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ALMOST SURE CONVERGENCE FOR END SEQUENCES AND
ITS APPLICATION TO M ESTIMATOR IN LINEAR MODELS

XIN DENG, SHIJIE WANG, RUI WANG, XTUJUAN XIE AND XUEJUN WANG*

(Communicated by J. Pecaric)

Abstract. In the paper, an almost sure convergence result for weighted sums of extended nega-
tively dependent random variables is obtained. By using the almost sure convergence result, we
further study the strong consistency of M estimator of the regression parameter in linear models
based on extended negatively dependent random errors under some mild conditions.

1. Introduction

1.1. Brief review

Consider the linear model
Yi=xB+e, i=1,....,n,n>1, (1.1)

where x1,x2,--+,Xx, are p X 1 known design vectors, ej,es,---,e, are random errors,
and 8 is a p x 1 unknown parameter vector. Suppose that p is some suitably chosen
function on R'. The M estimator of f3 is defined by 3, as follows:

/A . /
izle(Yl xiBn) ﬁlggg,i:zlpm xXiB)- (1.2)
M estimators are very generally-used and important examples include maximum
likelihood estimators (MLE) with p(x) = —In f(x), where f is the common density
function of e;, Huber’s estimators with p (x) = x*I(|x| < ¢)/2+ (c|x| — c?/2)I(|x| > ¢),
¢ > 0, the regression quantile estimators with p(x) = ax™ + (1 —a)(—x)", 0< < 1,
where x = max(x,0), and the £ regression estimators with p(x) = |x[9, 1 < g < 2.
After Huber (1973) studied M estimators, many statisticians have been interested
in studying this topic. A series of useful results were established. For the details on
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M estimators, one can refer to Chen and Zhao (1995,1996), He and Shao (1996), Yang
(2002), Collins and Szatmari (2004), Georgios (2005), Wu (2006a), Djalil and Didier
(2007), Seija et al. (2007), and so forth. Huber (1973) commented that the restriction
about the assumption of independence is serious. Recently, Wu and Jiang (2011) re-
laxed the independent assumption in the classical M estimators theory and established
the strong consistent estimator of 3 in the linear model (1.1) with negatively dependent
random errors. Inspired by the literatures above, we will study the M estimator in the
linear model (1.1) with extended negatively dependent random errors, which include
independent random errors and negatively dependent random errors as special cases.

1.2. Concept of extended negatively dependence structure

In this section, we will present the extended negatively dependence structure in-
troduced in Liu (2009).

DEFINITION 1.1. We call random variables {X,,,n > 1} extended negatively de-
pendent (END, in short) if there exists a constant M > 0 such that both

P(Xy >x1,X, > xp,-++, X, >xn)<MHP(X,->x,-) (1.3)
i=1
and
P(Xl <xp, X0 <x2,-,Xp <x11)<MHP(Xi<xi) (1.4)
i=1
hold for each n > 1 and all real numbers xj,x>,- -, X;,.

The concept of END sequence was introduced by Liu (2009). In the case M =1,
the notion of END random variables reduces to the well-known notion of so-called neg-
atively dependent (ND, in short) random variables, which was introduced by Lehmann
(1966) (cf. also Joag-Dev and Proschan, 1983). For more details about ND random
variables, one can refer to Volodin (2002), Zarei and Jabbari (2011), Sung (2012), Shen
(2011a, 2013), Wang and Si (2015) among others. As it mentioned in Liu (2009), the
END structure is substantially more general than ND structure, it can reflect not only a
negative dependence structure but also a positive one.

Some applications for END sequence have been found. See, for example, Liu
(2009) obtained the precise large deviations for dependent random variables with heavy
tails. Liu (2010) studied the sufficient and necessary conditions of moderate deviations
for dependent random variables with heavy tails. Chen et al. (2010) established the
strong law of large numbers for extend negatively dependent random variables and
showed applications to risk theory and renewal theory. Chen et al. (2011) obtained
the precise large deviations of random sums in presence of negative dependence and
consistent variation. Shen (2011b) presented some probability inequalities for END
sequences and gave some applications. Wu and Guan (2012), Wang et al. (2013, 2014),
Qiuetal. (2013), Wu et al. (2014) and Hu et al. (2015) obtained complete convergence
results for sums or weighted sums of END random variables. Wang and Wang (2013)
established the precise large deviations for random sums of END real-valued random
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variables with consistent variation. Shen (2014) studied the asymptotic approximation
of inverse moments for nonnegative END random variables. Wang et al. (2015) and
Yang et al. (2016) investigated the complete consistency for the estimator of regression
models based on END errors, and so forth. Since END random variables are much
weaker than independent random variables, negatively associated random variables and
ND random variables, studying the limit behavior of END sequence is of interest.

