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Abstract. In 1975 K. Michael Day produced an exact formula for the determinants of finite
Toeplitz matrices whose symbols are rational. The answer is a sum that involves powers of the
roots of the numerator of the symbol and whose coefficients depend on both the roots of the nu-
merator and denominator. In this paper we prove an analogue of Day’s formula for determinants
of finite Toeplitz plus Hankel matrices with rational symbols. The key to the proof is an exact
formula for the finite determinants that involves a Fredholm determinant that can be explicitly
computed. We apply the formula to find information about the limiting eigenvalues of the finite
Toeplitz plus Hankel matrices.

1. Introduction

In 1975 K. Michael Day produced an exact formula for the determinants of finite
Toeplitz matrices whose symbols are rational functions [15, 16]. The answer is a sum
that involves powers of the roots of the numerator of the symbol and whose coefficients
depend on both the roots of the numerator and denominator.

The proof given in Day’s paper used fairly complicated determinant calculations.
A sketch of an alternate proof is given in [8] that reduces the problem to an expansion
using the Cauchy-Binet formula and Vandermonde determinants.

In 1952, Szegő derived the first result for the asymptotics of determinants of finite
Toeplitz matrices whose symbols are real-valued and positive. This result was later
generalized to include more general complex-valued symbols and so, in some sense, it
overlapped with Day’s result. However, Szegő’s result was asymptotic and Day’s was
exact.

The link between the two is via a more recently discovered exact identity for the
determinants, namely the Borodin-Okounkov-Case-Geronimo (BOCG) identity. The
identity has a factor which is a Fredholmdeterminant and in the case of rational symbols
has a finite expansion. The terms of the expansion can be matched with the summands
in Day’s result. A proof using this idea was given in [1] although the notation for the
coefficients is expressed in a different way.

Our goal in this paper is not to re-derive Day’s result, but rather to extend his result
to the case of determinants of finite Toeplitz plus Hankel (T+H) matrices for rational
symbols. And, fortunately, in this setting the analogue of the BOCG identity is known.
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Here is an outline of the paper. In the next section we review the finite Toeplitz
case and state the BOCG identity. In the next section we state Day’s result and sketch a
proof of Day’s result using the BOCG identity. We also show how the two formulas for
the determinants, that is, the one given by Day and the one found in [1], are the same.

Then in Section 4, we state the analogue of the BOCG identity for determinants of
Toeplitz plus Hankel matrices. Using the identity we derive the analogue of Day’s result
for determinants of the finite Toeplitz plus Hankel matrices with rational symbols. This
is the main theorem of the paper.

This is followed by a section that focuses on numerical computations. Verification
of the formula is given along with numerical computation of the eigenvalues of the
finite matrices. One of the applications and motivations for Day’s formula is that it
showed that the limiting measures for the eigenvalues of the finite matrices has support
on certain arcs. As we shall see in the (T+H) setting the situation is not the same. The
main theorem implies that the eigenvalues can only have limiting values on a finite set
of arcs, one of which is the same that arises in the Toeplitz case. The actual pictures of
the eigenvalues indicate that the T+H case is the same as the Toeplitz case, but we have
not been able to prove this.

2. Toeplitz preliminaries

We begin with a complex-valued function  defined on the unit circle T with
Fourier coefficients

k =
1
2

∫ 2

0
(ei )e−ik d .

Hence

(ei ) =



k=−

k eik .

Consider the matrix
Tn() = ( j−k) j,k=0, ···,n−1.

The matrix Tn() is referred to as the finite Toeplitz matrix with symbol  .
This matrix has the form⎡

⎢⎢⎢⎢⎢⎢⎣

0 −1 −2 · · · −(n−1)
1 0 −1 · · · −(n−2)
2 1 0 · · · −(n−3)
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
n−1 n−2 n−3 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎦

As mentioned earlier, for a certain class of “nice” symbols the asymptotics were
described by Szegő and then generalized by others to more general symbols. In partic-
ular, the generalization to matrix-valued symbols was proved by Widom [21] and the
result now is referred to as the Szegő-Widom Limit Theorem. For scalar symbols it
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states that if  has a sufficiently well-behaved logarithm then the determinant of the
Toeplitz matrix has the asymptotic behavior

Dn() := detTn() ∼ G()n E() as n → .

The constant G() is the geometric mean of 

G() = e(log)0

and

E() = exp

(



k=1

k (log)k (log)−k

)
.

To clarify what it means for the symbol of have a sufficiently well-behaved loga-
rithm, it is useful to consider a certain Banach algebra (see [8], section 1.10).

Let B be the set of all function  such that the Fourier coefficients satisfy

‖‖B :=



k=−

|k|+
( 


k=−

|k| · |k|2
)1/2

< .

With this norm and pointwise defined algebraic operations on T, the set B becomes a
Banach algebra of continuous functions.

The Szegő-Widom Limit Theorem holds provided that  ∈ B, does not vanish on
T, and has winding number zero. Then both −1 and log (any continuous choice of
the logarithm will suffice) are defined and in B.

The BOCG identity is a refinement of the Szegő-Widom theorem and yields a
direct way to prove it. It requires some additional definitions and notation.

We let �2 denote the space of complex sequences {xk}k=0 with the usual 2-
norm. With respect to the standard basis in matrix notation we define two operators,
the Toeplitz operator, T () and the Hankel operator H() by the following:

T () = ( j−k), 0 � j,k < ,

H() = ( j+k+1), 0 � j,k < .

It is useful to think of the Toepltiz operator in matrix form, but it is also worth
pointing out that it can be defined as

T () : �2 → �2 T () f = P( f )

where P is the Riesz projection onto �2,

P :



k=−

ke
ik �→




k=0

ke
ik ,

and f is the function identified by its Fourier coefficients { fn}n=0. In other words, start
with the sequence { fn}n=0 in �2 and let

f ( ) =



n=0

fne
in .
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Multiply f pointwise by the function  and then project by chopping off the negative
Fourier coefficients of  f to obtain a sequence back in �2.

For  , ∈ L(T) the well-known identities

T () = T ()T ()+H()H(̃) (2.1)

H() = T ()H()+H()T (̃), (2.2)

where ̃ (ei ) = (e−i ), are the basis of almost everything that follows. They can be
proved by simply analyzing the matrix entries of the operators and using convolution to
find the Fourier coefficients of products. They are also found in [8], Proposition 2.14.

It follows from these identities that if − and + have the property that all their
Fourier coefficients vanish for k > 0 and k < 0, respectively, then

T (−+) = T (−)T ()T (+),
H(−̃+) = T (−)H()T (+).

Now suppose that the conditions of the Szegő-Widom theorem hold. Then there
exists a well-defined logarithm of  that is in B . We can then write log as a sum
of two functions, one with Fourier coefficients that vanish for positive indices, and one
with Fourier coefficients that vanish for negative indices. If we then exponentiate these
two functions, the factors (and their inverses) have the same Fourier properties and are
in B . Thus we see that

 = −+, −1 = −1
− −1

+ .

