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Abstract. In this paper, we consider the following abstract y -Hilfer fractional differential equa-
tion

Dg;ﬁ””u(t) =Au(t)+f(t,u(t)), 0<a<l, 0<B<Il; t=0 (1)
where A is the infinitesimal generator of a strongly continuous semigroup {7'(6)}4._, on a
Banach space X such that there exist positive constants M,A > 0 with

HT(O)ngMeile, 6>0. 2)

We use the Banach fixed point principle to prove the existence and uniqueness of (®,c)-
asymptotically periodic mild solutions to equation (1). Further, Ulam-Hyers stability results are
established.

1. Introduction

Fractional differential equations have attracted a growing interest, particularly
in modeling complex physical phenomena with memory effects. The existence and
uniqueness of periodic solutions for certain fractional differential equations have at-
tracted several researchers. In 2020, G. Mophou and G. M. N’ Guérékata [30] studied an
existence result of (®,c)-periodic mild solutions to some fractional differential equa-
tions. In 2021 M. Kéré , G. M. N’Guérékata and E. R. Oueama studied an existence
result of (w,c)-almost periodic mild solutions to some fractional differential equations.
For more results of periodic functions, (see [1, 4, 5, 6, 8, 10, 16, 21, 23, 26, 27, 32, 34,
35D).

It was in 2018 that E. Alvaraz et al. [6] have introduced the concept of (®,c)-
periodic functions which includes the class of periodic, antiperiodic and Bloch periodic
functions. The following year, i.e. in 2019, E. Alvarez, M. Pinto and S. Castillo [7]
extended the concept of (®,c)-periodic functions to a new class of functions so-called
(w,c)-asymptotically periodic functions. A continuous function f is said to be (®,c)-
asymptotically periodic if it can be written as f = fi + f> where f] isa (o, ¢)-periodic
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function and f, is c-asymptotic function. Following this, several authors became in-
terested in this class of functions.

J. Larrouy and G. M. N’Guérékata [26] studied the existence and uniqueness
of (®,c)-periodic and asymptotically (@, c)-periodic mild solutions to the following
semilinear fractional differential equations:

D%(t) = Au(t) + CD* ' f (t,u(t)), 1<a<2, t€R
1(0) =0

and

Du(t) = Au(t) + D* ' f (t,u(t —h)), 1<a<2, tcRy
u(0)=0

where “D(.) stands for the Caputo derivative and A is a linear densely defined oper-
ator of sectorial type on a complex Banach space X.

In 2023, R. G. Foko Tiomela, G. M. N’Guérékata [18] consider the following
fractional evolution equation:

“DEu(t) =Au(t)+ f(t), t€R

where D% (.) denotes the Caputo fractional derivative of order 0 < o < 1. They
proved that, mild solution of this equation are (o, c)-asymptotically periodic and they
established an existence and uniqueness result for optimal (@, c)-asymptotically peri-
odic mild solution.

Recently, in 2018, J. Vanterler da C. Sousa, E. C. de Oliveira [38], introduced a
new fractional derivative with respect to another function the so-called y -Hilfer frac-
tional derivative. The same year, J. Vanterler da C. Sousa, K. D. Kucche, E. C. de
Oliveira [39] published an article entitled: On the Ulam-Hyers stabilities of the solu-
tions of y-Hilfer fractional differential equation with abstract Volterra operator. In this
paper, they proved the existence, uniqueness and established Ulam-Hyers stability of
the solution.

This new fractional derivative attracted several authors. In 2021, F. Norouzi, G. M.
N’Guérékata [33], in their paper, considered the following y-Hilfer fractional neutral
fractional differential equations with infinite delays:

HDUPY (1) = h(1,3)] = Ax(t) + f (1,x(1) %), 1€[0,b], b>0
x(t)=®(t), te(—,0]

where 7 Dg‘;ﬁ ¥() is the y-Hilfer fractional derivative of order 0 < o < 1, with respect

to function v € £ ([0,0],X) and type 0 < B < 1. They proved the existence and

uniqueness of solution by using the Banach contraction mapping principle and Leray-

Schauder alternative theorem. For more informations refer to [2, 3, 12, 22, 24, 29].
Motivated by all of the above, we consider the following equation

ﬁw() Au(t)+ f(t,u(t)), 0<a<l, 0<B<l; t=0
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where Dg;ﬁ ;W(.) denotes the y-Hilfer fractional derivative of order « and type .

