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ON EULER HARMONIC IDENTITIES FOR
MEASURES AND ERROR ESTIMATIONS

AMBROZ CIVLIAK

Abstract. Some new approximations of functions are given by using generalized Euler identities
involving real Borel measures and harmonic sequences of functions. Also, we estimate those
approximations for different classes of functions and different types of measures.

1. Introduction

For every function f : [a,b] — R with n > 1 continuous derivatives and for every
X € [a,b] the following formula (Euler integral identity), see [14], is valid:

b

10 = 5= [ 10t + T, 1)+ Rul),

R =0 | 5 (5=t) - (=2 | rmwan,

Here, Bi(x), k > 0, are the Bernoulli polynomials, and B,’Q (x), k =0 are periodic func-
tions of period 1, related to the Bernoulli polynomials as

Bi(x) =Bi(x), 0<x < 13 Bi(x+1)=B;(x), xeR.

In other words, Euler integral identity expresses the expansion of a function in terms
of Bernoulli polynomials. It has been generalized in recent years in a number of ways.
Let us mention here some of them. First of all, the reader is referred to the paper [10]
in which it is assumed that the function f : [a,b] — R is such that (n— 1)/ derivative
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=1 is continuous function of bounded variation on [a,b] for some n > 1. Fur-
ther natural generalization of such results, see [11], arises by replacing the Bernoulli
polynomials with an arbitrary harmonic sequence of polynomials, i.e. the sequence of
polynomials satisfying

Pl(t) =P 1(t), k= 1; Py(t) = 1.

The next generalization is obtained by replacing harmonic sequence of polynomials
with a harmonic sequence of functions generated by some weight function. More pre-
cisely:

For a,b € R, a < b, let w: [a,b] — [0,0) be a probability density function i.e.
integrable function satisfying fabw(t)dt =1.Forn>0andt € [a,b] let

(n%l)!/at(t—s) w(s)ds, n>1; wo(t) = w(t).

wp(t) =

It is well known that w, is equal to the n-th indefinite integral of w, being equal to

zeroat a,ie. w)" (t) =w(t) and wy(a) =0, for every n > 1. A sequence of functions
H, :la,b] = R, n >0, is called w-harmonic sequence of functions on [a,b] if

H/() Hy,- 1() =1 HO() (t),tE[(l,b].
The sequence (w,, n > 0) is an example of w-harmonic sequence of functions on
[a,D].
Let f:[a,b] — R be such that f (n=1) is a continuous function of bounded variation

on [a,b] for some n > 1. In a recent paper [ 1] two identities named the weighted Euler
harmonic identities were proved. The first weighted Euler harmonic identity is

9= [ w0+ 5,0 + R M)
and the second one is
9= [ w310+ @)~ 0] 4B, @)

where (Hp, n > 1) is w-harmonic sequence of functions on [a,b],

Sul6) = ¥ He () <D () — £ ) i (B (),
k=1 k=2
for 1 < m < n, with convention

Si(x) = Hy () [f(b) - f(a)],
and

[ fla+x—1), a<t<x
fx(t)_{f(ber—t), x<t<b’ &
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while

R =—0-ar [ (=5 )ar"

b "

and

R =-0-ar [ i (325) = gt ar v,

Here H,; denotes a periodic function of period 1 defined by H,, as

H:[(l‘) = ﬁHn(a—i—(b—a)t), 0<t< 1,

H(t+1)=H, (1), t€R.

Identities (1) and (2) hold for every x € [a,b]. The reader can find further references to
some recent results on generalizations and applications of Euler identities in [2], [13],
[51, [6], [7] and [4].

The main aim of this paper is to prove analogous formulae, see Theorem 2 and
Theorem 1, by replacing the w-harmonic sequence of functions (H,,n > 1) with a
new, more general sequence of piecewise defined functions, and then to estimate those
approximations for different classes of functions and different types of measures. The
key technical result is proved in Lemma 3. The proof is based on Weierstrass Approxi-
mation Theorem.