The main purpose of the paper is to study the almost sure convergence for weighted
sums of END random variables. By using the almost sure convergence, we will further
study the strong consistency of M estimator in the linear model (1.1) with END random
errors, which generalizes the corresponding one with ND random errors.

The following concept of stochastic domination will be used in the paper.

DEFINITION 1.2. A sequence of random variables {X,,n > 1} is said to be stochas-
tically dominated by a random variable X if there exists a positive constant C such that

P(|X,| > x) < CP(]X| > x)

forallx>0andn>1.

This work is organized as follows: some important lemmas will be presented in
Section 2. The almost sure convergence for weighted sums of END random variables
will be provided in Section 3 and the strong consistency of M estimator in a linear
model with END errors will be studied in Section 4, respectively.

For the sake of convenience, throughout this article, [x] denotes the maximum
integer not exceeding x, x* = max{x,0} > 0, x~ = max{—x,0} > 0. And we always
assume that p is a nonmonotonic convex function on R! which ensures the existence of
a M estimator for the linear model (1.1) (see Chen and Zhao, 1996). y_ and vy stand
for left and right derivatives of p, respectively. Choose increasing function y such that
v_(u) < w(u) < wy(u) forall u € R'. The function y(-) plays an important role in
the study of the strong consistency of Bn. Let a denote p x 1 column vector and @’
denote its transpose. Write

SIS

P
24 2 / A .
= = s = m .
HaH Eai aa |Cl‘ ax ‘al‘
= 1<i<p
i=1

Let S, £ x1x] +x2x, + - +x,x,, suppose that S, ! exists, and hence, S, is a positive
definite matrix. Let d, = max<;<, X,S, 'x;.

2. Preliminary lemmas

To prove the main results of the paper, we need the following useful lemmas.

LEMMA 2.1. (cf. Liu, 2010) Let random variables X,,X>,---,X,, be END.

(i) If fi,f2,---,fn are all nondecreasing (or nonincreasing) functions, then the
random variables f1(X1), f2(X2), -, fu(Xy,) are END.

(ii) For each n > 1, there exists a constant M > 0 such that

n n
+ +
E (l_IIXJ ) <MHIEXJ. ) (2.1)
J= J=
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LEMMA 2.2. (cf. Shen, 2011b) Let {X,,n > 1} be a sequence of END ran-
dom variables and {t,,n > 1} be a sequence of nonnegative numbers (or nonpositive
numbers), then for each n > 1, there exists a constant M > 0 such that

E (f[ e’fo> <M H Eé%i, (2.2)
=1

j=1

LEMMA 2.3. Let t >0 and {X,,n > 1} be a sequence of END random variables
with EX; =0 and |X;| < b; a.s. (i=1,2,...), where b; is a positive constant. Denote
B,=Y", EXi2. Assume that t -max;<ij<, b; < 1. Then there exists a constant M > 0

such that
P (

Proof. Tt follows by |rX;| <1 a.s. that
> (Z‘Xl')k

e[Xi — 2 T

k=0
which together with EX; = 0 yields that

n
S
i=1

> u) <2Mexp{—tu-+1’B,}, forall u>0.

=1
SLHeX+ (%)Y o < 1+1Xi+1°X? as.,
k=2""

E(%) < 1+1EX; +1PEX? < & X

By the inequality above, Markov’s inequality and Lemma 2.2, we can see that for any
u > 0,1t > 0, there exists a positive constant M such that

n
P (ZX, > u) = P(' =X > ) L e ME e Tt Ki
i=1

n n

_ : _ 2py2

< Me "[]EEY < Me ™[] X
i=1 i=1

= =

= Mexp{—tu+1’B,}.