This factorization is known as a Wiener-Hopf factorization.
We need one more ingredient before stating the BOCG identity. This is the notion

of a Fredholm determinant, which is defined for any operator of the form I +K where
K is a trace class operator. A compact operator K is trace class if and only if the
eigenvalues si of (K∗K)1/2 satisfy 

i=0 si < . We define the trace norm of K by

||K||1 =



i=0

si.

This set of operators is a closed ideal in the algebra of all bounded operators.
For a trace class operator with discrete eigenvalues i one can show that




i=0

|i| < 

and thus

det(I +K) =



i=0

(1+i)

is well defined and the product is called the Fredholm determinant. Proofs of the above
statements can be found in [18].

The BOCG identity can now be stated as follows.
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THEOREM 2.1. Suppose  is in B, does not vanish, and has winding number
zero. Then

Dn() = G()n E() ·det
(
I−H(z−n−−1

+ )H(̃−1
− ̃+z−n)

)
.

In the above z = ei .

We will not prove this here, but refer to past proofs [3, 4, 6, 17]. We note that the
proofs in [3, 6] show that the operator

H(z−n−−1
+ )H(̃−1

− ̃+z−n)

is trace class, and thus the determinant on the right hand side of the identity is defined.
Those proofs also show that the above product of Hankel operators tends to zero in the
trace norm which then implies Szegő’s asymptotic result.

3. Day’s result

We assume that our rational function  has no multiple zeros and can be written
in the form

(ei ) = c0

p


j=1

(ei − r j)
h


j=1

(
1− ei

 j

)−1 k


j=1

(ei −  j)−1,

where | j| > 1, | j| < 1, c0 �= 0 is a constant, and the r j are the distinct zeros of  .
Note that if we replace ei by z in the above expression, then (z) is a quotient of
polynomials in z. Day’s result says the following.

THEOREM 3.1. Let  be given as above. Then

Dn() = 0 if p < k, (3.1)

Dn() = (−1)(p−k)(n+1)
M

AMrn
M if p � k, (3.2)

where the sum in (3.2) is taken over all subsets M ⊂ {1, . . . , , p} of cardinality k and

rM = co 
j∈Mc

r j, AM = 
j∈Mc,∈K
∈H, i∈M

(r j − )( − ri)
( − )(r j − ri)

,

with Mc the complement of M , K = {1, . . . , ,k} , H = {1, . . . , ,h} .

The proof of this using the BOCG identity was done in [1]. However, the notation
was very different from the one that Day used, but it is the notation commonly used
in number theory applications for computing averages over the classical groups. To
describe the result, we need a few definitions.
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For sets of complex numbers A and B define

Z(A,B) = 
a∈A
b∈B

(1−ab)−1. (3.3)

Furthermore, let

Z(A,B;C,D) =
Z(A,B)Z(C,D)
Z(A,D)Z(B,C)

.

For sets A and T and a subset U ⊂ A , we let A−U +T−1 be the union of A−U
and the set of inverses of the elements of T . Finally, for a positive integer n , define
Un := u∈U un.

THEOREM 3.2. Suppose that p � k and let

(ei ) =
k


i=1

(1−aie−i )
(1− cie−i )

p−k


i=1

(1−bie
i ))

h


i=1

(1−die
i )−1,

with |ci|, |di|< 1 and let A = {a1,a2, . . . ,ak} , B = {b1,b2, . . . ,bp−k} , C = {c1,c2, . . . ,ck} ,
D = {d1,d2, . . . ,dh} . Then

Dn() = 
S⊂A,T⊂B
|S|=|T |

SnT nZ(A−S+T−1,B−T +S−1;C,D).

These formulas look different, especially since the powers seem to be different.
But they are really equivalent.

Start with

(ei ) = c0

p


j=1

(ei − r j)
h


j=1

(
1− ei

 j

)−1 k


j=1

(ei −  j)−1,

and factor ei out k times from the numerator and denominator to get

(ei ) = c0

k


j=1

(1− r je
−i )

p


j=k+1

(ei − r j)
h


j=1

(
1− ei

 j

)−1 k


j=1

(1−  je
−i )−1.

Next factor out p
j=k+1(−r j). What remains is

(ei ) = c0

p


j=k+1

(−r j)
k


j=1

(1− r je−i )
(1−  je−i )

p


j=k+1

(1− ei/r j)
h


j=1

(
1− ei

 j

)−1
.

To see how the powers in Day’s expansion agree, notice that if we use Theorem 3.2 to
compute the determinant, we have a factor of (p

j=k+1(−r j))n times a product of (r j)n

taken from a set S and an equal number of (1/r j)n taken from a set T. All possible
products from a subset defined by a set M can be obtained this way. We leave it to the
reader to check that the coefficients in the two formulas agree.
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While the proof in [1] for Theorem 3.2 uses the Fredholm expansion, there are
three other known proofs. The first [11] was motivated by physics and uses super-
symmetry; the second [9] uses symmetric function theory and representation theory.
The third [10] uses orthogonal polynomial methods from random matrix theory. We
also point out that the proof in [1] required p = 2k and h = k. The proof easily holds
without these restrictions or by allowing some of the parameters to be zero.

The proof of Day’s formula using the Fredholm expansion is straight-forward from
the BOCG identity. We will not reproduce all of the proof here, but give the general
idea. If we let

(ei ) =
k


i=1

(1−aie−i )
(1− cie−i )

p−k


i=1

(1−bie
i ))

h


i=1

(1−die
i )−1,

then since the determinants are polynomials in ai and bi we may assume that |ai|, |bi|<
1. Thus we may apply the identity. We find that G() = 1 and by direct computation
that E() = Z(A,B;C,D).

So what is left to do is to compute

det
(
I−H(z−n−−1

+ )H(̃−1
− ̃+z−n)

)
.

Recall that if K has a discrete kernel K(i, j) then the determinant of I−K is given by
the sum

1+



l=1

(−1)l

l!

(


i1,i2,···,il
detK(i j, ik)1� j,k�l

)
.

The first term here is simply the trace of the operator K . The second term is a two-by-
two determinant, and so on.

Our next step is to compute this expansion and thus we need to find the matrix
entries of

H(z−n−−1
+ )H(̃−1

− ̃+z−n).

Using complex analysis it is not hard to show that the l th Fourier coefficient of
̃−1
− ̃+ is given by k

j=1 jal−1
j and the l th Fourier coefficient of −−1

+ is given by

p−k
j=1  jbl−1

j , where  j and  j are constants not depending on l. This shows that the
i, j entry of the product of the above Hankel operators is a sum of terms of the form

ghbn+i
g a j+n

h

(1−bgah)
.