2. Generalized Euler harmonic identities

For a,b € R, a < b, let C|a,b] be the Banach space of all continuous functions
f:la,b] = R with the max norm

171 = max |f(z)]

a<it<b

and Mla, b] the Banach space of all real Borel measures on [a,b] with the total variation
norm

]l = [ul(fa,b]) = SEPZI#(EJI

where the sup being taken over all partitions {E;} of [a,b]. Itis well known that M[a, b]
is dual of C[a,b], i.e. M[a,b] = C*[a,b]. In the rest of the paper we use the notation

[ Fs)du)
[a,b]

to denote the Lebesgue integral of F over [a,b] with respect to the measure p, while
for a given function ¢ : [a,b] — R of bounded variation

F(s)do(s)
Jla,b
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denotes Lebesgue-Stieltjes integral of F over [a,b] with respect to ¢@. Also, by

/abF(s)ds

we denote the usual Lebesgue integral of F over [a,b].

To make reading easier, let us recall here some notations and properties of the
W -harmonic sequence of functions defined and stated in [3].

For u € Mla,b] define the function fi, : [a,b]— R, n> 1, by

. 1 n
fin(t) = m/w(f—s) tdus).

Forn=1,

N

fu(t) = du(s) = u(la,1]), a<t <b,

[a.1]
which means that [1; is equal to the distribution function of L.
Note that

1
L1 (2) :/ Ln(s)ds, a<t<b,n>1.
a

This means that for n > 1, [i,, is differentiable at almost all points of [a,b] and
i +1 = LI, almost everywhere on [a,b] with respect to Lebesgue measure.
Using the Fubini theorem we can easily get the following formula

1 t
72)'/ (t—=9)"fu(s)ds, a<t<b,n>2.
cJa

=

[J,,(t) =

From this formula we see immediately that [1,(a) =0, n > 2.

If u >0, then fI,, n > 1, is nonnegative and nondecreasing function.

Note that function g(s) = (f —s)"~! is nonincreasing on [a, ] so that from the first
expression for [1,(r) we get the estimate

. t—a”fl
o) < O Il a<r<bonzn

DEFINITION 1. A sequence of functions P, : [a,b] = R, n > 1, is called a -
harmonic sequence of functions on |a,b] if

Pl(l‘) :C+ﬁ1(t), a<t<b,

for some ¢ € R, and

1
P (t) :P,,H(a)—i-/ P,(s)ds, a<t<b,n>1.
a
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Since P,11, n > 1 is defined as an indefinite Lebesgue mtegral of P,, it is well
known that P,.1, n > 1 is an absolutely continuous function, P” 41 = Py, ae. on [a,b]
with respect to Lebesgue measure, and for every f € Cla,b] we have

» (t)dP,.1 (1) / F(OP,(t)dt, n >

The sequence (IJ,,, n > 1) is an example of a p -harmonic sequence of functions
on [a,b].

For u € Mla,b] let (P,, n > 1) be a u-harmonic sequence of functions on [a,b].
For x € [a,b], define function K, : [a,b] X [a,b] — R, for n > 1, by

[ P(b—x+1),a<t<x
K"(x’t)_{P(a x+t)7x<t<b @

for a <x < b, and

[ B(t),a<t<b
Koty = { ek 45150 B

Thus, for n > 2, K,(x,-) is continuous on [a,b]\ {x} and has a jump of P,(a) —
P,,(b) at x. Note that K,(x,-), n > 1 is a function of bounded variation and for n >

1 Kn 4+1(x,-) =K, (x,-) a.e. on [a,b] with respect to Lebesgue measure. Also note that

Ky (x,a) = K, (x,b) = Py(a+b—x), n > 1.

For x € [a,b] and a function F : [a,b] — R introduce a notation which will be used
hereafter:

_[F(x—a+t),a<t<a+b—x
Fx(l)_{F(x—b+t),a+b—x<t§b' ©)

LEMMA 1. For every W -harmonic sequence (P,, n > 1), integrable function g :
[a,b] — R and f € Cla,b] we have

[ st oy = [ a2 0) e,
Jor every x € [a,b], where gx(t) is defined by (6).
Proof. Follows from (4) and (5) using simple calculations,
/bMﬂK@ﬂW
_/ g(t)f(By(b—x+1) dt+/ g(t)f(Py(a—x+1))dt

b—x+a
. 2 — b+ 1) (P (1))t + / 2(x—at1)f(Py(1))dt
b—x+a a

= [ 0
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LEMMA 2. Forevery f € Cla,b] and n > 2 we have
b
/[a TR0 = [ 7@K )+ £ [Pa(@) ~ BB

