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Abstract. In this article, a series of new inequalities involving the g-numerical radius for n x n
tridiagonal, and anti-tridiagonal operator matrices has been established. These inequalities serve
to establish both lower and upper bounds for the g-numerical radius of operator matrices. Ad-
ditionally, we developed g-numerical radius inequalities for n x n circulant, skew circulant,
imaginary circulant, and imaginary skew circulant operator matrices. Important examples have
been used to illustrate the developed inequalities. In this regard, analytical expressions and a
numerical algorithm have also been employed to obtain the g-numerical radii. This comprehen-
sive analysis provides valuable insights into ¢-numerical radius inequalities shedding light on
the intricate relationships within the realm of operators and their matrix representations. We also
provide a concluding section, which may lead to several new problems in this area.

1. Introduction

The g-numerical radius is a generalization of the numerical radius, introduced
to study bounded linear operators with respect to different norms or scaling factors.
By adjusting the value of g, it allows for a more flexible approach to examining the
operator’s behavior, especially in spaces or settings where the standard numerical radius
is not sufficient.

The value of g significantly influences the behaviour of the numerical radius. For
q > 1, the g-numerical radius, w,(7T) tends to be larger than the classical numerical
radius, indicating a broader representation of the operator’s action. Conversely, for
0 < g <1, wy(T) is smaller, offering a more concentrated measure of the operator’s
behavior. This variability makes the g-numerical radius a powerful analytical tool in
operator theory. The g-numerical radius of a matrix is a generalization of the classical
numerical radius, where a matrix is treated as an operator acting on a Hilbert space.
It is an important quantity in operator theory and functional analysis, particularly in
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studying the spectrum of matrices and their geometric properties. In certain cases, the
g-numerical radius has been studied to examine how it behaves with respect to different
classes of matrices. The parameter g can control the behavior of the matrix in various
ways, depending on its structure.

The operator matrices such as circulant, reverse circulant, symmetric circulant, k-
circulant, Toeplitz matrices etc. [13, 19] play a crucial role in pure as well as applied
mathematical researches such as graph theory, image processing, block filtering design,
signal processing, regular polygon solutions, encoding, control and system theory, net-
work, etc. The norm estimation for the operator matrices [4, 24] is extensively carried
out in the past and it is widely used in operator theory, quantum information theory,
mathematical physics, numerical analysis, etc. The norms of some circulant type matri-
ces were determined by various mathematicians. For instance, Li et al. [27], gave four
kinds of norms for circulant and left circulant matrices involving special numbers. Bose
et al. [5], discussed the convergence in probability and the convergence in distribution
of the spectral norms of scaled Toeplitz, circulant, reverse (left) circulant, symmetric
circulant, and k-circulant matrices. Works on norm equalities and inequalities of spe-
cial kind of operator matrices can be found in the literature [1, 6, 22, 23]. Jiang and Xu
[18] explored special cases for norm equalities and inequalities, such as usual operator
norm and Schatten p-norms. Several norm equalities and inequalities for the circulant,
skew circulant, and w -circulant operator matrices were studied [2, 18].

Let J# be a complex Hilbert space with inner product (-, -) and the corresponding
norm || -||. Let #(A) be the C*-algebra of all bounded linear operators on .77 . Let
n

H= @%ﬂ be the direct sum of n copies of J7°. If S;;,1 < i,j < n are operators in

i=1
D, S1)%;j
Jj=1
HB(A), then operator matrix S = [S; ;] can be defined on H by Sx = : for
n
D Snjxj
=1
every vector x = [x1,...,x,]] € H. If S; € B(H), i=1,...,n, then their direct sum
n

is given by @S,-, (which is an n x n block diagonal operator matrix). Similarly, if
i=1
S;i€ B(), i=1,...,n, then the circulant operator matrix S, = circ(Sy,...,S,) is
the n X n matrix whose first row has entries Sy,...,S, and the other rows are obtained
ST S 83 -+ S,
Sp 8182 - S

by successive cyclic permutations of these entries, i.e., S¢ire = [Sn_1 Sn S1 "~ Sp_2
Sy S3---8, 51

The skew circulant operator matrix Sy = scirc(Sy,...,Sy,) is the n X n circulant ma-

trix followed by a change in sign to all the elements below the main diagonal. It is
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well-known that every skew circulant operator matrix is unitarily equivalent to a cir-
culant operator matrix. Details discussion on circulant, skew-circulant and their prop-
erties are given in [13]. If S; € A(5), i = 1,...,n, then the imaginary circulant
operator matrix S, = circ;(S1,...,S,) is the n x n matrix whose first row has en-
tries Si,...,S, and the other rows are obtained by successive cyclic permutations of
i-multiplies of these entries. Every imaginary circulant operator matrix is unitarily
equivalent to a circulant operator matrix. The imaginary skew circulant operator matrix
Syeire; = scirei(St, . .., Sy) is the n x n imaginary circulant followed by a change in sign
to all the elements below the main diagonal.

