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THE LOG-MINKOWSKI INEQUALITIES FOR QUERMASSINTEGRALS

WEI WANG AND MING FENG

(Communicated by J. Pecaric)

Abstract. Recently, Stancu established the log-Minkowski inequality for non-symmetric convex
bodies. In this article, we establish the log-Minkowski inequality for quermassintegrals, which
is more general than Stancu’s results.

1. Introduction

Boroczky et al. [1] established the plane log-Brunn-Minkowski inequality and
the plane log-Minkowski inequality for origin-symmetric convex bodies. For n > 3,
they [1] conjectured that there exists the log-Brunn-Minkowski inequality and log-
Minkowski inequality for origin-symmetric convex bodies in R”, and showed that these
two inequalities are equivalent. Saroglou [13] established the log-Minkowski inequality
for unconditional convex bodies. Ma [12] gave a new proof of the plane log-Minkowski
inequality for origin-symmetric convex bodies.

Boroczky et al. [1] also pointed out that while the log-Minkowski inequality holds
for two origin-symmetric cubes, there exists a translate of one of the cubes which makes
the inequality false. It means that the log-Minkowski inequality cannot hold for all
convex bodies.

Recently, Stancu [15] established the log-Minkowski inequality for general convex
bodies without the symmetry assumption.

THEOREM A. Let K and L be two convex bodies in R" that contain the origin in
their interiors. Then

hK — hL average 1 V(K> |: (hK) :| hL average
In—dv; > -—In In|| — -
/Sn—l hL L (h_K> n V(L) hL min (h_K)
he ) max ML/ max
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with equality if and only if K is homothetic to L. Here dvy denotes the cone-volume

hk
n-1 —d
fS”*lde hL max '

uesuppvy, hL ’
hg . hk .
— = min -——. Here supp vk and supp v, will be denoted by the support of
hr, min uesuppvg hy,

the cone-volume measure of vk and vy, respectively.

h
probability measure of L. (—K) =
hL average

By adapting the proofs in [15], we will generalize Stancu’s results. The main
purpose of this paper is to establish the log-Minkowski inequality for quermassintegrals
as follows.

THEOREM 1.1. Let K and L be two convex bodies in R" that contain the origin
in their interiors. For i =0,....,n— 1, then

() ()
hL i,average . L In VVz(K) (hK> 1 hL i,average
i,min

(i), (i)
hL i,max hK i,max

In
+ I
with equality if and only if K is homothetic to L. Here dv;; denotes the mixed cone-

h
/ In—~dv;; >
sn—1 hL ’

h
hx fsn—l h_KdVi,L hx
volume probability measure of L. (—) ="t (—) =
hL i,average fS"’ldVivL hL i,max

hg ([ hx . hk
max — — = min —.
ucsuppvig, hy, ’ hy, i min uesuppvix
2. Notation and background material

For general reference for the theory of convex (star) bodies the reader may wish to
consult the books of Gardner [3], Gruber [7], and Schneider [14].

The setting for this paper is the n-dimensional Euclidean space R". Let .2
denote the set that consists of all convex bodies (compact, convex subsets with non-
empty interiors) in R", and let 7" denote the set of convex bodies that contain the
origin in their interiors. The unit ball and its surface in R”" are denoted by B and §"~!,
respectively. We write V(K) for the volume of the compact set K in R". As usual,
V(B) = @, . The support function of K € #™ hk(-), is defined on S"~! by

hg(u) = max{u-x: x € K}. (2.1)
If K € ", then the polar body of K, K*, is defined by
K :={xeR": x-y<1,VyeK}. (2.2)

The radial function py : "' — [0,) of a compact star-shaped set about the
origin, L € R", is defined, for u € s by

pr(u) =max{A >0: AuclL}. (2.3)
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If pr(-) is positive and continuous, then L is called a star body about the origin.
The set of star bodies about the origin in R” is denoted by ..
Obviously, for K,L € .7,

K CLe pg(u) <pr(u), Yues . (2.4)
P (1)
pr(u)

If s > 0, we have

If

is independent of u € §"~!, then we say that star bodies K and L are dilates.

