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Abstract. The class of strong L -limited sets of order p in the dual of a Banach lattice is intro-

duced and applied to provide some operator characterizations of Banach lattices with the strong

limited p -Schur property and the weak DP ∗ property of order p . Close connections with the

strong L -limited sets of order p , with the (V) -sets and with the relatively (weakly) compact

sets are established. The disjoint weak DP ∗ property of order p and the positive strong lim-

ited p -Schur property are thoroughly considered which can be characterized by disjoint almost

limited p -convergent operators.

1. Notation and preliminaries

Limited sets and Dunford-Pettis (DP) sets in a Banach space have interesting ap-

plications on the geometry of a Banach space, and in particular on operator spaces [15].

A norm bounded subset C of a Banach space X is called limited (resp. DP), if every

weak∗ -null (resp. weakly null) sequence (x∗n) ⊂ X∗ converges uniformly to zero on

C ; that is, supx∈C |x∗n(x)| → 0. Based on the relationship between them with relatively

(weakly) compact sets, some properties are obtained for a Banach space [17, 19].

We know that every relatively compact set in a Banach space is limited and so DP.

If each limited (resp. DP) set in X is relatively compact, then we say that X has the

Gelfand-Phillips (GP) property (resp. relatively compact DP property (DPrcP)). Also,

if each relatively weakly compact set in X is limited (resp. DP), then we say that X

has the DP∗ (resp. DP) property [17, 19, 15].

There is a close relationship between the weak topology, norm topology and weak∗

topology in terms of sequences in a Banach space. The space X has the Schur (resp.

Grothendieck) property if each weakly null sequence in X is norm null (resp. each

weak∗ -null sequence in X∗ is weakly null). In a Grothendieck space, limited sets and

DP sets will be the same.

Like limited sets and DP sets, using disjoint sequences in the dual of a Banach

lattice, the class of almost limited (resp. almost DP) sets have been introduced and

studied. A norm bounded subset C of a Banach lattice E is almost limited (resp.
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almost DP), if every disjoint weak∗ -null (resp. disjoint weakly null) sequence (x∗n) ⊂
E∗ converges uniformly to zero on C . A Banach lattice E has the strong GP property

(resp. strong DPrcP) if each almost limited (resp. almost DP) set in E is relatively

compact. The weak DP∗ property and weak DP property can be considered on Banach

lattices. E has the weak DP∗ (resp. weak DP) property if each relatively weakly

compact set in E is almost limited (resp. almost DP) [2, 7, 8, 13, 35]. A norm bounded

subset A of a Banach lattice E is an L-weakly compact set, if every disjoint sequence

in sol(A) is norm null, where sol(A) = {y ∈ E : |y|6 |x| for some x ∈ A} denotes the

solid hull of A . Every L -weakly compact set is almost limited and the converse holds

in a Banach lattice with order continuous norm. The connection between L -weakly

compact sets and almost limited sets is considered in [13].

Later, by positive weak∗ -null sequences in the dual of a Banach lattice, positively

limited sets have been introduced. A norm bounded subset C ⊂ E is positively limited,

if every positive weak∗ -null sequence (x∗n) ⊂ E∗ converges uniformly to zero on C . It

was proved that a norm bounded subset C ⊂ E is almost DP if and only if every positive

weakly null sequence (x∗n) ⊂ E∗ converges uniformly to zero on C . According to the

relationship between positively limited, almost limited, limited and relatively (weakly)

compact sets, some properties on a Banach lattice such as positive DP∗ property and

positive GP property are obtained in [5].

From [5, 13] we see that the following implications are always true in a Banach

lattice and that their converses do not hold in general:

L-weakly compact

��

+3 almost Dunford–PettisKS

almost limited +3 positively limited

Like the class of sets we have in a Banach space, classes of sets in the dual of

that space have also been introduced and studied. For the first time, L -sets have been

introduced by Leavelle in his paper [25]. The class of L -sets in X∗ is defined in this

way: A norm bounded set C ⊆ X∗ is called an L-set, if every weakly null sequence

(xn)⊂ X converges uniformly to zero on C . It can be easily shown that, a Banach space

X has the Schur property, if and only if BX∗ is an L -set. Also, X does not contain a

copy of ℓ1 (resp. X has the RDP∗ property) if and only if each L -set in X∗ is relatively

compact (resp. relatively weakly compact). Several consequences concerning limited

and DP sets were obtained in [18, 25].

Due to the interesting applications of L -sets on the geometry of Banach spaces

and operator spaces, in the last few years, using limited and DP sets two classes of L -

limited, and L -DP sets have been introduced in the dual of a Banach space. If C ⊆ X∗

is a norm bounded set, and every limited weakly null (resp. DP weakly null) sequence

(xn) ⊂ X converges uniformly to zero on C , then we say that C is an L-limited (resp.

L-DP) set. Each relatively weakly compact set in the dual of a Banach space is L -DP

and so L -limited. If the converse is also true, then we say that X has the L -limited

(resp. L -DP) property. A Banach space X has the GP property (resp. DPrcP), if and

only if BX∗ is an L -limited (resp. L -DP) set. Each L -set is an L -DP set and so an
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L -limited set. Based on the properties of these sets, some operator characterizations of

the GP property, DP∗ property, DPrcP and DP property have been obtained in [29, 36].

Two classes of limited completely continuous operators and DP completely con-

tinuous operators are also introduced in [30, 36]. An operator T : X → Y between two

Banach spaces is called limited completely continuous (abb. lcc) (resp. DP completely

continuous (abb. DPcc)) if for every limited (resp. DP) weakly null sequence (xn)∈ X ,

‖Txn‖ → 0. It is proved that X has the L -limited property (resp. L -DP property) if

and only if each lcc (resp. DPcc) operator from X into ℓ∞ is weakly compact. Each

weakly compact operator is DPcc and so lcc.

Recently the class of strong L -limited sets in the dual of a Banach lattice was

introduced by [24] and some results were obtained. A norm bounded subset A ⊂ E∗ is

a strong L-limited set if for every weakly null and almost limited sequence (xn) of E ,

sup f∈A | f (xn)| → 0. These sets are closely related to the strong GP property and almost

limited completely continuous (abb. alcc) operators which were studied in the paper

[7]. Recall that an operator T : E → Y is called alcc if for every almost limited weakly

null sequence (xn) ∈ E , ‖T xn‖ → 0. It is clear that an operator T : E → X is alcc if

and only if T ∗(BX∗) is a strong L -limited set in E∗ . Each weakly compact operator

is lcc [30], but the identity operator on each reflexive non-discrete Banach lattice such

as IdL2(−π ,π) is a weakly compact operator, which is not alcc. The identity operator on

each non-reflexive Banach lattice with the strong GP property such as Idℓ1
is alcc, but

it is not weakly compact.

Unlike L -limited sets, and L -DP sets, there is no connection between strong L -

limited sets and relatively weakly compact sets, in general. In [24], it has been shown

that a strong L -limited set in the dual of a Banach lattice E is relatively weakly compact

if and only if each alcc operator from E into ℓ∞ is weakly compact. Also, a relatively

weakly compact set in the dual of a Banach lattice E is a strong L -limited set if and

only if each weakly compact operator from E into c0 is alcc.

The interest in studying p -versions of geometric properties of Banach spaces and

Banach lattices has increased in the last years. The p -GP property in spaces of opera-

tors and DP type like sets were studied in Banach spaces in [22]. A Banach space X has

the p -GP property if every limited weakly p -summable sequence in X is norm null.

A norm bounded subset A of X is a weakly p -DP set if each weakly p -summable

sequence in X∗ converges uniformly to zero on A . Also, a norm bounded subset B

of X∗ is a weakly p -L -set (resp. an Lp -limited set) if each weakly p -summable

(resp. limited weakly p -summable) sequence in X converges uniformly to zero on

A . Sufficient conditions for the p -GP property of some spaces of operators in terms

of the limited p -convergence of the evaluation operators were obtained in [22]. Be-

cause strong L -limited sets of order p are closely related to the strong limited p -Schur

property and almost limited p-convergent (abb. alpc) operators which were studied in

the paper [9, 10], we decided to study them to derive more applications of alpc oper-

ators on a Banach lattice. To introduce strong L -limited sets of order p , instead of

almost limited weakly null sequences, almost limited weakly p -summable sequences

are used. Recall that for each 1 6 p < ∞ , a sequence (xn) of a Banach space X is

called weakly p-summable if for each x∗ ∈ X∗ , (x∗(xn)) ∈ ℓp and (xn) is said to be

weakly p-convergent to an x ∈ X if the sequence (xn − x) ∈ ℓw
p(X) , where ℓw

p(X) is
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the space of all weakly p -summable sequences in X . The weakly ∞-convergent se-

quences are simply the weakly convergent sequences. Recent developments can be

found in [9, 10, 12, 38]. Some useful and inspiring concepts of the properties which

will be considered in this article are collected as follows:

A Banach space X has the:

• DP∗ property of order p (abbr. p -DP∗ property) if each weakly p -summable

sequence in X is limited [38].