An operator S € B(s) is said to be positive, and denoted S > 0, if (Sx,x) >0
for all x € 5, and is called positive definite, denoted S > 0, if (Sx,x) > 0 for all
non zero vectors x € 7. The numerical range of S € %(.7) is defined as W(S) =
{(Sx,x) : x € A, ||x|| = 1} and the numerical radius of S, denoted by w(S), is defined
by w(S) = sup{|z| : z € W(S)}. It is known that the set W(S) is a convex subset of
the complex plane and that the numerical radius w(-) is a norm on %(J¢); being
equivalent to the usual operator norm ||S|| = sup{||Sx| : x € 72, ||x|| = 1}. In fact, for
every S € #B(),

1
SISl < w(s) < sl 1)

The inequalities in (1) are sharp. If S?> = 0, then the first inequality becomes an
equality, on the other hand, the second inequality becomes an equality if S is normal.
In fact, for a nilpotent operator S with §” = 0, Haagerup and Harpe [16] showed that
w(S) < ||S||cos(m/(n+1)). In particular, when n = 2, we get the reverse inequality of
the first inequality in (1). The numerical radius has some significant properties, such as
the power inequality:

w(S") <w"(S) for n=1,2,.... (2)

For basic information about numerical radius, one can refer [15] and for recent results
in this direction, one can see [8, 12, 32, 35, 36, 37]. In a similar way, the g-numerical
range is defined by

WQ(S) = {<Sx7y> X,y EH, Hx” = Hy” = 17<x7y> = CI}7 3)
while the g-numerical radius is defined by
wq(S) = sup{|z| : z. € W,(S)}. 4)

One can observe that the concept of the g-numerical radius is a generalization of
the classical numerical radius, for |g| = 1. This observation follows from the fact that
equality would have to hold in the Cauchy-Schwarz inequality |g| = |{(x,y)| < ||x]|||ly]| =
1, provided |g| = 1. Itis clear that y = Ax would need to be true for some A € C,
|A] =1, hence [{Sx,y)| = |{(Sx,x)|.

In 1977, Marcus and Andresen [28] introduced the g-numerical range on n-
dimensional unitary space with an inner product. They showed that the set generated by
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rotating g-numerical range about the origin is an annulus for ¢ € C with ¢ < 1. They
also gave the inner and outer radii of this annulus for hermitian operators. In 1984,
Nam-Kiu Tsing [39], established the convexity of the g-numerical range. In 1994, C.
K. Li et al. [25] described some elementary properties for the g-numerical range on
finite-dimensional spaces, see also [26]. In 2002, M. T. Chien and H. Nakazato [9]
described the boundary of the g-numerical range of a square matrix using its Davis-
Wielandt shell. In 2005, R. Rajic [34] considered a generalization of the g-numerical
range. In 2007, M. T. Chien and H. Nakazato [10] again studied the g-numerical ra-
dius of weighted unilateral and bilateral shift operators and computed the g-numerical
radius of shift operators with periodic weights. In 2012, M. T. Chien, [1 1] investigated
the g-numerical radius of a weighted shift operator when its weights are in geometric
sequence and periodic sequence. Recently, the authors of [20, 29, 31] established some
upper and lower bounds for the g-numerical radius of bounded linear operators which
generalize some classical numerical radius inequalities. Also, they have presented some
useful examples to compare the sharpness of their inequalities for different values of
q € (0,1). Very recently, Stankovic et al. [38] investigated some properties for the g-
numerical radius and presented an improved version of some earlier results from [29].
Also, they established several g-numerical radius inequalities for operator matrices de-
fined on the direct sum of Hilbert spaces. Motivated by the work of several authors
we have presented g-numerical radius of some special type of operator matrices i. e.
tridiagonal and circulant operator matrices as defined in the introduction.