psk () = spg(u), foralluc " L. (2.5)

If K € %", then, for Vu € S"~!, we have

pr() ™ = h (u). (2.6)

Let K1,K> € Z;". For 0 <i<n—1, we write W;(K;,K>) for the mixed volume
V(K,...,Ki,K2,B,...,B), where K| appears n—i— 1 times, the Euclidean unit ball B
appears i times, and K, appears once. The mixed volume W;(K},K>) has the following
integral representation:

1
Wi(K1,Kz) = . /SH hi,dSi g, » (2.7)

where dS; g, is the ith surface area measure of K. In particular, dSo g, = dSk, is called
the surface area measure of K, and dS,_| g, = dS is called the Lebesgue measure on
st

The mixed volume W;(K|,K;) will be written as W;(K; ). It is called the ith quer-
massintegral of K| and has the following integral representation:

1
Wi(K) = - /S g dSik,. (2.8)

The Minkowski inequality for mixed quermassintegrals states (see [11]): For K}, K>
exX"and 0<i<n—1,

Wi(K1,K2)"™" = Wi(Ky)" T Wi(Ky), (2.9)

with equality if and only if K; and K, are homothetic. B
For Li,L, € " and i =0,...,n— 1. The dual mixed quermassintegral W;(L;,L,)
has the following integral representation:

1 i
W,-(Ll,Lz):Z SHpgl pr,dS. (2.10)

The dual quermassintegral VAf/,(L 1) has the following integral representation:

1 w
W)= | pids. (2.11)
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If i =0, then Wo(L;) =V(Ly).

By using Minkowski’s integral inequality, we can obtain the dual Minkowski in-
equality for dual mixed quermassintegrals (see [10]): For L;,L, € " and 0 <i <
n—1,

Wi(Ly,La)" S Wi(L)"" ' Wi(La), (2.12)
with equality if and only if L; and L, are dilates.

The dual Minkowski inequality for dual quermassintegrals states that (see [10]):
ForLe " and 0<i<n-—1,

WL < V(L)' o, (2.13)
with equality if and only if L is an origin-symmetric ball.

Applying the above dual Minkowski inequality (2.13) and Blaschke-Santal6 in-
equality, we can obtain the following dual Blaschke-Santalé inequality: For L € JZ;"
and 0<i<n—1, B B

Wi(L)Wi(L) < 07, (2.14)
with equality if and only if L is an origin-symmetric ball.

Suppose that p is a probability measure on a space X and g: X - I CR isa

L -integrable function, where I is a possibly infinite interval. Jessen’s inequality (see
[9]) states thatif ¢ : X — I C R is a strictly convex function, then

[ osnaut) > o ( / g(x)du<x>) | (2.15)

with equality if and only if g(x) is a constant for y-almost all x € X. If ¢ is a strictly
concave function, then the inequality (2.15) is reversed.

3. Main results

For K,L € %" and i =0,...,n— 1, since the mixed quermassintegral W;(L,K) =

1 . .
- 1 hkdS; 1, we denote the mixed quermassintegral measure by
n.Jsn— ’

1
dw,-7L = —hLdSi7L. (3.1)
n

We write the mixed quermassintegral probability measure on S"~! by

1

dwi; = ————
VL= WL K)

dW,‘7L. (3.2)
If K = L, then we write dv;; for dw; , and call it the mixed cone-volume proba-
bility measure of L. It is easy to check that

h
dV,‘7L = —LdW,‘_L. (3.3)
hg ’
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In particular, the measure dv; g is just the Lebesgue measure on S"~!. We write
the quermassintegral probability measure on $"~! by

_ 1
dVi7L = de[7L. (34)
The measure dvg z will be called the cone-volume probability measure, and it will

be written simply as dvy .

PROPOSITION 3.1. Let K,L € %' and i =0,...,n— 1. Then

WALK) 1 W)
WAL) ~n—i W)’

/ ll’lh—KdM_/,‘_LZln
st hp 7

with equality if and only if K is homothetic to L.