When we substitute this into the formula for the Fredholm determinant we can expand
the determinant by the columns. It turns out that only unique sets of a j ’s and bh ’s con-
tribute, and these determinants are elementary to compute. For each l× l determinant
we only have non-zero terms if l � min{k, p− k}, and if this is the case, then these
yield the product factors in Theorem 3.2. For example, a set S with cardinality one will
come from the first term, which is just a trace. A set of cardinality two will come from
the two-by-two determinant and so on. The details are in [1].
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4. analogue of Day’s formula for T + H

Our goal is to compute the analogue of Day’s formula for the determinant of
the sum of finite Toeplitz plus Hankel matrices. These are finite matrices denoted by
Tn()+Hn(), and with i, j entry given by

i− j +i+ j+1.

Matrices with this structure appear in many applications. For example, the determinants
compute averages over cosets of classical groups that arise in number theory problems
[1,10,11]. The determinants are also important in random matrix theory, where they are
used to find the distribution function of linear statistics for certain ensembles of random
matrices. The Toeplitz plus Hankel matrices are also the discrete analogue of operators
with Bessel kernels. Details about the random matrix theory connections can be found
in [2].

Some special cases of the analogue of Day’s formula for the determinant of the
sum of finite Toeplitz plus Hankel matrices were computed in [1]. We begin by stating
that result.

Let A = {a1, . . . ,ak} and define

ZS(A) = 
1�i� j�k

(1−aia j)−1,

ZO(A) = 
1�i< j�k

(1−aia j)−1,

ZO(A;C) =
ZO(A)ZS(C)

Z(A,C)
.

(4.1)

THEOREM 4.1. Let A = {a1,a2, . . . ,ak} and let C = {c1,a2, . . . ,ck} where |ci|<
1 . Let

( ) =
k


i=1

(1−aiei )(1−aie−i )
(1− ciei )(1− cie−i )

.

Then

det(Tn()+Hn()) =
k


i=1

(1+ ci)
(1+ai)


U⊂A

UnZO(A−U +U−1;C).

The function  in the above theorem is “even”, that is, (ei ) = (e−i ). When
computing certain averages over cosets of classical groups, one encounters exactly the
situation above with even symbols.

Our goal is to extend this to the non-even setting and fortunately, the analogue of
the BOGC identity is known and was proved in [2].

Let

Pn :



k=0

ke
ik �→

n−1


k=0

ke
ik

and let Qn = I−Pn.
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THEOREM 4.2. Suppose  satisfies the conditions of the Szegő-Widom theorem
and in addition H() and H(̃ ) are trace class. Let b = log (any choice of continu-
ous logarithm will do). Then

det(Tn()+Hn()) = G()n E() ·det(I +QnKQn)

where G() is as before, and

E() = exptrace

(
H(b)− 1

2
H(b)2 +H(b)H(b̃)

)
,

K = H()(T (−1)−H(̃−1)),

 = −−1
+ ̃−1

+ .

We will refer to the above identity as the BE identity, as was done in [1].

4.1. The simplest example

Although the application of the above theorem to finding an exact formula for the
determinants is straightforward, it is a bit messy. Thus we begin with an example. We
let

(ei ) =
(1−ae−i)(1−bei)
(1− ce−i)(1−dei )

, (4.2)

and we suppose that a,b,c and d all have absolute value less than one. It is then known
and not hard to check that the symbol  satisfies the conditions of the above theorem.
We find G() = 1 and

E() =
(1−b)(1+d)(1− cb)(1−ad)

(1−bd)(1−ab)(1− cd)
.

4.1.1. Computing the entries of K for the example

The interesting computation is finding the entries of K. We have

(ei ) =
(1−ae−i)(1−dei )(1−de−i)
(1− ce−i)(1−bei)(1−be−i)

.

Using simple contour integration we find that the following formulas hold and serve to
define b,d1,d2, and a :

1. k = (1−ab)(1−db)(b−d)
(1−cb)(1−b2) bk−1 = bbk−1, k > 0

2. −1
k = (1−cd)(1−bd)(d−b)

(1−ad)(1−d2) dk−1 = d1dk−1, k > 0

3. −1
−k = (1−bd)(d−c)(d−b)

(d−a)(1−d2) dk−1 + (1−ab)(a−c)(a−b)
(1−da)(a−d) ak−1 = d2dk−1 +aak−1, k > 0
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4. −1
0 = (d1 +b)/d

5. ̃−1
k = −1

−k .

4.1.2. Computing the Fredholm determinant for the simple example

Our goal now is to compute the Fredholm determinant

det(I +QnKQn) .

The j, l entry of H() is bb j+l . Note that H() is a rank one operator and thus
only one term in the Fredholm expansion needs to be evaluated. The l,k entry of
T (−1)−H(̃−1) is −1

l−k − ̃−1
l+k+1. From this it follows that the j,k entry of K is

bb
j
k−1


l=0

(
d2b

ldk−l−1 +ab
lak−l−1

)
+ bb

j+k(d1 +b)/d

+ bb
j




l=k+1

bld1d
l−k−1 − bb

j



l=0

(d2b
ldl+k +ab

lal+k),

or

bd2b
jdk−1 1− (b/d)k

1−b/d
+bab

jak−1 1− (b/a)k

1−b/a
+bd1b

j+k 1
d(1−bd)

+ bb
j+kb/d−bd2b

jdk 1
1−bd

−bab
jak 1

1−ab
which is the same as

bd2b
jdk (1+b)(1−d)

(d−b)(1−bd)
+bab

jak (1+b)(1−a)
(a−b)(1−ab)

+ bb
j+k
(
−d2

1
d−b

−a
1

a−b
+d1

1
d(1−bd)

+
b
d

)
or

bd2b
jdk (1+b)(1−d)

(d−b)(1−bd)
+bab

jak (1+b)(1−a)
(a−b)(1−ab)

,

since the last term (coefficient of b j+k ) adds up to zero.
Because H() is rank one, we compute the trace of QnKQn and find that it is

bndn (1−ab)(b−d)(d− c)
(d−a)(1+d)(1−b)(1− cb)

+bnan (1−a)(a− c)(1−bd)(b−d)
(a−d)(1−ad)(1− cb)(1−b)

.

This gives a final answer for the determinant:

det(Tn()+Hn()) =
(1−b)(1+d)(1− cb)(1−ad)

(1−bd)(1−ab)(1− cd)

+bndn (1−ad)(b−d)(d− c)
(d−a)(1−bd)(1− cd)

+bnan (1−a)(a− c)(1+d)(b−d)
(a−d)(1−ab)(1− cd)

.

(4.3)
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4.2. Computing the entries of K for the general case

Now we do the general case.
From now on we assume that the parameters a1, . . . ,ak, b1, . . . ,bk, d1, . . . ,dk, are

all distinct. Later we will relax this restriction.
Let

(ei ) =
k


i=1

(1−aie−i )(1−biei )
(1− cie−i )(1−diei )

,

and assume that all parameters have absolute value less than one so that the BE identity
holds. First,

E() =
i(1−bi)(1+di)i< j(1−bib j)(1−did j)i, j(1−aid j)(1−bic j)

i, j(1−bid j)(1−aib j)(1− cid j)
.

Then we have

(ei ) =
k


i=1

(1−aie−i )(1−diei )(1−die−i )
(1− cie−i )(1−biei )(1−bie−i )

.

