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EXISTENCE OF BOUNDED SOLUTIONS FOR A CLASS
OF NONLINEAR FOURTH-ORDER EQUATIONS

MICHAIL V. VOITOVICH

(Communicated by D. Zubrinic)

Abstract. In this article, we consider a class of nonlinear elliptic fourth-order equations with
the principal part satisfying a strengthened coercivity condition. It is supposed that the lower-
order term of the equations admits an arbitrary growth with respect to unknown function and the
growth rates of derivatives of this function coinciding with the exponents of the corresponding
energy space. We prove a theorem on existence of bounded generalized solutions of the Dirichlet
problem for equations of the given class.

1. Introduction
In [18] a class of nonlinear elliptic equations of the form

> () D%ey (x,u,...,D"u) =0 in Q, m> 1, (1.1)

jaf<m

was introduced, all generalized solutions of which are bounded and Holder continuous.
This class is characterized by a strengthened coercivity condition on leading coefficients
o, 1 < |a] <m. Ina model case this condition means that for every x € Q and for
every & = {&y € R: || < m} the following inequality holds:

2 %@C@%%( PN |éa|f’).

1<|o|<m la|=1 |a|=m

Here Q is a bounded domain of R", p > 2, mp < g <n and C > 0. At the same time,
in [18] it was supposed that the lower-order term % may have the growth of a rate less
than nq/(n — q) — 1 with respect to the function u and the growth of rates definitely
less than ¢ and p with respect to the derivatives D%u, || = 1, and the derivatives
D%u, |ot| = m, accordingly.

We observe that the proof of boundedness of generalized solutions in [18] uses
a modification of Moser’s method [15]. The approach of [18] was developed in [9,
10, 16], where the boundedness and regularity of solutions were studied for high-order
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equations and variational inequalities with degenerate nonlinear elliptic operator satis-
fying a strengthened coercivity condition. A system of two degenerate nonlinear elliptic
fourth-order equations with a strengthened coercivity condition was considered in [11],
and following the approach of [9, 10, 16] results on the boundedness and Holder conti-
nuity of generalized solutions of the Dirichlet problem for this system were obtained.

Using an analogue of Stampacchia’s method [5, 19, 20], a weaker condition on in-
tegrability of data was established in [12] to guarantee the boundedness of generalized
solutions of nonlinear fourth-order equations with a strengthened coercivity. Moreover,
a dependence of summability of generalized solutions of these equations on integrabil-
ity of data was described in [12]. Analogous results for nonlinear high-order equations
with a strengthened coercivity were obtained in [21].

Let us give the precise description of the main results of [21].

Let m, n € N be numbers such that m >3, n>2(m—1). Let p € R be a number
such that 2n(m—2)/[n(m—1)=2]< p<n/m. Weset p=2p/[p(m—1)—2(m—2)],
and let ¢ € R be a number such that max(p,mp) < g < n.

Let © be a bounded open set of R"”. We denote by Wnif,(Q) the set of all func-
tions u € W14(Q) having for every n-dimensional multiindex o, |a| = m, the weak
derivative D% € LP(Q). W,,ijZ(Q) is a Banach space with the norm

1/p
uzuwl.q<g>+( s/ Do‘u|1’dx) .

lax=m

We denote by W,,4,(Q) the closure of the set C3(Q) in W4 (Q).
We set ¢* =ng/(n—q). As is known (see for instance [4, Chapter 7]),

W(Q) c L9 (Q), (12)

and there exists a positive constant ¢ depending only on n and ¢ such that for every
o]
function u € W4(Q),

(/Qulq*dX)l/q* <c< )y /Q|Dau‘1dx)l/q. (1.3)

lal=1

We shall use the following notation: A, is the set of all n-dimensional multi-
indices a such that 1 < || < m; R™™ is the space of all functions & : A, — R; if
u € Wn(Q), then V,u: Q — R™" is the mapping such that for every x € Q and
a € A, (Viu(x))o = D%u(x). For every measurable set E C Q we denote by measE
Lebesgue measure of the set E.