• Schur property of order p (abbr. p -Schur property) if each weakly p -summable

sequence in X is norm null [38].

• limited p -Schur property (or p -GP property) if each limited weakly p -summable

sequence in X is norm null [22, 38].

A Banach lattice E has the:

• weak DP∗ property of order p (abbr. p -weak DP∗ property) if each weakly

p -summable sequence in E is almost limited [9].

• positive Schur property of order p (abbr. p -positive Schur property) if each

weakly p -summable sequence in E+ is norm null [38].

• strong limited p -Schur property if each almost limited weakly p -summable se-

quence in E is norm null [9].

Throughout this paper E,F are Banach lattices, X ,Y are Banach spaces. BE is

the closed unit ball of E . The lattice operations are weakly sequentially continuous in

E , if for every weakly null sequence (xn) ⊂ E , |xn|
w

−→ 0. Also, the lattice operations

are weak∗ sequentially continuous in E∗ , if for every weak∗ -null sequence (x∗n)⊂ E∗ ,

|x∗n|
w∗

−→ 0 [1, 27].

An operator T : E → X is called

• disjoint p-convergent, if for every disjoint weakly p -summable sequence (xn) ∈
E , ‖Txn‖→ 0 [38].

• limited p-convergent, if for every limited weakly p -summable sequence (xn) ∈
E , ‖Txn‖→ 0 [22, 38].

• almost DP, if for every disjoint weakly null sequence (xn) ∈ E , ‖T xn‖→ 0 [2].

• almost limited p-convergent (alpc), if for every weakly p -summable almost lim-

ited sequence (xn) ∈ E , ‖Txn‖→ 0 [10].

• M -weakly compact, if for every disjoint sequence (xn)∈ BE , ‖Txn‖→ 0 [1, 27].

• order weakly compact, if for every order bounded disjoint sequence (xn) ∈ E ,

‖T xn‖→ 0 [1, 27].
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In [23], using limited weakly p -summable sequences in Banach spaces, the class

of L -limited sets of order p (Lp -limited sets) in the dual of Banach spaces have been

introduced and studied. In this paper “strong L -limited sets of order p in the dual

of Banach lattices” are introduced to develop the concept of Lp -limited sets in the

dual of Banach lattices. Several operator characterizations, relating these sets to the

strong limited p -Schur property, the p -weak DP∗ property, and almost limited p -

convergent operators are provided. Connections with (V )-sets, Lp -limited sets, and

relatively weakly compact sets are also explored. The paper further introduces the pos-

itive strong limited p -Schur property and studies disjoint almost limited p -convergent

operators. Motivated by the works mentioned above, the present paper is organized as

follows: In section 2, the p -version of strong L -limited sets (or strong L -limited sets

of order p ) are introduced. One of our aims in this section is to consider the behav-

ior of the solid hull of strong L -limited sets of order p in the dual of Banach lattices.

In section 3, we continue the study of the strong L -limited sets of order p to obtain

the relationships between them with the (V )-sets, with the Lp -limited sets, with the

strong L -limited set and with the relatively (weakly) compact sets. Moreover, with

respect to almost limited p -convergent operators some operator characterizations of

Banach lattices with the strong limited p -Schur property and the p -weak DP∗ prop-

erty are obtained that shall be useful later. In particular, it is proved that each limited

p -convergent operator on a Banach lattice is unconditionally convergent. In the last

section of the present paper, the concept of positive strong limited p -Schur property

and the class of disjoint almost limited p -convergent operators are studied. In addition,

where limited p -convergent operators, disjoint almost limited p -convergent operators

and almost limited p -convergent operators are the same, will be considered. Also, the

disjoint p -weak DP∗ property is defined by replacing weakly p -summable sequences

in the definition of the p -weak DP∗ property with disjoint weakly p -summable se-

quences. We show that under some conditions in a Banach lattice with the disjoint

p -weak DP∗ property, the class of disjoint almost limited p -convergent operators and

disjoint p -convergent operators will be the same.

2. Strong L -limited sets of order p

By replacing weakly null sequences in the definition of strong L -limited sets with

the weakly p -summable sequences, strong L -limited sets of order p are defined.

DEFINITION 2.1. A norm bounded subset A ⊂ E∗ is a strong L-limited set of

order p (abbr. a strong Lp -limited set) if for every weakly p -summable and almost

limited sequence (xn) of E , sup f∈A | f (xn)| → 0.

It can be proved that A ⊂ E∗ is a strong Lp -limited set if and only if for each

sequence ( fn) in A and each weakly p -summable and almost limited sequence (xn) of

E , fn(xn)→ 0. The sequence (xn) is almost limited, if {xn : n∈N} is an almost limited

set. The following theorem provides an operator characterization of a strong Lp -limited

set. Recall that an operator T : X → E is almost limited if for every disjoint weak∗ -null

sequence ( fn) ⊂ E∗ , ‖T ∗ fn‖→ 0; that is T (BX ) is an almost limited subset of E .
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THEOREM 2.2. For a bounded subset A of E∗ and 1 < p < ∞ , the following

assertions are equivalent.

(a) A is a strong Lp -limited set,

(b) T ∗(A) is relatively compact for every almost limited operator T : ℓp∗ → E .

Proof. (a) ⇒ (b) Let A be a strong Lp -limited set of E∗ and ( fn) be a sequence

in A . Let T : ℓp∗ → E be an almost limited (weakly p -compact, since Bℓp∗
is weakly

p -compact [12]) operator. Define S : E → ℓ∞ by Sx = ( fn(x)) , x ∈ E . Let (xn) be an

almost limited weakly p -summable sequence in E . Since A is a strong Lp -limited set

of E∗ , ‖Sxn‖ = supi | fi(xn)| → 0, as n → ∞ and thus S is alpc. Then by [10, Theorem

2.4], ST : ℓp∗ → ℓ∞ is compact. Since T ∗S∗ is compact, (T ∗( fn)) = (T ∗S∗(e∗n)) is

relatively compact. Hence T ∗(A) is relatively compact.

(b) ⇒ (a) Let (xn) be an almost limited weakly p -summable sequence in E .

Let T : ℓp∗ → E be an operator such that T (en) = xn . Since (xn) is almost limited,

T is an almost limited operator. By hypothesis, T ∗(A) is relatively compact and so

supx∗∈A |x
∗(xn)| = supx∗∈A |T

∗x∗(en)| → 0 which implies that A is a strong Lp -limited

set. �

We have the following characterization of the strong limited p -Schur property as

follows:

COROLLARY 2.3. For a Banach lattice E and 1 < p < ∞ , the following asser-

tions are equivalent.

(a) E has the strong limited p-Schur property,

(b) BE∗ is a strong Lp -limited set,

(c) every almost limited operator T : ℓp∗ → E is compact.

Note that for a disjoint weak∗ -null sequence ( fn) in E∗ , the sequence (| fn|) is

not necessarily weak∗ -null in E∗ , see [13, Example 2.1]. In order to establish our next

result, recall that a Banach lattice E has the property (d), if for each disjoint weak∗ -null

sequence ( fn) in E∗ , | fn|
w∗

−→ 0. Each σ -Dedekind complete Banach lattice has the

property (d), see [24].

THEOREM 2.4. Let T : E → F be an order bounded operator and F has the

property (d). If A is a strong Lp -limited set of F∗ , then T ∗(A) is a strong Lp -limited

set in E∗ .

Proof. Let A be a strong Lp -limited subset of F∗ and T : E → F be an order

bounded operator. Then for each weakly p -summable and almost limited sequence

(xn) of E , (T xn) is a weakly p -summable positively limited sequence in F , see [5,

Theorems 2.6 & 2.11]. By the property (d) of F and [5, Theorems 2.7], (T xn) is an
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almost limited sequence in F . Hence sup f∈A |(T
∗ f )(xn)|= sup f∈A | f (T xn)| → 0. This

implies that T ∗(A) is a strong Lp -limited set in E∗ . �

Note that order boundedness of the operator T cannot be removed in Theorem

2.4.

EXAMPLE 2.5. Let (rn(t))
∞
n=1 denote the sequence of Rademacher functions on

[0,1] . Consider S : L2[0,1] → c0 defined by

S( f ) =

(

∫ 1

0
f (t)rn(t)

)

for all f ∈ L2[0,1].

Since c0 has the strong limited p -Schur property, Bc∗0
is a strong Lp -limited subset of

ℓ1 , but S∗Bc∗0
is not a strong Lp -limited set in L2[0,1] . Indeed, S∗(e∗n) = rn , for all

n ∈ N where (e∗n) is the canonical basis of ℓ1 and (rn) is not a strong Lp -limited set in

L2[0,1] , for all p > 2.

