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POWER-TYPE INEQUALITIES IN THE FRAMEWORK OF

p—CONVEXITY WITH APPLICATIONS TO MATRIX INEQUALITIES

JUNMEI ZUO AND YONGHUI REN

Abstract. Convexity, log-convexity, and p-convexity are fundamental tools in analysis and ma-
trix theory, serving as powerful techniques for deriving functional and operator inequalities. In
this paper, we establish several new refinements and generalizations of classical convex inequal-
ities, extending earlier results of Sababheh, Alzer, Heinz, and Young-type. Our approach is
based on convexity-inspired factorizations and power-type extensions, which allow us to derive
sharper inequalities for p-convex, convex and log-convex functions. Applications are provided
to a wide range of mathematical means, including arithmetic, geometric, harmonic, power, and
Heinz means, where we obtain improved bounds and new inequalities valid for arbitrary integer
powers. Furthermore, we apply these results to matrix analysis, yielding refinements of deter-
minant inequalities, inequalities for unitarily invariant norms, and Holder-type inequalities. Ad-
ditional applications are given to generalized numerical radius inequalities for operators. These
improvements not only unify and extend several known results but also provide new insights into
the interplay between convexity, p-convexity, matrix inequalities, and operator theory.

Mathematics subject classification (2020): 26AS51, 39B62, 47A30, 47A12, 47B15.
Keywords and phrases: p-convex functions, convex functions, log-convex functions, means, Holder’s

type inequality, numerical radius.

[1]
[2]
[3]
[4]
[5]

[6]
[7]

[8]
[9]
[10]
[11]

[12]

REFERENCES

H. ABBAS, S. HARB AND H. ISSA, Convexity and inequalities of some generalized numerical radius
Junctions, Filomat 36 (2022), 1649-1662.

H. ALZER, C. M. FONSECA AND A. KOVACES, Young-type inequalities and their matrix analogues,
Linear Multilinear Alebra 63 (2015), 622-635.

R. BHATIA AND C. DAVIS, A Cauchy-Schwarz inequality for operators with applications, Linear
Algebra Appl. 223/224 (1995), 119-129.

A. BURQAN AND M. KHANDAQII, Reverses of Young type inequalities, J. Math. Inequal. 9 (2015),
113-120.

D. Q. Huy AND D. T. T. VAN, Some inequalities for convex functions and applications to operator
inequalities, Asian-European J. Math. 16 (2023).

R. A. HORN AND C. R. JOHNSON, Matrix analysis, Cambridge University Press, (2012).

R. A. HORN AND R. MATHIAS, Cauchy-Schwarz inequalities associated with positive semi-definite
matrices, Linear Algebra Appl. 142 (1990) 63-82.

R. A. HORN AND R. MATHIAS, An analog of the Cauchy-Schwarz inequality for Hadamard products
and unitarily invariant norms, SIAM J. Matrix Anal. Appl. 11 (1990), 481-498.

M. A. IGHACHANE, M. AKKOUCHI AND M. SABABHEH, Power inequalities for log-convex func-
tions with applications, Filomat 37 (13) (2023), 4425-4441.

M. A. IGHACHANE, M. AKKOUCHI AND M. SABABHEH, New inequalities for positive convex func-
tions, J. Appl. Anal. Comput. 14 (2024), 703-716.

M. A. IGHACHANE AND M. BOUCHANGOUR, Some refinements of real power form inequalities for
convex functions via weak sub-majorization, Oper and Matrices 17 (2023), 213-233.

M. A. IGHACHANE AND M. BOUCHANGOUR, New inequalities for (p,h)-convex functions for -
measurable operators, Filomat 37 (2023), 5259-5271.

© ey, , Zagreb

Paper JMI-20-16


http://dx.doi.org/10.7153/jmi-2026-20-16

248

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]
[28]

[29]

J.ZU0 AND Y. REN

M. A. IGHACHANE, D. Q. Huy, D. T. THUY VAN AND M. BOUCHANGOUR, Further refinements
of real power form inequalities for convex functions via weak sub-majorization, Rend. Circ. Mat.
Palermo, II. Ser 73 (2024), 1101-1138.

Y. KAPIL, R. PAL, M. SINGH AND J. S. AUJLA, Some norm inequalities for operators, Adv. Oper.
Theory 5 (2020) 627-639.

M. KHOSRAVI, Some matrix inequalities for weighted power mean, Ann. Func. Anal. 7 (2016), 348—
357.

F. KITTANEH, Norm inequalities for fractional powers of positive operators, Lett. Math. Phys. 27
(1993) 279-285.

F. KITTANEH, M. S. MOSLEHIAN AND M. SABABHEH, Quadratic interpolation of the Heinz means,
Math. Inequal. Appl. 21 (2018), 739-757.

W. L1AO AND J. WU, Matrix inequalities for the difference between arithmetic mean and harmonic
mean, Ann. Func. Anal. 6 (2015), 191-202.

Y. REN, H. Zuo AND X. NI1U, Some Alzer-Fonseca-Kovacec type inequalities, J. Math. Inequal. 19
(2025), 275-285.

M. SABABHEH, Log and Harmonically log-convex functions related to matrix norms, Oper. Matrices.
10 (2016), 453-465.

M. SABABHEH, Convexity and matrix means, Linear Algebra App. 506 (2016), 588—-602.

M. SABABHEH AND D. CHOIL, A complete refinement of Young's inequality, J. Math. Anal. Appl. 440
(2016), 379-393.

M. SABABHEH, Means refinements via convexity, Mediterr. J. Math. 14 (2017), 125.

M. SABABHEH, Improved Jensen'’s inequality, Math. Inequal. Appl. 20 (2017), 389-403.

M. SABABHEH, Extrapolation of convex functions, Filomat 32 (2018), 127-139.

M. SABABHEH, H. R. MORADI AND S. FURUICHI, Operator inequalities via geometric convexity,
Math. Inequal. Appl. 22 (2019), 1215-1231.

S. SEZER, Z. EKEN, G. TINAZTEPE, AND G. ADILOV, p-convex functions and some of their prop-
erties, Numer. Funct. Anal. Optim. 42 (2021), 443-459.

C. YANG AND Z. WANG, Some new improvements of Young'’s inequalities, J. Math. Inequal. 17 (2023),
205-217.

X. YANG, C. YANG AND H. L1, Further improvements for Young’s inequalities on the arithmetic,
geometric, and harmonic mean, J. Math. Inequal. 18 (2024), 315-328.

Journal of Mathematical Inequalities
.ele-math.com

jmi@ele-math.com



