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BOUNDARY VALUE PROBLEMS FOR HADAMARD
FRACTIONAL DIFFERENTIAL EQUATIONS WITH
NONLOCAL MULTI-POINT BOUNDARY CONDITIONS

WAFAA BENHAMIDA, JOHN R. GRAEF AND SAMIRA HAMANI

(Communicated by T. Aleroev)

Abstract. This paper is devoted to the study of the existence and uniqueness of solutions to a
boundary value problem for nonlinear Hadamard fractional differential equations with nonlo-
cal multi-point boundary conditions. The results are obtained by using a variety of fixed point
theorems. The paper concludes with some illustrative examples.

1. Introduction

The theory of fractional differential equations has received much attention over the
past years and has become an important field of investigation due to its extensive ap-
plications in numerous branches of physics, chemistry, aerodynamics, electrodynamics
of complex medium, polymer rheology, etc. Fractional differential equations also serve
as an excellent tool for the description of hereditary properties of various materials. As
a result, they are gaining much importance and attention in the literature. As recent
examples, we refer the reader to [1, 3, 4, 5, 6, 7, 13, 14, 19, 20, 24] and the references
contained therein.

Existence theory for real world problems that can be modeled by fractional dif-
ferential equations with multi-point boundary conditions have attracted the attention
of many researchers and is a rapidly growing area of investigation; for example, see,
Benchohra and Hamani [5], Cui, Yu, and Mao [13], El-Sayed and Bin-Taher [14], and
Houas and Dahmani [19].

The fractional derivative that Hadamard [17] introduced in 1892 is different from
the often studied Riemann-Liouville and Caputo derivatives in the sense that the ker-
nel of the integral in the definition of the Hadamard derivative contains a logarithmic
function with an arbitrary exponent. A detailed description of the Hadamard fractional
derivative and integral can be found in [8, 9, 10, 24].

Examples of physical phenomena modeled by Hadamard fractional derivatives are
not prevalent in the literature at this time. However, in the paper by Garra and Polito
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[15], there is a nice discussion of how they are used to solve other mathematical prob-
lems such as ones involving Laguerre operators and the Lamb-Bateman integral equa-
tion.

In this paper, we investigate the boundary value problem

D'y(t) = f(t,y(t)), forae.t € J=[1,T], 1 <r<2, (1)
y(1) =0, D'y(T) =} LD y(u;), 0<p <1, )
i=1

where D" and D? are the Hadamard fractional derivatives of order r and p respec-
tively, f: [1,T] x R — R is a given function, L, e R, 1 < y; <T,i=1,....n,n =2,
and
n
(log7)" 71 # Y Ai(logp)" 7. ©)
i=1
We are going to prove the existence and uniqueness of solutions to (1)—(2) using
Banach'’s fixed point theorem, and then give two additional existence results, one based
on Schaefer’s fixed point theorem and the other on the Leray Schauder nonlinear alter-
native. Examples are given in Section 4 to demonstrate the applicability of our main
results.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that will
be used in the remainder of this paper.

Let C(J,IR) be the Banach space of all continuous functions from J into R with
the norm

[llee = sup{[y(®)] : 1 <z <T}.

We begin by defining Hadamard fractional integrals and derivatives. In what fol-
lows, [r] denotes the integer part of r and log(-) = log,(-).

DEFINITION 2.1. ([21]) The Hadamard fractional integral of order r for a func-
tion 4 : [1,+e) — R is defined as

I'h(t) = % /lt (1og§)F1 @ds, r>0,

where I' is the Gamma function.

DEFINITION 2.2. ([21]) For a function / given on the interval [1,4-c0), the Hada-
mard fractional derivative of & of order r is defined by

D)) = % (I%y/lt (IOgE)”iril h(s)dS, n—1<r<n,n=[r]+1.

(n—r) s s
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Lemmas of the following type are rather standard in the study of fractional differ-
ential equations.

LEMMA 2.3. ([21]) Let r > 0. Then the differential equation
D'h(t) =0 “)
has as its solutions

W)=Y e;logr) .
i=1

and moreover,

I'D'h(t) =h(1)+ Y cj(logt) ™,
j=1

where c; €R, j=1,....n, n=[r]+1.