EXAMPLE 2.6. Note that an order interval in the dual of a Banach lattice is

not necessarily a strong Lp -limited set. It follows immediately from the equality

supg∈[− f , f ] |g(xn)| = f (|xn|) , that for each f ∈ (E∗)+, [− f , f ] is a strong Lp -limited

set if and only if for every weakly p -summable and almost limited sequence (xn) of

E , |xn|
w
→ 0. The Rademacher sequences (rn) in L1[0,1] are weakly 2-summable and

so weakly p -summable for each p > 2 (cf. [28, Proposition 3.6]), and almost limited

(since L1[0,1] has the p -weak DP∗ property), but |rn| = 1 for all n . This implies that

an order interval in (L1[0,1])∗ is not necessarily a strong Lp -limited set.

Recall that a Banach lattice E is weak p -consistent if for every weakly p -summable

sequence (xn) in E , (|xn|) is weakly p -summable [38, Definition 3.3.5].

DEFINITION 2.7. A Banach lattice E is almost limited weak p-consistent if for

every weakly p -summable and almost limited sequence (xn) in E , (|xn|) is weakly

p -summable almost limited in E .

Each Banach lattice with the strong limited p -Schur property is almost limited

weak p -consistent. The converse is false. For instance, ℓ∞ is weak p -consistent and so

almost limited weak p -consistent (since, Bℓ∞
is almost limited), but ℓ∞ does not have

the strong limited p -Schur property. L2[0,1] is not almost limited weak p -consistent.

In fact, the Rademacher sequence (rn(t))
∞
n=1 is weakly p -summable (cf. [28, Proposi-

tion 3.6]) and almost limited (cf. [26, Proposition 2.3]) in L2[0,1] for each p > 2, but

|rn|= 1 for all n . Note that since L2[0,1] has order continuous norm, its order intervals

are almost limited and −1 6 rn 6 1 , for all n .

THEOREM 2.8. Let A be a norm bounded subset of E∗ . Suppose that E is almost

limited weak p-consistent. Then the following are equivalent:

(a) A is a strong Lp -limited set,
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(b) sol(A) is a strong Lp -limited set,

(c) |A| is a strong Lp -limited set.

Proof. (a) ⇒ (b). Assume by way of contradiction that A ⊂ E∗ is a strong Lp -

limited set, and sol(A) is not a strong Lp -limited set. Then there exist a sequence

( fn) in sol(A) , a weakly p -summable and almost limited sequence (xn) of E and an

ε > 0 such that | fn(xn)| > ε for all n . For each n there exists gn ∈ A , such that | fn| 6
|gn| . Since E is almost limited weak p -consistent, the sequences (|xn|) is weakly p -

summable and almost limited. However, ε 6 | fn(xn)| 6 | fn|(|xn|) 6 |gn|(|xn|) . Since

|gn|(|xn|) = sup{|gn(y)| : |y| 6 |xn|} , for every n there is a sequence (yn) in E with

|yn| 6 |xn| and |gn(yn)| > ε . Hence (|yn|) and so (yn) itself is weakly p -summable

and almost limited sequence. Since A is a strong Lp -limited set, gn(yn) → 0 which is

impossible. Hence, sol(A) is a strong Lp -limited set.

(b) ⇒ (c). It is clear, since |A| ⊂ sol(|A|) = sol(A) .

(c) ⇒ (a). Let |A| be a strong Lp -limited set in E , then sol(|A|) = sol(A) is a

strong Lp -limited set in E . Since A ⊂ sol(A) , A is a strong Lp -limited set in E . �

To conclude this section, note that each disjoint sequence in the solid hull of a

weakly null sequence in a Banach lattice is weakly null, [1, Theorem 13.3]. However,

in [20, Theorem 3.6], it was proved that every disjoint sequence in the solid hull of a

weakly p -summable sequence is weakly p -summable, for all p > 2. So we can prove

the following theorem.

THEOREM 2.9. Suppose that E has the property (d) and A is a strong Lp -limited

set in E∗ . Then for each p > 2 , the following assertions hold:

(a) If ( fn) is a sequence in sol(A) satisfying | fn|
w∗

→ 0 , then ( fn) is a strong Lp -

limited set.

(b) If ( fn) is a disjoint sequence in sol(A) , then | fn|
w∗

→ 0 and ( fn) is a strong Lp -

limited set.

Proof. (a) To prove that ( fn) is a strong Lp -limited set in E∗ , it suffices to show

that fn(xn)→ 0 for each weakly p -summable almost limited sequence (xn) in E . Oth-

erwise, passing to a subsequence if necessary, there would exist a weakly p -summable

almost limited sequence (xn) in E with | fn|(|xn|) > | fn(xn)| for some ε > 0 and for

all n . Since | fn|
w∗

→ 0, similar to [37, Lemma 2.2] we can find a strictly increasing

subsequence (nk) and a disjoint sequence (ym) in E such that | fnm+1
|(ym) > ε

2
for all

sufficiently large m . There is a sequence (gm) in A and a disjoint sequence (um) in E

with |um|6 ym 6 |xnm+1
| and |gm+1(um)|> ε

2
for all sufficiently large m . Since (um) is

a disjoint sequence in the solid hull of a weakly p -summable sequence (xnm+1
) , by [20,

Theorem 3.6], (um) is weakly p -summable and also it is almost limited by the property

(d). Since A is a strong Lp -limited set in E∗ , |gm+1(um)|6 sup f∈A | f (um)| → 0, which

is impossible.
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(b) We know that each order bounded disjoint sequence in a Banach lattice with

the property (d) is weakly p -summable and almost limited [9, 13]. Also, the solid hull

of an almost limited set in a Banach lattice with the property (d) is almost limited, see

[24, Lemma 2.1]. Hence for each x ∈ E+ , each disjoint sequence of [0,x] is weakly

p -summable and almost limited and so converges uniformly to zero on A . Hence by [1,

Theorem 4.40], for each ε > 0 there exist some 0 6 g∈E∗ such that (| f |−g)+(x) < ε
2

,

for all f ∈ A . Now, let ( fn) be disjoint sequence in sol(A) and pick a sequence (gn) in

A with | fn| 6 |gn| for all n . Also note that since (| fn|∧g) is an order bounded disjoint

sequence of E∗ , (| fn| ∧ g)(x) → 0. Then there is N ∈ N such that for all n > N ,

(| fn| ∧g)(x) 6 ε
2

Therefore

| fn|(x) = (| fn|−g)+(x)+ (| fn| ∧g)(x) 6 (|gn|−g)+(x)+ (| fn| ∧g)(x) 6 ε.

Since ε > 0 be arbitrary, | fn|(x) → 0 and so | fn|
w∗

−→ 0. Now, it follows from (a) that

( fn) is a strong Lp -limited set. �

Note that the property (d) in Theorem 2.9 cannot be removed. In fact, Banach

sequence space c has the strong limited p -Schur property and so the closed unit ball

Bc∗ is a strong Lp -limited set, while for a disjoint sequence ( fn) in c∗ defined by

fn = (0,0, . . . ,12n,−12n+1,0,0, . . .) for all n , we have | fn|(1) = supx∈[−1,1] | fn(x)| =
supx∈Bc

| fn(x)| = ‖ fn‖ = 2, where 1 = (1,1,1, . . .) ∈ c .

3. Strong Lp -limited sets and spaces of operators

In this section by the relationship between strong Lp -limited sets, (V )-sets, Lp -

limited sets and relatively (weakly) compact sets, some operator characterizations of

Banach lattices with the strong limited p -Schur property and the weak DP∗ property

of order p are obtained with respect to almost limited p -convergent operators. The

following assertions can be easily proved:

• E has the strong limited p -Schur property if and only if BE∗ is a strong Lp -

limited set.

• E has the limited p -Schur property if and only if BE∗ is an Lp -limited set.

• E has the strong GP property if and only if BE∗ is a strong L -limited set.

• E has the GP property if and only if BE∗ is an L -limited set.

First, we see that the following implications are always true in a Banach lattice

and that their converses do not hold in general:

strong L-limited set

��

+3 strong Lp-limited set
KS

L-limited set +3 Lp-limited set
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EXAMPLE 3.1. The converse of none of the implications in the diagram above is

true, in general.

• L1[0,1] has the GP property, but it does not have the strong GP property. Hence,

BL∞[0,1] is an L -limited set while it is not a strong L -limited set.

• L2[0,1] has the limited p -Schur property, but it does not have the strong limited

p -Schur property. Hence, BL2[0,1] is an Lp -limited set while it is not a strong

Lp -limited set.

• C[0,1] has the strong limited p -Schur property, but it does not have the strong

GP property. Hence B(C[0,1])∗ is a strong Lp -limited set while it is not a strong

L -limited set.

A bounded subset A of X∗ is called a (V )-set if supx∗∈A |〈xn,x
∗〉| → 0, for every

w.u.c. series ∑xn in X . From [22], a subset A of a Banach space X∗ is called a V -

set of order p (or a weakly p- L-set) if every weakly p -summable sequence (xn) in

X converges uniformly to zero on A . A Banach space X has the p -Schur property

if and only if BX∗ is a p -(V )-set. The relationship between strong Lp -limited sets,

Lp -limited sets and p -(V )-sets are considered as follows.

p-(V)-set //

%%KKKKKKKKKK
Lp-limited set

strong Lp-limited set

88qqqqqqqqqq

EXAMPLE 3.2. For the converse of implications, see the following examples.