Proof. Follows directly from properties of Lebesgue-Stieltjes integral of continu-
ous function f over [a, b] with respect to K,,, and the given properties of the function
K, . Namely, the function K, (x,-), n > 2 is almost everywhere differentiable on [a,b]
and its derivative is equal to K,,_1(x,-) a.e. on [a,b] with respect to Lebesgue measure.
Further, it has a jump at x of magnitude P,(a)— P,(b), which proves our assertion. [J

LEMMA 3. Forevery i € Mla,b] and f € Cla,b] we have
[, roaKin = [ 50 - su(ia) )

a.b]

where f(t) is defined by (6).
Proof. Introduce the notations:
1= [ sk

and

S = [ O e b)),
Then 1,J : Cla,b] x M[a,b] — R are continuous bilinear functionals with

Cf )< F Il

and
V)l < 2( Al

Let us prove that I(f,u) = J(f,u) forevery f € Cla,b] and every u € M[a,b].

Since the set of all polynomial functions is dense in C[a,b] it is sufficient, by
continuity and linearity of funtionals / and J, to prove this equality for the power
function f(t) =", a <t < b, n>0. Also, since Pi(t) = c+ u([a,t]), a <t < b, for
some constant ¢, and obviously the integral on the left hand side of (7) is independent
of the choice of the constant ¢, we may assume that ¢ = 0.

Integrating by parts the left hand side of the equality we find

b
/[ ]t”dKl(x,t):t"Kl(x,tﬂZ— / K (x,1)dr"
a,b a

b
="K (x,b) — d"K; (x,a) — n/ " (x, 1)dt.

a
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However, the values K (x,b) and K| (x,a) are equal and can be replaced with
Pi(a+b—x) =l (a+b—x),
thus
b
1(fopt) = i (a+b—x) (B —a") — n/ VK, (x, )
a
Using Lemma 1 integral
b
Alx) = / UK (1)
a

may be written in the form

b
AW = [ () J (1) di =41 () +Ax(v),
where

A1 (x)

a—x+b 1
/ (t+x—a)" [y (r)dt

: / T x— [ du(s)} di

Jla.]

and

/ (t4x—b)" 1y () dt
a—x+b

:/ (t+x—b)"" 1[/.11 (a—x+b)+ du(s)} dt
x+b

(a—x+b.t]

b
i (a—x+b)/ (t4+x— by dr
a—x+b
b
+ (t+x—b)"! [/ du(s)} dr.
(a—x+b.t]

a—x+b

Using the Fubini theorem we get

Ai(x) = /[Miﬁb] [/SaXer(t—i—x— a)"ldt] du(s)

b"—(s+x—a)
= —d
[a,a—x+Db) n ,U(S)

bt 1
=i (a—x+b)——/ (s+x—a)*du(s)
n la,a—x+b)

n

51

)

©)
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and
~ (xn - a”) b n—1
Ao(x) = iy (a—x+b) + /(H—x—b) dt| du(s)
n (a—x+b,b] |Js
il (a—xtb) E ) H ol =b)" )
(a—x+b,b) n

—a" X" 1
= ¥ —+b+—vb——/ +x—Db)"du(s).
g Rilamx byt i B) = ) bR

Replacing the obtained expressions in (9) and (8), after simplifying, we have
)= [ (s+x—a)'duls)
Ja,a—x+b)

T (5-+x— b)"dpa(s) — p(a, b))
(a—x+b,b)

= fr(s)du(s)

[a,a—x+Db)

o PO (0B
=, FOaBE) = Bab) 1) =910
This completes the proof. [

THEOREM 1. For € M[a,b] let (P,, n > 1) be a W -harmonic sequence of func-
tions on [a,b] and f : [a,b] — R such that f"~") is a continuous function of bounded
variation on |a,b| for some n > 1. Then we have