Let —X; take the place of X; in the above inequality, we have

n n
P( (—X) >u> :P(ZX,-< —u) < Mexp{—tu+1°B,}.
i=1 i=1

P (
< 2Mexp{—tu+1°B,}.
The proof is completed. []

Therefore,

i=1

The last one is a basic property for stochastic domination. For the proof, one can
refer to Wu (2006b), or Shen et al. (2015).
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LEMMA 2.4. Let {X,,n > 1} be a sequence of random variables which is stochas-
tically dominated by a random variable X. For any o > 0 and b > 0, the following
two statements hold:

E|X,|%I(|X,| < b) < Cy[E|X|*I(|X| < b)+b*P(|X| > b)], (2.3)
E[X,|*I(|1Xn| > b) < GE|X|*I(|X]| > b), (2.4)

where Cy and C, are positive constants.

3. Almost sure convergence for weighted sums of END random variables

In this section, we will study the almost sure convergence for weighted sums of
END random variables, which can be applied to establish the strong consistency of M
estimator in a linear model with END errors.

Our main result is as follows.

THEOREM 3.1. Let {X,,n > 1} be a sequence of END identically distributed
random variables with mean zero, and for some 0 < f < 1,

E|X|"/P < oo, (3.1)
Let {an,1 <k<n,n>1} bean array of constants such that
| @k gcrfﬁforl <k<n,n>1, (3.2)

where c is a positive constant. Assume further that there exists a constant o« > 0 such
that

n
> |an|? < en™“ for all n, (3.3)
k=1
where p = min(%},Z). Then,
T2 auXi — 0 a.s.n— oo (3.4)
k=1

Proof. 1t is easily seen that T, = Y} 1a:ka — Y1, Xk, s0, without loss of
generality, we assume that a,; >0 forall 1 <k<n,n>1.
Let € > 0 be given, N = [% +1], A= a;kln‘“ﬁ/z, By = % For k < n, let
1
XrEk) = XkI(Xk<Ank) +A"kI(Xk>Ank)’
@ _
Xnk - XkI(Xk>Bk)’
3 _ (1) @ _
X = X=Xy — X0 = (X _A"k)I(Ank<Xk<Bk) — Al (x,>B,)
and

T =Y anx, i=1,2,3.
k=1
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Then,
7,= ¥ 1. (3.5)

Let Yy = no‘ﬁ/zanerEp. For fixed n > 1, it is easily seen that {¥;x,1 < k < n}
are also END random variables by Lemma 2.1. And Y,; < nP2a A = 1,EY ) =
n"‘ﬁ/zankEXn(,i) <n®Pl2a, EX, = 0. 1t is easy to verify

e <1+y+yff fory<1l, 1<p<2,
which implies that
ek <14 Y+ | VP
It follows by the inequality above and the fact EY,; < 0 that
Ee'" <14 EYy+ E[Yy|P < 1+ E|Vy|P < M’ (3.6)
Noting that [X'})| < [X;|, p < 1/B, E|X1|? < e, we have by Lemma 2.2, (3.3) and

(3.6) that

n n n
Eexp(n®*T,")) = Eexp (Z m) <M Eexp(Yu) <M T exp(E[Yul?)
k=1 k=1 k=1

n n
1
= Mkl_[ exp <naﬁp/2a5kE|XrEk)|p> < Mexp(n®?E|X; |p; a’)
—1 -1
< Mexp(cE|X1|Pn~%?) < ¢1,

where ¢ is a positive constant. It follows by Markov’s inequality and the inequality
above that

D PV > e) < D exp(—en®P/?)E exp(n®P 21V
n=1

By the Borel-Cantelli lemma,

Thus,

n—o0

P (hmsup ) > s) <P(1Y > ¢e,i0)=0.
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P(limsup T, > 0) =0,
Nn—o0
i.e.,
limsuan(l) <0 a.s. (3.7
It follows by (3.1) that

=3

D P(Xi| > By) =

k=1

M

P(‘X1| > Bk)