• Each non-KB-space with order continuous norm such as c0 has the limited p -

Schur property, but it does not have the p -Schur property. Hence, Bℓ1
is an

Lp -limited set while it is not a p -(V )-set.

• Each discrete non-KB-space with order continuous norm such as c0 has the

strong limited p -Schur property, but it does not have the p -Schur property.

Hence, Bℓ1
is a strong Lp -limited set while it is not a p -(V )-set.

We know that for each Banach lattice with the limited p -Schur property and with-

out the 1-Schur property, such as c,c0,C[0,1] , the closed unit ball of the dual is an

Lp -limited set which is not a (V )-set. The following theorem shows that the converse

is true in general that shall be useful later a couple of times.

THEOREM 3.3. Every (V )-set in the dual of a Banach lattice is an Lp -limited

set.

Proof. Step 1. First note that for each limited weakly p -summable sequence (xn)

in a Banach lattice E , |xn|
w
→ 0. Indeed, assume by way of contradiction that (xn)n is
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a limited weakly p -summable sequence (xn)n in E , but |xn|
w
9 0. Hence there exists

0 6 f ∈ E∗ satisfying f (|xn|) > ε for some ε > 0 and for all n . As in the proof of

Theorem 2 of [32], we can find a sequence ( fn) ⊂ [− f , f ] such that fn
w∗

−→ 0 and

fn(xn) > ε for all n . But (xn) is a limited sequence in E and so this is impossible.

Step 2. Now, we show that every (V )-set in the dual of a Banach lattice E is

an Lp -limited set. Let A be a (V )-set in E∗ and (xn) ⊂ E be a limited weakly p -

summable sequence (xn)n ⊂ E . It is sufficient to show that sup f∈A | f (xn)| → 0. For

this, note that from [9], for each x ∈ E+ , each disjoint sequence of [0,x] is weakly

p -summable and so converges uniformly to zero on A . Hence by [1, Theorem 4.40],

for each ε > 0 there exist some 0 6 g ∈ E∗ such that (| f |−g)+(x) < ε , for all f ∈ A .

Also, |xn|
w
−→ 0 and so g(|xn|) → 0. Therefore

| f (xn)| 6 | f |(|xn|) = (| f |−g)+(|xn|)+ (| f | ∧g)(|xn|) 6 ε + g(|xn|) 6 2ε.

Since ε > 0 and f ∈ A are arbitrary, sup f∈A | f (xn)| → 0 which proves that A is an

Lp -limited set. �

Therefore, we can draw the following diagram:

p-(V)-set

��

+3 strong Lp-limited set
KS

(V )-set +3 Lp-limited set

THEOREM 3.4. If E∗ has the weak∗ sequentially continuous lattice operations,

then each Lp -limited set in E∗ is a strong Lp -limited set. The converse is also true, if

each order interval in E is weakly p-compact.

Proof. Just notice that if E∗ has the weak∗ sequentially continuous lattice opera-

tions, then each almost limited set in E is a limited set [5, Theorem 2.5]. This implies

that each Lp -limited set in E∗ is a strong Lp -limited set.

For the converse, if each Lp -limited set in E∗ is a strong Lp -limited set, we show

that E∗ has the weak∗ sequentially continuous lattice operations. From [5, Theorem

2.5] it is enough to show that each operator T : E → c0 is AM-compact. If T : E → c0

is an operator, then T is limited p -convergent and so T ∗(Bℓ1
) is an Lp -limited set. By

hypothesis, T ∗(Bℓ1
) is a strong Lp -limited set and then T is alpc. For each x ∈ E+ ,

an order interval [−x,x] is positively limited and by hypothesis, weakly p -compact in

E . By [10], T [−x,x] is relatively compact and so T : E → c0 is AM-compact. This

implies that E∗ has weak∗ -sequentially continuous lattice operations. �

The converse of Theorem 3.4 is false in general. Consider ℓ∞ . By the p -weak

DP∗ property, each strong Lp -limited set in ℓ∗∞ is a p -(V )-set, and so it is a strong Lp -

limited set. But ℓ∗∞ does not have the weak∗ sequentially continuous lattice operations.

We continue this section stating some useful operator characterizations of the properties

considered in this article. The identity operator on a Banach lattice E is:
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• p -convergent (abbr. pc) if and only if E has the p -Schur property.

• unconditionally convergent (abbr. uc) if and only if E has the 1-Schur property.

• limited p -convergent (abbr. lpc) if and only if E has the limited p -Schur prop-

erty.

• almost limited p -convergent (abbr. alpc) if and only if E has the strong limited

p -Schur property.

From Theorem 3.3, relations between alpc operators, lpc operators, uc operators and pc

operators are summarized as follows:

pc

��

+3 ucKS

alpc +3 lpc

The set of all p -convergent (resp. alpc) operators from E into X is denoted by

Lpc(E,X) (resp. Lal pc(E,X)). The p -weak DP ∗ property can be characterized by

means of alpc operators as follows:

THEOREM 3.5. For a Banach lattice E , the following are equivalent:

(a) E has the p-weak DP ∗ property.

(b) Every strong Lp -limited subset of E∗ is a p-(V )-set.

(c) For every Banach space X , Lpc(E,X) = Lal pc(E,X) .

(d) Lpc(E,c0) = Lal pc(E,c0) .

Proof. (a)⇒(b) Let B ⊂ E∗ be a strong Lp -limited set. If (xn) is a weakly p -

summable sequence in E , the assumption yields that (xn) is an almost limited sequence

in E , and hence supx∗∈B |x
∗(xn)| → 0. Thus B is a p -(V )-set.

(b) ⇒ (c) Let X be an arbitrary Banach space. If T : E → X is an alpc operator,

then T ∗(BX∗) is a strong Lp -limited set in E∗ . By the assumption, T ∗(BX∗) is a p -

(V )-set, and hence T is a p -convergent operator.

(c)⇒(d) Obvious.

(d) ⇒ (a) We show that for each weakly p -summable sequence (xn)
∞
n=1 in E ,

and disjoint weak∗ -null sequence (x∗n) in E∗ , x∗n(xn) → 0. From [21, Proposition 2.3],

the operator T : E → c0 defined by T x = ( fn(x)) , x ∈ E is alpc and by hypothesis, it

is p -convergent. Hence | fn(xn)| 6 ‖Txn‖ → 0 which implies that E has the p -weak

DP ∗ property. �

COROLLARY 3.6. For a Banach lattice E with the property (d), the following

assertions are equivalent:

(a) E has the p-weak DP∗ property,

(b) each positive operator T : E → F is p-convergent, for each Banach lattice F

with the strong limited p-Schur property and property (d).
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Proof. (a) ⇒ (b) Let T : E → F be a positive operator between two Banach

lattices E and F such that F has the strong limited p -Schur property. It follows

from [5, Theorems 2.7 & 2.11] that T takes each almost limited set A in E to an

almost limited set in F . By [5, Theorem 3.6], each almost limited set in F is relatively

compact. Hence for each almost limited set A in E , the set T (A) is a relatively compact

set in F and so it is alpc. Then T ∗(BF∗) is a strong Lp -limited set, and by Theorem

3.5 it is a p -(V )-set, and hence T is a p -convergent operator.

(b) ⇒ (a) Assume that E does not have the p -weak DP∗ property. Then there

are a disjoint weak∗ -null sequence (x∗n) in E∗ , and a weakly p -summable sequence

(xn) in E , and some ε > 0 with |x∗n(xn)| > ε > 0, for all n . Since F has the property

(d), (|x∗n|) is weak∗ null in E∗ , and so we may assume that (x∗n) is positive. Hence

the positive operator T : E → c0 defined by T (x) = (x∗n(x)) for all x ∈ E , is not p -

convergent, and this is a contradiction. �

Note that by corollary 3.6, the positivity of the operator T cannot be removed.

Although, L1[0,1] has the p -weak DP∗ property, and c0 has the strong limited p -

Schur property and property (d), but an operator T : L1[0,1] → c0 defined as

T f =

(

∫ 1

0
f (t)rn(t)dt

)

for all f ∈ L1[0,1],

where rn(t) is the n th Rademacher function on [0,1] , is not p -convergent. Indeed,

(rn(t))
∞
n=1 is weakly p -summable in L1[0,1] for all 2 6 p , but ‖Trn‖ = 1, n ∈ N .

Unlike L -limited sets, which cannot be relatively compact unless the space is finite

dimensional, the situation is different for strong Lp -limited sets.

PROPOSITION 3.7. If BE is a weakly p-precompact set and E has the p-weak

DP∗ property, then each strong Lp -limited set in E∗ is relatively compact.