Proof. By Lebesgue’s dominated convergence theorem, as p — oo,

P
h n+
/ (—K) " dvip — Wi(L,K) and
st \ hp ’

P
e\ 7 h e h h
/1<—K> 10K vy — —Kln—"dm:/ K,
sn— g

hr hr s hy  hg hr
We define the function fx 1 : [1,ec] — R by
o= [ () ()
K,L p - W(L,K) S"*l hL l7L' .
Note that
P
(LK) | <h—K>mlnh—Kdv
~ pin _ i ot IS\ L C Tk
,}E}c}oln(fK’L(p)) o AEEQ _ fki(p)
(pn)? (3.6)
n hK hK
S B SHYC.
Wi(L,K) /S'H [ T

By (3.2), (3.3), (3.6), and (3.5), we have
hK _ - n hK
exXp [—n /gn—l In EdWi"L:| = exp {—m /Sn—l In EdWi’L]

=ex —L/ h—Klnh—Kdv-
“P WL K) o g g T

P
. l hK n+p
=1 [ = dv;
fras [W,-(L, K) /sn—l ( hL ) v"L]

ptn
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Then the first claim follows from Holder’s inequality

ptn

hK n+p p _% h
dvi : dv;, < K v =Wi(LK),
(157 0) () <t mwi
as/ dV,‘7L=W/,‘(L).
sn—1

Applying Minkowski’s inequality (2.9) to the first inequality of Proposition 3.1,
we obtain L . Wi (K)
K i
In—dw;; > —1 . 3.7
/snlnhL YL WL (3.7)

By the equality condition of Minkowski’s inequality (2.9), we know that equality in
(3.7) holds if and only if K is homotheticto L. [

REMARK 3.1. The case i = 0 of Proposition 3.1 was obtained by Stancu [15].
An immediate consequence of Proposition 3.1 is:

COROLLARY 3.1. Let K,L € %" and i =0,...,.n—1. If LC K, then

1
hx . h 1 (W(K)\ ™. Wi(K)
—In—dvip > — 1 )
/sn ViR VRS T (m(L) WD)

with equality if and only if K is homothetic to L.

Proof. From Proposition 3.1 and Minkowski’s inequality (2.9), it follows that

hg hK 1 / hg = hg
—In d — —In—d
An 1 hL VLL ‘/VI(L) Snfl hL h VZL

W
— l(LvK)/ lnh_deiL
Wi(L) Js=t hp 7

WiL.K)  Wi(L.K)
> Wi " w

L (WK™ Wi(K)
253(%@) WD)

with equality if and only if K is homotheticto L. [

REMARK 3.2. The case i =0 of Corollary 3.1 was firstly obtained by Gardner,
Hug, and Weil [4].

LEMMA 3.1. [2] If p,q are probability density functions on a measure space
(X,Vv), then

/plnpdv > /plnqdv.
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PROPOSITION 3.2. Let K,L € %' and i =0,...,n— 1. Then

hi Wi(L,K) / hg
In—dv;; <1 < In —dw
/5"*1 n L ViL n VVI(L) oty WiL-

hr

Proof. By taking pdv = —
f. By g p hKW()

——dw;, and gdv = ————dw; in Lemma 3.1,

1
Wi(L,K)
we obtain that

/ h—LLlnC’—LL)dw- —/ hi#(lnh—ﬂuln#)dw-
st hg WiL) \hg WiL) )" T Jo g WD)\ b WALy )

1 hy, 1
=l ><l Mg TI0 vvl(w)d“

hy, 1 _
= In—+1In dv;
g1 ( hi Wi(L)> *

hr, 1
= d\)l +In——
ot Mg TN

>/ hLlnld-
Z Jst hg WiL) " WL K)

=In !
Wi(L,K)
Thus,

i Wi(L.K)

Kav L <In .
An 1 hL Vi A ‘/VI(L)
On the other hand, by taking pdv = ! dw; and gdv = 1 —d in
, DYy gp _VVZ(L7K) Wi.L q hKW( ) Wi.L

Lemma 3.1, we obtain the second inequality of Proposition 3.2. [J
REMARK 3.3. The case i = 0 of Proposition 3.2 was firstly obtained by Stancu
[15].