Our next goal is compute the appropriate Fourier coefficients. (To find Fourier coeffi-
cients we used contour integration and the residue theorem.)

The following definitions help to express the Fourier coefficients concisely.

1. b j = k
i=1

(1−aib j)(1−dib j)(b j−di)
(1−cib j)(1−bib j) i�= j

1
b j−bi

2. d+
j

= k
i=1

(1−cid j)(1−bid j)(d j−bi)
(1−aid j)(1−did j) i�= j

1
d j−di

3. d−j
= k

i=1
(1−bid j)(d j−ci)(d j−bi)

(d j−ai)(1−d jdi) i�= j
1

d j−di

4. a j = k
i=1

(1−a jbi)(a j−ci)(a j−bi)
(1−dia j)(a j−di) i�= j

1
a j−ai

.

The Fourier coefficients are given by:

1. n = k
j=1b j b

n−1
j , n > 0

2. −1
n =k

j=1d+
j
dn−1

j , n > 0

3. −1
−n =k

j=1(d−j
dn−1

j +a ja
n−1
j ), n > 0

4. −1
0 =k

j=1(d−j
d−1

j +a ja
−1
j )+k

i=1
cibi
aidi
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5. ̃−1
n = −1

−n .

For the matrix entries of K we have

K(g,h) =



l=0

g+l+1(−1
l−h−−1

−l−h−1).

We consider this in pieces. First we consider




l=0

g+l+1−1
l−h

which we break into three pieces depending on whether l < h, l = h, or l > h. The
l < h term is

h−1


l=0

g+l+1−1
l−h =

h−1


l=0

(
k


j=1

b j b
g+l
j

k


j=1

(d−j
dh−l−1

j +a ja
h−l−1
j ),

)

which becomes

k


i, j=1

⎛
⎝bid−j

bg
i dh

j

d j −bi
−
bid−j

bg+h
i

d j −bi

⎞
⎠+

k


i, j=1

(
bia jb

g
i ah

j

a j −bi
− bia j b

g+h
i

a j −bi

)
.

The l = h term which is

k


j=1

b j b
g+h
j

(
k


j=1

(d−j
d−1

j +a ja
−1
j )+

k


i=1

cibi

aidi

)

or
k


i, j=1

bg+h
i (bid−j

d−1
j +bia j a

−1
j )+

k


i=1

bib
g+h
i

k


i=1

cibi

aidi
.

The next term is l > h and we have

k


i, j=1




l=h+1

bid+
j
bg+l

i dl−h−1
j =

k


i, j=1

bid+
j
bg+h

i
bi

1−bid j
.

Likewise we have

−



l=0

g+l+1−1
−l−h−1 = −

k


i, j=1

(



l=0

b j b
g+l
j (d−j

dl+h
j +a ja

l+h
j )

)

= −
k


i, j=1

(
bib

g
i

(
d−j

dh
j

1

1−bid−
j

+a ja
h
j

1
1−bia j

))
.

Now we combine terms. The terms with bg
i d

h
j reduce to

k


i, j=1

bid−j
bg

i d
h
j

(1+bi)(1−d j)
(d j −bi)(1−bid j)

.
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The terms involving bg
i a

h
j reduce to

k


i, j=1

bia jb
g
i a

h
j

(1+bi)(1−a j)
(a j −bi)(1−bia j)

.

The term involving bg+h
i is

bibi

k


j=1

(
−d−j

1
d j(d j −bi)

−a j

1
a j(a j −bi)

+d+
j

1
1−bid j

)
+bi

k


j=1

b jc j

a jd j
. (4.4)

In Appendix B we show that this term vanishes. Hence, what remains is that the
g,h entry of our operator K is

k


i, j=1

bid−j
bg

i d
h
j

(1+bi)(1−d j)
(d j −bi)(1−bid j)

+
k


i, j=1

bia j b
g
i a

h
j

(1+bi)(1−a j)
(a j −bi)(1−bia j)

.

4.3. Computing the terms in the Fredholm expansion in the general case

Now that we know the entries of K our next step is to compute the terms in the
Fredholm expansion. We need some preliminaries first.

Let S and T be ordered sets of complex numbers and let I = {i1, . . . , il}. Define
the l× l determinant by

DI({ti},{s j}) = det(tigh sih
h )1�g,h�l

with ti ∈ T and si ∈ S.
Here is the 3×3 example for sets {t1,t2,t3} and {s1,s2,s3} :

DI({ti},{s j}) =

∣∣∣∣∣∣∣∣
ti11 si1

1 ti12 si2
2 ti13 si3

3

ti21 si1
1 ti22 si2

2 ti23 si3
3

ti31 si1
1 ti32 si2

2 ti33 si3
3

∣∣∣∣∣∣∣∣
.

The following two lemmas were proved in [1] and will be used in our computa-
tions.

LEMMA 4.3. If ti = t j for i �= j, then DI({ti},{s j}) = 0.

This is easy to see since we can factor out sih
h from any column and the resulting

determinant has two equal columns.

LEMMA 4.4. For a positive integer n, if si = s j , for i �= j, then 
ii,...,il�n

DI({ti},{s j})
= 0.
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Now we continue computing the terms in the Fredholm expansion in the gen-
eral case Let A = {a1,a2, · · · ,ak}, B = {b1,b2, · · · ,bk},C = {c1,c2, · · · ,ck} and D =
{d1,d2, · · · ,dk}. Let S ⊂ E = A+D and T ⊂ B.

The columns of the matrix K(i j, ik) are sums of 2k2 column vectors since each
entry of K( j,k) is a sum of 2k2 entries. Expanding the determinant of K(i j, ik) by
columns yields (2k2)l terms, but by our lemmas, many of these vanish. Note the col-
umn vectors are determined by a choice of a bi and a choice of either an ai or di. We
are only left to deal with disjoint subsets of elements of si from A+D and ti from B .
We will call those subsets S and T.

Thus the l× l determinant of K(i j, ik) is a sum of determinants, each of the form

l


j=1

t js j

(1+ t j)(1− s j)
(s j − t j)(1− t js j)

DI({ti},{si})

where the sum is taken over all ordered sets S and T of size l, and s j is either a j or
d−j

.

We begin with two fixed ordered sets S and T and then consider the pair S and T
′

where T
′
is a permutation of T. Then the contribution from all possible permutations

of the t j ’s is

l


j=1

t js j (1+ t j)(1− s j) (DI({ti},{si})
(



sgn()
1

l
j=1(s j − t( j))(1− t( j)s j)

)
.

Here DI represents the determinant DI({ti},{si}) for the sets S and T . This expres-
sion on the right is a Cauchy type determinant. It is evaluated in Appendix A and the
evaluation yields

l


j=1

t js j (1+ t j)(1− s j) (DI({ti},{si})i< j(ti − t j)(s j − si)(1− tit j)(1− sis j)
i, j(si − t j)(1− tis j)

,

which must be summed over ii, . . . , il � n.
Expand DI({ti},{si} using the permutation definition. The sum 

ii,...,il�n
DI({ti},{si})

is l
j=1 tnj s

n
j times a Cauchy determinant given by

i< j(t j − ti)(s j − si)
i, j(1− tis j)

.