Next, let ¢,c3,¢3 >0, max(p,mp) < q1 < q and let the numbers p, be defined
by pa =¢q if |a] =1, and

L_Jol=t  mojal oo
g if 2< <m.
pa  pm—1) qi(m—1)
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Let g € L'(Q), g >0 in Q, and let for every o € Ay, Ay : Q x R — R be a
Carathéodory function. Assume that for almost every x € Q and for every & € R™"
the following inequalities hold:

Y Al &) e <o N |Ep I8 +g(x), (1.4)

achn, ﬁEAm

Y Aax,§) %262( Y &l Y Iéal”)—n Y &l —g). (15)

€A, lal=1 |a|=m 2<|or|<m—1

Let
Feld/d-1(Q). (1.6)

The following Dirichlet problem is considered:

Y (1) DA(x,Vyu) =F in Q, (1.7)
acAy,
D*u=0, |a]<m—1, on 0Q. (1.8)

DEFINITION 1.1. A generalized solution of problem (1.7), (1.8) is a function u €
W, () such that for every function v € W% (Q),

/Q< D Aa(x,Vmu)Dav>dx:/Qdex. O (1.9)

achy

REMARK 1.1. If v € W,l,l'%(Q), by virtue of Nirenberg-Gagliardo interpolation
inequality [17], we have D%y € LP*(Q), 1 < |ot| < m. Then condition (1.4) ensures
the existence of the integral in the left-hand side of (1.9). Moreover, it follows from

(1.2) and (1.6) that for every function v € WH,(Q) the function Fv is summable on
Q. O

By virtue of (1.2), every generalized solution of problem (1.7), (1.8) belongs to
the space L7 (Q). However, if the functions F and g have an improved summability,
then the summability of any generalized solution of the problem under consideration
is higher than the summability characterized by the exponent ¢*. The corresponding
dependence is described by the following theorem which is the main result of [21].

THEOREM 1.1. Suppose that r > q*/(q" — 1), the functions F and g belong to
L"(Q), and M is a majorant for the norms ||g||1-(q) and ||F || (q)- Assume that u is a
generalized solution of problem (1.7), (1.8). Then the following assertions hold:

Q) if r<n/q and q* < A <nr(q—1)/(n—qr), then u € L*(Q) and ||u||L/1(Q) <Cy,
where C\ is a positive number depending only on n, m, p, q, q1, measQ, cy, c2, c3,
r, M and A ;
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(i) if r=n/q, then [, exp(b|u\l/")dx < G, where 0 > 1 depends only on n, m, p,
q, q1, and b and C, are positive numbers depending only on n, m, p, q, q1, measQ,
c1, ¢, c3 and M ;

(iii) if r > n/q, then u € L=(Q) and ||u||;=q) < C3, where C3 is a positive number
depending only on n, m, p, q, q1, measQ, cy, ¢z, ¢3, r and M.

REMARK 1.2. If t > n/q, r>n*/(ng—n+q), g € L'(Q) and F € L' (Q), then
the boundedness of generalized solutions of problem (1.7), (1.8) follows from [18].
Since n?/(ng —n+q) > n/q, assertion (iii) of Theorem 1.1 gives a weaker (as com-
pared with [18]) condition on the summability of the right-hand side of equation (1.7)
under which generalized solutions of problem (1.7), (1.8) are bounded. This condition
(r > n/q) coincides with a condition for the boundedness of generalized solutions of
equations of the second order [13]. [

In the present article, we consider a class of nonlinear fourth-order equations of
type (1.1) (m = 2) with the principal part satisfying a strengthened coercivity condition
and the lower-order term admitting, unlike [12, 18, 21], an arbitrary growth with respect
to the function u, the growth of the rate g with respect to the derivatives D%u, |ot| =1,
and the growth of the rate p with respect to the derivatives D%, || = 2. At the same
time, it is supposed that the lower-order term satisfies a sign condition. The main result
of the article is a theorem on existence of bounded generalized solutions of the Dirichlet
problem for equations investigated. We note that in the case under consideration ¢ and
p are the exponents of the energy space corresponding to the given problem.

Similar results for nonlinear elliptic second-order equations with natural growth
lower-order terms were established for instance in [1-3].

Finally, we remark that a theory of existence and properties of solutions of nonlin-
ear elliptic fourth-order equations with coefficients satisfying a strengthened coercivity
condition and L' -right-hand sides was developed in [6, 8].

2. Preliminaries and statement of the main result

Let n €N, n> 2, and let Q be a bounded open set of R".