=~
I
—_

I
M
M

~

~
Il
-

I
I
=

/N
e Sl
| F

~— ~—— — =
Z
M
>
=
=
~
<oz
%
A
>

—_

I
Ms
m
=
= —
Zle
%
A
F

£
<= (i+1)P
c \NC(H_I))
1/B

By the Borel-Cantelli lemma

P(‘Xk‘ > Bk7i.0.) =0
Therefore,

S XZI(|Xe| > Bi) < o a.s
k=1

Thus, by the Schwarz’s inequality and (3.3)

. 12, 12
Z < (Zank> <2X131<xk>3k)>
o 12, - 12

( k) (1{21 szl(Xk>Bk)>

; 1)2
63 Pn- (2 ](2 Xk>Bk>

— 0 as.,n—oo

(3.8)
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Now we prove limsup,,_.., Tn(3) < 0 a.s.. It follows by (3.2) that
ank (X — Ani) (4, < x,<B,) < @nkBr < €/N.

Therefore,

3 n n
{T"( ) > e} = { 2 ank (Xie = Ani) (4, <x,<B,) — Z ankAnil(x,>By) 2> €
k=1 k=1

n
C { ank (Xie = Ani) (4, <x,<B,) = 8}
k=1
C {There exist at least N subscripts k such that X > A} .

Noting that Sp < 1 and E|X;|? < e, we have by (3.3) that

3
P(Tn( ) 28) g 2 P(Xk1 >Ank|an2 >Ank27"'anN >AnkN)
1<k <kp < <ky<n

N
<M > [TPX, > Au,)

1<k <ky<---<ky<ni=1

N
<u Y TIP0X] > Aw)

1<k <kp < <ky<ni=1

N
n n
< M(ZP(Xk >Ank>> <M (ZA;ka|X1p>
k=1 k=1

N

N
n
=M (z a’n®PP2E X, |P> < M(cE|X,|P)Nn=N/2,
k=1

Choosing N = [% + 17 such that oN/2 > 1, we have ij’zlP(TnG) > €) < oo for any
given € > 0. Similar to the proof of (3.7), we have

limsuanG) <0 a.s.

n—oo

Combining (3.5), (3.7) and (3.8), we get

limsup7, <0 a.s. 3.9)

n—oo
Replacing X; by —X; in (3.9), we can get
liminf7,, > 0 a.s. (3.10)

n—oo

The desired result (3.4) follows from (3.9) and (3.10) immediately. This completes the
proof of the theorem. [J

Similar to the proof of Theorem 3.1, we can get the following result by using
Lemma 2.4. The details are omitted.
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THEOREM 3.2. Let {X,,n > 1} be a sequence of END random variables, which
is stochastically dominated by a random variable X . Suppose that E|X |1/ B < o for
some 0 < B <1 and EX, = 0. If conditions (3.2) and (3.3) are satisfied, then (3.4)
holds.

4. Strong consistency of M estimator in a linear model with END errors

In Section 3, we give an almost sure convergence result for weighted sums of END
random variables. By using the almost sure convergence result, we will further study
the strong consistency of M estimator in a linear model with END errors. The main
idea is inspired by Wu and Jiang (2011). Our main results are as follows.

THEOREM 4.1. In the model (1.1), assume that e,ey,e;,--- are END random
errors with identical distribution. There exist positive constants A, cy,ca, and 8 € (0,1]
such that the following conditions are satisfied:

v(u=t) — y(u) is monotonic on u € R*, and w(u+1) — y(u) < cy,

fort € (0,A),u € R", 4.1)
or
\w(u)| <ci, forueR'; 4.1
Ey(e)=0, and |[Ey(e+u)| = ca|ul, for|u] <A; 4.2)
dy < cn” % (4.3)

E|y(e)|'/? < oo when 0 < 8 <1, and E|y(e)|* < o for some ot > 1 when & = 1.
) (4.4)
Then, By, is a strongly consistent estimator of J3.

Proof. Let Bn be the minimizer of (1.2) and By be the true parameter. Let x,,; =

Sn_l/zxi, Bro = Srl/zﬁo, 1 <i < n. The model (1.1) can be rewritten as

Y =X, Buo+ei, 1 <i<n, (4.5)

and we have

n n
X =1 12=p d = 112 4.6
;xmxm Dy ;meH P, an 112%1“)@11” s (4.6)

=
where I, is the p X p identity matrix.