The present paper consists of a blend of a few distinct bodies: elementary ob-
servations and examples, new results, hints to other predictable applications and some
original facts.

In this aspect, the rest of the paper is arranged as follows. We have collected some
preliminary results in Section 2 that will be needed to prove our results. We establish
certain g-numerical radius of n x n tri-diagonal and anti-tridiagonal operator matrices
in Section 3. In Section 4, we present g-numerical radius inequalities for circulant,
skew circulant, imaginary circulant, and imaginary skew circulant operator matrices.
Some special cases of our results have been given in this section. Finally, we end up
with a conclusion section, which may spark new problems for future research interest.

2. Preliminaries

In order to make progress our research work, we need the following lemmas to
prove our results. The very first lemma represents a consequence of the results obtained
in [14, Proposition 3.1], as well as (4).

LEMMA 1. Let T,S € B(H), q €D and A € C. Then we have following prop-
erties:

(i) wq(AT) = [A|wy(T).
(i) wq(T +8) < wy(T) +wy(S).

(iii) wy(U*TU) =wy(T), where U € HB(F) is an unitary operator.
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(iv) wyy(T) =wy(T) forall A € C with |A| = 1.
Motivated by the work of Hirzallah e al. [17, Lemma 2.1], the authors of ([7, 33])
established A -numerical radius for operator matrices for semi-Hilbert setting. Further

Stankovic et al. [38] extended the same result to g-numerical radius setting very re-
cently which is mentioned below.

LEMMA 2. [38, Lemma 5.2] Let T,S € B(H), g€ D and 6 € R. Then

. [oT oS
o w([$2]) = ([75])
(ii) wq< egs g]) zwq<[g g])forany 0 cR.

i (o 5]) =([57])

The following result is from [38, Theorem 1.5].

LEMMA 3. [38, Theorem 1.5] Let (9%,),en be a sequence of Hilbert spaces and
let T, € B(H;,) forall n eN. If g € D\ {0}. Then

oo 2
+24/1—
supwy (T,) < wy (EBT) < Wsupwqm).
n=1

neN neN

As a special case of the above result we have the following lemma that represents
a generalization of Hirzallah et al. [17, Lemma 2.1 (a)].

LEMMA 4. [38, Corollary 5.1] Let T,S € #(H) and g € (0,1]. Then

max{og (7))} < w4 [0 8] ) & T2 o 1),y 5

The following lemma follows from [30] that will be needed in our purpose.

LEMMA 5. [30] Suppose 0< g <1 and T € M,(C). Then T is unitarily similar
to et (Z ;l/) forsome 0 <t <21 and 0 < b < a. Also

W,(T) = e" {yq+r((c+ pd)cos(s) +i(d + pc)sin(s)) : 0 < r < 1,0 < s < 27},

withCZ%h,d:"z;bandp:\/l—qz.
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3. g-numerical radius inequalities for »n x n tridiagonal and anti-tridiagonal
operator matrices

In this section, inspired by the works of Bani-Domi et al. [3], Kittaneh et al. [21]
and Sahoo et al. [37], our key goal is to investigate the various properties of the g-
numerical radius with the purpose of obtaining stronger results. We mainly discuss ¢-
numerical radius inequalities for special n X n tridiagonal, and anti-tridiagonal operator
matrices. Note that for classical numerical radius, equality holds, whereas our results
for g-numerical radius: both upper and lower bounds exists. Now, we are in a position
to provide a quick theorem that represents ¢ numerical radius of n x n tri-diagonal
operator matrix.

THEOREM 1. Let T,S€ B(H), q< (0,1] andP= | 5 T ° beannxn

tridiagonal operator matrix in B(A° ). Then

max o (7 + (26085 )s)} wa(P)

1
q+2V—max{ (7 <2kfl>s>}k

Proof. Let U= U], where Ujj = /-3¢ {sm(}iﬂ)]@l 1 <i,j<n,where I

is the identity operator in %(¢). It can be easily check that U is a umtary operator in

B(A' ™) and then UPU* = EB (T + (2005
n
=1
wq(UPU*), and applying Lemma 3, we have the desired result. [

Jfl) S) . Now, using the fact w,(P) =

Here are some special cases to the Theorem 1.