We shall use the following notation: A is the set of all n-dimensional multi-
indices a such that |a| = 1 or |a| = 2; R™? is the space of all mappings & : A — R;
if ue W>(Q), then Vou: Q — R™2, and for every x € Q and for every « € A,
(Vou(x))q = D%u(x).

Let p € (1,n/2) and g € (2p,n). We denote by Wzlj(Q) the set of all functions in
W14(Q) that have the second-order generalized derivatives in LP(Q). The set Wzl_ If(Q)
is a Banach space with the norm

I/p
||u||=||u||wl‘q(g)+( A IDO‘ul’dx> |

|a[=2

We denote by WéZ(Q) the closure of the set Cj'(Q) in Wzlj(Q).
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Next, let cy,c2,c3 > 0, let g1,82,¢3 be nonnegative summable functions on Q,
and let for every o € A, Ay : Q x R™? — R be a Carathéodory function. We assume
that for almost every x € Q and for every £ € R™? the following inequalities hold:

y Aa(x,5>|q/<q”<c1( Y &+ S |éa|f’)+g1<x>, @.1)

|af=1 lor[=1 |a[=2

) IAa(x7€)”/(”1)<Cz< Y '+ X Iéal”)+gz(X)7 (2:2)

la|=2 lal=1 la|=2
ZAoc(x,é)éa%a( Y &t Y 50617)—83()6)- 23)
aeA la|=1 |or|=2

We also assume that for almost every x € Q and for every &,E' € R"?, £ # &/,

Y [Aa(x,8) —Aa(x,&)](Ea — &) > 0. (2.4)

acA

Let g4 and g5 be nonnegative summable functions on €, let b be a nonnegative
continuous function on R, and let B: Q x R x R"2 SR bea Carathéodory function
such that for almost every x € Q, for every s € R and for every & € R™? the following
inequalities hold:

|B(x,s,8)| < b(lSI)( Y 1&l’+ Y |§a|”> + 84(x), (2:5)
lal=1 lo|=2
B(x,s,8)s > —gs(x). (2.6)
Further, let
feLr/e-b(Q). (2.7)
We consider the following Dirichlet problem:

Y (=) D" A (x, Vou) + B(x,u,Vou) = f in Q, (2.8)

oaEA
D*u=0, |a]=0,1, on JQ. (2.9)

Observe that, by virtue of (2.1) and (2.2), for every u, v € WéZ(Q) and o € A the

function Ay (x, Vou)D%v is summable on Q, and, by (2.5), for every u, v € W;Z(Q) N
L=(Q) the function B(x,u,V,u)v is summable on Q. Moreover, it follows from (1.2)

and (2.7) that for every v € WéjZ(Q) the function fv is summable on Q.
DEFINITION 2.1. A generalized solution of problem (2.8), (2.9) is a function u €

V(I)/éZ(Q) N L7 (L) such that for every function v € V%Z(Q) NL=(Q),

/Q<2 Aa(x7V2u)D0‘v+B(x7u7V2u)v)dx:/vadx. | (2.10)

acA
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The following theorem is the main result of the present article.

THEOREM 2.1. Let r > n/q, let the functions g,83,8s5 and f belong to L"(Q),
and let M be a majorant for L' (Q) -norms of the functions g,83,8s and f. Then there
exists a generalized solution u of problem (2.8), (2.9) such that

]| 1= (02) < Cr, (2.11)

where Cy is a positive constant depending only on n, p, q, ¢, c2, ¢3, r, M and
meas Q.

REMARK 2.1. Condition r > n/q in the statement of Theorem 2.1 coincides with
the condition of boundedness of generalized solutions of the Dirichlet problem consid-
ered in [12] for equation (2.8) with B=0. U

REMARK 2.2. The proof of Theorem 2.1 is based on the consideration of a se-
quence of approximate problems for equations with bounded lower-order terms, ob-
taining the uniform boundedness of their solutions and the subsequent limit passage.
At the same time, the proof of the uniform boundedness of solutions of the approx-
imate problems uses the approach of [12] analogous to Stampacchia’s method. The
limit passage in the approximate problems is justified using ideas of [3, 6, 7]. [

EXAMPLE 2.1. Let for every n-dimensional multiindex o, |o| =1, Ay : Q X
R™2 — R be the function defined by

(g—2)/2
18 =( 3 8)  peaxr
|Bl1=1

and let for every n-dimensional multiindex o, || =2, Ay : Q x R — R be the
function defined by