Thus the contribution after summing in the l × l Fredholm determinant expansion for
the ordered set S and all permutations of T is

l


j=1

tnj s
n
j

l


j=1

t js j (1+ t j)(1− s j))

×i< j(ti − t j)(s j − si)(1− tit j)(1− sis j)
i, j(si − t j)(1− tis j)

i< j(t j − ti)(s j − si)
i, j(1− tis j)

.
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Notice that this expression does not depend on the order S. Hence we have l!
occurrences of these which cancel with 1/l! in the Fredholm expression.

Now we are in a position to write down an answer.
Recall that s j is either a j or d−j

. However it can be written concisely as

s j =
1

s j − s j

k


i=1

(1−bis j)(s j − ci)(s j −bi)
(1− s jdi)


i:ai �=s j
di �=s j

1
(s j −ai)(s j −di)

where s j = a j if s j = d j and s j = d j if s j = a j.

We no longer need to consider the order of the sets S and T , and so we treat them
as ordinary subsets of E and B.

For the sets S and T the Fredholm expansion yields a term

E()
l


i=1

tni sn
i

l


i=1

tisi(1+ t j)(1− s j))

× i< j(ti − t j)(t j − ti)(si − s j)2(1− tit j)(1− sis j)
i, j(si − t j)(1− tis j)2 . (4.5)

Recall that

E() =
k

i=1(1−bi)(1+di)1�i< j�k(1−bib j)(1−did j)i, j(1−aid j)(1−bic j)
i, j(1−bid j)(1−aib j)(1− cid j)

.

Thus (4.5) is

l


i=1

tni sn
i

k


i=1

(1−bi)(1+di) 
1�i< j�k

(1−bib j)(1−did j)
l


i=1

(1+ ti)(1− si)tisi

× i, j(1−aid j)(1−bic j)
i, j(1−bid j)(1−aib j)(1− cid j)

i< j�l(ti − t j)(t j − ti)(si − s j)2(1− tit j)(1− sis j)
1�i, j�l(si − t j)(1− tis j)2 ,

where

t j =
k


p=1

(1−apt j)(1−dpt j)(t j −dp)
(1− cpt j)(1−bpt j)


p �= j

1
t j −bp

and

s j =
1

s j − s j

k


p=1

(1−bps j)(s j − cp)(s j −bp)
(1− s jdp)


p:ap �=s j
dp �=s j

1
(s j −ap)(s j −dp)

.

Changing the ti notation back to bi we can see that many of the terms can be
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combined to show that (4.5) is equal to


bp∈T

bn
p 

sp∈S

sn
p

k


i=1

(1−bi)(1+di) 
1�i< j�k

(1−did j) 
bp∈T

(1+bp) 
sp∈S

(1− sp)
sp − s p

× 
bq∈B−T

ap∈A

1
(1−apbq) 

bq∈B−T
dp∈D

1
(1−dpbq) cp∈C

dq∈D

1
(1− cpdq) sq∈S

dp∈D

1
(1− sqdp) bp∈T

sq∈S

1
(1−bpsq)

× 
sp �=aq
sp∈S
aq∈A

1
sp−aq


sp �=dq
sp∈S
dq∈D

1
sp−dq


bp∈B−T

cq∈C

(1−bpcq) 
ap∈A
dq∈D

(1−apdq) 
bq∈T
dp∈D

(bq−dp)

× 
sq∈S
cp∈C

(sq − cp) 
bq∈T

bp∈B−T

1
(bq−bp)


sq∈S

bp∈B−T

(sq −bp) 
p<q

bp,bq∈B−T

(1−bqbp)

× 
bq∈T

1
1−b2

q

p<q

sp,sq∈S

(1− sqsp)(sq − sp)2 
bp∈B−T

sq∈S

(1− sqbp).

With additional simplification (4.5) becomes

(−1)l(l−1)/2 
bp∈T

bn
p 

sp∈S

sn
p

k


i=1

(1+di) 
1�i< j�k

(1−did j)
sq∈S

(1− sq) 
bq∈B−T

(1−bq)


p<q

bp,bq∈B−T

(1−bqbp) 
bq∈T

bp∈B−T

1
(bq−bp)


p<q

sp,sq∈S

(1− sqsp) 
sq∈S

sp∈E−S

1
(sq− sp)

×
bp∈B−T

cq∈C
(1−bpcq)ap∈A

dq∈D
(1−apdq)bq∈T

dp∈D
(bq−dp) sq∈S

cp∈C
(sq−cp) sq∈S

bp∈B−T
(sq−bp)

 bq∈B−T
ap∈A+D−S

(1−apbq)cp∈C
dq∈D

(1−cpdq) sq∈S
dp∈D

(1−sqdp)bp∈T
sq∈S

(1−bpsq)
.

4.4. Final answer

The next steps convert the above answer into something that is concise and an
analogue of the number theory version of Day’s result. To do this we use the following
properties, each of which is easy to verify.

LEMMA 4.5. Let Z(A,B),ZO(A) be defined as before in (3.3) and (4.1). Then

(1) Z(A,B) = Z(B,A)

(2) Z(A+B,C) = Z(A,C)Z(B,C)

(3) ZO(A+B) = ZO(A)ZO(B)Z(A,B)
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(4) 
a∈A,b∈B

1
a−b

= 
a∈A

a−|B| 
a∈A,b∈B

1
1−b/a

= 
a∈A

a−|B|Z(A−1,B)

(5) Z(A,B) = (−1)|A| |B|
a∈A

a−|B|
b∈B

b−|A|Z(A−1,B−1)

(6) ZO(A) = (−1)|A|(|A|−1)/2
a∈A

a−|A|+1ZO(A−1) .

Using properties (1)-(4) we can express (4.5) as

(−1)l(l−1)/2 
bp∈T

bn
p 

sp∈S

sn
p

k


i=1

(1+di)
sq∈S

(1− sq) 
bq∈B−T

(1−bq)

×bq∈T bl−k
q Z(T−1,B−T)sq∈S sl−2k

q Z(S−1,E −S)
ZO(D)ZO(B−T ) ZO(S)

× Z(E −S,B−T)Z(C,D)Z(S,D)Z(T,S)
Z(B−T,C)Z(A,D)i b

−k
i Z(T−1,D)sq∈S s−k

q Z(S−1,C)sq∈S sl−k
q Z(S−1,B−T)

.