REMARK 1. For the case n =3, we have

TSSO
max{wy (T + v28),wy(T),wy (T —V28)} <w, | | ST S
oST

"+2V 2 max{wg (T + V/3S), wo (T), wo(T — V3S)}. )
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210
EXAMPLE 1. Let us consider A= [12 1| and g € [0,1]. The lower bound of
012
wg(A) in Remark 1 is (2 ++/2)g, while the upper bound is (24 v/2)(q+ 2/1—¢?).
The boundary of W, (A) for g = 0.5 and comparison of w,(A) with its upper and lower
bounds have been shown in Figure 1. It can be noted that the analytical expression
of W,(A) and wy(A) can not be obtained by applying the methods as mentioned in
Lemma 5 and [14, Chapter 8, Theorem 3.5]. Therefore, the W,(A) and w,(A) have
been estimated using the numerical algorithm based on the definition of g-numerical
radius (i.e. (3)).

15 g=== 8
1.04 64
0.5
4_
E 0.0 >
2_
—0.54 — y=02+V2)q
~1.0- 04 — y=we(A)
— y=02+V2(g+2V1-¢?)
=15 T T T T T T T T T
-0.5 0.0 0.5 1.0 1.5 2.0 2.5 0.0 0.2 0.4 0.6 0.8 1.0
Re q

Figure 1: The boundary of the q-numerical range of matrix A for g = 0.5 (left column). Com-
parison of wg (A) with upper and lower bounds (5) (right column). Here A is the tridiagonal
matrix defined in Example (1).

Here we have established some special cases to the Theorem 1.

REMARK 2. (i) If T =0, then

2 max {

cos an ‘ wq(S)} < wy(P)

n+1 kel
24/1—¢g? "
< uhnax cos % wq(S) .
q n+1 kel

In particular, wy(S) < wy ({? z}) < e2vig ”ql_qzwq (S).

(i) If S =0, then

w($) <) « L ),
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(iii) If T =S, then

k n
max{‘l—|—2c:os%‘wq(T)}k=1 <wy(P)

2y/1—¢q? k
<umax{‘l+2005 7'5
q n+

(iv) If S = iT, then

O (A P
< %ﬂmax{wq ((1 + <2cos nlj_rl) i) T) }:1 .

REMARK 3. As a special case of our result, we have the following results which
are recently established by Stankovic et al. [38].

(i) For the case n =2, we have

max{wy(T +S),wy(T —S)} < wy ([g ﬂ)

24/1—¢>
< ﬁTqmax{wq(T—i-S),wq(T -8}

In particular, wy(S) < wy ({? z}) < e2vig ”ql_qzwq (S).

(i) By setting g — 1 in Remark 3 (i), we have the following equality which is already

established by Hirzallah et al. [17]. w < [g ﬂ ) =max{w(T +S),w(T —S)}.

REMARK 4. By setting g = 1 in Theorem 1, the inequality becomes equality for
the usual numerical radius, proved by Bani-Domi ef al. [3] and for A -numerical radius
version of the above Theorem 1 one can see [21] and for Hilbert-Schmidt version of the
Theorem | one may look at [37].

[T oS 0 - 0 ]
T o' 2S--
THEOREM 2. Let T,S € #(), g€ (0,1], P=|o & T .0
S . oS
o o . s T

o . i . .
be an n x n tridiagonal operator matrix, and let o, = e 5 (the n-th root of the imaginary
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number i). Then

max{wq (T—l— (206"1COS T1>S>} <wy(P)
n

2y/1—q? k
< umax{wq <T+ (206"_1COS II)S) }7
q n

fork=1,...,n.

Proof. Let U = [U;;], where

g, o o1 for i=j, J=0,...n—1,
Y10 for i# ).

It can be easily check that U is a unitary operator in %(.") and then U*PU =
[Pj:1<i,j<n|,where B;=T for 1<i<n; Pj=a""'Sfor1<i,j<n,|i—jl=
I, Pj=0for 1<i,j<n, li—j| =2, where T,S are bounded linear operators on a
Hilbert space. Now, using the fact wy(IP) = w,(U*PU), and applying Theorem 1, we
have the desired result. [

[T o"'S 0 - 0 ]
oS T oS-
THEOREM 3. Let T,Sc B(#), qc (0,1, P=|( ws T '-. 0
: : O
0 0 oS T

be an n x n tridiagonal operator matrix, and let ® = e " . Then

s o (14 (200 ) <

2v/1—q? k
< umax{wq <T+ <2cos T )S)}7
q n+1

k=1,...,n.

Proof. Let U = [U;;], where

Ui — o'l for i=j, J=0,...,n—1,
H O for i#j.