/[a,b] fx(t)d“(l) — H({a})f(x) _|_S”(_x) _ Rn(x),

forevery x € [a,b], where f,(t) is defined by (6),

n—1

Su(x) =Y (=1)*Pi(a+b—x) {f(k’”(b) D)
k=1

Z D} ) [Pe(b) = Pela)]

and

Ry(x) = (—1)”/[ ][Kn (1) = Ko (@) df "D 2).
Jla,b
Proof. For 1 < k < n consider the integral

R() = (<1 [ (K ()= Kix)df o)

Jla,b)]
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Integrating by parts we get

Ri(x) = (—D)F! » FED () dK (x,1) (10)

since
Ki(x,a) = Ki(x,b) = P (a+ b —x).

From (10), for every k > 2, by Lemma 2, we find

R = (0 [ K (a2 )+ (0 ) - B ),

i.e.
Rk(x) = Rk71 (x) + (—1)k71Pk,1 (a + b— x) [f(kiz) (b) — f(kiz) (a)
+ (=1 [Pea) = P(B)] 4 (). (an
By Lemma 3, for k =1, (10) becomes
0= [ KO0 - 0)a(a.b). (12)
[a.b]

where f,(¢) is defined by (6). From (11) and (12) it follows, by iteration,

Ry(x) = Ry (x) + i (—D'Py(at+b—x) | 42 (b) — p 2 (a)}

n

+ Y (=1 [Pu(b) — Pula)] F* D (x)

k=2
Ra) = [ 1)~ u(fa)) /2
n—1
+ Y (D Ra+b—x) [fE00) - 4 ()
k=1
+ LW ) - R@)

Fu(la,b]) = f(x) [Pi(b) — Pi(a) + u({a})],

which proves our assertion. [

THEOREM 2. For yL € M[a,b] let (P,, n > 1) be a W-harmonic sequence of func-
tions on [a,b] and f : [a,b] — R such that f"~") is a continuous function of bounded
variation for some n > 1. Then we have

| 080~ L)1) 5300 = R
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forevery x € [a,b], where f.(t) is defined by (6),

=Y (~1)Ratb—) A0 ) £

k=1

LY ) [Pu(b) — Pila)]
and

Ry(x)=(=1)" [ Kp(x,)df" V().

[a,b]
Proof. Note that
Ry(x) = Ry (x) = (—1)"Ky (x, ) /[ ; df" V()
= Ry(x) = (= 1)"Pula+b—x) [£7 V() - 1" V(a)|.
Therefore, our assertion follows from Theorem 1. [

REMARK 1. In the special case, when the measure u is a probability measure,
du(t) =w(t)dr, with the density w, the p-harmonic sequence of functions (P,, n > 1)
on [a,b] becomes w-harmonic sequence of functions from the Introduction. In this
case Py is differentiable a.e. where P[(t) = w(t), a.e. and for a <t < b, n>1,

. 1 .
()= Gy, (9wt
1o .
= m/a (t— )" Yw(s)ds =: wu(t).

Therefore, Euler identities proved in Theorem 2 and Theorem 1 generalize formulae
(1) and (2), respectively, since in this case ([a,b]) =1 and

b
/fx(t)du(t) Z/fx(t)w(t)dt,

for every x € [a,b].
REMARK 2. Applying Theorem 1 with x = a we get the identity
OO~ w({a))f @)+ Si(a) = Rafa),

where
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for n > 1, and
Si(a) = —(Pi(b) — Pi(a)) f(a) = —p((a,b]) f(a),
while
Ri(@ = (=" [ [Pul)= P o))df ()
Jla,b)
for n > 1, and

Ri@) = [ POAF0) (et (b)) () 1)

for some real constant ¢. We can regard this identity as a generalized trapezoid identity
since forn=1, ¢ = —%, and probability measure p, (i[a,b] = 1), it reduces to the
simple trapezoid identity

1
U@ e = [ rwau)+ [ P0are)
where 1
Pi(t) = 3 +u((a,t]), a<t<b.

Similarly, applying Theorem 2 with x = # we get

[, Fep a0 -uttar (57 ) 451 (457) = (“57).

where
S (agb) =L CI'R (#) @) =4V
+§:1(—1)"f“‘” <aT+b) [P(b) = Pi(a)
and

5 )df" V)
(=) o (t—bza) dfm=D ().