The main purpose is to study the existence and uniqueness of (@, ¢)-asymptotically
periodic mild solution. For this, we use the well known Banach fixed point principle.
We also establish Ulam-Hyers stability. The rest of our paper is organized as follows: In
Section 2 we present some preliminary results that are useful in this paper to prove the
results. In Section 3, we first obtain the Volterra integral equivalent equation and pro-
pose the mild solution of equation (1). Further, we prove the existence and uniqueness
of solution. Finally , in Section 4, we establish ulam-Hyers stability of the solution.

2. Preliminaries

Throughout this paper, we assume that (X, ]|.]|) is a complex Banach space and
we will denote by C(R,X) the collection of all continuous functions from R into X,
and BC(R,X) the collection of all bounded continuous functions from R into X, and
we set

Co(X) 1= {h €C(R+,X) : lim h(r) = 0}.

In this section, we give some notations, definitions and results on y -Hilfer frac-
tional derivative and (, c¢)-asymptotically periodic functions.

DEFINITION 1. The Euler’s Gamma function is given by:
[(a) = / 1“ e dr for o> 0.
0
Futhermore, I'(1) =1 and I'(a+ 1) = al'(o) forany a > 0.

DEFINITION 2. The Laplace transform of a function g is denoted and defined by:
L)} (s) = G(s) = / g(t)e"dt for 5> 0.
0

DEFINITION 3. [36] The two-parameter Mittag-Leffler function is defined by the
series expansions:

Zk

Ea’ﬁ (2) = Z ma

k=0

for « >0, >0, zeC,

where I'(z) is the gamma function.

LEMMA 1. [36,42] Let 0 < a <2, and B € R be arbitrary. We suppose that L
is such that &% < p < min{zm,woc}. Then there exists a constant C = C(a,f,u) >0
such that

C
E < :
| Ot,ﬁ (Z)| 1 + |Z|

p< Jarg(z)| < 7
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PROPOSITION 1. [18] Let t € R and 0 < ¢ < 1. Then the following holds:

anl(t) >0, Ea’a(t) >0, and E(/x’a(t) > 0. 3)
Moreover,
thmEa 1(2) = oo, tlirp Eq1(t)=0. 4)

LEMMA 2. [37] Given A >0, and 0 < ot < 2. Then the following identities hold.:
OEq1 (—At%) = —At% 'Eq o (—A1%), )

and
0 (1% 'Eqq (—A1%)) =t“ *Eq q_1(—Mt%), forall t > 0. (6)

DEFINITION 4. The left sided fractional integral of a function f of order o with
respect to y is

1

B0 = Frgy [ 0wl —w) ™ e

DEFINITION 5. The left sided Hilfer fractional derivative of a function f of order
o and type B is
d
Dy r) =12 (15:7) £ @)
where Y= (1 — o)+ .

DEFINITION 6. The left sided with respect to y -Hilfer fractional derivative of a
function f of order o and type B is

DEPY f() = 17 (W,l(x)%> (16-7) £ (0.

THEOREM 1. [38] If f € C' (R,X), then

IEYDIPY f(x) = f (x) -

and

DYPVISY fx) = f(0).
THEOREM 2. [38] Let f, g€ C'(R,X), & >0 and 0 < < 1. Then

DIPY f(x) = DIV g(x) = f(x) = g(x) +c(w(x) — w(0))', ceR.

In what follows, we will recall some definitions and properties of both of (®,c)-
periodic and (o, ¢)-asymptotically periodic functions.
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DEFINITION 7. [6, 30] A function f € C(R,X) is said to be (®,c)-periodic if
there exist ¢ € C\ {0} and w > 0 such that

ft+w)=cf(t), Vt eR.

o is called the c-period of f.

We denote by Py (X) the collection of all functions f € C(R,X) which are (®,c¢)-
periodic. When ¢ =1 (¢ = —1 resp.) we recover the @-periodic (resp. @-antiperiodic)
case.

THEOREM 3. [30] (Theorem 2.4) Suppose f € C'(R,X) N Pyc(R,X). Then f' €
Poc(R,X).

DEFINITION 8. [7] A function & € C(R,X) is called c-asymptoticif ¢"*(—)h(t) €
Co(X), that is,
lim ¢ (—t)h(t) =0

t—o0

where ¢"\(—t) = ¢ ™"/ The collection of those functions will be denoted by Cp . (X).

DEFINITION 9. [7] A function f € C(R,X) is said to be (®,c)-asymptotically
periodic if f = g+h where g € Py (R,X) and i € Cy(X). The collection of those
functions(with the same c-period @ for the first component) will be denoted by AP, (X).

LEMMA 3. [7] Let oo € C. Then
1. (f+g) € APy:(X) and ah € APy (X) whenever f,g,h € APyq(X).
2. If © >0 is constant, then fr(t) = f(t +7) € APy (X) whenever f € APy(X).