It can be easily check that U is a unitary operator in %(.#") and then U*PU =
[H-jzlgi,jgn],whereP,-,-:T for 1<i<n; Pj=Sfor1<i,j<n,|i—jl=1,
Fj=0 for 1 <i,j<n, li—j| > 2, where T,S are bounded linear operators on a
Hilbert space. Now, using the fact wy(P) = w,(UPU*), and implementing Theorem 1,
we have the desired result. [

The following theorem represents the g-numerical radius of n x n anti-tridiagonal
operator matrix.
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O---0ST
e S TS
THEOREM 4. Let T,S € B(H), q € (0,1], and P= |O--- T S O| be an
S e
TS O---0
n x n anti-tridiagonal operator matrix. Then
max { wy [ (=) [T+ ( 2cos kY <wa(P)
K n+1 =

Rl (1 - o 5

k=1,...,n.

Proof. Using the same U as in Theorem 1, we get

UPU*::EB(—1Y+1<T%—<2am
n

J=1

JTm
S.
%))
Now, using the fact wy(P) = w,(UPU*), and implementing Lemma 3, we have our
desired result. [

Here are some special cases of the Theorem 4.

km
cos ——

REMARK 5. (i) If T =0, then
e} <)

2 max {
k=1

24/1—¢g?
cat2Vli-g qumax{
q

In particular, wy(S) < wy ({? z}) < qu (S).

(i) If S =0, then

k=1
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(iv) If S = iT, then

max{wq ((l + <2cos nk—fl) i) T) }:=1 <wy(P)

2y/1—¢q? k "
< umax{wq <<1+ (2005 T )z) T)} .
q n+1 =1

REMARK 6. By setting g = 1 in Theorem 2, 3, and 4, the inequalities becomes
equalities for the usual numerical radius proved by Bani-Domi et al. [3] and for A-
numerical radius version of the above Theorem 2, 3, and 4, established very recently,
one can see [21] and for Hilbert Schmidt version of the results one may look at [37].

4. g-numerical radius inequalities for circulant and skew circulant
operator matrices

The aim of this section is to investigate certain ¢-numerical radius inequalities for
circulant, skew circulant, imaginary circulant, and imaginary skew circulant operator
matrices. The very first result is an upper and lower bound for the g-numerical radius
of a circulant operator matrix.

THEOREM 5. Let S; € B(H) for 1 <i<n, g€ (0,1]. Then

n . ) n i
max{wq (2 wk(l_’)S,-> } < wy(Seire) < wmax{wq (Z wk(l_’)Si> } ;
i=1 4q i=1

2mi

where k=0,1,....n—1, o =en .

Si Sy 83 - S,
Sp 8182 - S

Proof. Let Seire = |Sp—1 Su S1 - Sp_a |, let 1,0, 0?,...,0" ! be n roots of

Sy S3-- 8, 81

I I I - I
I ol o - o

i 2 4 -2
unity with @ = e and U = ﬁ I o’ @l - 0"“I| Ttcanbe observed that

I o™ o2 ol
that @ = 0" !, @ =" 2, -, 0" =" *, k=0,1,....n— 1,50
1 1 I

o™ 10" 2 ol o0
s U121 @4 .. 02 N .
U NG and UU*=|. . . |=UT.

n . . . . o . .

00 -1

I ol ©* - o
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Thus, U is a unitary operator. Now,

n—1 n n—1 n . n—1 pn )
USuelr = @D 3 0405, = P 364 s = B3 05,
k=0i=1 k=0i=1 k=0 i=1

Using the fact that w,(S) = w,(USU") for any S € (), and implementing
Lemma 3, we get

Wq (Scirc) = Wq (UScirc[U* )

(g8

k=01

(@)

< q+2v/1—q*

q
m{ q<zsi)7wq< wu—»s,.),...,wq( w(”‘l)(l‘i)Si>}
i=1 i=1 i=1
2
_atevi—zg Vl"max{ (Zw“ ) k=0,1,.. n—l}.
q

Similarly, the left side of the inequality follows from Lemma 3. [l

HM:
HM:

As a special case of Theorem 5, on the simple scenario when we are dealing with
two operators, we have a result that is already established by [38, Lemma 5.3].