+b
(“57.b

for n > 1. We can regard this identity as generalized midpoint identity since for n =1,
¢ =—11([a,%}2]), and probability measure i, it reduces to the simple midpoint identity

f(”b) /abfu;b ) (e) - (“;b)-

In this special case P; (%) =c+u([a, “*b]) =0.
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For some additional modified versions of the Euler trapezoid formula and the Euler
midpoint formula, the reader is referred to the papers [9] and [8].

COROLLARY 1. Let f:[a,b] — R be such that f""~) is a continuous function of
bounded variation for some n > 1. Then we have

/[a RO +3,5) = o (2)

for every x € [a,b], where

n—1
5,00 = X (~D¥fulatb—) [f40 () — D (a)]
=1
Y DD () b),
k=1

and
. (b —x+1),a<t<x
Kal,t) = {[L,,(a—x—i—t), x<t<b

for a < x < b, while
(1), a<t<b

K,(b,t) = {u”(a% b

Proof. Apply the theorem above to the special case P, = [l,, n > 1, and note that
lUn(a)=0forn>2. O

COROLLARY 2. Let f:[a,b] — R be such that f"*~V) is a continuous function of
bounded variation for some n > 1. Then we have

/a " POt + S (x) = Ro(v).

for every x € [a,b], where

n=1/_1\k
500 =Y S0 [0 0) - 14V
=1
no(_1\k
£y E 0t
k=1



EULER HARMONIC IDENTITIES 57

and |
_ _ Gb—a—x+1)",a<t<x
Kan(x,1) { L@—xn,  x<t<b

for a < x < b, while

_ Lt—a), a b
Kn(b,1) = { "‘(to, : (tza)<0tr<(t:b) '

Proof. Apply Corollary 1 in the special case when u is the Lebesgue measure,
du(t) =drt, on [a,b]. In this case

and

b b
/[a,b]f"(t)d“(t): /a fx(t)dtz/a f(t)de. O

REMARK 3. Integrating by parts expression R, (x) and applying Lemma 2 we see
that R, (x) can be rewritten, for n > 2, as

R, (x) = (—1)n/ (K (x,1) — Ky, (x,a)|d [f(nfl)(t) _f(n—l)(x)
[a,b]
_(_1\h— (n—1) _(n,>x .
-t l/w] 7700 =500 d )

= [0 - 0] K ()

since
K, (x,a) = K, (x,b) = Py(a+b—x),n > 1.

It can be easily seen that Theorem 1 also holds for functions f : [a,b] — R such that
=1 is integrable, while R, (x) is in the form

Ry(x) = (—1)"" /ab [f<"*1>(t) — V) | Ky (x 1)t

for n > 2.

3. Estimate of the remainder of Euler approximations

In this section we estimate the approximation formula obtained in Theorem 1 for
a class of functions f whose derivatives f"~1) are either L-Lipschitzian on [a,b] or
continuous and of bounded variation on [a,b]. Analogous results are obtained for a
class of functions f possessing derivatives £ in L,la,b], 1 < p <oo, and for different
types of measures. Similar estimations can be obtained using Theorem 2. Throughout
this section we use the same notations as above.
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THEOREM 3. Let f : [a,b] — R be such that f"~') is L-Lipschitzian on [a,b]
for some n> 1. Then

‘/W,} Se(0)dp(t) — u({a})f(x) + Sa(x)

b
<L | |P(t)=P,(a+b—x)|dt,

Ja

for every x € [a,b].
Proof. If @ : [a,b] — R is L-Lipschitzian on [a,b], i.e.

lp(x) =) <L-|x—y|, x, y € a,b],

then for any integrable function g : [a,b] — R

g(t)do(r)
0.t

b
<L [ lg(o)ldr.

Using this estimate and Lemma 1 we get

since K, (x,a) = P, (a+ b — x). Therefore, our assertion follows from Theorem 1. [J

COROLLARY 3. If f is L-Lipschitzian on |a,b], then

]fx(t)du(f) — f)u(la,b]) = Ri (%),

la,b

and

b
R <L [ 1 ()~ (a+ b,

for every x € [a,b].