3. Let g € Py(X) and h € Co(X) such that g,h € C'(R,X). Then the derivative
of (f =g+h) € APy:(X) belongs to APy (X).

THEOREM 4. [7] Let f(t,x) := g(t,x) + h(t,x) where g(t+ ®,cx) = cg(t,x) and
heCy(X,X).

Let us assume the following conditions:

(1) h(z) =c"(—t)h(c"(t)z) is uniformly continuous for z in any bounded subset of
X uniformly for t = d and h(z) — 0 as t — oo uniformly in z.

(2) There exists v € BC(Ry,Ry) such that
1t ur) — f(t,uz)|| < v(t)||ur —ua], Vur, us € X, t € Ry
If u € APy (X), then f(.,u(.)) € APg(X).
THEOREM 5. [7] APyc([d,) x X,X) is a Banach space with the norm

1 fllawe = sup|llel" (=) (1)]]-
t>d
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For the uniqueness result, we will need the following theorem.

THEOREM 6. [12] (Contraction Mapping Principle) Let X be a Banach space,
D C X be a closed and A : D — D a contraction mapping (i.e., |Ax — Ay|| < k|lx—y||
Sor some k € (0,1)) and for x,y € D. Then, A has a unique fixed point.

In what follows, we will consider 7 € R... Therefore we will use ||| aoc as

([ fllawe := sup [[le|™ (=2) f(D)]].
>0

3. Existence and uniqueness of the mild solution

We suppose that Y is an increasing and positive function, having a continuous
derivative y’ and such that y (0) = 0, lim l[/(t) = +o0, and Yy € C' (R, X) NPy (X).

We assume also that there exist posmve constants n,p = 0 such that y(r) < neP.

LEMMA 4. The equation (1) is equivalent to the Volterra integral equation

r-1 ,
u(t) = (wlst()})/) IO* u(0)+ % /0 ll,/(f) (w(t) — II/(T))OFI u(t)dt
+ ﬁ. i ') (w(t) — w(e) " fr,u(z))dr. 7

Proof. Applying the operator 1001214/ to the both sides of equation (1), we get

IEYDSP Y u(e) = ALY u(e) + 1Y £(1,u(r)). ®)

From Theorem 1 the left hand side of (8) becomes

Iging;ﬁ;wu(t) =u(t)— M[ Wy, (0).

C(y)
So, it follows that

r-1 t
u(t) = “”F% e <o>+%/0 V() (W) - ()™ u(w)de

1 _
o b YO0 —y(@) ()
Conversely, if u satisfies (7) then,

y—1
u(r)— %1@1”% (0) = AI%Yu(t) + IV £(1,u(1)),

we deduce that
1EYDEPYu () = ALY u(e) + 18V f(,u(1)). ©)
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Applying the operator Dg‘;ﬁ ¥ to both sides of equation (9) while taking into
account Theorem 1 and Theorem 2, we obtain
Dy u(r) = DY (ALY u(e) + 155 £ (1,u(2)]
= ADSPY 15V u(e) + DEPYICY £ (t,u(r))
=Au(t)+ f(t,u®)). O
LEMMA 5. Suppose that (7) is fulfilled, then we have the following integral equa-

tion:
v = [V we-ve ([T ((UD)) puman) udo

+./0x V' (0)R(¥ (x) — y(0)) f(o,u(0))do

where .
R(t)= T(67%) % '97 py (6*1/"‘)d6
0

and o
uy = I(()fw’wu (0).

Proof. Let us set x = y(¢) and make the change of variable ¢ = y(7). Then,
do = y/(1)dt and (7) becomes
1 3 e A /x a1 o]
0y ) = F M)+ s [ ety (@)oo

+ e ) 6= @)ty (o))

Ifweset up= Iy,
then (10) becomes

xil X X
) = ft g [ -0 a0 o+ s [ - o) g(@) o
(11)

Applying the Laplace transform on the both sides of (11), we have
Z(s) =5 Tup+s *AZ(s)+s *G(s).

Which implies that

s

(S“I—A) Z(5) = s Tug 459G (s).

