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Abstract. In this paper, we present intriguing findings that characterize both the closed (un-
bounded) and bounded EP operators on Hilbert spaces. We establish the necessary and sufficient
conditions for the product of a closed EP operator and a bounded EP operator to also be EP.
Additionally, we demonstrate the result (T ) � r(T ) , where T is a bounded EP operator, and
(T ) and r(T) represent the reduced minimum modulus and the spectral radius of T , respec-
tively.

1. Introduction

The term EP or Equal Projection was first introduced by Schwerdtfeger in 1950
[14] to describe a square matrix T over a complex field C for which the null spaces
of T and T ∗ are identical. In 1965, M. H. Pearl established an equivalent condition
of the EP matrix T commutes with its Moore-Penrose inverse T † [13]. Subsequently,
Campbell and Meyer expanded the concept of EP matrices to bounded linear operators
on complex Hilbert spaces, defining EP operators as those for which the closed ranges
of T and T ∗ are equal [2]. Itoh later introduced the hypo-EP operator, characterized
by the conditions T †T � TT † and R(T ) is closed [8]. Research has continued into the
characterization of EP operators on Hilbert spaces, with several authors investigating
their properties within C∗ -algebras. In 2007, Boasso studied EP operators in the context
of Banach space operators and Banach algebra elements [1], while Johnson focused on
unbounded closed EP and hypo-EP operators on Hilbert spaces in 2021 [9]. This paper
delves into the exploration of the characterizations of closed (possibly unbounded) EP
operators on Hilbert spaces, presenting intriguing examples in Section 2. Section 3 is
dedicated to the examination of bounded EP operators on Hilbert spaces.

From now on, we shall mean H , K , Hi , Ki ( i = 1,2, . . . ,n ) as Hilbert spaces. The
specification of a domain is an essential part of the definition of an unbounded operator,
usually defined on a subspace. Consequently, for an operator T , the specification of
the subspace D on which T is defined, called the domain of T , denoted by D(T ) , is
to be given. The null space and range space of T are denoted by N(T ) and R(T ) ,
respectively. W⊥

1 denotes the orthogonal complement of a set W1 whereas W1 ⊕⊥W2
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denotes the orthogonal direct sum of the subspaces W1 and W2 of a Hilbert space.
Moreover, T|W denotes the restriction of T to a subspace W of a specified Hilbert
space. We call D(T )∩N(T )⊥ , the carrier of T and it is denoted by C(T ) . T ∗ denotes
the adjoint of T , when D(T ) is densely defined in the specified Hilbert space. Here,
PV is the orthogonal projection on the closed subspace V in the specified Hilbert space
and the set of bounded operators from H into K is denoted by B(H,K) . Similarly, the
set of all bounded operators on H is denoted by B(H) . For the sake of completeness
of exposition, we first begin with the definition of a closed operator.

DEFINITION 1.1. Let T be an operator from a Hilbert space H with domain
D(T ) to a Hilbert space K . If the graph of T defined by

G(T ) = {(x,Tx) : x ∈ D(T )}
is closed in H ×K , then T is called a closed operator. Equivalently, T is a closed
operator if {xn} in D(T ) such that xn → x and Txn → y for some x ∈ H,y ∈ K , then
x ∈ D(T ) and Tx = y . That is, G(T ) is a closed subspace of H ×K with respect to
the graph norm ‖(x,y)‖T = (‖x‖2 + ‖y‖2)1/2 . It is easy to show that the graph norm
‖(x,y)‖T is equivalent to the norm ‖x‖+ ‖y‖ . We note that, for any densely defined
closed operator T , the closure of C(T ) , that is, C(T ) is N(T )⊥ . C(H) denotes the
set of all closed operators from H into H . Meanwhile, C(H,K) denotes the set of all
closed operators from H into K .

We say that S is an extension of T (denoted by T ⊂ S ) if D(T ) ⊂ D(S) and
Sx = Tx for all x ∈ D(T ) . Moreover, T ∈C(H) commutes A ∈ B(H) if AT ⊂ TA .

DEFINITION 1.2. Let T be a closed operator from D(T ) ⊂ H to K . The Moore-
Penrose inverse of T is the map T † : R(T )⊕⊥ R(T )⊥ → H defined by

T †y =

{
(T |C(T ))−1y if y ∈ R(T )
0 if y ∈ R(T )⊥.

(1)

It can be shown that T † is bounded if and only if R(T ) is closed, when T is
closed.

DEFINITION 1.3. [2] An operator T ∈ B(H) is called an EP operator if R(T ) is
closed and R(T ) = R(T ∗) .

DEFINITION 1.4. [8] An operator T ∈ B(H) is called a hypo-EP operator if
R(T ) is closed with R(T ) ⊂ R(T ∗) .