COROLLARY 1. Let T,S € B(H#), q € (0,1]. Then

max{wq(T +8),wy(T — S)} < w, (E ;D

2v/1—¢q?
< TNV ok {uwg (T + ), wy(T — S)1. 6)
q
1 1
EXAMPLE 2. Let T = % and S = ﬁ, so A = f i] and g € [0,1], using
24 10

Lemma 5, we get

Wy(A) = {%4—é(cos(s)+i\/l—qzsin(s)):Og r< 1,0<s<27r}.

So,
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The lower bound of w, (A) in (6) is max{wq(T—i—S) wq(T —8)} = max{ 54, 1354} =

12Oq while the upper bound is 120 (9+2+/1 —¢?). The boundary of W,(A) for g=0.5
and comparison of w,(A) with its upper and lower bounds have been shown in Figure
2.

0.09 0.35

Gicid 0.25 _/x

0.15+4

E 0.051 >
0.05 Y=g
0.03 syl a8

— y=WelA) =g +55

—0.05 — y=2(g+2/1-¢7)

001 T T T T T T T T

0.00 0.02 0.04 0.06 0.08 0.10 0.0 0.2 0.4 0.6 0.8 1.0
Re q

Figure 2: The boundary of the q-numerical range of matrix A for g = 0.5 (left column). Com-
parison of wy (A) with upper and lower bounds (6) (right column).

REMARK 7. Let T € B(), q € (0,1]. Then

i (7] <224

EXAMPLE 3. If T =1, g € (0,1]. Then

mwu)<wq<LJ> q+2vr___ (8)

)

1.0 5

4_
0.5
3_
E 0.0 > 24
o — y=2q
—0.54 04 — y=wg(A)=1+gq

— y=2(g+2/1-¢?)
-1.0 T T T T T —3 T T

T T
-0.5 0.0 0.5 1.0 1.5 0.0 0.2 0.4 0.6 0.8 1.0
Re q

Figure 3: The boundary of the q-numerical range of matrix A for ¢ = 0.5 (left column). Com-
parison of wy (A) with upper and lower bounds (8) (right column).

We know from [38, Corollary 5.9] that w, (E ﬂ) =1+4g,wy(I) = q. So from (8)

that
2q<1+9<2(q+2V1-¢?).
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Let us consider A = E ﬂ , therefore the lower bound of w, (A) is 2¢g while the upper

bound is 2(g +24/1—¢?). The boundary of W,(A) for ¢ = 0.5 and comparison of
wy(A) with its upper and lower bounds have been shown in Figure 3. The W, (A) has
been estimated using the numerical algorithm based on the definition of g-numerical
radius (i.e.(3)).

REMARK 8. For ¢ =1 in Theorem 5, Corollary 1, we obtain usual numerical
radius equalities proved by Bani-Domi et al. [2] and by Hirzallah ef al. [17, Lemma
2.1 (d)]. For A -numerical radius version of the above Theorem 5, one can see [21].

Our next result is an estimate for g-numerical radius of skew circulant operator
matrix.

THEOREM 6. Let S; € B(H) for 1 <i<n and q € (0,1]. Then

max {wq (lzn%(dwk)liSi) } < Wy(Syeire)
< qt+2v1i-q Vql_qzmax {wq (i(ﬁwk)li3i> } ,

i=1

where k=0,1,....n—1, 6 = ™/" and ® = &*™/".

Proof. The n roots of the equation 7" = —1 are 6,00,002,...,c0" L.
St S S - S,
=Su St S2 - Su

Let Sscirc: _Sn—l _Sn Sl Sn—2 and

=S =83 =5 8

1 ol ol - o'l
X (cw)l (cw)’I (cw)’l -+ (cw)I
U = — .
(o.wn72)n72l (o.wn72)n711 (o.wn72)nl (O.wn72)2n711

(Gwn—l)n—ll (Gﬂ)n_l)nl (O.wn—l)n+11”.(Gwn—1)2n—21

Using a similar argument as used in the Theorem 5, we can show that U is unitary.
Now,

n—1 pn
USscich* = (@ Z(ka)l_i&') .

k=0i=1
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Using the property w,(S) = w,(USU*) for any S € A(J€), we get

n—1 p
Wq(Sscirc) :Wq(USsctch* (@2 0'(1) 1 lS)

k=0i=1

21— " .
< (H_Tqmax{wq<2(awk)l’&-) k=0,1,....n— 1}.

i=1
Similarly, the left side of the inequality follows from Lemma 3. [J

As a special case of the above theorem, we have the following corollary.