(r—2)/2
Aa()ﬁé): ( 2 55) 50(7 (X7§)EQXRH’2.
IB|=2

Define the function B: Q x R x R™? — R by

B(x,s,§)=slsy< Y et Y 5) (5,5,8) €QxR xR,

|af=1 lor[=2

where y > 0. Then the functions Ay, & € A, satisfy inequalities (2.1)-(2.4), and the
function B satisfies inequalities (2.5), (2.6). O

Observe that the coefficients of the biharmonic operator A%u do not satisfy condi-
tion (2.3).
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3. Proof of Theorem 2.1

Step 1. Let for every i € N, T; : R — R be the function such that

) if |s| <,
m):{ s

isigns if |s| > i.
Now, for every i € N we define the function B; : Q x R x R™»? — R by
Bi(x,5.§) = Ti(B(x,5,£)), (x.5,8) € QxRxR"™.

From (1.3), (2.1)-(2.4) and (2.7) and the results of [14] on solvability of equations
with pseudomonotone operators it follows that if i € N, then there exists a function

u; € V%Z(Q) such that for every v € V(E/éZ(Q),

/Q<2 Aa(x,Vzu,-)DO‘v+B,-(x,u,-,V2u,-)v)dx:/vadx. (3.1)

aEA
For every i € N we set
q)i: 2 |Daui|q+ 2 \Daui\p.
o] =1 |or[=2

Observe that for every i € N,
/ D;dx < ¢y, (3.2)
Q

where ¢4 is a positive constant depending only on g, ¢, ¢, [|g3]11(q), [I85/l11(q) and
W1l ot a - (g - In fact, fixing an arbitrary i € N and putting into (3.1) the function u;
instead of v, we get

/ (2 Aa(x,Vzu,-)Dau,-—|—B,-(x,u,-,V2u,-)u,-)dx:/fu,-dx.
Q \gea Q

This along with (2.3) and (2.6) implies that

03/(I)idngfuidx—k/ggdx—k/gsdx.
Q Q Q Q

From this inequality, estimating the first addend in the right-hand side by means of
Holder’s and Young’s inequalities and (1.3), we deduce (3.2).

By virtue of (3.2) and (1.3) and the compactness of the embedding of wha (Q)
into L*(Q) with A < ¢*, there exist an increasing sequence {i;} C N and a function

ue V%Z(Q) such that

ui; —u weakly in Wé:Z(Q), (3.3)



254 MICHAIL V. VOITOVICH

wi; —u ae. inQ. (3.4)

Step 2. Following [12], we will prove the uniform boundedness of the sequence
{u;} and then will establish estimate (2.11). For this we will need the following auxil-
iary result proved in [12].

LEMMA 3.1. Let @ be a nonincreasing nonnegative function on [0,+o0). Let
C>0,0<11<1, ¥y>1and ky > 0. Let for every k and | such that ko < k <1 <2k
the following inequality holds:

Let d > ko and
dnT > 21'1+(2Y*I)Tz/(Yfl)C[(p(ko)}Vfl.

Then @(ko+d) =0.

Note that Lemma 3.1 is an analogue of the corresponding part of Stampacchia’s
lemma [20].

Let r > n/q, let the functions g;, g3, gs and f belong to L"(Q), and let M be a
majorant for L"(Q)-norms of the functions g, g3, gs and f.

By ¢;, i=5,6,..., we shall denote positive constants depending only on n, p, g,
c, ¢y, c3, r, M and measQ.

Let us introduce some auxiliary numbers and functions. In view of the assumption
on r, we have (r—1)/r—1/q* > 0. We set

r—1 1\ 1 r—1
r = - — , Y=¢'minq —— . 3.5
1 (V q*) r=a {rl(q—l) rq} G3)
By the first equality of (3.5), we have
1 1 1
—+-+—=1 (3.6)

rn r g
Furthermore, from the inequality r > n/q and the definition of r; and y it follows that
y>1. (3.7)

We fix an arbitrary i € N, and let ¢ be the function on [0, 4-e°) such that for every
5 €[0,4e0),
©(s) = meas{|u;| > s}.