Therefore
Z(s) =s* Y (s“T—A) Nug+ (s“T—A) ' G (s) (12)
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where Z (s) =.Z[z(¢)] (s) and G (s) = . [g(¢)] (s) are the Laplace transforms of z and
g respectively. Because of 2 [T (1)] (s) = (s“I —A) ", then it follows from (12) that

Z(s) =s"TZL[T (0)](s%)uo+ Z[T (0)](s*) G (s)
oo o oo o oo
:s"‘*yuo/ e’ "T(G)ch—/ e’ "T(G)da/ e Tg(t)dt. (13)
0 0 0
Considering the following change of variable 6 = 8%, equation (13) gives
oo a
Z(s) = as® g / OO T (5%) 59148
0
oo " oo
+a/ e 69) T(5a)5“*1d5/ e g (1)dt
0 Jo
oo o
— as'Tug / T (8%)(s8)* e 69" as
0
+
< T(8%) 8% 1o (9)% (‘L’)d‘L’) ds
0
too — a
) / 6 & (e )a
0 os
e 5
/ T(8%)8% 1o (9" ”g(r)dr) ds.
0

Because of e
/ “Mpg (n)dn =€
0

then

Z(s) = —s Ty /0 (59 dd5 ( / +°°es5npm(n)dn> a5

+ a/:” (/()+OQT (5%) 8% (/()+mes5"pa (n)dn) e”g(‘L’)d‘L’) a8

~+oo ~+oo
:sl’yuo/ < T(S“)es‘snpa(n)ndn) dd
0 0

+ a/;m (/;m (/()+°°T (8%)8% e~ Tg (t)e M, (n)dn) d1:> ds.

(14)

Now, we make the change of variable 6 = N6 = d6 = ndd. Equation (14)
becomes

Z(s) = s' Tug /Ow (/O+mT ((%)a) e py (n)dn> 6
) )

5)
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With the following change of variable T4 0 =t = d 60 = dt, the second term of
right hand side of (15) becomes

LT (8)) e mon) )
=a/o+w(/0+m</0tT(( Y )(t ;2, 1’ ()pa(n)d1>dn>dt

- /OMN ( ( ( ) <n>dr> dn) “

=Z[h()](s)

where

1

mo=af” < [r(&2) =t g(r)pam)dr) an.
1f we make the change of variable 6 — ¢ — d — =114, we obtain
h(r)—a/+°°(/()f(9<r 9 1= ) 0 (s)pu (0-4) ax ) (07 1ao)
([ rou- e ot (o)

b (/ow (TG0 (-0 g(x)pa (677 d9)> dt

oo _
R r):/o T(07%) 110 py (07/%) do.

In the other hand we have

sl—vuo/ow (/()+00T ((%)a> e py (n)dn) de
:slfyuo./:me*s" (/()erT ((%)a) pa(n)dn> de
=zl 6) (2] [T1((3)) watman] )

(@] ()L (0] (s)
[ixJ
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i(t) =12 and j(t)_/()+mT<<%)a>pa(n)dn.

Thus, (15) becomes

Z(s)=Lixj{t)uo+R*g (1)l (s),

where

therefore
z(t)=ixj(t)up+Rxg(r). (16)

Since z(1) =u (y ' (¢)) and g(t) = f (y ' (1), u(y ' (1)), then (16) becomes
u(w’l(t))*i*j()qurR*f( 0)
_/ (t—1)j uod7:+/R(t—7:)g(1:)d7:.

If we set x = w1 (¢), then
(x) (x)

w@ = [ i@ - @uwdr [ R @ - g0
The change of variable T = y (o) = d7 = y' (0)do allowed us to writte
ut) = [ (1w () - v (0) j(v (@) uy (0)do

+ [ Ry -y (@) ew(o) v (0)do

9=/ Nia Z(Awr((Q)) pu(n)dn ) uodo

+/O v (6)R(y(x)—w(0))f(o,u(c))do. O

DEFINITION 10. A function u is said to be a mild solution to the problem (1) if
u verifies

= [V w0 -v©) 0o
+ [W(©@RW )~ w(0)/(0.u(0)do, a7)

Q(r)z/fT((@)a) pu(m)dn, (18)

R(t)= /Owaefba (0)T (67%) 1% a8, (19)

where
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and |
Dy (6) = ae*éflpa (9*1/“) :
with @ is a probability density function, i.e.:

Dy (0) >0 forall 6 >0,
~+oo

Dy (0)d6 = 1.
0

187

(20)

PROPOSITION 2. [18] Let 0 < a < 1. Considering the probability density ®g

defined by (20), the following hold:
(i) Jo " ®o(0)ePd0 =Eq,(—z),z€C.
(ll) fO wanDQ (6)@7Z9d6 = Ea’a(—z), z€E C.

Based on Proposition 2, we obtain the following proposition.

PROPOSITION 3. The following results hold:
(i) 10(7)|lx < MEq, (A (y(1))%), T20,
(ii) |R(T)||x <MT* 'Egqq(—AT%), 720,

where Q(T) and R(t) are respectively defined by (18) and (19), M,A two positive

constants satisfying (2).

Proof. Let T > 0, we have

jo@le=1 {7 ((A2)) pemani
< [0 ((A2)Y hepamyan.

