ [¢/@I7(1 ~ 2)dA ().
n—oo ‘In|TI+T S(In)

Hence

Vil gmiogun % Jimst f I N1 = 22 (1= o, (2)P) (2).
It follows from Lemma 5 and the arbitrariness of {a,} that

IVll o 2 s [ €100~ P75 0= 5 )

~limsup | (1—z]%) a \f(Z)| .

‘zlﬂlf

The following result can be deduced by Theorem 3 directly.

COROLLARY 5. Supposethat 0 < p < g <o, 0<q/l T)<2orn+q( 4 >0,

T]—l—q( A) —2<g<p<eeand 0<A,n <2. Then V,: P —mzﬂ”lscompact

q+z (n+ 1274

g€ A, a
From Corollary 5, we easy to have the following results.

COROLLARY 6. Suppose that 0 < g < p <o and 0 <A <2. Then V, : AP —

4242
oAl P is compact g € Hy.
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COROLLARY 7. Supposethat 0 < p <o and 0 <A <2. Then V,: AP s o P
is compact g € B.

THEOREM 8. Let 0 < g < p <o and 0 < A <2. Suppose that g € H(D) such
2-2)

_4(2-4)
that S : AP s g s bounded, then

ISell s aen = lglla=
e, A PA—

Proof. Let {a,} and T be defined as in the proof of Theorem 3. Let g, be
_4@2=4)
defined as in Lemma 3. Since T : &/P* — &/%*" " 7 is compact, by Lemma 6 we

get limy o || T'gq, ||, 4o-2) =0. Hence,
P74

IS¢ =TIl 2 thUPH(S —T)ganH o)
2 timsup (nsggun o~ ITFo |, e )
—thUPHS;,ganH g3 -
Therefore,
INY g2 420) >11mSUPHSg8an|| a3 -
6,,!7?’7?&%,0,/ N—sc0

Similar argument as in the proof of Theorem 2 shows that
1Sg8anll a2 Z 18(an)l,
FTTT

which implies that ||S, H o2-4) 2 lglla=-

P :
On the other hand, Theorem 4 gives

15l g2 =0f[1Se — T < [ISell < llglla=- O

A PA e T
From Theorem 8, we get the following result.
COROLLARY 8. Let 0 <g< p<ooand 0 <A <2. Supposethat g € H(D), then

S ';zﬂ"f’l—>Aq’2_q(2;M is com if and only if g =
P pact if and only if g = 0.

5. Closed range of Volterra integral operators

If X and Y are norm spaces, the operator 7 : X — Y is bounded below if there
exists C > 0 such that
ITxlly = Cllxl|x

forall x e X.
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If X and Y are Banach spaces and T : X — Y is bounded operator. By [1], we
known that 7' is bounded below if and only if 7 is one to one and has closed range. It
is easily to see that V, is one to one. Thus, V, is bounded below if and only if V has
closed range.

The problem of closed range is a fundamental issue in operator theory, and there
are many publications studying this issue. However, there has been relatively little
research on the closed range of Volterra integral operator, we refer to [2, 17]. In this
section, we studying the closed range of Volterra integral operator on Bergman-Morrey
Spaces a7/P*

Let us recall the following useful result.

LEMMA 8. ([15]) Let G be a measurable subset of D, 0 < p < o and o0 > —1.
There are N1 >0 and 0 < r < 1, such that

A(GND(a,r)) = nA(D(a,r))

if and only if there exist C > 0 such that
L@ P)dae) > ¢ [ @I - 1P da)
G D

THEOREM 9. Let 0 < p < oo and 0 < A < 1. Suppose that g € A, then V, :
AP* — /P has closed range if and only if there is an r € (0,1) and a,c > 0 such
that

A(G:.ND(a,r)) = 6A(D(a,r)),

where G. = {z€D: (1—|z|*)|g'(z)| > c}.

Proof. Sufficiency. Since V, is one to one, we only need to prove V, is bounded
below. Suppose that f € &/P* =F(p,p—A,A) =4 (p,—A,A). Let

Then h, € AP. Thus,

sup [ |
weDJ/D

> [ 1@l @I (1= k) (1~ ou0) P dA )
> [ QPP - lou@)P ) aAG)
= [ no1raa)

>C [ h()"dA(:) (by Lemmas)

Z/D\f(Z)\”(l — 2 (1~ |ou() ) dA(2).