THEOREM 1.5. [8] Let T ∈ B(H,K) be a closed range operator and let {Tn}
be a sequence of closed range operators in B(H,K) . Let T †

n be the Moore-Penrose
inverse of Tn for every n. Suppose that Tn → T (with respect to the norm of B(H,K)).
Then the following conditions are equivalent:

1. T †
n → T † ;
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2. T †
n Tn → T †T ;

3. sup{‖T †
n ‖ : n ∈ N} <  .

Definitions 1.3 and 1.4 can be extended to densely defined closed operators, as
discussed in the paper [9]. Below, we present these definitions.

DEFINITION 1.6. [9] Let T be a densely defined closed operator on H . T is
said to be an EP operator if T has a closed range and R(T ) = R(T ∗) .

Moreover, the densely defined closed operator T ∈C(H) is called a hypo-EP op-
erator if R(T ) is closed with R(T ) ⊂ R(T ∗) .

THEOREM 1.7. [12] Let T be a densely defined closed operator from D(T )⊂H
into K . Then the following statements hold:

1. T † is a closed operator from K into H ;

2. D(T †) = R(T )⊕⊥N(T ∗); N(T †) = N(T ∗);

3. R(T †) = C(T );

4. T †Tx = P
R(T†)x, for all x ∈ D(T );

5. TT †y = PR(T)y, for all y ∈ D(T †);

6. (T †)† = T ;

7. (T ∗)† = (T †)∗ ;

8. N((T ∗)†) = N(T );

9. (T ∗T )† = T †(T ∗)† ;

10. (TT ∗)† = (T ∗)†T † .

THEOREM 1.8. [10] Let T1 : D(T1)⊂H1 →K1 and T2 : D(T2)⊂H2 →K2 be two
closed operators with closed ranges. Then T = T1

⊕
T2 : D(T1)

⊕
D(T2)⊂ H1

⊕
H2 →

K1
⊕

K2 has the Moore-Penrose inverse. Moreover,

T † = (T1

⊕
T2)† = T †

1

⊕
T †
2 .

THEOREM 1.9. [10] Let Ti : D(Ti)⊂ Hi → Ki (i = 1,2) be two closed operators
with closed ranges R(Ti), i = 1,2 . Then (T1

⊕
T2) = min{(T1),(T2)} > 0 , where

(T ) is the reduced minimum modulus of T .
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2. Characterizations of closed EP operators on the Hilbert space H

Throughout the section, we consider T as the densely defined closed operator
on H . Theorem 2.1 has been mentioned in the paper [9], but we present a different
approach to prove the theorem.

THEOREM 2.1. Let T ∈C(H) be a closed-range operator. Then T is EP if and
only if T †T = TT † on D(T ) .

Proof. Since, R(T ) = R(T ∗) . Then

T †T = PN(T )⊥|D(T )
= PR(T)|D(T ) ⊂ PR(T) = TT †.

Conversely, Suppose T †T = TT † on D(T ) . So,

R(T ) = R(TT †) ⊃ R(T †T ) = R(T †) = N(T )⊥ = R(T ∗). (2)

Again, N(T ) ⊂ R(T )⊥ because of PR(T)x = 0, for all x ∈ N(T ) . Thus,

R(T ) ⊂ N(T )⊥ = R(T ∗). (3)

By (2) and (3), we get R(T ) = R(T ∗) . �
Now, we present some examples of EP operators.

EXAMPLE 2.2. [9] Let  : [0,1] → C by

(t) =

{
1 if t = 0
1√
t
if 0 < t � 1.

Define an operator T f =  f on D(T ) = { f ∈ L2[0,1] :  f ∈ L2[0,1]} . T is a self-
adjoint operator. Moreover. R(T ) = L2[0,1] because |(t)| � 1. Therefore, T is an
EP operator.

EXAMPLE 2.3. [11] Define T on �2 by

T (x1,x2,x3, . . . ,xn, . . .) = (x1,2x2,3x3, . . . ,nxn, . . .)

with domain D(T ) = {(x1,x2,x3, . . . ,xn, . . .) ∈ �2 :
n=1 |nxn|2 <} . Since D(T ) con-

tains the space c00 of all finitely non-zero sequences, D(T ) is a proper dense subspace
of �2 . One can show that T is a self-adjoint operator and R(T ) = N(T ∗)⊥ = �2 =
R(T ∗) . Therefore, T is EP.

EXAMPLE 2.4. [11] Define T on �2 by

T (x1,x2, . . . ,xn, . . .) =
(
x1,2x2,

x3

3
,4x4,

x5

5
, . . .

)
with domain D(T ) = {(x1,x2,x3, . . . ,xn, . . .) : (x1,2x2,

x3
3 ,4x4,

x5
5 , . . .) ∈ �2} . One can

show that T is closed and R(T ) is a proper dense subspace of �2 . Therefore, R(T ) is
not closed, which confirms that T is not EP.
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THEOREM 2.5. Let T1 ∈ C(H1) and T2 ∈ C(H2) be two densely defined opera-
tors. Then T1 and T2 both are EP if and only if T1

⊕
T2 is also EP.