There exists another proof of the first inequality of Proposition 3.2. Note that for
K,Lc " andi=0,...,n—1,

1 p+n
. 1 hy\ 7 B hi
I}I_IEO (m/\;l (Z) dVi7L> = exp |:/nl In EdVi’L:| . (38)

From Holder’s inequality and (3.8), it follows that

1 pn i)
h ptn )4 h
(Anl (i) dvil’) ’ ( -1 dVi7L> < /Sn . h—deL - ‘/Vt(LaK),
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thus
Wi(L,K)

hK — i\
In—dv;r <1 . 3.9
/“S‘nfl n hL VZ7L n ‘/VI(L) ( )

We will denote the support of the mixed cone-volume measure of v; x and v; by

. hx Js=1 d“ hi
supp v; x and supp v; ., respectively. L = m7 i =
i,average Nos L, i

h K h K h hK hK
max —. [ — = min -—. Inparticular, [ — =\|-— )
uesuppvi s, h L hy, imin  Y“E€SUPPVik hL hr 0,average hi, average

(i) = i) ona (56, G
hr 0,max hr max hr 0,min hr min

THEOREM 3.1. Let K, L€ )" and i =0,...,n— 1. If LC K, then

hL hK i,average 1 VVZ (L)
In—dvig > : 1 , 3.10
/sn—n V2 (h_L) n—i " WiK) (3.10)
hK 1, max

with equality if and only if K = L.

Proof. We define the non-negative function

hx\? h
G(q) 32/71 (h—K) In _KdvlL
s L

If u—1In (Z—’Z) (u) is zero on the support of the mixed cone-volume measure dvir,
then G is identically zero. Assume, for now, that this is not the case which also implies
that G(1) > G(0) > 0. If G(1) = G(0), then conclusion is trivial (as using (3.1) to
obtain K = L), so we can assume G(1) > G(0).

A simple verification shows that G(q) is a log-convex function. By a Hadamard
type inequality for positive log-convex function (see [6]), we have that

and, since G(1) > G(0), by Fubini-Tonelli’s theorem,

G(0) > G(1) -exp

Note that

G()=G(O) s llnﬁ—’i'%— Jdvit <1n<hK>
fsn l(h )deL fsn l( )de,L zmdx7
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Then

h h Wi (L,K h
/ In —KdﬂL >exp|—In (—K) . M/ In —Kdﬁi’b
sn—1 hL hL i,max ‘/VI(L) sn—1 hL

from which (3.10) follows from (3.7).

Assuming that G is identically zero, then hg (u) = hy(u) for all u’s almost every-
where with respect to the mixed cone measure of L, or equivalently with respect to the
mixed surface area measure of L. This implies W;(L,K) = W;(L), and since L C K are
convex bodies, K and L must coincide. [J

REMARK 3.4. The case i =0 of Theorem 3.1 was firstly obtained by Stancu [15].

Proof of Theorem 1.1. If L is notincludedin K, there existsa A, 0 <A < 1, such
that L := AL C K and apply (3.10) for L and K.
Thus,

h
By taking A = min —K(u), we obtain the desired inequality. [
uesuppv; g hL

A direct consequence of Theorem 1.1 is:

COROLLARY 3.2. Let K,L € " such that there exists a positive constant ¢ > 0
with hg(u) = chy(u) for each u in the support of the mixed cone volume measure of L.
Fori=0,...,.n—1, then

h I WK
/ gy, s L WK
s hp 7 n—i  W(L)

with equality if and only if K = cL.
COROLLARY 3.3. Forany L € ' whose support function restricted to supp v; |

is constant and i =0,...,n— 1, we have that

hL* _ 2 Cl)n
In—dvi, > —In——,
‘/Snfl n hL v L n—i n ‘/VL(L)

with equality if and only if K is an origin-symmetric ball.

