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SINGULAR VALUE AND NORM INEQUALITIES
VIA POSITIVE BLOCK MATRICES

DANG VO PHUC

Abstract. Using positivity of 2 x 2 operator block matrices, we establish several singular value
inequalities for matrices, with emphasis on mixed products generated by positive semidefinite
inputs. Our approach starts from the classical Audeh—Kittaneh and Burqan—Kittaneh singular-
value comparisons for off-diagonal blocks and shows that they remain effective under four exten-
sions: (i) lifting block positivity through 2 -positive linear maps, leading to map-valued singular
value bounds; (ii) stacking multiple matrix pairs into a single Gram-type block matrix, yielding
aggregated Cauchy—Schwarz and Heinz-type estimates for sums of mixed products; (iii) intro-
ducing a positive weight parameter in the anticommutator comparison, producing a continuous
family of bounds for XY + YX ; and (iv) replacing power functions by continuous pairs (f,g)
satisfying a natural domination condition f(#)g(z) > t, which yields functional Kato-type in-
equalities. As consequences, we obtain Ky Fan and unitarily invariant norm inequalities. We
also provide explicit low-dimensional examples and a brief illustration showing how the 2-
positive-map framework applies to completely positive maps. In particular, our results recover
and extend the estimates of Meniz, Tiirkmen and Dragomir (Filomat 40 (2) (2026), 763-772).
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