Proof. Since T1 and T2 are EP operators, their ranges R(T1) and R(T2) both are
closed. Therefore, the range of their direct sum, R(T1

⊕
T2) = R(T1)

⊕
R(T2) , is also

closed. From Theorem 1.8, the Moore-Penrose inverse of the direct sum satisfies

(T1

⊕
T2)†(T1

⊕
T2) = T †

1 T1

⊕
T †
2 T2

= T1T
†
1

⊕
T2T

†
2 (on D(T1)

⊕
D(T2))

= (T1

⊕
T2)(T1

⊕
T2)† (on D(T1

⊕
T2)).

This identity confirms that (T1
⊕

T2) is an EP operator.
Conversely, assume that T1

⊕
T2 is EP. we claim that R(T1) is closed. To establish

this, let u ∈ R(T1). Then there exists a sequence {T1un} in R(T1) such that T1un → u
as n → . Since R(T1

⊕
T2) is closed. So, there is an element (v1,v2) in D(T1

⊕
T2)

such that
(T1

⊕
T2)(un,0) → (u,0) = (T1v1,T2v2) as n → ,

which implies u = T1v1 in R(T1) . Thus, R(T1) is closed. By a similar argument, R(T2)
is closed. Now, for all h1 ∈ D(T1) , we get

(T †
1 T1h1,0) = (T1

⊕
T2)†(T1

⊕
T2)(h1,0)

= (T1

⊕
T2)(T1

⊕
T2)†(h1,0)

= (T1T
†
1 h1,0).

This shows that T †
1 T1 = T1T

†
1 on D(T1) . Similarly, one can show that T †

2 T2 = T2T
†
2 on

D(T2) . Therefore, T1 and T2 both are EP operators. �

THEOREM 2.6. Let T ∈C(H) be a closed range operator and T =UT |T | be the
polar decomposition of T . Then the following conditions are equivalent:

1. T is EP;

2. UT is EP.

Proof. 1) ⇒ 2) Since R(T ) = R(T ∗) . Then

R(|T |) = R(T ∗T ) = R(T ∗) = R(T ).

So, R(UT ) = R(T ) is closed and N(UT ) = R(T )⊥ = N(T ) . Now, UTU†
T = PR(UT ) =

PR(T) . Moreover, U†
TUT = PN(UT )⊥ = PN(T)⊥ = PR(T) . Thus, UT is EP.

2) ⇒ 1) Since UT is EP. Then

UTU†
T = U†

TUT

PR(UT ) = PR((UT )∗)

PR(T) = PR(T∗) (because R(UT ) = R(T ) and R((UT )∗) = R(UT ∗) = R(T ∗)).

Hence, R(T ) = R(T ∗) . Therefore, T is EP. �
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THEOREM 2.7. Let T ∈C(H) be of the form[
T1 0
0 0

]
:

[
C(T )
N(T )

]
→

[
R(T )
R(T )⊥

]
.

Then T is EP if and only if T1 is EP.

Proof. We claim that the restriction T1 = T|C(T ) is EP. It is easy to show that T1

is closed. Since T is EP. So, R(T ) = R(T ∗) . Again, R(T1) = R(T ) is closed. Now,
observe that:

T1T
†
1 = IR(T) = IN(T )⊥ and T †

1 T1 = IC(T ).

Hence, T †
1 T1 = T1T

†
1 on D(T1) =C(T ) , which shows that T1 is EP.

Conversely, assume that T1 is EP. Then R(T ) = R(T1) is closed. By Lemma
3.3 [10], it follows that

R(T ∗) = R(T ∗
1 ).

SInce T1 is EP, we also have

R(T ∗) = R(T ∗
1 ) = R(T1) = R(T ).

Therefore, T is EP. �

THEOREM 2.8. Let T ∈C(H) be an EP operator and S be a bounded operator
on H . Then T commutes with S (ST ⊂ TS) if and only if ST † = T †S .

Proof. Since T is EP, its range is closed and satisfies R(T ) = R(T ∗). Accordingly,
the operator T admits the following block representation:

T =
[

T1 0
0 0

]
:

[
C(T )
N(T )

]
→

[
R(T )
N(T )

]
,

and

T † =
[

T−1
1 0
0 0

]
is bounded.

Now, the bounded operator S represents in block form as:

S =
[

S1 S2

S3 S4

]
:

[
R(T )
N(T )

]
→

[
R(T )
N(T )

]
.