Proof. Since the closed unit ball BE is a weakly p -precompact set, each Lp -set in

E∗ is relatively compact [22, Corollary 27]. By the p -weak DP∗ property, each strong

Lp -limited set in E∗ is an Lp -set and so relatively compact. �

Similar to [29, Theorem 2.2], it can be proved that each disjoint (or positive)

weak∗ -null sequence in the dual of a Banach lattice is a strong Lp -limited set. Just

notice that from [21], each disjoint operator T : E → c0 is alpc.

THEOREM 3.8. Let E be a Banach lattice. The following are equivalent:

(a) Each strong Lp -limited set in E∗ is relatively compact.

(b) E has the dual Schur property and E does not contain a copy of ℓ1 .

Proof. (a) ⇒ (b) To prove that that E has the dual Schur property, it is sufficient

to show that BE is an almost limited set, or equivalently every disjoint operator T : E →
c0 is compact, see [21, Proposition 2.3]. Let T : E → c0 be a disjoint operator. Then

T takes each weakly p -compact almost limited subset of E into a relatively compact
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set in c0 , and so it is alpc, see [7, 21]. Hence T ∗(Bℓ1
) is a strong Lp -limited set in E∗

and by hypothesis (a), it is relatively compact. Hence T ∗ and so T are compact, which

implies that E has the dual Schur property.

For the second part, we know that each L -set in E∗ is relatively compact if and

only if E does not contain a copy of ℓ1 . Hence if each strong Lp -limited set in E∗

is relatively compact, then each L -set in E∗ is relatively compact and so E does not

contain a copy of ℓ1 .

(b) ⇒ (a) Let A be a strong Lp -limited set in E∗ . Since E has the dual Schur

property, BE is an almost limited set and so each strong Lp -limited set in E∗ is an

L -set. On the other hand E does not contain a copy of ℓ1 and each L -set in E∗ is

relatively compact. Hence A is relatively compact. �

Note that weakly compact operators and alpc operators are different in general.

For instance, IdL2(−π ,π) is a weakly compact operator which is not alpc. Also, Idc is

an alpc operator which is not weakly compact.

THEOREM 3.9. For a Banach lattice E , the following are equivalent:

(a) relatively weakly compact sets and strong Lp -limited sets coincide in E∗ ,

(b) for each Banach space Y , Lal pc(E,Y ) = Lw(E,Y ),

(c) Lal pc(E, ℓ∞) = Lw(E, ℓ∞) .

Proof. First we show that each strong Lp -limited set in E∗ is relatively weakly

compact if and only if each alpc operator from E into each Banach space is weakly

compact.

(a)⇒ (b) Suppose that each strong Lp -limited set in E∗ is relatively weakly com-

pact and T : E → Y is alpc. Thus T ∗(BY ∗) is a strong Lp -limited set. By hypothesis, it

is relatively weakly compact and so T is a weakly compact operator.

(b) ⇒ (c) It is obvious.

(c) ⇒ (a) If there exists a strong Lp -limited set subset A of E∗ that is not rel-

atively weakly compact. So there is a sequence (x∗n) ⊂ A with no weakly convergent

subsequence. An operator T : E → ℓ∞ defined by T x = (〈x,x∗n〉) , x ∈ E is alpc, but it is

not weakly compact. Similarly, it is can be proved that each relatively weakly compact

set in E∗ is a strong Lp -limited set and this finishes the proof. �

As a result of Theorem 3.9, we show that if each strong Lp -limited set in the

dual of a Banach lattice is relatively weakly compact, then this property is carried only

by its positively complemented sublattices. Consider c0,c as closed sublattices of ℓ∞ .

Since ℓ∞ is a Grothendieck Banach lattice, each strong Lp -limited set in ℓ∗∞ is relatively

weakly compact, but strong Lp -limited sets in c∗ = c∗0 = ℓ1 cannot be relatively weakly

compact. A closed subspace V of E is positively complemented if there is a positive

projection P on E whose range is V .

COROLLARY 3.10. Let F be a positively complemented sublattice of a Banach

lattice E and F has the property (d). If each strong Lp -limited set in E∗ is relatively
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weakly compact, then every strong Lp -limited set in F∗ is relatively weakly compact

too.

Proof. From Theorem 3.9, we must show that each alpc operator T : F → ℓ∞ is

weakly compact. Let P : E → E be a positive projection whose range is F . Since P is

positive and F has the property (d), for each weakly p -summable and almost limited

sequence (xn) in E , (Pxn) is weakly p -summable and almost limited in F . On the

other hand, T : F → ℓ∞ is alpc and so ‖T Pxn‖ → 0; that is, T P : E → ℓ∞ is alpc. By

hypothesis, each strong Lp -limited set in E∗ is relatively weakly compact, and so TP

is weakly compact. Hence T is weakly compact. �

A Banach lattice E has the weak Grothendieck property if each disjoint weak∗ -

null sequence in E∗ is weakly null. From [34, Proposition 1.3], each Banach lattice

with the weak Grothendieck property has the property (d). The Banach lattice c does

not have the weak Grothendieck property, but ℓ1 has the weak Grothendieck property

[21]. In general, we can see that in each σ -Dedekind complete Banach lattice E such

that E∗ has order continuous norm, weak Grothendieck and Grothendieck properties

coincide [27, Proposition 1.1.8 & Theorem 5.3.13].

THEOREM 3.11. Let E be a Banach lattice. The following are equivalent:

(a) Each strong Lp -limited set in E∗ is relatively weakly compact.

(b) E has the weak Grothendieck property and E∗ has order continuous norm.

Proof. (a)⇒ (b) If each strong Lp -limited set in E∗ is relatively weakly compact,

then each L -set in E∗ is relatively weakly compact and so by [3, Theorem 3.1], E∗ has

order continuous norm.

To prove that E has the weak Grothendieck property, it is enough to show that

every disjoint operator T : E → c0 is weakly compact; see [21, Proposition 2.2]. For

this, let T : E → c0 be a disjoint operator. Then by [21, Proposition 2.3], T is alpc

and so T ∗(Bℓ1
) is strong Lp -limited set in E∗ . By hypothesis (a), T ∗(Bℓ1

) is relatively

weakly compact. Hence T ∗ and so T are weakly compact. This implies that E has the

weak Grothendieck property.

(b) ⇒ (a) From Theorem 3.9, we must show that each alpc operator on E is

weakly compact. From [27, Theorem 5.3.13], we show that alpc operator on E is order

weakly compact. Let (xn) be a disjoint sequence of [0,x] , and x ∈ E+ . Then (xn)
is a weakly p -summable, and almost limited sequence in E (by the property (d) of

E ). Since T is alpc, ‖Txn‖ → 0. This implies that T is order weakly compact and

so it is weakly compact. Thus each strong Lp -limited set in E∗ is relatively weakly

compact. �

It follows from Theorem 3.11 that, each strong Lp -limited set in the dual of a

Grothendieck Banach lattice is relatively weakly compact. For the converse see the fol-

lowing proposition. Recall that E has the Interpolation property (I), if for all sequences

(xn) and (ym) in E such that xn 6 ym , for all m,n , there is an element u ∈ E satisfying

xn 6 u 6 ym , for all m,n .
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PROPOSITION 3.12. Suppose that each strong Lp -limited set in E∗ is relatively

weakly compact. If at least one of the following cases holds, then E is Grothendieck.

1. E∗ has weak∗ sequentially continuous lattice operations.

2. E has the interpolation property (I).

Proof. (1) If E∗ has weak∗ sequentially continuous lattice operations, then from

[5], each almost limited set in E is limited and so each Lp -limited set in E∗ is a strong

Lp -limited set. Since by our hypothesis, each strong Lp -limited set in E∗ is relatively

weakly compact, each Lp -limited set in E∗ is relatively weakly compact. To prove that

E is Grothendieck, let T : E → c0 be an operator. Since c0 has the limited p -Schur

property, T is lpc. Then T ∗(Bℓ1
) is an Lp -limited set and so relatively weakly compact

in E∗ . Hence T ∗ and so T are weakly compact. Hence E is Grothendieck.

(2) We know that each positive operator T : E → c0 is alpc and so T ∗(Bℓ1
)

is a strong Lp -limited set in E∗ . If each strong Lp -limited set in E∗ is relatively

weakly compact, then T ∗ and so T are weakly compact. Hence E has the positive

Grothendieck property [34]. Hence by the interpolation property (I), and [27, Theorem

5.3.13], E is Grothendieck. �

4. Positive strong limited p -Schur property

In this section the concept of the positive strong limited p -Schur property is con-

sidered. Also, with respect to the class of disjoint almost limited p -convergent opera-

tors, some operator characterizations are obtained.

DEFINITION 4.1. A Banach lattice E has the positive strong limited p-Schur

property if each disjoint almost limited sequence (xn) ∈ ℓw
p(E) is norm null.

Each Banach lattice with the strong limited p -Schur property has the positive

strong limited p -Schur property, but the converse is false. L1[0,1] has the positive

Schur property and so it has the positive strong limited p -Schur property, while it does

not have the strong limited p -Schur property. Now it is a natural question to ask under

what conditions these properties will be equivalent?