Proof. Put n =1 in the theorem above and note that
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COROLLARY 4. If f is L-Lipschitzian on [a,b] and u > 0, then

la.6] So()dp(t) = f(x)u((a,b])
SL[(a+b—2x)f1(a+b—x) —2fp(a+b—x)+ fin(b)],

forevery x € [a,b].

Proof. In this case [I,,, n > 1, is nonnegative and nondecreasing function. Apply
the corollary above and note that

/|P1 ~Pi(atb—x)|dt

a+b—x b
= [ et b= —p)dr+ [ ()~ fula+b-)ds
=(a+b—2x)[li(a+b—x)—2[la+b—x)+ I(b),

since

for some real ¢ and .
2
/t f(s)ds = flo(t2) — fla(ty),
1
fora<t <tnpb<b. O

The Ostrowski inequality, see [15], estimates the deviations of a smooth function
from its mean value:

b y— atb)?
‘f(x)_bia/a ft)dt] < ﬁ] (b—a)M, a<x<b,

where f : [a,b] — R is a differentiable function such that |f’(x)| < M, for every x €
[a,b]. The constant & is the best possible.

REMARK 4. In the special case when du(r) = ﬁdt the inequality of Corollary
4 reduces to Ostrowski inequality for L-Lipschitzian functions, since in this case

/ fulr)dpt = — / Fo)dr,
.ul(t):ll;_iv
o (t—a)
.LLZ(t)_z(b_a)v

and

(a+b—2x)[i(a+b—x)—2[b(a+b—x)+[(b) = (b—a)

1 ()c—#)2
AT o |
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COROLLARY 5. If f: [a,b] — R is such that f’ is L-Lipschitzian on [a,b], then
Row) = [ fi)du(e) ~ p(la,b)f ()
[a.b]

— e+ u(a+b—x)][f(b) = f(@)]+[c(b—a) + (b)) /' (x)
and

R < L [l — (b —2)) + o)~ ila+b )|

forevery x € [a,b] and ¢ € R.

Proof. Apply Theorem 3 for n =2 and note that

$2(x) = —[e+ii(a+b—x)][f(b) - f(a)]
+e(b—a)+ia(b)] f(x) = [u([a,b] ) — n({a})] f(x),

since, by Definition 1, the first two terms of a t-harmonic sequence (P,) of functions
on [a,b] are

and
Po(1) = Pa(a)+ [ (e iu(s))ds.

forsomereal ¢c. O

REMARK 5. If ¢ > 0 and pu > 0, using the argument which is very similar to the
one used in Corollary 4 we get

b
/ le(t — (a+b—x)) + fialt) — fiala+ b —x)|dt
a+b—x
_ / c((a+b—x)— 1)+ fiala+b—x) — fia(t)dt
b
+ / | cli=(a+b=x) +fialr) ~ fisla+b—)ds
a+b—x
= % [(b—x)z—i—(x—a)z] +(a+b—2x)lh(a+b—x)
—23(a+b—x)+ 3(b),
since [, is nonnegative and nondecreasing function and
%) . . .
[ Fa(s)ds = iafez) — fs(n).
ha!

fora<t; <tp <b.
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REMARK 6. In the special case, when ¢ = —5 L and du(r) = b—ladt, the inequality

from Corollary 5 reduces to
b b b) —
‘f(x)_b—a/a f(t)dt_<x_a; >f() f(a)

b
<2(bL_a)./: (t_a—;by_(x_a;b)z
e

12

where

¥ — 43?]

b—a

This result was proved in [10]. It is much better than the inequality

A AR =

(b—a)? 1\ 1
<T[<52(x)+1) MY

proved in [12], where

O(x) =

]f(x) -

M27

L=M,:= sup |f"(r)],

t€la,b]

since 5
36(x) 6(x)+12 <<6 (x)+4) +12,
for every x € [a,b].

COROLLARY 6. Let f : [a,b] — R be such that f""~V) is L-Lipschitzian on [a,b]
for some n > 1. Then for it > 0 we have

” fo()dd(t) + Su(x)
<L[(a+b—2x)fin(a+b—x) =20y 1(a+b—x) + L 1(D)]

for every x € [a,b].