Let BnO be an M estimator of f3,9 in the model (4.5), it follows that BnO = S,l,/ ZBn.
Without loss of generality, we can suppose that the true parameter By = 0 in the model
(1.1),i.e., By =0 in the model (4.5). Let

n

> plei—xifu) = élelilg,;p(ei_xm)~ (4.7)

i=1
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Denote the unit sphere U = {3 : B € R”,||B|| =1}. Let € > 0 be any given con-
stant. Without loss of generality, it can be assumed that 2,/c1e < A. Define

Z{p _xmﬁ ( i)}’ ﬁ €R”.

Then, D,(-) is a convex function and D, (0) = 0.
Let w,; = —ené/zxm-, r € U, by the definition of y, we have

D, (en"?r) Z{pe—ené/zx;ir)—p(ei)}

:Z{/O {wlei+1)— }dt+2 i (ei)

£ L, (r) + Ly(r).
Hence,

. 82,y S i . S B
rlggD,,(en r) > rlgglln(r) +r1é1lf]12n(r) > }2511"(’) fgg\]zn(rﬂ 4.8)

We can divide U into N equal parts, U;,U,,---,Uy, such that the diameter of
each part is less than n2,and N < (2n2 + 1)P. Let T; be the smallest close convex set
covering U;. For a fixed T}, there are following three cases.

(i) a;;r >0 forall r € T}, then there exists a r;; € T} such that @}, r;; = infrer, {@wy,;7};
(i) ;<O forall r€Tj, then there exists a r;; € T; such that @y, rij = sup,cr, {@,;r};

(iii) o];r1 >0 for some r; € T}, and ],;r» <0 for some r; € Tj, then there exists a
rij € Tj such that a),gl-r,-j =0.
Let
Ri(t) = y(ei+1) —yler), Ri(t)=Ri(r) — ERi(1).

By the monotonicity of y, we know that R;(z) and ER;(¢) are increasing on 7, com-
bining the selection of r;; and U C U?': 1 Tj, we get
n w,,"-r

fI = inf Ri(t)dt > inf inf R;
gt = g3 [ > ot g3 [

1 CO ilij nilij ~
a2 R =1<“;£N{§I/ s 3, [ erio |

WV

n a)’.r,-» n mr’]
— min / " R (e | 14 ==L Rilo)ds
I<j<N ;= Jo i lfo il ER;(t)dt
n ol \z LS R
> min / ERi(1)dr | 1 4.9)
I<jSN = Jo lfowm’t/ ER;(t)dt
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Let r € U;j and r;; € Tj. By (4.6) and the definitions of U; and Tj, for sufficiently large

((prif)* =

|

M
-
=
~
e
_|_
M
N
=
e
VAN
M=

I
—
I
—
I
—_

M=

< D lrig = rllllnlCllrg = 1l + 211D

Il
—_

n 2 (n 72 42) |l <3n7%p < 1/2,

N

Il
—_

which combing (4.6) yields that

n n

(x;irij)z > 2‘()c£,l-r)2 —-1/2= Zr’xnix;ir— 1/2
1 i=1 i=1

=Y X —1/2=||r|* = 1/2
=1
=1/2, 1<j<N.

e

By (4.3), (4.6) and the selection of €, for sufficiently large n, and for i =1,2,...

j=1.2,....N,

6/2 1

5/2
xnir,-j\ < én /

|@pirij| = |en e | Cll i = 71l =+ (1)

< endy*(n 2+ 1) <2 /cre < A,

and by (4.2) and (4.10),

& ot & o
min Z/ ER;(t)dt > min Z/ cotdt
n
2 .
= min Y (@}rij)?
2 1SN S

o 6282716

2 ISjSNE

WV

For fixed j = 1,2,...,N, let ¥,; = [, Tl ().

n
Z rij — 1) Xpixi (rij + 1)

(4.10)

,n and

(4.11)

(4.12)

1) If4.1) holds then y(e;+1) — y(e;) is monotonic on e;, and thus for fixed n >
1, {Y,;,i < n} are monotonic on ¢;, which implies that for fixed n > 1, {V;;,1 <i<n}
are END random variables with EY;; = 0 by Lemma 2.1. It follows by (4.1) and (4.11)

that

[Yai| < 2¢1|o r,-q,'| <2c1A = 3.