THEOREM 4.2. Let E be a Banach lattice such that E∗ has the weak∗ sequen-

tially continuous lattice operations. Then the following assertions are equivalent:

(a) E has the strong limited p-Schur property,

(b) E has the positive strong limited p-Schur property,

(c) E has the limited p-Schur property.

Proof. (a) ⇒ (b) Obvious.

(b) ⇒ (c) Since E∗ has the weak∗ sequentially continuous lattice operations, E

has the property (d), see [26]. We show that E has order continuous norm: In fact, let



STRONG Lp -LIMITED SETS 119

(xn) be an order bounded disjoint sequence in E . Then (xn) is a weakly p -summable

and almost limited sequence in E , by the property (d). It follows from the positive

strong limited p -Schur property that ‖xn‖ → 0; that is E has order continuous norm.

Hence E has then limited p -Schur property.

(c) ⇒ (a) Let A be an almost limited weakly p -compacts subset of E . Then

A is positively limited; see [5, Theorem 2.6]. Since E∗ has the weak∗ sequentially

continuous lattice operations, by [5, Theorem 2.5], A is limited. By the limited p -

Schur property of E , A is relatively compact, and so E has the strong limited p -Schur

property. �

We show that it is under the σ -Dedekind completeness that the positive strong

limited p -Schur property coincide with the limited p -Schur property:

THEOREM 4.3. Let E be a σ -Dedekind complete Banach lattice. Then the fol-

lowing assertions are equivalent:

(a) E has the positive strong limited p-Schur property,

(b) E has the limited p-Schur property.

Proof. (a) ⇒ (b) Since ℓ∞ does not have the positive strong limited p -Schur

property, E does not contain a copy of ℓ∞ . On the other hand, E is σ -Dedekind

complete and by [27, Corollary 2.4.3], it has order continuous norm. Hence E has the

limited p -Schur property.

(b) ⇒ (a) Let (xn) be a disjoint almost limited weakly p -summable sequence in

E . Since E is a σ -Dedekind complete Banach lattice, it follows from [5, Theorem 2.8]

that (xn) is limited. Hence by our hypothesis, ‖xn‖→ 0 which implies that E has the

positive strong limited p -Schur property. �

In order to establish some operator characterizations of the positive strong limited

p -Schur property, define the class of disjoint almost limited p -convergent operators as

follows:

DEFINITION 4.4. A bounded linear operator T : E → X from a Banach lattice E

into a Banach space X is disjoint almost limited p -convergent (abbr. dalpc) if T carries

disjoint almost limited weakly p -summable sequences of E to norm null sequences of

X .

It is clear that alpc operators and disjoint p -convergent operators on a Banach

lattice E are dalpc. However, IdL1[0,1] is dalpc but it is not alpc. Also IdC[0,1] is dalpc

but it is not disjoint p -convergent.

THEOREM 4.5. For a Banach lattice E the following statements are equivalent:

(a) E has the positive strong limited p-Schur property,

(b) Ldal pc(E,Y ) = L (E,Y ), for each Banach space Y ,
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(c) Ldal pc(E, ℓ∞) = L (E, ℓ∞).

Proof. It suffices to prove that (c) ⇒ (a) Assume to the contrary that E does

not have the positive strong limited p -Schur property. Then there exists a weakly p -

summable and disjoint almost limited sequence (xn) in E such that ‖xn‖ = 1 for all

n . Choose a normalized sequence (x∗n) in E∗ such that |〈xn,x
∗
n〉| = 1 for all n . The

operator T : E → ℓ∞ defined by T x = (〈x,x∗n〉) , x ∈ E is not dalpc. This leads to a

contradiction. �

It is also a natural question to know which condition should be added so that the lpc

operator is a dalpc operator and vice versa. The σ -Dedekind completeness is needed

to answer this question and obtain the following characterization.

THEOREM 4.6. Let X be a Banach space and E be a σ -Dedekind complete Ba-

nach lattice. Then for an operator T : E → X , the following statements are equivalent:

(a) T is an lpc operator,

(a) T is a dalpc operator,

Proof. (a) ⇒ (b) Let T : E → X be an lpc operator and E is σ -Dedekind com-

plete. To show that T is dalpc, let (xn) be a disjoint almost limited weakly p -summable

sequence in E . Since E is a σ -Dedekind complete Banach lattice, it follows from [5,

Theorem 2.8] that (xn) is limited. Since T is lpc, ‖Txn‖→ 0 which implies that T is

dalpc.

(b) ⇒ (a) First we show that T is order weakly compact. For this, let (xn) be

an arbitrary order bounded disjoint sequence in E . Then (xn) is weakly p -suammble

and almost limited, by the property (d). Therefore, ‖Txn‖ → 0. This implies that T

is order weakly compact, see [1, Theorem 5.57]. Therefore by [1, Theorem 5.58], T

admits a factorization through a Banach lattice F with order continuous norm.

E
T //

Q ��?
??

??
??

X

F

S

??�������

such that Q : E → F is a lattice homomorphism (cf. [1, Theorem 5.58]). Since each

Banach lattice with order continuous norm has the limited p -Schur property, for each

limited weakly p -summable sequence (xn) in E , (Qxn) is norm null and so ‖Txn‖ =
‖SQxn‖→ 0. This implies that T is lpc. �

Note that by [7], every weakly p -summable almost limited sequence in C[0,1],c
is norm null. That is, the identity operator on these two spaces is dalpc while it is not

order weakly compact. From Theorem 4.6, in each Banach lattice with the property (d),
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we have the following diagram.

alpc //

""EE
EE

EE
EE

lpc

dalpc

<<zzzzzzzz

It is clear that each M -weakly compact operator T : E → X is dalpc. It follows

from Theorem 4.6 and [34, Proposition 2.7] that each dalpc operator T : E → X from a

Banach lattice E with the property (d) and the dual positive Schur property to a Banach

space X , is M -weakly compact.

Let’s examine where lpc operators, dalpc operators and alpc operators are the

same? Recall that for each operator T from a Banach lattice E into a Banach space X ,

the lattice semi-norm qT on E is defined by qT (x) = sup|z|6|x| ‖Tz‖ for all x ∈ E . Note

that qT is continuous for the norm of E . The reader can see the lattice semi-norm qT

on E in [27]. We can go quite further for σ -Dedekind complete almost limited weak

p -consistent Banach lattices.

THEOREM 4.7. Let T : E → F be an operator. Suppose that E is σ -Dedekind

complete almost limited weak p-consistent. Then for all p > 2 , the following assertions

are equivalent:

(a) T is a lpc operator,

(b) T is a dalpc operator,

(c) T is order weakly compact and each weakly p-compact almost limited subset

of E is approximately order bounded with respect to the lattice seminorm qT

(which qT is defined in [27]),

(d) T is an alpc operator.

Proof. (a) ⇔ (b) It follows from Theorem 4.6.

(b) ⇒ (c) First note that by Theorem 4.6, T is order weakly compact. Now,

let W be a weakly p -compact almost limited subset of E and ε > 0. We show that

qT (xn) → 0 for each disjoint sequence (xn) in the solid hull A of W . For this, note

that qT (xn) = sup{‖Ty‖ : |y| 6 |xn|} and so for each n there is yn in A with |yn|6 |xn|
and qT (xn) 6 2‖Tyn‖ . It follows from Theorem 3.6 of [20] that (xn) is weakly p -

summable and also almost limited by property (d). On the other hand, the sequence

(yn) is a disjoint sequence in the solid hull of (xn) . From (a), ‖Tyn‖ → 0 which

implies that qT (xn) → 0. Thus by [1, Theorem 13.5], there exists some u ∈ E+ in the

order ideal generated by A , such that qT ((|x|−u)+)) 6 ε , for all x ∈W . Therefore W

is approximately order bounded with respect to the lattice seminorm qT .

(c) ⇒ (d) Let (xn) be an almost limited weakly p -summable sequence in E .

Since each weakly p -compact almost limited subset of E is approximately order boun-

ded with respect to qT , there exists some u ∈ E+ such that ‖T (xn − u)+‖ < ε
2

for all

n . On the other hand, E is almost limited weak p -consistent, and so (|xn|) is an almost
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limited weakly p -summable sequence in E . Then we can assume that (xn) is positive,

replacing (xn) with (|xn|) if necessary. Since (xn ∧ u) is an order bounded positive

sequence in E and T is order weakly compact, by [27, Corollary 3.4.9], ‖T (xn∧u)‖ <
ε
2

for all n . Hence ‖T (xn)‖ 6 ‖T (xn −u)+‖+‖T(xn ∧u)‖ < ε for all n . This implies

that ‖T (xn)‖→ 0 and so T is alpc.