Proof. Apply the theorem above to the p-harmonic sequence (fi,, n > 1). Then
Su(x) becomes S, (x) defined in the Corollary 1, while

/|un — fiu(a+b—x)|dt
= (a+b—2)fin(a+b—x) — 2y 1(a-+b—x) + s 1(b),

as in the proof of the Corollary 4. [
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COROLLARY 7. Let f : [a,b] — R be such that f""*~V) is L-Lipschitzian on [a,b]

for some n> 1. Then

(b—x)” (b_x)n+1 (b_a)n+1
n T (n+1) (n+1)!

)

/bf(t)dt +S,(x)| <L [(a +b—2x)

for every x € [a,b].

Proof. Apply the corollary above to the Lebesgue measure on [a,b]. Then S, (x)
becomes S, (x) which is defined in Corollary 2. (]

For z € [a,b] let u = O, be the Dirac measure at point z, i.e. the measure defined
by
|| f0ds0 = 5(2).
[a.b]

COROLLARY 8. Let f : [a,b] — R be such that f""*~V) is L-Lipschitzian on [a,b]
for some n> 1. Then
fx—a+z)+ Tnl (x,2) = Ru(x),

forevery x,z € [a,b], z<a+b—x, and

|Ry(x)] < L |(a+b—2x)

(a+b—x—z)"! (a+b—x—-2z2" (b—2)"
(n—1)! =2 n! R }

where

n—1 atb—x—z)k!

i) = & ()T [0 ) ()

k=1
n _ N\k—1
+1§1(_1)k (lzk _Z)l)y f(k71>(x)'

Proof. Apply Corollary 6to t = 0,, a < z<a+b—x. Then
/ FeO)du(t) = / F—a+1)d8.(t) = fx—a+2),
[a,b] la,a+b—x]

and S, (x) becomes T, (x,z) since

5 0, a<t<z L0
= n— > .
Hn(t) —(t(;f)l),l i<t<b’ "7

COROLLARY 9. Let f:[a,b] — R be such that f""~) is L-Lipschitzian on [a,b]
for some n> 1. Then
f(x_ b+Z) + Tnz(xvz) = Rﬂ(x)v
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forevery x,z € [a,b], a+b—x<z<b, and

(b—2)"

[Ra()] < L

)

where
_ Z)kfl

12e9) = () )

Proof. Apply Corollary 6to i =0, a+b—x < z<b. Then

AOdRO = [ fle-br0)ds i) = flx—b+2),
[a,b] (a+b—x,b)

while S, (x) becomes T(x,z). O

THEOREM 4. Let f : [a,b] — R be such that f"~Y) is a continuous function of
bounded variation on |a,b] for some n > 1. Then

/[a,b] S(0)du(r) —p({a})f(x) +Salx)

< sup |Bu(t) = Pu(a+b—x)| V(")
t€la,b]

for every x € [a,b], where V2 (f*=1)) is the total variation of f"~") on [a,b].
Proof. If F : [a,b] — R is bounded and the Stieltjes integral
[ F@are
Jla,b]
exists, then

< sup |F(0)]- V2 (oY),

te€la,b)

[ F@ware
Jla,b)

Applying this estimation to R,(x) we have

[Ra(x)| =

[ K =K (ra)las™ )

9

< sup |Ky (1) = Ku (x,0) | V7 (F"7Y)
t€la,b)

< sup |P,(r) — P, (a+b—x)|Vf(f<”*1)).

t€la,b]

Therefore, our assertion follows from Theorem 1. [
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COROLLARY 10. If f is a continuous function of bounded variation on [a,b],
then

[, 500~ rm (a5 = R,

and

[Ri(x)] < up [Pi(1) = Py (a+b—x)| V()
telab

forevery x € [a,b].

Proof. Put n =1 in the theorem above. [

COROLLARY 1. If f is a continuous function of bounded variation on [a,b] and
u =0, then

./[a,b] ey (r) — F(x)u([a,b])
1.,

<5 [ (b) = fu (@) + | (@) + fua (b) = 2 (a+ b =) [ V7 (),
forevery x € [a,b].