With properties (5) and (6) this can be rewritten as

(−1)l 
bp∈T

bn
p 

sp∈S

sn
p

k


i=1

(1+di)
sq∈S

(1− sq) 
bq∈B−T

(1−bq)

×bq∈T bl−k
q Z(T−1,B−T)sq∈S sl−2k

q Z(S−1,E −S)

ZO(D)ZO(B−T) sq∈S s−l+1
q ZO(S−1)

× Z(E−S,B−T )Z(C,D)Z(D,D)Z(S,D)bq∈T b−l
q sq∈S s−l

q Z(T,−1 S−1)

Z(B−T,C)Z(D,D)Z(A,D) 
bq∈T

b−k
q Z(T−1,D)

sq∈S

s−k
q Z(S−1,C)

sq∈S

sl−k
q Z(S−1,B−T )

.

Then using properties (2) and (3) of Lemma 4.5 and the fact that

Z(S,D)
Z(A,D)Z(D,D)

=
1

Z(E −S,D)
,

the expression for (4.5) further simplifies to

(−1)l 
si∈S
bi∈T

sn−1
i bn

i 
di∈D

(1+di)
si∈S

(1− si) 
bi∈B−T

(1−bi)

× ZS(D)Z(C,D)Z(E −S+T−1,B−T +S−1)
Z(E −S+T−1,D)Z(B−T +S−1,C)ZO(B−T +S−1)

.

This is the term in the Fredholm expansion corresponding to the sets S and T .
Summing over S and T gives the the full expansion for det(Tn()+Hn()) , which we
summarize in the following theorem.
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THEOREM 4.6. Let A = {a1, . . . ,ak} , B = {b1, . . . ,bk} , C = {c1, . . . ,ck} , D =
{d1, . . . ,dk} , and E = A+D. Assume |ci|, |di|< 1, and that d1, . . . ,dk are distinct. Let

(ei ) =
k


i=1

(1−aie−i )(1−biei )
(1− cie−i )(1−diei )

.

Then

det(Tn()+Hn())

= 
S⊂E
T⊂B

|S|=|T |

(−1)|S| 
si∈S
bi∈T

sn−1
i bn

i 
di∈D

(1+di)
si∈S

(1− si) 
bi∈B−T

(1−bi)

× ZS(D)Z(C,D)Z(E −S+T−1,B−T +S−1)
Z(E −S+T−1,D)Z(B−T +S−1,C)ZO(B−T +S−1)

.

Proof. The only thing to mention is that the application of the identity in the above
setting required that all of the parameters had absolute value less than one and that the
ai,bi,di parameters were distinct. The Fourier coefficients of  are polynomials in ai

and bi and therefore the determinant of Tn()+Hn() is also. Thus, the above holds
for all ai and bi. �

COROLLARY 4.7. Suppose A = B and C = D. Then

det(Tn()+Hn()) =
k


i=1

(1+ ci)
(1+ai)


S⊂A


ai∈S

a2n+1
i ZO(A−S+S−1;C).

Proof. First note that because of the factors


sq∈S
cp∈C

(sq − cp) 
sq∈S

bp∈B−T

(sq −bp)

we may assume that S = T and that S ⊂ A. Thus our sum is only over subsets of A .
Letting S = T we have


S⊂A

(−1)|S| 
ai∈S

a2n−1
i 

ci∈C

(1+ ci) 
ai∈A

(1−ai)

× ZS(C)Z(C,C)Z(A+C−S+S−1,A−S+S−1)
Z(A+C−S+S−1,C)Z(A−S+S−1,C)ZO(A−S+S−1)

.

= 
S⊂A

(−1)|S|
ai∈S

a2n−1
i 

ci∈C

(1+ ci)
ai∈A

(1−ai)

× ZS(C)Z(C,C)Z(A−S+S−1,A−S+S−1)Z(C,A−S+S−1)
Z(A−S+S−1,C)Z(C,C)Z(A−S+S−1,C)ZO(A−S+S−1)
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= 
S⊂A

(−1)|S|
ai∈S

a2n−1
i 

ci∈C

(1+ ci)
ai∈A

(1−ai)

× ZS(C)Z(A−S+S−1,A−S+S−1)
Z(A−S+S−1,C)ZO(A−S+S−1)

= 
S⊂A

(−1)|S|
ai∈S

a2n−1
i 

ci∈C

(1+ ci)
ai∈A

(1−ai)

×ZS(C)ZS(A−S+S−1)
Z(A−S+S−1,C)

= 
S⊂A

(−1)|S|
ai∈S

a2n−1
i 

ci∈C

(1+ ci)
ai∈A

(1−ai)

× ZS(C)ZO(A−S+S−1)
Z(A−S+S−1,C)ai∈A−S(1−a2

i )ai∈S(1−1/a2
i )

=
k


i=1

(1+ ci)
(1+ai)


S⊂A


ai∈S

a2n+1
i ZO(A−S+S−1;C). �

We end this section with some remarks about generalizing our main theorem. We
required that the number of parameters ai,bi,ci and di be the same to keep the proofs
simpler. However the answer in the main theorem is independent of the number of
parameters and is valid whenever it makes sense.

There are other classes of operators for which one can apply the same techniques
used in this paper, such as, for example, the difference of finite Toeplitz and Hankel
matrices. The analogues of the BOCG identities can be found in [2], and then one would
need to repeat the steps done in this paper. It would also be interesting to extend the
results found in this paper to the block case, where the entries are generated by a matrix-
valued function. One could compare the techniques and results that are described in the
survey paper [5] with the ones used in this paper. We leave these additional problems
for the future.

5. Numerical examples, eigenvalues, and conjectures

In order to check the derivation of the formula for the determinants of the finite
Toeplitz plus Hankel matrices, we computed some small determinants for rational sym-
bols exactly and then did a comparison with the formula of the previous section. The
Fourier coefficients were exact rational numbers. Here are some examples.

EXAMPLE 5.1. Let

(ei ) =
(1−ae−i)(1−bei)
(1− ce−i)(1−dei )

,
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where a = 1/2,b = 1/3,c = 1/4,d = 1/5. The determinant formula (4.3) with n = 5
gives

det(T5()+H5()) =
51551341
57712500

≈ 0.893244.

The Fourier coefficients of  , which can be computed with residues, are given by

k =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(1−ad)(d−b)dk−1

1− cd
if k > 0,

(1−ad)(d−b)
d(1− cd)

+
b
d

if k = 0,

(c−a)(1−bc)c|k|−1

1− cd
if k < 0.

A computer calculation of det(T5()+H5()) , using exact arithmetic, gives the same
rational number.

EXAMPLE 5.2. Let

(ei ) =
(1−ae−i)(1−bei)
(1− ce−i)(1−dei )

,

where a = 2, b = 1/3, c = 1/4, d = 1/5. The determinant formula (4.3) with n = 5
gives

det(T5()+H5()) =
7571
4617

≈ 1.63981.

A computer calculuation of det(T5()+H5()) , using exact arithmetic, gives the same
rational number.

One of Day’s goals was to understand the eigenvalues of finite Toeplitz matrices
with rational symbols as n →  . He approached this by asking when the matrix

Tn()− I = Tn( − )

could have determinant zero. Note that  − is rational when  is rational.
Let z = ei and write

(z) =
f (z)
g(z)

.

Then

(z)− =
f (z)−g(z)

g(z)
.