(d) ⇒ (a) It is clear. �

From Theorem 4.7, in each almost limited weak p -consistent Banach lattice with

the property (d), dalpc operators and alpc operators are the same. In each σ -Dedekind

complete almost limited weak p -consistent Banach lattice, for all p > 2, we have the

following diagram:

alpc oo //
cc

##FFFFFFFF lpc

dalpc
||

<<yyyyyyyy

THEOREM 4.8. For a Banach lattice E , the following statements are equivalent:

(a) E has the positive strong limited p-Schur property.

(b) Every disjoint (positive) operator T : E → ℓ∞ is dalpc.

Proof. (a) ⇒ (b) Obvious. In this case, each operator T : E → ℓ∞ is dalpc.

(b) ⇒ (a) Let (xn) be a disjoint almost limited weakly p -summable sequence in

E , but ‖xn‖ = 1 for all n . Then (xn) is weakly null and so by [34, Proposition 1.3],

|xn|
w
−→ 0. Hence by [16, Corollary 2.6], there is bounded disjoint positive sequence (x∗n)

in E∗ and an ε > 0 such that x∗n(xn) > ε , for all n . The disjoint (positive) operator

T : E → ℓ∞ by T x = (〈x,x∗n〉) , x ∈ E is not dalpc and this leads to a contradiction. �

The disjoint DP∗ property was defined by replacing disjoint weakly null sequences

in the definition of the DP∗ property with weakly null sequences in [38]. The following

definition arises naturally by doing the same with the definition of the p -weak DP∗

property introduced in [9].

DEFINITION 4.9. A Banach lattice E has the disjoint p-weak DP∗ property, if

for every weakly p -summable disjoint sequence (xn) in E and every disjoint weak∗

null sequence ( fn) in E∗ , fn(xn) → 0.

In other words, E has the disjoint p -weak DP∗ property if and only if each disjoint

weakly p -summable sequence in E is almost limited. Each Banach lattice with the p -

weak DP∗ property has the disjoint p -weak DP∗ property too. In fact, we have the

following diagram:

p-DP∗ //

!!CC
CC

CC
CC

disjoint p-weak DP∗

p-weak DP∗

88qqqqqqqqqq
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THEOREM 4.10. For a Banach lattice E , the following statements are equivalent:

(a) E has the disjoint p-weak DP ∗ property,

(b) Every disjoint operator T : E → c0 is disjoint p-convergent.

Proof. (a) ⇒ (b) If E has the disjoint p -weak DP ∗ property, then each disjoint

weakly p -summable sequence in E is almost limited. From [21, Proposition 2.3], each

disjoint operator T : E → c0 is alpc, and so it is dalpc. Hence for each each disjoint

weakly p -summable sequence (xn) in E , we have ‖T xn‖→ 0 which implies that T is

disjoint p -convergent.

(b) ⇒ (a) Let (xn)
∞
n=1 be a disjoint weakly p -summable sequence in E , and let

(x∗n)
∞
n=1 be a disjoint sequence in E∗ satisfying x∗n

w∗

−→ 0. By hypothesis, the disjoint

operator T : E → c0 defined by T x =(x∗n(x)) , x∈E is disjoint p -convergent, and hence

|x∗n(xn)|6 ‖T xn‖→ 0. This implies that E has the disjoint p -weak DP ∗ property. �

The following theorem gives an operator characterization for the disjoint p -weak

DP∗ property. It is clear that each disjoint p -convergent operator is dalpc.

THEOREM 4.11. For a Banach lattice E the following assertions are equivalent.

(a) E has the disjoint p-weak DP ∗ property,

(b) Ldal pc(E,Y ) = Ld pc(E,Y ), for each Banach space Y ,

(c) Ldal pc(E,c0) = Ld pc(E,c0).

Proof. (a) ⇒ (b) Let T ∈ Ldl pc(E,X) , and let (xn)
∞
n=1 be a disjoint weakly p -

summable sequence in E . Since E has the disjoint p -weak DP∗ property, (xn) is

almost limited in E and by hypothesis, ‖T (xn)‖ → 0. This implies that T is disjoint

p -convergent.

(b) ⇒ (c) Obvious.

(c) ⇒ (a) Let (xn)
∞
n=1 be a disjoint weakly p -summable sequence in E , and let

(x∗n)
∞
n=1 be a disjoint sequence in E∗ satisfying x∗n

w∗

−→ 0. By [21], the operator T : E →
c0 defined by T x = (x∗n(x)) , x ∈ E is alpc and so dalpc. Hence | fn(xn)| 6 ‖Txn‖ holds

for all n ∈ N and E has the disjoint p -weak DP ∗ property. �

Some results concerning the p -positive Schur property are discussed in [38]. We

conclude this section by stating another characterization for the p -positive Schur prop-

erty, inspired by [9, Proposition 3.7]. It is under the p -weak DP∗ property that the

strong limited p -Schur property coincide with the p -Schur property.

COROLLARY 4.12. Let E be a Banach lattice. Then the following assertions are

equivalent:

(a) E has the p-positive Schur property,
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(b) E has the positive strong limited p-Schur property and the disjoint p-weak DP∗

property.

Proof. (a) ⇒ (b) Obvious.

(b) ⇒ (a) It is enough to show that for disjoint positive weakly p -summable

sequence (xn) in E , ‖xn‖ → 0. To this end, note that since E has the disjoint p -

weak DP∗ property, the sequence (xn) is almost limited. On the other hand, E has the

positive strong limited p -Schur property and so ‖xn‖→ 0. Thus E has the p -positive

Schur property. �

Finally, note that although several classes of sets in the dual of Banach spaces,

and especially in the dual of Banach lattices have been introduced and studied in

[4, 23, 24, 25], but a class of strong Lp -limited sets in the dual of Banach lattices

can have important results in functional analysis and operator theory. By introducing

a class of strong Lp -limited sets in the dual of Banach lattices and their relationship

to other well-known sets, several operator characterizations are considered. Also using

disjoint sequences in Banach lattices, some classes of operators are defined that can

be characterize the positive strong limited p -Schur property and disjoint p -weak DP∗

property. The relationship between some classes of operators such as p -convergent

operators, almost limited p -convergent operators, limited p -convergent operators, dis-

joint limited p -convergent operators and unconditionally p -convergent operators are

shown in some diagrams. Considering that every (V )-set in the dual of a Banach lat-

tice is an Lp -limited set (Theorem 3.3), the relationship between the strong Lp -limited

sets with different class of sets is also considered. Since in operator theory, the con-

nection between different classes of known operators as well as known sets can lead to

good results, these have been widely used in this article. To make it easier for the reader

to find the concepts used in the article, we have created the following table at the end

of this article.

A summary table of key definitions

Since the numerous definitions and abbreviations make the text dense and some-

times hard to follow, a summary table of key definitions would enhance readability. We

have created the following table that may be helpful to readers.

Name Definition Abbreviation

limited set C ⊂ X norm bounded; every

weak∗-null sequence in X∗

converges uniformly to 0 on C.

–

Dunford-Pettis set Same as above, but with the

weakly null sequence.

DP
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almost limited set C ⊂ E norm bounded; every

disjoint weak∗-null sequence in

E∗ converges uniformly to 0 on

C.

–

almost DP set Same as above, but with the

disjoint weakly null sequence.

–

L-limited set of order p A ⊂ X∗; for every limited

weakly p-summable sequence

(xn) in X , sup f∈A | f (xn)| → 0.

Lp-limited set

strong L-limited set

of order p

A ⊂ E∗; for every almost

limited weakly p-summable

sequence (xn) in E ,

sup f∈A | f (xn)| → 0.

strong Lp-limited set

(V )-set A ⊂ X∗; for every every

w.u.c. series ∑xn in X ,

sup f∈A | f (xn)| → 0.

(V )-set

p-(V)-set or (weakly

p-L-set)

For every weakly p-summable

sequence in X converges uni-

formly to 0 on A.

p-(V )-set

Gelfand-Phillips

property

Every limited set in X is rela-

tively compact.

GP property

relatively compact DP

property

Every DP set in X is relatively

compact.

DPrcP

DP∗ property Every relatively weakly com-

pact set in X is limited.

DP∗ property

DP property Every relatively weakly com-

pact set in X is DP.

–

Schur property Every weakly null sequence in

X is norm null.

–

Grothendieck property Every weak∗-null sequence in

X∗ is weakly null.

–

strong GP property Every almost limited set in E is

relatively compact.

–

strong DPrcP Every almost DP set in E is rel-

atively compact.

–



126 ARDAKANI AND ZABIHINPOUR

weak DP∗ property Every relatively weakly com-

pact set in E is almost limited.

–

weak DP property Every relatively weakly com-

pact set in E is almost DP.

–

DP∗ property of order p Every relatively weakly

p-compact set in X is limited.

p-DP∗ property

Schur property of order

p

Every weakly p-summable

sequence in X is norm null.

p-Schur property

limited p-Schur prop-

erty or GP property of

order p

Every limited weakly p-sum-

mable sequence in X is norm

null.

p-GP property

weak DP∗ property of

order p

Every weakly p-summable se-

quence in E is almost limited.

p-weak DP∗ property

positive Schur property

of order p

Every weakly p-summable se-

quence in E+ is norm null.

p-positive Schur

property

strong limited p-Schur

property

Every almost limited weakly

p-summable sequence in E is

norm null.