Proof. Taking K = B in Corollary 3.2, we have
hps | _ 1 1 _
/SH InSEd v, = /SH In Vi > /H In i

_ 2
= 2[3”’1 111 %d\/il{ 2 n—_ilnm,
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with equality if and only if L is an origin-symmetric ball. [J
REMARK 3.5. The case i = 0 of Corollary 3.2 and Corollary 3.3 were obtained

by Stancu [15].
For K € .", we denote the dual mixed cone-volume measure by

~ 1 .
dvix = —pids. (3.11)
n
1 .
Since ——— px 'dS =1, we write the dual mixed cone-volume probability mea-
nW;(K) Jsn-1
sure of K on S"~! by
= I
deJ(: ~—d\1[7[(. (312)
Wi(K)

If i =0, the measure d\§07 k will be denoted by the dual cone-volume probability

measure, and it will be written simply as dvg.

Recently, Gardner et al. [5] established the dual log-Minkowski inequality (also
see [16]). Next, we will establish the following double inequalities which are more
general than the dual log-Minkowski inequality.

PROPOSITION 3.3. Let K,L € .". Fori=0,...,n— 1, we have

- 1 . Wi(K -
/ nPEar > L WK >/ nPEav.,.
sg=toopL T on—i Wi(L) © Js=t o opr 7

Both equalities hold if and only if K and L are dilates.
Proof. Applying (2.10), (3.12), and Jensen’s inequality, we obtain

1 i
BLK) = |, 9t s

n—i—1
Wi [ (2) av
sn=1 \ Pk
" n—i—1 B
W,(K)/ exp <1n <&> ) dvig
n—1 pK !

N p n—i—1 _
> W;(K)exp B In (—L) dvik.
sn 1 PK

(3.13)

Taking the natural logarithm of both sides of (3.13) and using the dual Minkowski
inequality (2.12), one can obtain
= 1 Wik
/ nPX a5 > L WK, (3.14)
sn—1 PL n—i1 ‘/VI(L)




993

THE LOG-MINKOWSKI INEQUALITIES FOR QUERMASSINTEGRALS

By the equality condition of the dual Minkowski inequality (2.12), we know that equal-

ity in (3.14) holds if and only if K and L are dilates.

On the other hand,
n—i—1 .
o oxas, =Wit) [ B

1
WK = Jous

Similarly, we can obtain
1 i(K)

/ lnp—Kdﬁ,-_Lg — In = .
e T i WL

REMARK 3.6. The case i =0 of Proposition 3.3 was firstly obtained by Garnder,

Hug and Weil [4].
PROPOSITION 3.4. Let K be an arbitrary convex body in ' with its Santalé

point at the originand i =0,...,n— 1. Then
= 1 WK =
/ Inhgdig > ——1n VK >/ Inpxdip,
sn—1 ’ n—i wy, sn—1
with equality if and only if K is an origin-symmetric ball.
Proof. By (2.11),(2.6), (3.12), and Jessen’s inequality, we have
h"as

1
Wi(K*) ==
(K= fo

= w, [S"" exp(ln(hg("ii)))dv;,;g

>oexp [ (0" )dTs.

= 1 ; 1 Wik
/ nhdip > ——tn 2> L WilK)
n—1 n—i m([{*) n—i ®y,
where the last step is due to the dual Blaschke-Santald’s inequality (2.14).
On the other hand, by taking L = B in the second inequality of Proposition 3.3,

we obtain _
= 1 Wi (K

/ Inpgdvip < —.IHL
-1 T T n—i Wy

; 1
noigs = —
pK n Jsn—1

Thus,

)

with equality if and only if K is an origin-symmetric ball. [
REMARK 3.7. The case i =0 of Proposition 3.4 was firstly obtained by Guan and

Ni [8].
The dual form of Corollary 3.3 will be established.
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PROPOSITION 3.5. Forany L € X' and i =0,...,n— 1, we have that

hp= = 2
/ g5, < =2
-1 hy ’ n—i Wl(L)

with equality if and only if K is an origin-symmetric ball.

Proof. By (2.6), note that hy, > p; for VL € %", and take K = B in Proposition
3.3, then we have

with equality if and only if L is an origin-symmetric ball. [

REMARK 3.8. The case i = 0 of Proposition 3.5 was firstly obtained by Stancu
[15].

Acknowledgement. We are grateful to the referee for the suggested improvement.
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