COROLLARY 2. Let T,S € B(H) and q € (0,1]. Then

max{wy (T +iS),wq(T — iS)} < wy ([—TS ﬂ)
q+2\/—

max{wy (T +iS),wy(T —iS)}.

REMARK 9. For g =1 in Theorem 6, we obtain the usual numerical radius equal-
ities proved by Bani-Domi ef al. [2]. For A-numerical radius version of the above
Theorem 6, one can see [21].

Theorem 7 provides g-numerical radius inequalities for imaginary circulant oper-
ator matrices.

THEOREM 7. Let S; € B(H) for 1 <i<nand q € (0,1]. Then

max {wq ( i(aw")"-lsi) } <y Seire)

i=1

q+2\/—max{ q<2((xwk)i_13i>}7

i=1

where o = €™/ k=0,1,....n—1 and @ = &*™/",

Proof. The n roots of the equation 7" =i are o, 0w, aw?,...,ow" ",
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St S 83 - S,
Sy S1 82 - S

Let Scirc,- = |iS,,—1 1S, Si S,_»| and

Sy iS3--- 1S, Si

1 1 1 1
al awl aw’*l - o™
U= o’ (aw))l  (aw*)?I - (aw™ )21

|
Sl

an—ll (Ow))n_ll (chz)"_ll (awn—l)n—ll

Using a similar argument as used in the Theorem 5, we can show that U is unitary.
Now, we have

n—1 p
U*Scirc,-U = (@ Z(awk)i18i> .

k—0i=1

Using the property w,(S) = w,(U*SU) for any S € A(J€), we get

n—1 pn
Wq(Scirc,-) = Wq (U*Scirci[U) = Wq <@ Z (awk)l_lsi>

k=0i=1

=w, (g}l i(awk)”S,)

k=0i=1
2/1—¢2 i :
< umax{w( (oca)k)’lSi> :k:0717...,n—1}.
q —

i=1

Similarly, the left side of the inequality follows from Lemma 3. [l

REMARK 10. For ¢ =1 in Theorem 7, we obtain equalities for the usual numer-
ical radius proved by Bani-Domi ez al. [2] and for A-numerical radius version of the
above Theorem 7, one can see [21].

As a special case of the above theorem, we have the following corollary.

COROLLARY 3. Let S1,S, € () and g € (0,1]. Then

1+i 1+i S1 82
max{wq (Sl + WSz),wq <51 — —\/§ Sz) } Swy <[iS2 S1]>

2v/1—¢q? 141 141
L1V max{wq (sl ; isz) g (sl - isz) } |
q V2 V2
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Using similar analysis as used in the preceding theorem, we derive an estimate for
g-numerical radius of imaginary skew circulant operator matrices. Here, the proof is
omitted for brevity.

THEOREM 8. Let S; € B(H) for 1 <i<n and q € (0,1]. Then

q+2/1—¢* n i
< ——maxw,| ¥ (Bo")' 7S ) ¢,
i=1
where 3 :eE—T, k=0,1,....n—1 and o = *"/",
REMARK 11. For ¢ =1 in Theorem 8, we obtain equalities for the usual numer-

ical radius proved by Bani-Domi ez al. [2] and for A -numerical radius version of the
above Theorem 8, one can see [21].

We finish the paper by providing g-numerical radius of 2 x 2 operator matrix. As
a special case of the above theorem, we have the following corollary.

COROLLARY 4. Let S1,S, € () and g € (0,1]. Then

1—i 1—i S 5
max{wq (Sl + WSz) Wy <S1 A S2> } < Wy <[—i82 51})

2y/1—¢q? 1—1i 1—1i
N AEART max{wq (sl ; _lsz) g (sl - _lsz) } |
q V2 V2

5. Conclusion

In this paper, we have presented different types of new g-numerical radius inequal-
ities, which depend on the structure of circulant, skew circulant, imaginary circulant,
imaginary skew circulant, tridiagonal, anti-tridiagonal operator matrices and the val-
ues of g varying from O and 1. They would be derived by examining the properties
of these matrices and their interactions with the chosen inner product. By employing
similar method to different special operator matrices such as left circulant, skew left
circulant, left imaginary circulant, and left imaginary skew circulant operator matrices,
as defined in [12], it is possible to obtain further g-numerical radius inequalities. Fu-
ture research on this subject could lead to the study of a fascinating field for further
investigation.
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