Suppose the degree of f (z)−g(z) is p and let the number of roots of g(z) inside
the unit circle be k.

We let zi( ) , i = 1, . . . , p , be the zeros of (z)− , ordered so that

|z1( )| � |z2( )| � · · · � |zp( )|.
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Day argued that the determinant Dn() could not be zero for large n unless

|zk( )| = |zk+1( )|.
This defines a curve in the complex plane where the eigenvalues must accumulate.

Hints of this approach appears in some earlier work. The earliest is a paper by
Widom [20] that contains a formula for determinants of banded Toeplitz matrices sim-
ilar to Day’s. Some similar ideas appear in a paper by Schmidt and Spitzer [19].

To understand his reasoning recall

(ei ) = c0

p


j=1

(ei − r j)
h


j=1

(
1− ei

 j

)−1 k


j=1

(ei −  j)−1,

where | j| > 1, | j| < 1, and r j are the zeros of  . Then

Dn() = (−1)(p−k)(n+1)AMrn
M

where the sum is taken over all
(p

k

)
subsets M ⊂ {1, . . . , , p} of cardinality k , and

rM = co 
j∈Mc

r j, AM = 
j∈Mc,∈K
∈H, i∈M

(r j − )( − ri)
( − )(r j − ri)

,

with Mc the complement of M , K = {1, . . . , ,k} , H = {1, . . . , ,h} .
Thus, if

|zk+1( )| > |zi( )|, i = 1, . . . ,k,

then the determinant of Tn( − ) will not vanish for n sufficiently large because

|zk+1( )zk+2( ) . . . zp( )|n

will be the dominating term, which corresponds to Mc = {k+1, . . . , p} .
For the other version of Day’s formula, we start with

(ei ) =
k


i=1

(1−aie−i )
(1− cie−i )

p−k


i=1

(1−bie
i )

h


i=1

(1−die
i )−1,

and consider (z)− as our new symbol. If we order the ai( ) and bi( ) as

|a1( ) � |a2( )| � · · · � |ak( )| � 1/|b1( )| � 1/|b2( )| � · · · � 1/|bp−k( )|,
then the determinant cannot vanish for sufficiently large n unless

|ak( )||b1( )| = 1.

The Toeplitz plus Hankel case is more complicated. Recall that for k = 1,

det(Tn()+Hn()) =
(1−b)(1+d)(1− cb)(1−ad)

(1−bd)(1−ab)(1− cd)

+bndn (1−ad)(b−d)(d− c)
(d−a)(1−bd)(1− cd)

+bnan (1−a)(a− c)(1+d)(b−d)
(a−d)(1−ab)(1− cd)

.
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Generically, the first term is nonzero, and then the above determinant will not
vanish for large n if

|a( )||b( )| < 1 and |d||b( )| < 1.

However, if

|a( )||b( )| = 1 or |d||b( )| = 1,

then the determinants could vanish.
For general k let

S = {ai( ), 1/bi( ), di | i = 1, · · · ,k}

and relabel those elements as si( ), i = 1, · · · ,3k. If we arrange those elements in in-
creasing order, then the determinant does not vanish unless

|s2k( )| = |s2k+1( )|.

Following are eigenvalue plots for some Toeplitz plus Hankel matrices. The com-
putational evidence (done with Mathematica) suggests that the limiting eigenvalues lie
on the same curves as for the Toeplitz matrices. We do not have any examples to indi-
cate otherwise, but we have not been able to rule out the possibility that the values of
|di| do play a role.

EXAMPLE 5.3. We let

k = 1, n = 30, a = 1/5, b = i/2, c = 1/3, d = 1/4.

The curve is the image of the function. The red triangles are the T+H case and the blue
circles, the Toeplitz case.

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

-0.8

-0.6

-0.4

-0.2

0.2

0.4
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EXAMPLE 5.4. We let

k = 2, n = 50, a1 = 1/5, a2 = 3/5, b1 = i/2, c1 = 1/3, c2 = i/3, d1 = 1/4

0.5 1.0 1.5 2.0

-0.5

0.5

1.0

1.5

Notice on the first plot there is an eigenvalue for the T+H case (and not the Toeplitz
case) that lies on the curve itself. This appears to be at (1) and is present on many of
our other numerical examples that are not contained here.

To understand how this might occur let us go back to the case of k = 1. The
constant term in (4.3) has a factor of 1−b. Letting  = (1), the polynomial

(z−a)(z−b)−(1)(z− c)(z−d)

has a root at z = 1. If this is the larger root in absolute value then z = 1 corresponds to
b = 1 and thus the constant term vanishes and the other two terms in (4.3) tend to zero.

6. Appendices

In the proof of the main theorem, two determinant identities were needed and in
addition, an identity involving the Fourier coefficients of the function  . One of the
determinant identities was the standard one for a Cauchy determinant. The other for a
Cauchy-type determinant we will prove here.

Appendix A: A Cauchy-type determinant identity

If the n×n matrix A has entries

ai, j =
1

(si − t j)(1− sit j)
,
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then

detA =
i< j(ti − t j)(s j − si)(1− tit j)(1− sis j)

i, j(si − t j)(1− tis j)
.

Proof. Note that if si = s j for any i �= j , then two columns of the matrix are equal
and the determinant is zero. The same holds if ti = t j or si = 1/s j or ti = 1/t j for any
i �= j.

Now think of the expanded determinant as rational function in the variables si and
ti. The denominator of the expanded determinant is


i, j

(si − t j)(1− tis j).

By the above remarks, the numerator has factors of


i< j

(ti − t j)(s j − si)(1− tit j)(1− sis j).

The degree of the denominator of the expanded determinant is 3n2. The degree of
the numerator is 3n2−3n = 3n(n−1). The degree of the expression


i< j

(ti − t j)(s j − si)(1− tit j)(1− sis j)

is also 3n(n−1). Therefore we have

detA = K
i< j(ti − t j)(s j − si)(1− tit j)(1− sis j)

i, j(si − t j)(1− tis j)
,

for some constant K. What is left to prove is that K = 1.
To see this, notice that if one expands the product


i< j

(ti − t j)(s j − si)(1− tit j)(1− sis j),

the terms of lowest orders come from choosing the “1” from all the factors of the form
(1− tit j) or (1− sis j). What is left is i< j(ti− t j)(s j − si) which is exactly the answer
for a standard Cauchy determinant. But this is also true if we expand the determinant
of A and choose “1” in all the same factors in the numerator. Thus K = 1. �

Appendix B: Coefficient identity

Recall that

d+
j

=
k


i=1

(1− cid j)(1−bid j)(d j −bi)
(1−aid j)(1−did j)


i�= j

1
d j −di

,

d−j
=

k


i=1

(1−bid j)(d j − ci)(d j −bi)
(d j −ai)(1−d jdi)


i�= j

1
d j −di

,

a j =
k


i=1

(1−a jbi)(a j − ci)(a j −bi)
(1−dia j)(a j −di)


i�= j

1
a j −ai

.
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Referring to (4.4), we need to prove that

bi

k


j=1

(
−d−j

1
d j(d j −bi)

−a j

1
a j(a j −bi)

+d+
j

1
1−bid j

)
+

k


j=1

b jc j

a jd j
= 0.