Using (2), we obtain

oo 71 M o
o <m [ HET) >Pa(n)dn
oo )¥n—@
<M/ T pa(n)dn.
Considering the change of variable 6 = n~%, we have 1 = 0@ and dn =
—Llo—a-140
3 .
Therefore

1

+oo ] .
o)z <M [ 2pa(07¢) 0kt MV g

+oo o
<M | Dy(0)e MV 00,
0
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From the equality (i) in Proposition 2, we have:
10()llx < MEq1 (=2 (y(1))%), ©>0.

According to (2) and the equality (i) in Proposition 2, we have:

400
IR®)c =1 [ ad@u(6)T (67%)c* a6
Jroo
g/ aBDy (8) T (67%)||x7% ' d6
0

oo o
<MT‘H/ 0Dy (0)e*7 %40
JO

<M 'Egg(—A1%), 720. O
PROPOSITION 4. Let ¢ € C\ {0} and @ > 0. Then the function u define by:

«0)= [ ¥ (@) (W)~ (o) 0o)udo

belongs to APy (X) if |c| > 1.
Proof. Lett > 0,c € C\ {0}, @ > 0 such that |c| > 1 and u € X, we have:

e =l [ v () (v (1) - v (0)) > Q(ohudo]x
< [l (@) (v ()~ v (@) *1(0) lxlolxdo.

From the equality (i) in Proposition 3, we have:

I 0t < Mluollx [ Il 0¥ (0) (w(6) ~ (0))"Ea (<2 (¥(0))*) do
<Mlollz [ Il 1OW (@) (07) > Ear (<2 (w(0))) do
<M a2 [l (0) Eay (<2 (v(0))") do

Take T = y (o), we have do = Wd’c, since |c| > 1, then |¢|/® < 1.
Therefore, using Lemma 1, we have

w(t)
e (—0)u(t)|x < M0 T2 lug 5?2 / Eq1(—AT%)dt
0

1

y(r)
< -2 P(V*Z)/ —_dT.
MCT] ||u()th o 1—|—/'L'radr
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Setting v = 1%, we get

-2 vyl
e (=1)u()||x < MIP(H) / v
0

o 1+lvdv'
Take z = Av, we have
McCn?2 Ay()® ;51
e () < LAl iy [
alw 0 I+z
_ o 1
< MO 2 lluollx piy-2) / teze
al@ 0o l1+z
-2
ala OC OC

2
e s eV 1)
ol (04 o
T —2
<MC671]7 ”uOHti(y,z)
al@sin (L)
Asy—2=—(1-o)(1—p)—1<0, then

lim t7(7~2) = 0.
f—o0
Hence
tlim N(—t)u(t) =0,
therefore u € Cp . (X) C APy, (X).
Finally u € APy (X) if [e]>1. O

PROPOSITION 5. Let f € Py (X). Then the function u defined by:

w)= [ W @RWO-¥(0)f()do

belongs to Py, (X).

Proof. Let o > 0, we have:

t+o

uit+0)= [ Y (@)R(y(t+0)-y(0)f(0)do.

Making the change of variable £ = o — @, we obtain

wi+0)= [ W (E+ORWI+0)-y(E+0) f(E+0)dE

189
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Since y € C! (X)N P, (X) and using Theorem 3, then
vi+o)=y()

and

V(E+o) =V ().
We have also f € Py (X), so

fE+w)=cf(&).
Thus

wiro)=c [ W ERWE-vE)FE)d
=cu(t).
Consequently u € Py (X). O

PROPOSITION 6. Let f € Cy . (X), and define the function u by:
= [ V(@R ©) - w(0)f(0)do.
Then u belongs to Co. (X) if |c| > 1.
Proof. We have:
e utle = [ v (@) Rw(0) - v(0)) £ (0)dolx
=IOy @R ()~ w(o)e 0 (0)dolx

</700|C|’(Hy 1y (0) [R(w (1) = w(0) x|l /“f (0) | xdo

< ( S(UP }{IIC"/“’f(G)Ix})

t
< [l oy (@) IR (v (1)~ (o)) 1xdo
Using the equality (ii) in Proposition 3, we obtain

lle" (=t)u()]x

<M( sup {[lc=%/“f (o ||x})
(o]

x /; e[~y (0) (y (1) = ¥ (0))* " Eaa (A (¥ (1) = w(0))) do.
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As |¢| > 1 and 1 — 6 > 0 implies that |¢|~¢—9)/® < 1.
Thus

le"(=0)u(t)llx <M | sup {Hc 7O (o) |Ix}

x /;v/ (0) (v (1) = y(0))* " Eaa (A (y (1) — y(0))*) do.