LEMMA 2.4. ([21]) If r>0, p>0, and 0 < a < o, then

e N

(0 (i)Yo = 2 e)

The following result will be used in Section 3.3.

and

THEOREM 2.5. ([16]) (Nonlinear alternative for single valued maps) Let E be a
Banach space, C a closed, convex subset of E, and U be an open subset of C with
0 € U. Suppose that N : U — C is a continuous, compact (that is, N(U) is a relatively
compact subset of C) map. Then:

(i) Either N has a fixed point in U, or

(ii) There exists x € AU (the boundary of U in C) and A € (0,1) with x = AN(x).

3. Main results

We start by defining what is meant by a solution of the problem (1)-(2).

DEFINITION 3.1. A function y € C'([1,T],R) is said to be a solution of (1)~(2)
if y satisfies the equation D"y(¢) = f(z,y(¢)) on J and the boundary conditions (2).

For the existence of solutions to the problem (1)—(2), we need the following aux-
iliary lemma.
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LEMMA 3.2. Let h:[l,40) — R be a continuous function. A function y is a
solution of the fractional integral equation

_ (logt)™!
0 Ty T g 7 T

n

(B (o) o [ ) )

1

1 ! AN ds
*i7 ), (o5) 40T ®
if and only if y is a solution of the fractional BVP
D'y(t) =h(t), 1 <r<2, (6)
n
y(1)=0, DPy(T)=Y AD"y(w;), 0<p<1. (7)

i=1
Proof. Assume y satisfies (6); then Lemma 2.3 implies that
y(t) =I"h(t) + ¢ (logt)" ™" + c2(logs)" 2. (8)
The first condition in (7) implies that
c=0.

To find ¢, differentiate (8) and apply Lemma 2.4 to obtain

DPy(t) = DPI"h(t) + 1 DP(logt) ' =I""Ph(t) + ¢ C (E(j)p) (logr)P~1. (9)

Setting t =T gives

['(r)
I(r—p)

Evaluating (9) at y;, multiplying by A;, and summing, we have

DPy(T) =I""Ph(T) + ¢, (logT)" P~ 1, (10)

Z}L, log ;) P~ 1. (11)
1:1

Zle W) ZAI’ Ph(w;) +ep
Combining (10), (11), and the second condition in (7), we find that

L(r=p)(¥ A" h(w) I Ph(T))

Cc] =

L(r)((logT) P! — '):El /'Li(log.ul-)rfpfl).
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Substituting the values of ¢; and ¢, into (8), we obtain the solution (5). A direct
substitution shows that y(z) in (5) satisfies (6)—(7). O

In the following, for the sake of convenience, we set
n
Q= (logT)" "' =¥ Ai(log;) 7"
i=1

Note that Q # 0 in view of (3). It is important to point out that, in view of (5), the
problem (1)—(2) has a solution if and only if the operator

w)e) = - (ZA [ (02)" o0 S
- /1 (logg)’*'“ﬂs,y@»@)

N

i /L (oeg) o) (12)

N

has a fixed point.

In the following subsections we prove existence, as well as existence and unique-
ness, results for the boundary value problem (1)—(2) by using a variety of fixed point
theorems.

3.1. Existence and uniqueness result via Banach’s fixed point theorem

THEOREM 3.3. Assume that:

(H1) There exists a constant k > 0 such that

|f(t,x)— f(t,y)| <klx—y| fora.e.t € Jandx,y € R.

If

Q§1;3(2|wam (myvp)+nk (logT)" < 1

(r)|Q] i—1 r—=p r+1)
then the BVP (1)—(2) has a unique solution on [1,T].

Proof. We transform the problem (1)—(2) into a fixed point problem using the
operator N defined in (12). In order to apply Banach’s contraction mapping principle,
we need to show that N is a contraction.