By virtue of (1.3) and (3.2), for every k > 0 we have k7 (k) < cq*cZ*/q. There-
fore,
Wk > cleat1),  ok)<1. (3.8)

Next, we set

2
1==100 4o (3.9)

q—2p
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and let y be the function on (0,+e) such that for every s € (0,4-c),

RN Sl S aS
y(s)=s—s +t—+1s
We set
ko = max{c(ca+ 1), 6n(t —2)(c2+n)/c3} (3.10)
and fix an arbitrary number k > kg .
Let h; : R — R be the function such that
s if |s| <k,

e (s) = [w(" k)—f—l}kmgns if k < |s| < 2k,

t%rk’l signs if |s| > 2k
We have ; € C3(R) and
e <2k in R, (3.11)
0<h,<1in R, (3.12)
12
|h| < " in R. (3.13)

Moreover, the following assertions hold:
(x1) if e € (0,1), s € R and k < |s| < (1 + &)k, then

" r =2
hi(s)| < €77
| ()] N
(x2) if €€ (0,1), s€ R and (14 &)k < |s| < 2k, then

()] < = (1= Bi(5):

(x3) if k<1< 2k,s€Rand |s| >, then

s ()] > ila—k)(%)”.

These assertions were proved in [12]. Assertion (x3) implies that the following
assertion holds:
(*q) if k <1< 2k, then

14 K —1q*

o) < U=k

/ i — I ()| dix. (3.14)

Let us estimate in a suitable way the integral in the right-hand side of inequality
(3.14). This will allow us to apply Lemma 3.1 and obtain the uniform boundedness of
the functions u;.
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Using properties (3.11)-(3.13), by analogy with Lemma 2.2 of [6], we establish

that 7 (u;) € V%Z(Q) and the following assertions hold:
(*s) for every n-dimensional multi-index a,|a|=1,

Do‘hk(ui) = h;c(u,-)Do‘ui a.e. in Q;
(x¢) for every n-dimensional multi-index a, |a| =2,

D% hy () — (i) D%wi| < | ()] Y [DPui*  ae.in Q.
BI=1

We set

Ik:/g‘fHui_hk(uinx: Jk:/QgS‘ui_hk(uinx?
G- [ (3 mate9al) (3 0% ) las

|o|=2 1B1=1

Putting the function u; — I (u;) into (3.1) instead of v, we obtain

/Q ( D Aa(x,Vzu,-)Da(u,-—hk(u,-))>dx

acA

+/B i, Vottg) (i — (1) dx—/f — I (g) ).

Using (2.6) and the fact that in the set {|u;| > k}

0< ui — hy(u;) < ‘ui_hk(”i)‘,
u; ko

we establish that |
/ B,-(x,u,-7V2u,-)(u,- — hk(ui))dx 2 ——Jk.
Q k()

From (3.15) and (3.16) and assertions (xs) and (x¢) we deduce that

/Q ( D Aa(x,Vzu,-)Do‘ui> (1 — K (us))dx < Ik+lk+kl Ji.

acA

Hence, using (2.3) and (3.12) and the fact that i}, = 1 on (—k,k), we get

1
C3/ @i(l—hﬁc(ui))dxg/ g3dx+ L+ I+ —Jy.
Q {Jui| >k} ko

(3.15)

(3.16)

(3.17)

Let us obtain suitable estimates for the addends in the right-hand side of inequality

(3.17). Clearly,
[ sdx<mlp)
{Jui| >k}

(3.18)
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Using inequality (1.3), assertion (*s) and (3.6) and (3.12), we get

< %/Qd),-(l—hi(u,-))dx+cs[(p(k)}‘1/(‘1’l)", (3.19)

—Jk / @, ( u;))dx + ce[ (k)] 7/ (=D, (3.20)

In turn, as in [12], using (2.2), (3.2), (3.8)-(3.10) and (3.13) along with assertions
(*1) and (*,), we find that

c3/c1> WL i) )dx + er[@ (k)] V. (3.21)
From (3.17)-(3.21) it follows that
s || i1 = Hyfu)dx <4 +en) @) - d(es + o)l () 0.
Q

The result obtained along with inequality (1.3), assertion (*s) and the second
equality of (3.5) allows us to conclude that

[ = )| e < el )
Q

From this and assertion (*4) we deduce that the following assertion holds:
(#7) if kg < k <1 < 2k, then

C9k(t_1)q*

o(l) < m o (k)"

Using this assertion, inequality (3.7) and Lemma 3.1, we establish that for every
ieN, u; € L*(Q) and
i | =(c2) < C, (3.22)

where C is a positive constant depending only on n, p, ¢, ¢, ¢z, ¢3, r, M and
meas 2. Now, from £3.22) and (3.4) we deduce (2.11).
Step 3. We set b= max b(s) and
s€[0,Cy]
A =2+4C1b/c3. (3.23)

Let us show that
1im/ ®; |u;, — ul* dx = 0. (3.24)

To this purpose, we fix j € N and set
vj = [ui; — u|’l(u,-j —u).