Let u = (u1,u2) ∈ D(ST ) , so that STu = TSu . Applying the block forms gives:

S1T1u1 = T1(S1u1 +S2u2) (4)

S3T1u1 = 0. (5)
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Now, take w1 ∈ R(T ). Since T1 is invertible, there exists an element v1 ∈ C(T ) such
that T−1

1 w1 = v1 . From (5), we get S3w1 = S3T1v1 = 0. Thus, S3 = 0.
Now, set u1 = 0 in (4), we get T1S2u2 = 0 which implies S2 = 0 (Since T1 is

invertible).
We claim that S1T

−1
1 = T−1

1 S1 . When u2 = 0, then for all u1 ∈ C(T ) , (4) says
that S1T1u1 = T1S1u1 .

Let p1 ∈ R(T1). Then there is z1 ∈ C(T ) such that z1 = T−1
1 p1 . Again, S1p1 =

T1S1T
−1
1 p1 implies that T−1

1 S1p1 = S1T
−1
1 p1 . Hence, T−1

1 S1 = S1T
−1
1 . It is evident

that

ST † =
[

S1T
−1
1 0

0 0

]

and

T †S =
[

T−1
1 S1 0
0 0

]
.

Therefore, ST † = T †S .
Conversely, assume that ST † = T †S. It is again evident that T1T

−1
1 = IR(T) and

T−1
1 T1 = IC(T ) . Then for all x1 ∈ R(T ) and x2 ∈ N(T ) , we have

S1T
−1
1 x1 = T−1

1 (S1x1 +S2x2), (6)

and

S3T
−1
1 x1 = 0. (7)

From the equality (7), S3 = 0. Now consider x1 = 0, we get S2x2 = 0, for all x2 ∈
N(T ) . Thus, S2 = 0. Taking x2 = 0, we obtain S1T

−1
1 x1 = T−1

1 S1x1 for all x1 ∈ R(T )
which implies T1S1y = S1T1y for all y ∈C(T ) . So, for all w1 ∈C(T ),w2 ∈ N(T ) , we
have

ST

(
w1

w2

)
=

(
S1T1w1

0

)
=

(
T1S1w1

0

)
= TS

(
w1

w2

)
.

Therefore, ST ⊂ TS . �

THEOREM 2.9. Let T ∈C(H) be a closed-range operator. Then T is EP if and
only if T n is EP for every n ∈ N , assuming that the domain D(Tn) is densely defined
for all n ∈ N .

Proof. Suppose T is EP. Then R(T ) = R(T ∗) is closed. So,

R((T ∗)2) = T ∗R(T ∗) = T ∗R(T ) = R(T ∗) = R(T ). (8)

Again

R(T 2) = TR(T ∗) = R(TT ∗) = R(T ), (9)
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and

R((T ∗)2) ⊂ R((T 2)∗) (because (T ∗)2 ⊂ (T 2)∗). (10)

We know that N(T ) ⊂ N(T 2) . Thus,

R((T 2)∗) ⊂ N(T 2)⊥ ⊂ N(T )⊥ = R(T ∗) = R(T ) = R((T ∗)2). (11)

The identities (8)–(11) verify that R((T 2)∗) = R((T ∗)2) = R(T ) = R(T 2) . Since R(T )
is closed which implies that R(T 2) is closed. Now we will show that T 2 is closed. Let
(x,y) ∈ G(T 2) , where G(T 2) is the graph of T 2 . Then there exists a sequence {xn} in
D(T 2) such that xn → x and T 2xn → y as n →  . The closed range of T 2 guarantees
that there exists an element z ∈ D(T 2) with y = T 2z .

Furthermore, (T ) > 0, where (T ) is the reduced minimal modulus of T . So,
from the relation ‖T 2xn−T 2z‖ � (T )‖Txn−Tz‖ , we get Txn → Tz as n→ . Since
T is closed. So, Tx = Tz which implies x ∈ D(T 2) and y = T 2z = T 2x .

Hence, T 2 is EP. By induction hypothesis, it follows that Tn is EP for all n ∈ N .
The converse part is obviously true. �

Theorem 7.1 in [15] states that for a bounded normal operator T of finite descent
on a Hilbert space H , the relation (Tn)† = (T †)n, holds for all n ∈ N . Using Theorem
2.9, we can derive the same relation (Tn)† = (T †)n holds for all n ∈ N , when T ∈
C(H) is an EP operator.

COROLLARY 2.10. Let T ∈ C(H) be an EP operator. Then, for every n ∈ N ,
the Moore-Penrose inverse satisfies (Tn)† = (T †)n , provided that the domain D(Tn) is
densely defined.

Proof. Theorem 2.9 says that Tn is EP. So, R((Tn)∗) = R(Tn) = R(T ) = R(T ∗) .
Now, to verify (Tn)† = (T †)n , observe the following identities:

(T †)n(Tn)(T †)n = (T †)n because TT † = T †T on D(T ). (12)

(Tn)(T †)n(Tn) = Tn because TT † = T †T on D(T ). (13)

(Tn)(Tn)† = TT † = PR(T) = PR(Tn) (14)

is symmetric.