Let us consider the integral
" /; Y (0) (W)= y(0)"  Eaa (-2 (v () - ¥(0)")do.

Making the change of variable x = y (1) — y (o), we have do = — de.
Further, y is an increasing and positive function, and y(0) =0,then lim y (o)
O——>—o00
=0.
The above integral becomes

0
J:_/ xailEaa( A,x )
Jy()

According to (5), we have

xaflEa,a (—Ax%) = _%aXEOM (=Ax%) 2D
and so

Y 2

J=— E
1 ) a, 1( X )
1
1 a

Since

lim y (1) = oo,

t—o0

we deduce from Proposition 1 that
lim Eq.1 (=4 (v (1)*) =0.
Since Eq 1 (0) = 1, we finally get

limJ*1
=

t—o0



192 P. V. OUENA, M. KERE AND G. M. N’ GUEREKATA

Moreover, we know that f € Cy . (X), then

lim sup {[le=7/2f (o) |} =0.

oc(—oot
Since
eM=u@)lx <M | sup {llcf (o) Ix} | 7.
oc(—oot
therefore

lim ¢ (—#)u(t) =0.

t—o0

Consequently u € Cy . (X).
This ends the proof of the proposition. [

PROPOSITION 7. Let f € APyc (X). Then the function u defined by:

w)= [ W (@R -¥(0)f(0)do
belongs to APy (X) if |c| > 1.

Proof. Since f € APy (X), then there exist f] € Py (X) and fo € Cp . (X) such
that /= f1 + f2.

It follows that
w)= [ W (@RWE) -y (6)(fi(0)+f2(0)) do
= [ VRGO -w©)fi©do+ [ W (@RWO - y(o) s (0)do

=ur (1) +uz (1)
with .
w0 = [ VRO -vy(O)fi(0)do,
and .
w®)= [ V@RV~ y(9)f(0)do.

From Proposition 5 and Proposition 6, we can say that u; € Py, (X) and uy €
Co (X).
Consequently u € APy (X). O

PROPOSITION 8. Let f € APy (X) and define u by:

w0)= [V (@R - v(0)f (0)do.

Then u belongs to APy (X) if |c| > 1.
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Proof. Since f € APy (X), then there exist fi € Py (X) and f, € Gy (X) such
that f = fi+ f2.

‘We have
0= [ VR )1 (0)+ fa(0)) do
—/v/ VA (o da+/w R(y (1) - v(0)) /> (c)do
_/ v (o )) i () do — / Vv (0)R(w (1)~ w(0)) fi (0)do
+/ v ( (0)) f2(0)do
- [ v ) fi(o d6+/ll/ R(y (1)~ y(0)) f2(0)do
=up (t)+uz (1)

where

=] V©@RW©-v©)h(0)do
and

!
0= [ ¥ (©RW ()~ y(0):(0)do.
According to Proposition 5, u; € Py, (X).
Now, let us show that u; € Cp . (X).
Let € >0. As f> € Gy (X), then there exists 7 > 0 such that forall c > T,
le™/® f2 (o) |Ix < & (22)
In order to show that u; € Cp . (X), we consider: 7 > T', hence

n=[ v (@) 12 (0)do+ [ ¥ (@) R(y (@)~ w(0)) £ (0)do,

and
2
e (=t)ua (1) || < Y1 (1)
i=1
where

B0 =1 [ W (@R W)~ (o) f2(0)dox

L(t)=|c"(=1) | ¥ (0)R(y(1)—w(0))f2(0)do]|x.
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We have:
D=1 1) [ W (@R~ (o) f2(0)dolx
< /0 e[y (0) IR (v (1)~ ¥(0)) [xllc” /12 (0) xdo.

We know that # > T and 0 < 6 < T, therefore — ( — ) < 0. If |¢| > 1, it implies
that |¢[~(—9)/® L 1.
According to the equality (if) in Proposition 3, we have also

IR (w (1) = w(0)) x <M (w(1) = y(0)" " Eqa (-2 (v () - w(0)%). (23)

Hence

I <r><M< sup {||c"/wf2<o>||x}> [ V@ wn-vie)

0<o<T
% Eq.a (~1(y (1)~ y(6))%) do
Making the change of variable £ = y(r) — w (o) and using (21), we obtain

no < m (s {le*/2n@)}) / Y gt 0 (A
< (o, {ioemeonnd) [177 s 25905
%<O<SEET{ ~o/o, (o |X}> Eut (- (wam

%(W{ /o (o |x}>
% (Ear (A (0) =y (1)) = Eas (-2 (¥ (1)) )

We know that

and
lim Eqy (—A (v (£)%) =0
because
1lm Ea‘yl( ) == O,
then

lim By (4 (9 () = y(T))%) ~ Eat (2 (y (1)) = 0.