976 X. DENG, S. WANG, R. WANG, X. XIE AND X. WANG

By (4.1) and (4.11) again, we have

1 ml 7 w,/,,'ri'
gclz‘ rz]|/ ]ER ?32/0 JERl(t)dt (413)
i=1 =

Let u= 337 [, 017 ER;(t)dt,t = 1/(2c3). Tt follows that tc3 < 1. Applying
Lemma 2.3 for {V;;,1 <i < n}, we have by (4.12), (4.13) and N < (2n* + 1)? that

N
N
<

VA
M=
~
M= =

~.
Il
—_

~.
Il
—_

N
[\°]
<
M=
a
>
S

VA
\]
<
M=
o

>
e}

RS /‘l ~~ ~~

5
o —
M=
S—

N = =
. E
=
T
+

M=
S—
S
T
N——

~.
Il
—_

which implies that

£r(O(En

n

21/ g )) < oo, (4.14)

(i) If (4.1") hold, i.e., |y(u)| <c;. Since Y, = Ow’”r”(q/(el—kt) Ey/(el—kt))dt—
fow""”’(w( ) Eu/(ei))dtéYn(ll) v? it follows that for fixed n > 1, {¥'V 1 <i<n}
and {r'? i 1< n} are both monotomc on e;. Hence, for fixed n > 1, it can be

checked that {Y < n} and { fiv , < n} are both END random variables
with EYY) =0, j = 1,2. It follows by (4.1’ ) and (4.11) that

\Y,f,!)| < 2ci|aprij] <2ciAE 3, j=1,2.
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y (4.1") and (4.11) again, we have
/) n n

= Z act|oprii? = Y, 4cte’n’ |y
-1 1 i=1

n
2n® Y [l Pl 1 < 4ctern® Z [P l12(llrig =+ [1711)?
i=1 i=1

||M=

I

<4den? S il P (n 2+ 1) < 16pcien?. (4.15)
i=1
Choose 0 < & < 1 suchthat A £ o ‘126821 z < C3 . Letu= 166‘28 2,8 >0,t=A>0.

It follows that 7c3 < 1. Applying Lemma 2.3 for {
we have by (4.12) and (4.15) that

1 1 & [
P(j (2117 > 5;/0 ER,-(t)dt))

W 1<i<n} and (¥ 1<i<n},

C=

I
—_

~.
I
—_

N
M=

~
RN

1=
~
/\

-
Il =
N
N
X |l a
’_‘N('Y}N
N
hS) %
_ﬁ

)
N———

4Mexp(— tu+t2Bn)<z4Mexp
Jj=1
2o o2
C5ELE Fy
<AMQ2n? +1)Pexp | ——2———n° ).
@n"+1) p( 4><163pc%n

Thus, (4.14) is also established. By Borel-Cantelli Lemma,
N 1 i wmrlj
P - dt ) .,i.o.| =0
g 3 > / o | =0,

n

n

Y Vil >

i=1

thus,

N
(ﬂ ( / g ] ) ,for sufficiently large n) =1.

By the definition of Y,;, with probability one (wp1, in short), for sufficiently large n,
forVj=1,2,---,N,

SR a|

Sy ER(nydr 2
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So, wpl, for sufficiently large n,
o .rii ~
1 Jo " Ri(t)dt 1

max P <z (4.16)
1<j<N z?:l fO nil'ij ER,'(t)dt 2

Substitute the above inequality and (4.12) in (4.9), we can see that wp1, for sufficiently
large n,

1
inf I,,(r) > —cye2n®. 4.17
inf 1n(r) 8628 n (4.17)
Denote
Xnil ry
Xni2 r i i <n
ni — - ni — n®/27 " =0 for fixed j=1.2,...
X, . , T . , a {O, i>n or nxe J Ly P
xnip rp
It follows by (4.3) and (4.6) that for fixed j = 1,2,.... p. |xni| < |[xuil] < di/* <

Jen 92 and 3 mj—l,thus

lani] < /e, n=1,1<i<n.