(Tn)†(Tn) = T †T |D(Tn) = PN(T )⊥|D(Tn) = PN(Tn)⊥|D(Tn) (15)

is symmetric because D(Tn) is densely defined. Therefore, Theorem 5.7 in [15] and
the four identities (12)–(15) verify that (Tn)† = (T †)n . �

THEOREM 2.11. Let T ∈C(H) be an EP operator. Then for all non zero  ∈ C ,
 ∈ (T ) if and only if  ∈ (T|C(T)) , where T|C(T ) :C(T )⊂N(T )⊥ →N(T )⊥ = R(T ) .
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Proof. Let  ∈ (T ), the resolvent set of T . Then (T −  )−1 exists and is
bounded. We first observe that that N(T|C(T )− ) = {0}.

Now take any y∈N(T )⊥ . There exists x = x1 +x2 ∈D(T ) , where x1 ∈C(T ),x2 ∈
N(T ) , such that

y = (T − )x = Tx1 −x1−x2.

Rewriting gives that

y− (Tx1−x1) = −x2 ∈ N(T )⊥ ∩N(T ) = {0}.
So, y = (T|C(T ) − )x1, which shows that (T|C(T ) − ) is onto. To show that T|C(T ) −
 )−1 is bounded, we estimate

‖(T|C(T ) − )−1y‖ = ‖x1‖ � ‖x‖ = ‖(T − )−1y‖ � ‖(T − )−1‖‖y‖.
Hence, (T|C(T )− )−1 is bounded, and so  ∈ (T|C(T )) .

Conversely, Let 0 
=  ∈ (T|C(T)) . Then (T|C(T ) − )−1 is bounded. We claim
that (T − )−1 is bounded on H . Let z = z1 + z2 ∈ N(T − ) , where z1 ∈ C(T ) ,
z2 ∈ N(T ) . Then (T|C(T ) − )z1 = z2 ∈ N(T )⊥∩N(T ) = {0} . So, z2 = 0.

Since N(T|C(T ) − ) = {0} and the operator is injective, we also have z1 = 0.
Hence, N(T − ) = {0} .

To prove surjectivity, let w = w1 +w2 ∈H , with w1 ∈R(T ) = N(T )⊥ , w2 ∈N(T ) .
There is an element u1 ∈C(T ) with (T|C(T ) − )u1 = w1 . Then consider the element
(u1− w2

 ) ∈ D(T ) , we obtain

(T − )
(
u1− w2



)
= (T|C(T ) − )u1 +w2 = w1 +w2 = w.

This confirms that T −  is onto. Finally, to show that (T − )−1 is bounded, we
observe the following:

‖(T − )−1w‖ =
∥∥∥u1− w2



∥∥∥ � ‖(T|C(T) − )−1w1‖+
‖w2‖
| | � M(‖w1‖+‖w2‖)

� M
√

2‖w1 +w2‖
= M

√
2‖w‖,

where M = max{‖(T|C(T)− )−1‖, 1
|| } . Therefore,  ∈ (T ) . �

COROLLARY 2.12. Let T ∈C(H) be an EP operator. Then 0 is not a limit point
of the spectrum of T .

Proof. Since T is EP. Then T|C(T ) is closed, one-one and onto, where T|C(T ) :
C(T ) → R(T ) . For all y ∈ R(T ) , we have ‖(T|C(T))−1y‖ = ‖T †y‖ � ‖T †‖‖y‖ . So,
0 ∈ (T|C(T )) . We know that (T|C(T )) is open. Then there exists  > 0 such that

{ ∈ (T|C(T )) : 0 < | | < } ⊂ (T )

by using Theorem 2.11. Therefore, 0 is not a limit point of the spectrum of T . �
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COROLLARY 2.13. Let T ∈C(H) be an EP operator with finite-dimensional ker-
nel, that is, dimN(T ) <  . Then 0 ∈ k(T ) for all k ∈ {1,2,3,4,5} , where k(T ) =
C\ek(T ) and ek(T ) denotes the k -th essential spectrum as defined in [5].

Proof. Since R(T ) is closed and R(T )⊥ = N(T ) . Then 0 ∈ k(T ) for all k =
1,2,3,4. Moreover, 5(T ) is the union of all the components of 1(T ) which intersect
the resolvent set (T ) of T . Consequently, by Corollary 2.12, it follows that 0 ∈
5(T ) . �

We consider two operators S ∈ B(H) and T ∈ C(H) , but ST is not closed in
general. We illustrate an example to show that ST is not closed.

EXAMPLE 2.14. Let S is defined on �2 by:

S(x1,x2, . . . ,xn, . . .) =
(
x1,

1
2
x2, . . . ,

1
n
xn, . . .

)

Then, S is bounded. Consider T on �2 by:

T (x1,x2, . . . ,xn, . . .) = (x1,2x2, . . . ,nxn, . . .)

T is self-adjoint. So, T is closed. But D(ST ) = D(T ) = {x ∈ �2 : Tx ∈ �2} is densely
defined in �2 . ST = ID(T ) is bounded. If ST is closed then D(T ) = �2 , which is a
contradiction. Therefore, ST is not closed.