Since f> € Gy (X), therefore

sup {lle=7/f2(0) 1} <

0<o<T
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Consequently
limI; (1) = 0.

p——

We have
D=1 =0) [ W @R~y (0) 12 (0)do]x
< [l ooy (@) IR (w()~ w (@) [xlle /2 () xdo.

According to (22) and (23), and consider the change of variable & = y () — y (o),
we obtain

1
h(n) < SM/T e[y (0) (w (1) =y (0)* ' Eaa (~A (¥ (1)~ w(0))*)do
0
~eu [ e[ e=e) o g g, (~AE%)dE.
w(t)—w(T)
We note that 7 < ¢ < ¢ implies that — (t — o) < 0. Then, if |¢| > 1, we have

le|~t=o)/o <1,
According to (21), the above inequality becomes:

M
B <5 Fekar (~AE%)dE
y(t)—y(T
eM
A [E‘“( At )} W)~ y(T)
eM

= (B 00 Eaa (-2 (w () - w (1)) ).

As
lim Eq (=4 (y (1) = w(T))%) =0
and
Ea’l (0) == 1
then
eM
< —.
12 (t) X l
Hence
lim L (1) = 0.

—o00

Hence, u, € Gy (X) if |c| > 1. Finally, u € APy, (X) if |c| > 1
The proof is complete. [
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In the following result, we need the following assumption:

(H1) he(z) =" (=t)h(c"(t)z) is uniformly continuous for z in any bounded subset of
X uniformly for t > d and h:(z) — 0 as t — oo uniformly in z .

(H2) f € APy(Ry x X,X) and there exists a constant Ly > 0 such that:
”f(t?x) _f(tvy)H < Lfo_y”7 forall 7 € R+7 X,y € X.

(H3) The inequality (2) hold.

Now, we present our first result for the problem (1) which relies on the Banach
fixed point principle.

THEOREM 7. Under the previous assumptions, if we assume that |c| > 1, (Hy)—
(H3) hold. Then there exists a unique (®,c)-asymptotically periodic mild solution to
equation (1), provided that there is a constant

LM

'Q)L = ),

< 1.

Proof. Consider the operator I" : APy (R4 X X, X) — APy (R x X, X) such that
t
= [v(© w0 -v(e) " 0c)udo

+ [V (@RW (0 -w(0)f (0.u(0))do (24)

In view of Theorem 4, Proposition 4 and 8, and Lemma 3, I" is well-defined.
Let u,v € APy (X), then

ITu(r) — Tv() || awe

=1 [ ¥ @RW0) - ¥ (0) (/ (0,u(0)) ~ F(0,1(6))d0 uoe

=sup{Jlel * [ ¥ (@) R(w ()~ w(0) (/ (0,(6)) ~ £ (0,¥(0))) 40 e}
>0 J0

<sup{ | tICI’t/“’IV’(G)IIR(IV(I)—W(G))Hfo(G,u(G))—f(GN(G))|de6}
=0 *-

<tpsup{ [[1e 1V (@) R (v (1) - v (o) ]u(o) ~ (o)l xdo

<tpsup{ [[1e["D/0y! (@) R (o)~ (o) e/ (u(0) (o)) |xdo

< Lytsup{ 116"y (0) (y (1)~ y (o))"

% Ea.a (<2 (y (1) = ¥/(0))*) o {1 = V]
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As |c|>1 and t — o >0, then |c|’(”°)/‘° < 1. In addition, making the change
of variable £ = y () — y (o), we obtain:

v(t)
ITu(e) = T(O)laoe < Ldsup{ [ % B (~2%)do fu o
>0 *J0

Using (21), we have

LM ()
IT(e) = Tv(O)awe < == sup{ [ 0cEt (<269 do Y= vl
>0 0
LM ay1°
< — —
< sup[Far (<Al loc
LM
< == sup {Ea1 (0) = Eaa (<2 (w (1)) Jllu=]aoe
=0
LM
= — su 1—-F -1 N* U—Viawc-
T sup {1 = Ean (<2 (w(0)%) Flu—vlao

It is clear that

setting Q) = #, we get
ITu(t) =Tv(t) lawe < Q3[4 = vllawe-

When Q) < 1, we deduce by the Banach contraction principle that I" has a unique
fixed point u € APy.(X), solution of equation (1).

Finally, equation (1) has a unique (®, c¢)-asymptotically periodic mild solution. [J

4. Ulam-Hyers stability

In what follows, we discuss the Ulam-Hyers stability of the solution to the equation

(1).