We can regard

bi

k


j=1

(
−d−j

1
d j(d j −bi)

−a j

1
a j(a j −bi)

+d+
j

1
1−bid j

)
(6.1)

as a rational expression in the variables d1, . . . ,dk. Without loss of generality we assume
i = 1. Rewrite (6.1) with a common denominator. Note that there are 3k terms in the
numerator that are summed. The idea is to show that every factor of the denominator
occurs in the numerator.

We start with the term 1− a1d1. Notice that in (6.1) only the two terms with
factors of a1 and +

d1
have 1− a1d1 in their denominators. Every other term will

have 1−a1d1 as a factor.
The two remaining terms in the numerator will be, except for a common factor,

k


i=1

(1− cid1)(d1 −bi)
i�=1

(1−d1bi)
i�=1

(a1−ai)
k


i=1

(a1−di)
i�=1

(1−dia1)

and

d1

k


i=1

(1−a1bi)(a1 − ci)
i�=1

(d1−di)
i�=1

(a1−bi)
k


i=1

(1−d1di)
i�=1

(1−aid1).

If we let d1 = 1/a1, then it is straight-forward to see that these are the same. Since we
are subtracting these two terms in our expression we have a factor of (1−d1a1) in the
numerator. This same proof works for any factor of the form 1−aid j.

Now we turn to a factor of the form d j −ai. We may assume that j = 1 and i = 1
and consider the terms involving d−1

and a1 . Using the same argument we have
two terms in the numerator that do not have d j − ai as a factor. These, except for the
common factors, are

d1

k


i=1

(1−a1bi)(a1− ci)
i�=1

(d1−di)
i�=1

(a1−bi)
k


i=1

(1−d1di)
i�=1

(d1−ai)

and

a1

k


i=1

(1−bid1)(d1− ci)
i�=1

(d1−bi)
i�=1

(a1−ai)
k


i�=1

(a1−di)
i�=1

(1−dia1).

Now let d1 = a1 and we immediately see that these are the same. Since d−1
has d1−a1

in its denominator and a1 has a1 − d1 in its denominator the terms in the numerator
cancel. Thus this shows that the terms in the summand have a factor of d1−a1.
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The next factor that we consider is the type 1− did j. First we let i = 1,2 and
j = 1,2 with i �= j. We have four terms in (6.1) with this factor in the denominator.
Using the same approach as above, we consider the terms in the numerator involving
d−

1 and d−
2 . These, except for common factors, are

e1 = d2

k


i=1

(1−bid1)(d1− ci)
i�=1

(d1−bi)
k


i=1

(1−aid1)

×
k


i=1

(d2 −ai)
i>2

(d2−di)
i>1

(1−d2di)
k


i=1

(1−aid2),

e2 = d1

k


i=1

(1−bid2)(d2− ci)
i�=1

(d2−bi)
k


i=1

(1−aid1)

×
k


i=1

(d1 −ai)
i�=1

(d1−di)
i�=2

(1−d1di)
k


i=1

(1−aid2).

For the terms involving d+
1 and d+

2 , we have

e3 = d1d2

k


i=1

(1− cid1)(d1−bi)
i�=1

(1−d1bi)
k


i=1

(d1−ai)

×
k


i=1

(d2−ai)
k


i=1

(1−aid2)
i>2

(1−d2di)
i>2

(d2−di),

e4 = d1d2

k


i=1

(1− cid2)(d2−bi)
i�=1

(1−d2bi)
k


i=1

(d1−ai)

×
k


i=1

(d2−ai)
k


i=1

(1−aid1)
i�=2

(1−d1di)
i>2

(d1−di).

We consider e1 and e4 and we replace d1 with 1/d2. Then these terms are the
same and hence cancel in the numerator. The same argument works for the e2 and e3

terms above.
Now consider a term of the form 1−d2

1 = (1−d1)(1+d1). The terms we need to
consider arise from +

1 and −
1 . They are

k


i=1

(1−bid1)(d1 − ci)
i�=1

(d1−bi)
k


i=1

(1−aid1)

and

d1

k


i=1

(1− cid1)(d1−bi)
i�=1

(1−d1bi)
k


i=1

(d1−ai).

It is clear that if d1 = ±1 these two terms are the same and hence cancel in the sum-
mand. Our final term to consider is one of the form d1− d2 The cancellation of these
terms follows almost exactly as above and we leave it as an exercise for the reader.
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Now we once again think of our summand with all terms over a common denomi-
nator. All the terms involving d j s have cancelled from the denominators except for the
single factors of d j. It is not hard to see that the resulting rational function in the d j s
has a numerator with degree one less than the denominator in each of the d j s. Hence
we have a rational function of the form

g(ai,bi,ci)/(d1 · · ·dk).

It is also the case that the function g must be the coefficient of the highest degree
term in the polynomial of the numerator thought of as a function of d1 divided by the
coefficient of the highest degree term in the denominator. This value is −k

i=1
cibi
ai

and
that proves the statement.

While the reader may find the above argument a bit hard to follow, they may be
reassured by the fact that the authors computed the k = 2 case in Mathematica and
found the computation of (6.1) to be correct.

Appendix C: Mathematica Code for the determinant formula

Z[a_, b_] := Product[1/(1 - a[[i]] b[[j]]),

{i, 1, Length[a]}, {j, 1, Length[b]}]

ZO[a_] := Product[1/(1 - a[[i]] a[[j]]),

{i, 1, Length[a] - 1}, {j, i + 1, Length[a]}]

ZS[a_] := Product[1/(1 - a[[i]] a[[j]]),

{i, 1, Length[a]}, {j, i, Length[a]}]

W[a_] := Product[1 - a[[i]], {i, 1, Length[a]}]

Y[a_] := Product[a[[i]], {i, 1, Length[a]}]

THDet[a_, b_, c_, d_, n_] :=

Module[{ad = Union[a, d], ssad, ssb},

ssad[r_] := Subsets[ad, {r}];

ssb[r_] := Subsets[b, {r}];

W[-d]*Z[c, d]*ZS[d]*

Sum[(-1)^r*Y[s]^(n - 1)*Y[t]^n*W[s]*W[Complement[b, t]]*

Z[Union[Complement[ad, s], 1/t],Union[Complement[b, t], 1/s]]/

(Z[Union[Complement[ad, s], 1/t], d]*

Z[Union[Complement[b, t], 1/s], c]*

ZO[Union[Complement[b, t], 1/s]]),

{r, 0, Min[Length[ad], Length[b]]}, {s, ssad[r]}, {t, ssb[r]}]]
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[7] A. BÖTTCHER AND B. SILBERMANN, Introduction to large truncated Toeplitz matrices, Universitext.
Springer-Verlag, New York, 1999.
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