The next Lemma 2.15 gives a sufficient condition to have the closed operator ST
when S ∈ B(H) and T ∈C(H) .

LEMMA 2.15. Let T ∈ C(H) and S ∈ B(H) be an EP operator with R(ST ) =
R(T ) . Then ST is closed.

Proof. The operators T and S can be expressed as follows:

T =
[

T1 0
T2 0

]
:

[
C(T )
N(T )

]
→

[
R(S)
N(S)

]
,

and

S =
[

S1 0
0 0

]
:

[
R(S)
N(S)

]
→

[
R(S)
N(S)

]
.

It is straightforward to verify that S−1
1 is bounded. From the given condition R(ST ) =

R(T ) , it follows that T2 = 0. Hence, T1 is closed, and consequently, the composition
S1T1 is also closed.

Now, let us consider an arbitrary element (p,q)∈G(ST ) . Then there is a sequence
{pn} = {p′n + p′′n} in D(T ) with p′n ∈C(T ), p′′n ∈ N(T ) , for all n ∈ N , such that

p′n → p′ and p′′n → p′′, as n → ,
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where p = p′ + p′′ , p′ ∈ R(T ) , and p′′ ∈ N(T ) . Furthermore, we have

ST pn → q = q′ +q′′ as n → ,

where q′ ∈ R(S) , q′′ ∈N(S) . So, q′′ = 0 and S1T1p′n → q′ as n→ . By the closedness
of S1T1 , we conclude that S1T1p′ = q′ . Thus,

q =
(

S1T1p′
0

)
= ST

(
p′
p′′

)
= ST p.

Therefore, ST is closed. �
If A and B are two EP operators, it remains an open question under what condi-

tions the product AB is also EP. In [6], Hartwig and Katz provided the necessary and
sufficient conditions for the product of two square EP matrices to be EP. Subsequently,
Dragan S. Djordjević established the necessary and sufficient conditions for the prod-
uct of two bounded EP operators on B(H) to also be EP [4]. In Theorem 2.16, we will
present the necessary and sufficient conditions for the product of a closed EP operator
and a bounded EP operator to also be EP.

THEOREM 2.16. Let T ∈C(H) and S ∈ B(H) both be EP with having T ∗ has a
matrix representation. Then, ST is EP if and only if

1. R(ST) = R(T );

2. N(ST ) = N(T ) .

Proof. Since ST is EP. Then it must be closed and satisfy

R(ST ) = R(T ∗S∗) ⊂ R(T ∗) = R(T ).

Now consider an arbitrary element(
u
v

)
∈

[
C(T )
N(T )

]
.

Then there exists (
w
t

)
∈

[
R(S)
N(S)

]
such that [

T1 0
T2 0

](
u
v

)
=

[
T ∗
1 T ∗

2
0 0

](
w
t

)
.

This yields the relations:

T1u = T ∗
1 w+T ∗

2 t and T2u = 0 (16)

So, T2 = 0 and R(T ) = R(T1) ⊂ R(S) . Furthermore, N(T1) = {0} . Now consider the
element w1 + w2 ∈ N(ST ) , where w1 ∈ C(T ),w2 ∈ N(T ) . Then S1T1w1 = 0 which
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implies w1 = 0. Thus, N(ST ) ⊂ N(T ) ⊂ N(ST ) . It follows that N(ST ) = N(T ) estab-
lishing condition (2) .

Next, let y ∈ R(T )∩R(ST )⊥ . Then, y ∈ R(ST )⊥ = N(ST ) = N(T ) = N(T ∗) =
R(T )⊥ which implies y = 0. Hence, R(T ) ⊂ R(ST) ⊂ R(T ) . Therefore, the condition
(1), R(ST ) = R(T ) is also verified.

Conversely, By Lemma 2.15, it follows that ST is closed. R(ST )= R(T ) is closed.
Now

R((ST )∗) = N(ST )⊥

= N(T )⊥ (by condition (2))
= R(T )
= R(ST) (by condition (1)).

It shows that ST is EP. �

THEOREM 2.17. Let T ∈ C(H,K) be a closed range operator. Then R(|T |) =
R(|T |) for all  ∈ (0,) .

Proof. Since R(T ) is closed. Then R(T ∗) = R(T ∗T ) = R(|T |) is closed. Now,

R(|T |) = R(|T | 1
2 ) = . . . = R(|T | 1

2n ), for all n ∈ N. (17)

When 1 < m � 2n and m ∈ N , we have

R(|T | m
2n ) = |T |m−1

2n R(|T | 1
2n )

= |T |m−1
2n R(|T | 1

2n−1 )

= R(|T |m+1
2n ). (18)

By induction hypothesis, we can say that

R(|T |m+k
2n ) = R(|T | m

2n ), for all k ∈ N. (19)

Let us choose k = 2n−m , then R(|T | m
2n ) = R(|T |) , for all m,n ∈ N and 1 � m � 2n .