Let x, y € C'([1,T],R); then for each ¢ € J, we have

o rl n . s
2 (0)— () o)) < LB fﬂgl Y[ (1o k)" (s o)~ oI T

[ 1og;)“””|f<s,x<s>> GOy

N
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N

CogT) 4= pids
S G )|Q| Z 14 '/ s et) s

r
[ o) )t (gt

(logT)"™ 1’<||X Weo (x5 Qogpa)™"  (logT)"?
ST (X * )

57 ) (roeg) o) = £ IS

i—1 r—p r—p
et
(logT)" 'k (logp)"™™ " (logT)"""
R
+ gy (o ) sl

Thus,

r 1 rf
INGW) = NGl < [M(Z“ Al loguz) P (logT) ,,)

I(r)|Q| r=p

+ (tog )" [l ¥

k
[(r+1)

This shows that N is a contraction. Therefore, by the Banach contraction mapping
principle, N has a fixed point that is the unique solution of our boundary value prob-
lem. [

3.2. Existence result via Schaefer’s fixed point theorem

Our main result in this subsection is the following.

THEOREM 3.4. Assume that:
(H2) The function f:[1,T] x R — R is continuous.
(H3) There exists a constant M > 0 such that

|f(t,u))| <M fora.e t€JandeachucR.
Then the BVP (1)—(2) has at least one solution on [1,T].

Proof. We shall use Schaefer’s fixed point theorem to prove that N defined by (6)
has a fixed point. The proof will be given in several steps.
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Step 1: N is continuous.
Let {y,} be a sequence such that y, — y in C'(J,R). Then, for each t € J,

30)0)~ (490 < FE (1 [ (0" 6o 50012

w [ (102 ) o) - o)

i ) (10g5) 1) =S5
< {(logT )"~ l(il ll(loguz)’ ”+(10gT)’*”)

I(r)|Q| -p r—p
+ g tee DI Con() = 3O

Since f is continuous, we have ||N(y,) —N(y)||c — 0 as n — oo, so N is continuous.
Step 2: N maps bounded sets into bonded sets in C([1,T],R).

It suffices to show that for any pu* > 0, there exists a positive constant / such that
foreach y € By« = {y € C([1,T],R) : ||y|| < u*}, we have ||N(y)|| <. Now

NG ()] < l°gf|Q| (zw / (o)™ |f<s,y<s>>|?
(e T) T oI ) s [ (o) o

SO

(logT)~'M logy,) P (logT)”” M A
|N<y><r>|m<[W (,.;' Al el) )+F<r+1)oogr>]_z.

Step 3: N maps bounded sets into equicontinuous sets of C([1,T],R).

Let 11, 1o € J with #; <1, and let By« be a bounded set in C([1,T],IR) as in Step
2, and let y € By+. Then,

|(Ny)(t2) — (Ny)(t1)]

<t (o)~ ) e

1 - B\~ ds (logty)" ' — (logty)"!
+m/ (10e2) G YIS+ ol

([ (0 2) " D+ [ (10 D) ) %)

i=1
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M [t H\" ! 0N\ ds M 7 H\"1ds
< — 2 — 1 Al 2 =2
S I(r) /1 {(log s) (log s) s + I'(r) /tl (log s ) s
M(logtr)" ! — (logty)™!

I(r )|Q|

(B " (oelt) " [ (e ) ")

M . . M((logfz)rfl —(logfl)rfl)

(e () T

As t; — 1, the right-hand side of the above inequality tends to zero. As a consequence
of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can conclude that N is
continuous and completely continuous.

Step 4: A priori bounds

Now it remains to show that the set

+

e={yeC(,R):y=uN(y) forsome 0 < pu < 1}

is bounded. We have
(0 =n[ (ZA [ (022 s

- /1 (logg)’*'”f<s,y<s>>$) +%r) / (1og?) " ts.yen 2],

For u € [0,1], let y be such that for each ¢ € [1,T],
logt [.L ds r T, , .ds
()0 < i 2|A|/ e S [ tog oyt
i=1

M (T rlds
+m/l (log ) S

M(ogT) ' /yn o (logp)” P (logT)"”

(|Q] (;'M —p o —p ) T+ 1)

(logT)"

Thus,
[Nl <R

This shows that the set € is bounded. As a consequence of Schaefer’s fixed point
theorem, N has a fixed point that is a solution of the problem (1)-(2). [
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3.3. Existence result via the Leray-Schauder nonlinear alternative
Our final existence result in this paper is the following.

