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A CLASS OF HARMONIC MEAN INEQUALITIES

FOR COMPLETELY MONOTONIC FUNCTIONS
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Abstract. In this paper, we study harmonic mean inequalities for completely monotonic func-
tions and obtain several known harmonic mean inequalities for special functions as particular
cases.

Mathematics subject classification (2020): 33B15, 39B62, 26D07.
Keywords and phrases: Completely monotonic functions, harmonic mean, polygamma functions, in-

equalities.

RE F ER EN C ES

[1] M. ABRAMOWITZ AND I. A. STEGUN, Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55, U.S. Gov-
ernment Printing Office, Washington, DC, 1964.

[2] H. ALZER, A harmonic mean inequality for the gamma function, J. Comput. Appl. Math. 87 (1997),
195–198.

[3] H. ALZER, Inequalities for the gamma function, Proc. Amer. Math. Soc. 128 (2000), 141–147.
[4] H. ALZER, On a gamma function inequality of Gautschi, Proc. Edinb. Math. Soc. (2) 45 (2002), 589–

600.
[5] H. ALZER, On Gautschi’s harmonic mean inequality for the gamma function, J. Comput. Appl. Math.

157 (2003), 243–249.
[6] H. ALZER, Inequalities involving Γ(x) and Γ(1/x) , J. Comput. Appl. Math. 192 (2006), 460–480.
[7] H. ALZER, Gamma function inequalities, Numer. Algorithms 49 (2008), 53–84.
[8] H. ALZER, Inequalities for the beta function, Anal. Math. 40 (2014), 1–11.
[9] H. ALZER AND G. JAMESON, A harmonic mean inequality for the digamma function and related

results, Rend. Semin. Mat. Univ. Padova 137 (2017), 203–209.
[10] H. ALZER AND J. WELLS, Inequalities for the polygamma functions, SIAM J. Math. Anal. 29 (1998),

1459–1466.
[11] N. BATIR, On some properties of digamma and polygamma functions, J. Math. Anal. Appl. 328

(2007), 452–465.
[12] S. DAS AND A. SWAMINATHAN, A harmonic mean inequality for the polygamma function, Math.

Inequal. Appl. 23 (2020), 71–76.
[13] W. GAUTSCHI, A harmonic mean inequality for the gamma function, SIAM J. Math. Anal. 5 (1974),

278–281.
[14] W. GAUTSCHI, Some mean value inequalities for the gamma function, SIAM J. Math. Anal. 5 (1974),

282–292.
[15] C. GIORDANO AND A. LAFORGIA, Inequalities and monotonicity properties for the gamma function,

J. Comput. Appl. Math. 133 (2001), 387–396.
[16] H. IWANIEC,Lectures on the Riemann Zeta Function, University Lecture Series 62, Amer. Math. Soc.,

Providence, RI, 2014.
[17] G. J. O. JAMESON AND T. P. JAMESON, An inequality for the gamma function conjectured by D.

Kershaw, J. Math. Inequal. 6 (2012), 175–181.
[18] K. JYOTHI, B. RAVI AND A. V. LAKSHMI, Bounds and monotonicity of the Nielsen beta function,

Math. Inequal. Appl. 28 (2025), 371–380.

c© � � , Zagreb
Paper JMI-20-45

http://dx.doi.org/10.7153/jmi-2026-20-45


760 K. JYOTHI, B. RAVI AND A. VENKATA LAKSHMI

[19] K. NANTOMAH, Some analytical properties of the Nielsen’s beta function, Gulf J. Math. 20 (2025),
151–160.

[20] F. W. J. OLVER, D. W. LOZIER, R. F. BOISVERT AND C. W. CLARK (eds.), NIST Handbook of
Mathematical Functions, Cambridge University Press, New York, 2010.

[21] F. QI AND J.-S. SUN, A monotonicity result of a function involving the gamma function, Anal. Math.
32 (2006), 279–282.

[22] F. QI, S. GUO AND B.-N. GUO, Complete monotonicity of some functions involving polygamma
functions, J. Comput. Appl. Math. 233 (2010), 2149–2160.

[23] D. V. WIDDER, The Laplace Transform, Princeton University Press, Princeton, NJ, 1946.

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