–

positive strong limited

p-Schur property

Every disjoint almost limited

weakly p-summable sequence

in E is norm null.

–

disjoint p-weak DP∗

property

For every disjoint weakly p-

summable sequence (xn) in E

and every disjoint weak∗-null

sequence ( fn) in E∗, one has

fn(xn) → 0.

–

order weakly compact ‖T (xn)‖ → 0 for every or-

der bounded disjoint sequence

(xn) ⊂ E .

–

unconditionally

convergent

‖T (xn)‖ → 0 for every weakly

1-summable sequence (xn)⊂ X

(or every w.u.c. series ∑xn in

X).

uc

p-convergent ‖T (xn)‖ → 0 for every weakly

p-summable sequence (xn) ⊂
X .

pc
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disjoint almost limited

p-convergent operator

‖T (xn)‖ → 0 for every dis-

joint almost limited weakly p-

summable sequence (xn) ⊂ E .

dalpc

limited p-convergent

operator

‖T (xn)‖ → 0 for every limited

weakly p-summable sequence

(xn) ⊂ X .

lpc

R E F E R E N C E S

[1] C. D. ALIPRANTIS AND O. BURKISHAW, Positive Operators, Academic Press, New York, London,

1978.

[2] B. AQZZOUZ AND A. ELBOUR, Some characterizations of almost Dunford–Pettis operators and ap-

plications, Positivity 15 (2011), 369–380.

[3] B. AQZZOUZ AND K. BOURAS, Dunford-Pettis sets in Banach lattices, Acta Math. Univ. Comenianae,

81 (2012), 185–196.

[4] B. AQZZOUZ AND K. BOURAS, L -sets and almost L -sets in Banach lattices, Quaestiones Mathe-

maticae, 36 (2013), 107–118.

[5] H. ARDAKANI AND J. X. CHEN, Positively limited sets in Banach lattices, J. Math. Anal. Appl. 526

(1) (2023), 127220, https://doi.org/10.1016/j.jmaa.2023.127220 .

[6] H. ARDAKANI AND J. X. CHEN, Two classes of operators related to positively limited sets on Banach

lattices, Quaestiones Mathematicae, 47 (3) (2024),

https://doi.org/10.2989/16073606.2023.2252180 .

[7] H. ARDAKANI, S. M. MOSHTAGHIOUN, S. M. S. MODARRES MOSADEGH AND M. SALIMI, The

strong Gelfand-Phillips property in Banach lattices, Banach J. Math. Anal. 10 (2016), 15–26.

[8] H. ARDAKANI AND S. M. S. MODARRES MOSADEGH, Strong relatively compact Dunford-Pettis

property in Banach lattices, Ann. Funct. Anal. 7 (2016), 270–280.

[9] H. ARDAKANI AND KH. TAGHAVINEJAD, The strong limited p-Schur property in Banach lattices,

OaM. 16 (2022), 811–825.

[10] H. ARDAKANI AND F. VALI, On almost limited p-convergent operators on Banach lattices, Positiv-

ity, 28 (2024), https://doi.org/10.1007/s11117-024-01040-9 .

[11] G. BOTELHO AND J. L. P. LUIZ, On the Schur, positive Schur and weak Dunford-Pettis properties in

Frechet lattices, Ann. Fenn. Math. 46 (2021), 633–642.

[12] J. CASTILLO AND F. SANCHEZ, Dunford-Pettis-like Properties of Continuous Vector Function

Spaces, Revista Mathematica 6 (1993), 43–59.

[13] J. X. CHEN, Z. L. CHEN AND G. X. JI, Almost limited sets in Banach lattices, J. Math. Anal. Appl.

412 (2014), 547–563.

[14] Z. L. CHEN AND A. W. WICKSTEAD, Relative weak compactness of solid hulls in Banach lattices,

Indag. Mathem. N.S. 9 (1995), 187–196.

[15] J. DIESTEL, Sequences and Series in Banach Spaces, Graduate Texts in Math. 92, Springer-Verlag,

Berlin, 1984.

[16] P. G. DODDS AND D. H. FREMLIN, Compact operators in Banach lattices, Isr. J. Math. 34 (1979),

287–320.

[17] G. EMMANUELE, Banach spaces in which Dunford-Pettis sets are relatively compact, Arch. Math. 58

(1992), 477–485.

[18] G. EMMANUELE, A dual characterization of Banach spaces not containing ℓ1 , Bull. Pol. Acad. Sci.

Math. 34 (1986), 155–160.

[19] G. EMMANUELE, On Banach spaces with the Gelfand–Phillips property, III, J. Math. Pures Appl. 72

(1993), 327–333.

https://doi.org/10.1016/j.jmaa.2023.127220
https://doi.org/10.2989/16073606.2023.2252180
https://doi.org/10.1007/s11117-024-01040-9


128 ARDAKANI AND ZABIHINPOUR

[20] P. GALINDO AND V. C. C. MIRANDA, Some properties of p -limited sets, Proc. Amer. Math. Soc.

152 (2) (2024), 749–763.

[21] P. GALINDO AND V. C. C. MIRANDA, Grothendieck-type subsets of Banach lattices, J. Math. Anal.

Appl. 506 (2022), 1–14.

[22] I. GHENCIU, The p-Gelfand-Phillips property in spaces of operators and Dunford-Pettis type like

sets, Acta Math. Hungar. 155, (2018) 439–457.

[23] I. GHENCIU, Some classes of Banach spaces and complemented subspaces of operators, Adv. Oper.

Theory, 4 (2019), 369–387.

[24] M. L. LOURENCO AND V. C. C. MIRANDA, The property (d) and almost limited completely contiu-

nous operators, Analysis Math. 49 (2023), 225–241.

[25] T. LEAVELLE, The Reciprocal Dunford-Pettis and Radon-Nikodym properties in Banach lattices,

Ph.D. Thesis, 1984.

[26] N. MACHRAFI, A. ELBOUR AND M. MOUSSA, Some characterizations of almost limited sets and

applications, arXiv:1312.2770v1.

[27] P. MEYER-NIEBERG, Banach Lattices, Universitext, Springer-Verlag, Berlin, 1991.

[28] C. PALAZUELOS, E. A. SANCHEZ PEREZ AND P. TRADACETE, Maurey-Rosenthal factorization for

p-summing operators and Dodds-Fremlin domination, J. Operator Theory. 68 (2012), 205–222.

[29] M. SALIMI AND S. M. MOSHTAGHIOUN, A new class of Banach spaces and its relation with some

geometric properties of Banach spaces, Hindawi Publishing Corporation, Abstract and Applied Anal-

ysis, 2012.

[30] M. SALIMI AND S. M. MOSHTAGHIOUN, The Gelfand-Phillips property in closed subspaces of some

operator spaces, Banach J. Math. Anal. 2 (2011), 84–92.

[31] J. A. SANCHEZ, Positive Schur property in Banach lattices, Extr. Math., 7, (1992), 161–163.

[32] A. W. WICKSTEAD, Converses for the Dodds-Fremlin and Kalton-Saab theorems, Math. Proc. Camb.

Phil. So. 120 (1996), 175–179.

[33] W. WNUK, Banach Lattices with Order Continuous Norms, Polish Scientific Publishers PWN, War-

saw, 1999.

[34] W. WNUK, On the dual positive Schur property in Banach lattices, Positivity 2 (2012), 759–773.

[35] W. WNUK, Banach lattices with the weak Dunford–Pettis property, Atti Semin. Mat. Fis. Univ. Mod-

ena 42 (1994), 227–236.

[36] Y. WEN, JI. CHEN, Characterizations of Banach spaces with relatively compact Dunford-Pettis sets,

Advances in Mathematics, 45 (2016), 122–132.

[37] B. XIANG, J. X. CHEN AND L. LI, Weak precompactness in Banach lattices, Positivity 26 (2022),

Issue 1, Article 4, https://doi.org/10.1007/s11117-022-00873-6 .

[38] E. ZEEKOEI, Classes of Dunford-Pettis-type operators with applications to Banach spaces and Banach

lattices, Ph.D. Thesis, 2017.

(Received December 13, 2024) Halimeh Ardakani

Department of Mathematics

Payame Noor University

P.O. Box 19395-3697, Tehran, Iran

e-mail: ardakani@pnu.ac.ir

halimeh ardakani@yahoo.com

Maryam S. Zabihinpour Jahromi

Department of Mathematics

Payame Noor University

P.O. Box 19395-3697, Tehran, Iran

e-mail: mzabihi@student.pnu.ac.ir

Operators and Matrices

www.ele-math.com

oam@ele-math.com

https://doi.org/10.1007/s11117-022-00873-6

	Notation and preliminaries
	Strong L-limited sets of order p
	Strong Lp-limited sets and spaces of operators
	Positive strong limited p-Schur property