Proof. Put n =1 in the corollary above and note that

sup |Pi(t) —Pi(a+b—x)]
t€la,b]

sup [f (1) — fuy (a+b —x)|

t€la,b]

=max{fli(a+b—x)—u(a),i(b) - (a+b—x)}
1

~

= 5 [ (6) = fu(a) + | (a) + 1 (b) = 2fu(a+b—x)f). D

COROLLARY 12. Let f: [a,b] — R be such that f"~) is a continuous function
of bounded variation on |a,b| for some n > 2. Then for . > 0 we have

[ 0@ +5,)
Jla,b)
1

[ (8) + |fn (b) =20+ b =) [V (/).
for every x € [a,b].

Proof. Apply Corollary 1 and the theorem above to the p-harmonic sequence
(fty, n>1). Then for n >2

. y 1. . .
SF%]Iun(t)—#n(aer—X)l:5[#n(b)+Iun(b)—Zun(a+b—X)|]- O
t€|a,
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COROLLARY 13. Let f: [a,b] — R be such that f"~) is a continuous function
of bounded variation on |a,b| for some n > 1. Then

(b—a)"
2n!

(b2

S (b—ay

12

[ s+ 5,00 v,

for every x € [a,b].

Proof. Apply Corollary 2 and the corollary above to the Lebesgue measure on
[a,b]. O

COROLLARY 14. Let f : [a,b] — R be such that f"~) is a continuous function
of bounded variation on |a,b| for some n > 1. Then

|f(x—a+2)+T,) (x,2)|

(b_z)nfl
2n—1)!

(a+b—x—2z)"

b Vo),

< 1+]1-2

for every x,7 € [a,b], z < a+b—x, where T)(x,z) is from Corollary 8.
Proof. Apply Corollaries 8 and 12to p=9,, a<z<a+b—x. O

COROLLARY 15. Let f : [a,b] — R be such that f"~) is a continuous function
of bounded variation on |a,b| for some n > 1. Then

n—1
b+ + 7209 < v,

for every x,7 € [a,b], a-+b—x < z<b, where T?(x,7) is from Corollary 9.
Proof. Apply Corollaries9 and 12to u=6,, a+b—x<z<b. O

THEOREM 5. Let f : [a,b] — R be such that f") € Ly(a,b] for some n > 1 and
1 < p <oo. Then

m Je(t)du(r) — p({a}) f(x) + Sa(x)
<IB=Ba(atb=2) Il

forevery x € [a,b], where 1/p+1/q=1.
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Proof. By applying the Holder inequality we have

xX)| < /b |K (x,1) — Ky (x,a)] ’f(n)(t)}dt

1/q
< ([ k- xa>|qdr) 171,

1/q
—(/ 20~ Patatb=ar) 1,

which proves our assertion.

COROLLARY 16. If f' € L,la,b], for 1 < p < e, then

(1)du() —f(x)ﬂ([aab])' <=a) " lull 11
for every x € [a,b], where 1/p+1/q=1.

Proof. Put n =1 in the theorem above and note that
i (1) — i (a+ b —x)|
/ Xa, t Xla,a+b— x]( )] du (S)

/[ab]\x[a,ws) Hiaass 4] 11l )

<[ dlule)=lul.
[a.]

where x4 is the indicator function of A. [

COROLLARY 17. Let f: [a,b] — R be such that f\") € L,[a,b] for some n > 2
and 1 < p < oo. Then

| fdue)+ 5,
[a.]

[N vasy P

(b—ay 2 [(b—0)"" 4 r—a)]""
n—2)! l g+1 ]

forevery x € [a,b], where 1/p+1/q=1.

Proof. Apply the theorem above to the p-harmonic sequence (fl,, n > 1) and
note that I, is L-Lipschitzian, for n > 2, with

L= ma = max |[l,_(t
a<t<Xb|'u | aétéXbLun 1( )l
(b_a)nfz

< NCEO (el



EULER HARMONIC IDENTITIES 67

Therefore,

b
B (t) = fin (a+b —x)|"dt

[% IIulr/ab = (a+b—x)"dt

R e R I e S
— | i

S~

a

N

3

which proves our assertion. [
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