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A HENRY-GRONWALL TYPE WEAKLY SINGULAR INTEGRAL
INEQUALITY WITH “MAXIMA” AND ITS APPLICATION
TO FRACTIONAL CAPUTO DIFFERENTIAL EQUATIONS

NIRMALA M. MORADE® AND ASHOK P. BHADANE

Abstract. This study delves into some new Henry-Gronwall-type weakly singular integral in-
equality with “maxima”. These inequalities generalize some former integral inequalities with
maxima. These inequalities can be used in the qualitative analysis such as existence, stabil-
ity, boundedness, uniqueness, and asymptotic behaviour of the solution of fractional differential
equations. Also, using the result the dependency of the solution on the function of a Caputo
fractional differential equation is discussed.

Mathematics subject classification (2020): 26D10, 26A33.
Keywords and phrases: Henry-Gronwall integral inequalities, fractional calculus, differential equation

with maxima, Caputo fractional, weakly singular kernel.

[1]
[2]
[3]
[4]
[5]
[6]

[7]
[8]
[9]
[10]

[11]
[12]

[13]

[14]

REFERENCES

R. ALMEIDA, A. B. MALINOWSKA, AND T. ODZIJEWICZ, An extension of the fractional Gronwall
inequality, in Conf. Non-Integer Order Calculus and Its Applications, Springer, Cham, (2018), 20-28.
D. BAINOV, V. PETROV, AND V. PROICHEVA, Oscillation of neutral differential equations with “max-
ima”, Rev. Math. 8 (1995), 171-180.

D. DELBOSCO AND L. RODINO, Existence and uniqueness for a nonlinear fractional differential
equation, J. Math. Anal. Appl. 204 (1996), no. 2, 609.

Z. DENTON AND A. S. VATSALA, Fractional integral inequalities and applications, Comput. Math.
Appl. 59 (2010), 1087-1094.

X. L. DING AND Y. L. JIANG, Semilinear fractional differential equations based on a new integral
operator approach, Commun. Nonlinear Sci. Numer. Simul. 17 (2012), no. 12, 5143-5150.

X. L. DING, C. L. DANIEL, AND J. J. NIETO, A new generalized Gronwall inequality with a double
singularity and its applications to fractional stochastic differential equations, Stoch. Anal. Appl. 37
(2019), no. 6, 1042-1056.

A. GOLEV, S. HRISTOVA, AND A. RAHNEV, An algorithm for approximate solving of differential
equations with “maxima”, Comput. Math. Appl. 60 (2010), no. 10, 2771-2778.

P. GONZALEZ AND M. PINTO, Convergent solutions of certain nonlinear differential equations with
maxima, Math. Comput. Model. 45 (2007), no. 1-2, 1-10.

J. HENDERSON AND S. HRISTOVA, Eventual practical stability and cone valued Lyapunov functions
for differential equations with “maxima”, Commun. Appl. Anal. 14 (2010), no. 3, 515.

J. HENDERSON AND S. HRISTOVA, Nonlinear integral inequalities involving maxima of unknown
scalar functions, Math. Comput. Model. 53 (2011), no. 5-6, 871-882.

D. HENRY, Geometric theory of semilinear parabolic equations, Springer, Berlin, 1981.

S. G. HRISTOVA AND K. STEFANOVA, Linear integral inequalities involving maxima of the unknown
scalar functions, Math. Inequal. Appl. 53 (2010), 381-394.

V. ILEA AND D. OTROCOL, Functional differential equations with maxima, via step by step contrac-
tion principle, Carpathian J. Math. 37 (2021), no. 2, 195-202.

0. KAHOULI, D. BOUCENNA, A. BEN MAKHLOUF, AND Y. ALRUWAILY, Some new weakly singu-
lar integral inequalities with applications to differential equations in frame of tempered ) -fractional
derivatives, Math. 10 (2022), no. 20, 3792.