(i) When 6 < 1/2, 16,5 > 2, it follows that p £ m1n(5 2)=2and
Z|am‘17 Zam_ -0 inij:
i=1

(ii) When 3 < 8 <1, wehave 1 < 1/8 <2. Thus, p £ min(5,2) =, and 3(5—1) >
0, by Holder’s inequality,

c c 1/6 Iy 1/8
3 lanl” =Y ani] / =n"2 Y |xuij /
i=1 i-1 i-1
1

n 25
<2xnij|%'25> n% :n_%

i=1

1
2

<n

(iii) When & = 1, without loss of generality, we can assume that 1 < o < 2 in (4.4).
Thus, p = min(a,2) = o, by the Holder’s inequality,

n
Z |anil? = Z |ani|* =n % 2 |xm'j|a

i=1

11
n_% <2|xmj| a) nsz" =n-@),
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Because y(e;) is increasing on e;, by Lemma 2.1, {y(e;);i > 1} is also a sequence of
END random variables. By applying Theorem 3.1 for {y/(el),i > 1} and {an;, 1 <i<
n,n > 1}, we have by (4.4) that for fixed j =1,2,...,p,

Eanill/(ei) =n9/2 Exm‘jl//(ej) — 0 a.s., n— oo,
i=1

i=1

Thus,
n= O sup |bn(r)| = n~%sup 2 ! ry(e)| =n"%sup 2£n5/2 1 irw(er)
rev rel |i=1 rev |i=1
52| v
= en % sup NN xwijrjwle)| =en” /2 sup 2 me;‘!/
rel i=1j=1 rel j=1

2
p n
< Sn_é/zsup Z (ZM‘N’(&'))
i=1

rel \ j=1

2
P n
=¢ Z (n—é/zzxnijy/(ei)> — 0 a.s., n— oo,

i=1
which implies that wp1, for sufficiently large n,

C282 5

su IZn vl
supl (1) < ¢

Substitute the above inequality and (4.17) in (4.8), we have wpl, for sufficiently large
n,

riggDn(en‘s/zr) > 262n%/16 > 0. (4.18)
Closed surface S = {B : B € R”,||B| = en®/} divides R” into two parts,

~{B:BeR"|B| <en’?}
and
B={B:BeR||B|>en’}.

Because D,(+) is a convex function, D,(0) = 0, O is a interior point of A, and
infgcg Dy (B) = infrey Du(€n%/?r) > 0= D,(0) from (4.18). Thus, forall B € B, D,(B)
> 0. On the other hand, it follows by the definition (4.7) of B0 that D,(f.0) < 0. Thus,
Bno €A, ie. wpl, for sufficiently large n,

| Buol| < €n®/?, for any given € > 0,
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which implies that wpl,
—8/21h
n 2| Buoll — 0, n— o, (4.19)

Let A, be the smallest eigenvalue of S, which is a positive definite matrix. Then

1/2

7L,,1 /2 is the smallest eigenvalue of S,’”, and A4, ' is the maximum eigenvalue of S, 1
By (3.10) of Chen and Zhao (1996) and (4.3), for fixed ng,

0
PP < 0(Sng Sy ) = 2tr<xi<x§S;1>>

—Ztr xS ZxS X;

< nod, < npepn nd

Therefore, let cqy = ")LO” >0, we have 1 < cad/*n=9/2. Combining HSI/ZﬁnH

AY2|| Bl and (4.19), we can get that wpl,

P — 1/2 4 — 1/2 4
1Ball < can™ 3|2 > Bull < can™0? |15/ Bl
= C4n_5/2Hﬁn0” _>Oa n — oo,
ie. wpl,
Bn _>07 n— oo,

This completes the proof of the theorem. [

By using Lemma 2.4 and Theorem 3.2, we can get the following result for END
random errors, which is stochastically dominated by a random variable. The proof is
similar to that of Theorem 4.1, so the details are omitted.

THEOREM 4.2. In the model (1.1), assume that ey,es,--- are END random er-
rors, which are stochastically dominated by a random variable e. There exist positive

constants A,c,cy,¢2,0 € (0,1] such that (4.1) (or (4.1')), (4.3), (4.4) hold, and
Ey(er) =0, and |[Ey(er+u)| = calul, for ju| <Ak > 1.
Then Bn is a strongly consistent estimator of 3.
Acknowledgements. The authors are most grateful to the Editor and two anony-
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