(V) @)1P (1= 2P (1 = |ow(2) ) dA(2)
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Hence, we deduced that
VeI s Z I -

Necessity. Suppose that V, : o/ P4 ofP* has closed range, then for f € /P,
we have

VeI a2 NI,

For a,ze D, let f,(z) = % By Lemma 3, we have f, € &/P* and || f|| /ps ~
(I-az) " P

1. Therefore,
C < Hnga”Z/p,/l

=sup | 1(Vefa) @I (1= |24 (1 = 0w @) ') dA(2)
< [ 1@ @I (1~ PP *dAG)
D

=M+ M, + M;,
where
Mi= [ LEPIE @I P A,
G.ND(a,r)
M= [ QPRI - PR dAR)
D(a,r)\Ge¢
and
M= [ @I @ (- 1P AG).
D\D(a,r)
Noted that
1—|af ~1—|z?
and

(1 - ‘(1|2)2 %A(D(aar))a zZ€ D(aar)'
An easy computation gives

1 -
M1 S BT oy B O 27 2aAG)

9 "y A(G:.ND(a,r))
S /| iy L P AR < Cullally = S

We can also easily to deduced that

(1—|aP)? 2y-A
M < P/ L (1|2} hdA
25 f e |1—az|P+H( 27" dA(2)

(1—|aP)? )
gcp/mm“— 12) *dA(z) < Gy .
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Now, we are going to estimated M3 . Making change of variables z = ¢,(w), we have

|fa @)I7 (1= [z*)*dA(z)

= gl /D\D(OJ) a0 (1= () )| (u(00)) PAw)

2\-A
P (1 - ‘W‘ )
= |lell”, — 7 _Aw).
”g””/ﬂm\ﬂ)(o,r) |1 —aw|>-r—* ()
Noted that

— |w|2)—A
/D%A(W)<°°.

|1 —aw|>P—*
Thus, for any € > 0, there exists 0 < r < 1 such that

[ A aw<e

\D(0,r) |1 —aw|2~P—2

Therefore, let r close enough to 1, so that & is small enough such that &||g||”, < %
And let ¢ small enough so that G, - c? < % Hence, we have

A(G:.ND(a,r))
A(D(a,r))

wl('d

<Cilgl%

The proof is completed. []

It is easy to see that S, is not one to one when S, acting on differential constant.
Thus, we only consider the spaces «/?*\ C = {f € &/P*: f(0) =0}. Following the
proof of [31], we easily to have S : A/P*\ C — o/P*\ C is bounded if and only if
geH™.

THEOREM 10. Let 0 <p<ecand 0 <A <1 (or 1 <p<eo and 0 <A <2).
Suppose that g € H”, then S : o P \C— /P \ C has closed range if and only if
thereis an m € (0,1) and a,c > 0 such that

A(GeNA(a,8)) = §A(A(a,8)),

where G. ={z€D:|g(z)| > c}.

Proof. We using the same idea as Theorem 9.

Sufficiency. We only need to prove S, is bounded below. Let f € &/ PA=F (p,p—
A,A) and

/ 2 4

@)1 —a]")r

Jo(o) =L e

(l—az)»
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Thus J, € A}, and we have

sup 1S S) (@7 (1= 2P (1= |ou(2) ) dA(2)
/|f )P L8217 (1= 2P *(1 — [ou(2) ) dA(2)
e [P QPP (- o) dAe)
=< [ W@ (1~ 1Py aAG)
>C/D|Ja(z)|p(l—|Z|2)”dA(z) (by Lemma 8)
2 [1F@P1= 1P~ o) FAL).
D

That is
1SefI% o Z AP

Necessity. Suppose that S, : o7 P+ — o7/P* has closed range, then for f € &/P*
we have

ISe £ 1% p ZAANE -

2
ﬁ- Thus, g, € «/P* and lgall ypr = 1 by Lemma
a(l—az P

For a,z €D, let g,(z) =

3. Therefore,
C< ||Sgga||i/p,/1

= sup [ 118580 @I (1= ) (1~ |ow(@) Y -dA()
/m @ le@IP (1= )" *dA()

=L+ 1+ L3,
where
L= [ Ig@P@P - A)
G.ND(a,r)
L=[ JgEPs@P1 [Pt
D(a,r)\Ge¢
and

b= /D\D(a,r> 18a(2)P18()|P (1~ )"+ dA(2).
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An easy computation gives

<l |
- a,r

: €4(2)P (1= |2*)P*dA(z)
(1—a?)?
<18l [ o TT—mrier
A(G.ND(a,r))
A(D(a,r))

(1—[z[)P~*dA(z)
< ct|gl|f=

We can also easily to deduced that

(1—la?)”
L <c1’/ _U—lalf)”
: D(a,r)\Ge |1 — EZPPJ’_Z_)L

(1= laP)” .
< [ e (1 ) A <exeet

(1= [z*)P*dA(2)

Now, we are going to estimated L3 . Making change of variables z = ¢,(w), we have

L3 < ||g||Zw/ 1,(2)|7 (1= [2*)" " dA(z)
D\D(a,r)

=8l [} 1o, @O =000 (0 ()) PACY)

- w2
ety [ Ot
”gHH D\D(O,r) |1_aw|2,)t ( )

Noted that
1— 2\p—A
/ U= 2 ) < co.
D

11 —aw|>*

Thus, for any € > 0, there exists 0 < r < 1 such that

(1=
— A .
/D\]D)(O,r) |1 —aw|>-r-* (W) <e
c

Therefore, let r close enough to 1, so that € is small enough such that £|g||}- < §.
And let ¢ small enough so that ¢; - c? < % Hence, we have

A(G.ND(a,r))
A(D(a,r))

w| O

<cillgli-

The proof is completed. []
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