© ey, , Zagreb
Paper FDC-16-02


http://dx.doi.org/10.7153/fdc-2026-16-02

22

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]

[36]

N. M. MORADE AND A. P. BHADANE

O. D. KICHMARENKO AND K. Y. SAPOZHNIKOVA, Full averaging scheme for differential equation
with maximum, Contemp. Anal. Appl. Math. 3 (2015), no. 1, 113-122.

A. A. KILBAS, H. M. SRIVASTAVA, AND J. J. TRUJILLO (Eds.), Theory and applications of frac-
tional differential equations, North-Holland Math. Stud., Vol. 204, Elsevier, Amsterdam, 2006.

M. MEDVED, A new approach to an analysis of Henry-type integral inequalities and their Bihari-type
versions, J. Math. Anal. Appl. 214 (1997), 349-366.

M. MEDVED, Integral inequalities and global solutions of semilinear evolution equations, J. Math.
Anal. Appl. 267 (2002), 643-650.

K. S. MILLER AND B. ROSS, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, New York, 1993.

D. P. MISHEV AND S. M. MUSA, Distribution of the zeros of the solutions of hyperbolic differential
equations with maxima, Rocky Mt. J. Math. 37 (2007), 1271-1281.

1. PODLUBNY, Fractional differential equations, Academic Press, New York, 1999.

M. SAMAR, X. ZHU, A. SHAKOOR, AND M. OSMAN, New nonlinear retarded integral inequalities
and their applications to nonlinear retarded integro-differential equations, Axioms 13 (2024), no. 6,
356.

J. SHAO AND F. MENG, Gronwall-Bellman type inequalities and their applications to fractional dif-
ferential equations, Abstr. Appl. Anal. 2013 (2013), 217641.

D. SOMASUNDARAM, Ordinary differential equations — A first course, Narosa Publishing House,
2014.

Y. SUN AND R. XU, Some weakly singular Volterra integral inequalities with maxima in two variables,
J. Inequal. Appl. 2023 (2023), no. 1, 36.

P. THIRAMANUS, J. TARIBOON, AND S. K. NTOUYAS, Henry-Gronwall integral inequalities with
“maxima” and their applications to fractional differential equations, Abstr. Appl. Anal. 2014 (2014),
1-10.

P. THIRAMANUS, J. TARIBOON, AND S. K. NTOUYAS, Integral inequalities with “maxima” and
their applications to Hadamard-type fractional differential equations, J. Inequal. Appl. 2014 (2014),
1-15.

A. M. WAZWAZ, Linear and nonlinear integral equations, Springer, Berlin, 2011.

Q. Wu, A new type of the Gronwall-Bellman inequality and its application to fractional stochastic
differential equations, Cogent Math. 4 (2017), no. 1, 1279781.

R. XU AND X. MA, Some generalized nonlinear Gamidov type integral inequalities with maxima in
two variables and their weakly singular analogues, J. Math. Inequal. 13 (2019), no. 2.

Y. YAN, On some new weakly singular Volterra integral inequalities with maxima and their applica-
tions, J. Inequal. Appl. 2015 (2015), 1-16.

Y. YAN, D. ZHOU, AND J. ZHAO, Generalized nonlinear weakly singular retarded integral inequali-
ties with maxima and their applications, J. Inequal. Appl. 2018 (2018), no. 1, 294.

H. YE, J. GAO, AND Y. DING, A generalized Gronwall inequality and its application to a fractional
differential equation, J. Math. Anal. Appl. 328 (2007), no. 2, 1075-1081.

T. K. YULDASHEV AND F. U. SULAIMONOV, Periodic solutions of second order impulsive system
for an integro-differential equation with maxima, Lobachevskii J. Math. 43 (2022), no. 12, 3674-3685.
B. G. ZHANG AND G. ZHANG, Qualitative properties of functional differential equations with “max-
ima”, Rocky Mt. J. Math. 29 (1999), 357-367.

T. ZHU, New Henry-Gronwall integral inequalities and their applications to fractional differential
equations, Bull. Braz. Math. Soc. (N.S.) 49 (2018), 647-657.

Fractional Differential Calculus
www.ele-math.com
fdc@ele-math.com