DEFINITION 11. The equation (1) is Ulam-Hyers stable if there exists a real num-
ber Cy such that, for each € > 0 and for each solution & € AP,.(X) of inequality:

D Vii(r) — i) — £ (1,(1)) | <, (25)
there exists some u € AP,.(X) satisfying

{Dg‘;ﬁ"”ut)zAu(t)+f(t,u(t)), O<a<l, 0<B<l; t>0 26)

YU =, y=B1-0)+a

() — u(t)’ <Cye, 120
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DEFINITION 12. The equation (1) is generalized Ulam-Hyers stable if there exists
o C(Ry,Ry), ¢(0) =0 such that, for each € > 0 and for each solution & € AP (X)
of inequality:

DEPVa() — Aule) — f (1,u(1)) | < e,

there exists some u € APy.(X) satisfying

‘””’ut) Au()+f(ru(r)), O<a<l, 0<B<l; t>0
K%0) =, =10 +a

with
‘ﬁ(t) —u(t)‘ <o(e), 1>0.

THEOREM 8. Assume that the hypotheses (Hy)—(Hs) and Theorem T hold. Sup-
pose also that Cy := sup{”c”/“’ (y(t)” HX} < oo, Then the equation (1) is Ulam-
>0

Hyers stable.

Proof. Let € >0 and let u € APy.(X) be a solution of the inequaty (25). In view
of Theorem 7, let u € APy(X) be the unique solution of equation (1), we have

0= Fut [ V()R 0~ () f(0.u(0))do

with

Fo= [ W) (v ()~ v(0) > (0)undo.

On the one hand, if I(()lfy)u(O) I(()1 i 1u(0), then ug = up it follows that F,, = Fj.
Hence

1
0=Fit [ V()R (1)~ y(0))f(0.ul0))do.
On the other hand, using (25), we have

1Y (DEP¥ate) — Aate) — £ (1)) ) | < el (1),

So

N ./()t ¥ (0)R(y (1)~ y(0)) f(0,u(0))do

g V(@ WO-w(e) do
€ o
S ol'(a) ®))
40
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From the above, we have

i)~ ult)| = [t~ Fo~ [ v/ (@)R(w (1) - w(0) £ (0.u(0))do]
= |0~ Fe~ [ W (@R (1)~ w(0) £ (0i(0))do
+ [ W (@) RW() - ¥(0)) ( (0,i(0)) -  (0,u(0))do]
<|i)-Fi- [ v R0 - w(0)f (@il0) do]
+ [V RW0) -y (@) (f (0.i0) ~ f (0,u(0))do]
(o) \\ra8+1><"’<>>“

= — ul age

<§gg{|| (aﬂ)c*’/w(w(rnaux}
+sup{lle 7 [y (o (6))(f (0.ii(0)) ~ £ (0.u(0)) do ] |
=0

€ —t/®
<yl o) HX}

+1ysup { [1e2w @) IR (v ()~ w(0) I]T(0) ~ (o) |zdc}
<ﬁe+Lstup [l oy (@) (w() - wio) !
ana( 2w (1) =y (0)%) =/ (o )—M(G))HXCZG}
oo yet LMsup {/ — (o)
ana( Ay () =y(0)) )dc}nu oo

‘We know that

Lmsup{ | V(o ) Eaa (<2 (w (1)~ w(0))") do |
=B cup (1 Ea (<2 (v () }

>0
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and, as
sup{ 1= B (<2 (w (1)) } =1
=0
then
- C LM
||u_u||awc<r(aj_1)8+ f)y ||u_u||awc
LfM ~ Ca
= (1-2L=) |~ <—2% ¢
(15 ) - <
- C
= |1 — | gwe < T a €.
( —fT)r(a+1)
Take

it follows that
| — ullawe < Cye.

Finally, equation (1) solution is Ulam-Hyers stable. [J

THEOREM 9. Let the conditions of Theorem 8 hold. If there exists ¢ € C(R, R ),
¢©(0) =0, then the equation (1) has generalized Ulam-Hyers stabiliry.

Proof. In asimilar arguments of Theorem 8, with putting ¢ (&) = Cy€ and ¢(0) =
0, we obtain

[ = tt]lawe < @ (€)-

Therefore, equation (1) solution is Ulam-Hyers generalized stable. [

Conclusions

In this paper, we proved the existence and uniqueness of (@, ¢)-asymptotically
periodic mild solutions to some y -Hilfer fractional evolution equations of the form:

D,“’B"”u(t) =Au(t)+ f(t,u(t)), O<a<l, 0<B<1; t=0

using Banach fixed point theorem. Futhermore, we discuss the stability analysis of the
proposed problem.
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