For all  ∈ (0,1) , we have |T | = |T | |T |1− . So,

R(|T |) ⊂ R(|T |). (20)

Again, we also have m′,n′ ∈ N such that 1 � m′ � 2n′ and m′
2n′ �  . Thus,

R(|T |) ⊂ R(|T |
m′
2n′ ) = R(|T |). (21)

By (20) and (21), R(|T |) = R(|T |) , for all  ∈ (0,1] . We know that R(|T |2) = R(|T |) .
Let us assume that R(|T |q) = R(|T |) , where q � 2.

R(|T |q+1) = |T |q−1R(|T |2) = |T |q−1R(|T |) = R(|T |q) = R(|T |).
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Then R(|T |n) = R(|T |) , for all n ∈ N .
Let us consider an arbitrary element 1 <  < . Then there exists  ∈ N such

that  <  � +1. So, 0 <  −  � 1. Hence,

R(|T | ) = |T |R(|T |−) = R(|T |+1) = R(|T |).
Therefore, R(|T |) = R(|T |) , for all  ∈ (0,). �

COROLLARY 2.18. Let T ∈ C(H) be an EP operator. Then, R(T ) = R(|T |) =
R(|T |) , for all  ∈ (0,) .

Proof. Since T is EP. By Theorem 2.17, we obtain

R(|T |) = R(|T |) = R(T ∗T ) = R(T ∗) = R(T ). �

The following Theorem 2.19 says that the converse of Corollary 2.18 is true when
T ∈ B(H) and for some  ∈ (0,1) .

THEOREM 2.19. Let T ∈ B(H) satisfy the condition R(T ) = R(|T |) = R(|T |) ,
for some  ∈ (0,1) . Then T is EP.

Proof. We begin by claiming that the range of |T | , R(|T |), is closed. By Mc-
Carthy inequality, it holds that

N(|T | ) = N(|T |), for all  ∈ (0,1] .

Since T is bounded, so H = D(|T |) = D(|T |)+R(|T |) . Now, let x∈N(|T |)⊥. Then
there are x1 ∈ D(|T |) , x2 ∈ R(|T |) such that x = x1 + x2 . Then x1 ∈ N(|T |)⊥.

As x1 ∈ D(|T |), there exists y such that |T |x1 = |T |y which implies

(x1 −|T |1−y) ∈ N(|T |) = N(|T |).
Again, |T |1−y ∈ R(|T |1−) ⊂ N(|T |1−)⊥ = N(|T |)⊥ . We obtain that

(x1−|T |1−y) ∈ N(|T |)∩N(|T |)⊥ = {0},

which shows that x1 ∈ R(|T |1−) . Moreover, x = x1 + x2 ∈ R(|T |1−) . Hence,

R(|T |1−) = R(|T |) = N(|T |)⊥ ⊂ R(|T |1−) ⊂ R(|T |1−). (22)

So, R(|T |1−) is closed which implies R(|T |) ⊂ R(|T |1−) = R(|T |2k(1−)) ⊂ R(|T |) ,
for some k ∈ N . This concludes that R(|T |) = R(T ) is closed. It follows that R(T ∗) =
R(|T |2) = R(|T |) = R(T ) . Therefore, T is EP. �

THEOREM 2.20. Let T ∈C(H) be an EP operator and S ∈ B(H) be also an EP
operator with ‖Sx‖� a‖Tx‖ , for all x ∈D(T ) and 0 < a < 1 . Then T +S is hypo-EP.
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Proof. It is easy to show that T +S is closed. The given condition says that

(1−a)‖Tx‖ � ‖(T +S)x‖� (1+a)‖Tx‖, for all x ∈ D(T ). (23)

The above inequality (23) guarantees that R(T +S) is closed. So, R((T +S)∗) is also
closed. N(T ) ⊂ N(S) says that N(T ) ⊂ N(T + S) . For all u ∈ D(T ∗T ) ⊂ D(T ) , we
get

‖Su‖2 � a2‖Tu‖2

〈S∗Su,u〉� a2〈T ∗Tu,u〉
S∗S � a2T ∗T.

By Douglas Theorem [3], there exists a contraction C such that S∗ ⊂ (aT )∗C . So,
R(S∗)⊂R(T ∗) . When an arbitrary p∈N(T +S) , then ‖T p‖= ‖Sp‖� a‖T p‖< ‖T p‖
confirms that p ∈ N(T ) . Thus, N(T +S) = N(T ) . Again,

R(T +S)∗ = R(T ∗) = R(T ∗)+R(S∗) = R(T )+R(S)⊃ R(T +S).

Therefore, T +S is hypo-EP. �

COROLLARY 2.21. Let T ∈C(H) and S ∈ B(H) be EP with the following con-
ditions:

1. ‖Sx‖� a‖Tx‖, where a < 1 and for all x ∈ D(T );

2. ‖S∗z‖ � b‖T ∗z‖, where b < 1 and for all z ∈ D(T ∗) .
Then, T +S is EP.