THEOREM 3.5. Assume that the following conditions hold:

(H4) There exists ¢; € L' (J,R..) and a continuous nondecreasing function y : [0, 0) —
(0,00) such that

|f(t,u)| < @p(t)w(|u|) foraet €JanducR. (13)

(HS5) There exists M* > 0 such that
L(r)|Q|M*

- > 1.
() QU (1) 1707 (T =)y (") (o T~ (Y IR0y )+ "97(7))

Then the BVP (1)—(2) has at least one solution on [1,T].

Proof. We shall use the Leary-Schauder theorem to prove that N defined by (12)
has a fixed point. As shown in the proof of Theorem 3.4, we see that the operator N is
continuous, uniformly bounded, and equicontinous. So by the Arzela-Ascoli theorem,
N is completely continuous.

Now in view of (13), for each 7 € [1, T],

n

) rl ; 5
o) < T (X [ (102 2) " oy wn S

[ (o D) ortswi) )

v [ (eeD) oo

r— - r—1 n
<X pw(r|<yrl>||si|(logn (Xl or (417 05(1) )+ w1 05(T).
Thus,
NG
() Q)7 97 (1)+E(r=p)(y) tog )~ (L Al oy ()41 01(T) )
<1

By condition (H5), there exists M* such that ||y||. 7# M*.

Let By = {y € C([1,T],R) : ||y||le < M*}. The operator N is continuous and
completely continuous. By the choice of By thereis no y € dBy+ such that y = uN(y)
for some u € (0,1).

As a consequence of the nonlinear alternative of Leary-Schauder type (Theorem
2.5 above), N has a fixed point y € By« that is a solution of the problem, and this
completes the proof of the theorem. [J
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4. Examples

In this section, we present some examples to illustrate our results in the previous
section.

EXAMPLE 4.1. Consider the fractional boundary value problem

1
D%y(t) =713 siny, for a.e. (¢,y) € ([1,¢],Ry), (14)
¥(1) =0, Diy(e) = Diy(e) +2D3y(e), (1)
where r:%,p:%, T=e,n=2,A=1,A=2,and u; = 4, =e. We have
. 1
|f(t,y)] = Zogimy Sy
Choosing M = %, we see that
M M(logT) ! / & logy,) (logT) P
NG| < logT)" + 7( ; + )
NG < gy e T+ g (L I 2= B2
M 2M 4M 16

I(r+1) T(r) T(r+1) 277

is bounded. Then by Theorem 3.4, problem (14)—(15) has a solution on [1,e].

EXAMPLE 4.2. Consider the fractional boundary value problem

2

Hpy3 2. Y
D2y(t) = (logt)"———, fora.e. (¢ 1,e],R 16
y() (Og) 8|y|+1’ ora.e (7)))6([ 76]7 +)7 ( )
¥(1) =0, D2y(e) = DA y(e) +2D%y(e), (17)
wherer:%,p:%,T:e,n:Z,/’Ll:l,?Lz:Z,ylzyzze,and
2 )’2
t,y) = (logt)” ——.
f(t,y) = (logt) SHT1
Now,
2 Y 21
t,y)| = |(logt < (logt)“=lyl,
|f(,y)] = |(log?) 8|y|+1‘ (log)" 21|

so choosing y/(|y|) = %|y| and ¢7(t) = (logt)?, we have I'¢¢(t) = (logt) ,and I2 dr(e)
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32

= ——. We see that

357

L(r)|Qim*

L) QAW (M )9y (T) +T(r = p) (M) log Ty~ (Ko A1 =Py () + 1729y (T))

IM*

VAV 9y (e) + w(M*) (E2, 12119y () + 119y (e))

4
87 _sdoym

VAR Os(e)+ (T2 A6y () + 10y () 200

Hence, all the conditions of Theorem 3.5 are satisfied, so there exists at least one solu-
tion of the problem (16)—(17) on [1,¢].
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