Proof. From Theorem 2.20, we have R((T +S)∗) = R(T ) is closed and T +S is
closed. Again, the mentioned condition (2) guarantees that R(T + S) = R(T ) . Thus,
R(T +S) = R((T +S)∗) = R(T ) . Therefore, T +S is EP. �

REMARK 2.22. Let T ∈ C(H) and S ∈ B(H) be two normal and EP operators
with ‖Sx‖ < a‖Tx‖, where a < 1 and for all x ∈ D(T ) . Then, T +S is EP.

THEOREM 2.23. Let T ∈C(H) be a closed-range operator. Then T is EP if and
only if

1. T (I−TT †)x = 0, for all x ∈ H ;

2. T ∗(I−T ∗(T ∗)†)x = 0, for all x ∈ H .

Proof. Suppose T is EP. Then N(T ) = N(T ∗) . For all x ∈ H , we have

T (I−TT †)x = TPR(T)⊥x = TPN(T )x = 0,

and

T ∗(I−T ∗(T ∗)†)x = T ∗PN(T )x = T ∗PN(T ∗)x = 0.

Conversely, From the condition (1) , we get TPR(T)⊥x = 0, for all x ∈ H . So, R(T )⊥ =
N(T ∗) ⊂ N(T ) . Condition(2) says that R(T ∗)⊥ = N(T ) ⊂ N(T ∗) . Therefore, T is
EP. �
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3. Characterizations of bounded EP operators on Hilbert spaces

Let us consider the set E of all EP operators in B(H) . The following example
shows that E is not closed in B(H) .

EXAMPLE 3.1. Let us define Tn : �2 → �2 by

Tn(x1,x2, . . . ,xk, . . .) =
(
x1,

1
2
x2, . . . ,

1
n
xn,0, . . . ,0, . . .

)
, for all n ∈ N.

Here, each Tn ∈ B(�2) is self-adjoint closed range operator. So, Tn is EP for all n ∈ N .
Moreover, Tn → T , as n →  , where T : �2 → �2 defined by:

T (x1,x2, . . . ,xk,xk+1 . . .) =
(
x1,

1
2
x2, . . . ,

1
k
xk,

1
k+1

xk+1, . . .
)
.

It is easy to show that (T ) = 0, where (T ) is the reduced minimum modulus of T .
Thus, T is not EP because R(T ) = R(T ∗) but R(T ) is not closed.

The following Theorem 3.2 says that there is a closed set in B(H) whose all ele-
ments are EP. Before stating Theorem 3.2, a new set E is defined by:

E = {T ∈ E : (T ) �  > 0}. (24)

THEOREM 3.2. E is closed set in B(H) .

Proof. Let us consider T ∈ E , the closure of E . Then there is a sequence {Tn}
in E such that Tn → T as n →  . So, (Tn) �  implies (T ) �  [7]. Thus, R(T )
is closed. We know that (Tn) = 1

‖Tn
†‖ , for all n ∈ N . Thus, sup{‖Tn

†‖ : n ∈ N} � 1
 .

By Theorem 1.5, we get Tn
† → T † as n →  . Hence,

‖T †T −TT †‖
= ‖T †(T −Tn)+T†Tn−Tn

†Tn +TnTn
† −TnT

† +TnT
†−TT †‖

� ‖T †‖‖T −Tn‖+‖T†−Tn
†‖‖Tn‖+‖Tn‖‖Tn

†−T †‖+‖Tn−T‖‖T†‖.

The right-hand side of the above inequality goes to 0 as n →  . Hence, T is EP.
Therefore, E is closed in B(H) . �

COROLLARY 3.3. E = (
⋃
>0

E )
⋃{0} .

Proof. Let S ∈ E be a non-zero EP operator. Then (S) � 1 , for some 1 > 0.
So, S ∈ E1

. Thus, E ⊂ (
⋃
>0

E )
⋃{0} . The opposite inclusion is obvious. Therefore,

E = (
⋃
>0

E )
⋃{0} . �
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THEOREM 3.4. Let T ∈ B(H) be an EP operator. Then

(T ) � r(T ).

Proof. Theorem 2.9 says that Tn is EP and R(Tn) = R(T ) , for all n ∈ N . More-

over, (Tn)† = (T †)n , for all n ∈ N . We know that r(T †) = limn→ ‖(T †)n‖ 1
n . Again,

1
‖(T †)n‖ =

1
‖(Tn)†‖ = (Tn) = inf

x∈R(Tn)

‖Tnx‖
‖x‖

�
(

inf
x∈R(T )

‖Tx‖
‖x‖

)
‖T‖n−1 = ‖T‖n−1(T ). (25)

Thus, 1
‖T‖ = limn→

1

‖T‖1− 1
n

� r(T †) . Therefore, (T ) = 1
‖T †‖ � r(T ) . �
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