Using (2.11) and (3.22) and taking into account the inequality A > 1, we establish that

vj € WéZ(Q) and the following assertions hold:
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(*g) for every n-dimensional multi-index a, |a| =1,
D*vj = (A+ 1)[uy; —u[*D* (ui; —u) ae. in Q;

(%9) for every n-dimensional multi-index o, || =2,

ID%; = (34 1)y, — uD* (u;, — )|

<A ADus, —u*1 Y IDP(ui, —w)]* ae.in Q.
Bl=1

We set
pi= [ Uil = ul*+

)= /Q ( D |Aa(x,V2uij)|Dau>|uij —ul* dx,

aceN

ol = / |B(x, ui;, Voui; )| ui; — ul* dx,
: o . M

o = [ (2 b2 ) (3 108~ Y, — .

lor[=2 1Bl=1

Since v; € V(I)/éZ(Q), by virtue of (3.1), we have
/ ( Z Aa(x,Vzuij)Davj—I—Bij(x,u,-,.,Vzuij)vj)dx:/ fvjdx. (3.25)
Q acN ' Q

This equality, assertions (xg) and (*9) and (2.11) and (3.22) imply that

(A-’-l)/ ( 2Aa(x,VQuij)Do‘uij)|u,'j—u7tdx
Q \ gen
<Pj+ (A +1)pj+2Cip] + A (A +1)p]".

Hence, using (2.3), we get

Qa+néquwvw<@+uégwﬁmux
+pj+ (A +1)p;+2Cip] +A(A+1)p]". (3.26)
Setting
=Y [Du|?+ Y |D%ul”,

|af=1 |a[=2

we observe that, by (3.2) and (3.3),

/ Ddx < cy. (3.27)
Q
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Then, using Yong’s inequality and (2.1) and (2.2), we find that

(A+1)p; < %/Qq)ij‘uij —ul* dx
+eo(h + 1)/9(q>+g1 +g0)ui, —ul*dx, (3.28)
and using (2.5) and (3.22), we establish that
201p) < zcliy/gob,-j Jui, —ul* dx+2C, /Qg4\u,-j —ul*dx. (3.29)
From (3.23), (3.26), (3.28) and (3.29) it follows that

03/9(13,-_/.|uij—u‘7tdx<()L—i—l)cll/ (q)—f— ng)|ulj—u)tdx—|—l(l+l) "

m=1
(3.30)
Finally, using Holder’s inequality and (2.2), (3.2) and (3.27), we obtain

[/<z> o [ g pre-a)'s]

(A=Dgp (A=Dagp Tap
/|ul —u| dx <cn /|ul —u| % dx . (3.31)

From (3.30), (3.31), (3.4) and (3.22) we infer (3.24).
Now, taking into account that for every € > 0 and for every j € N,

2c
/QCDij\u,-j—u|dx< /(I),/dx—i—( 4) /CDlj|ulj u\ldx

and using (3.2) and (3.24), we get

lim [ ®@; [u;; — uldx = 0. (3.32)
j—e JQ /

Observe that the idea of using the function v; to obtain (3.24) is suggested by [3]
where a function of the same kind was utilized to get a property analogous to (3.24) in
the case of degenerate second-order elliptic equations.

Step 4. For every i € N we set

D= Y [Aq(x,Vou;) — Ag(x, Vou)|(D*u; — D*u).
aEA

Let us demonstrate that
lim dJ dx=0. (3.33)

Jj—ee
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We fix j € N. Since u;, —u € W;Z(Q), by virtue of (3.1), we have

/QCT)ijdx:/Qf(u,-j—u)dx—/QBij(x,u,-j,Vzu,-j)(uij—u)dx
—/Q ( D Aa(x,Vgu)(DO‘u,-j—DO‘u)>dx. (3.34)

acA

The integrals in the right-hand side of (3.34) tend to zero as j — <. In fact, using (2.5)
and (3.22), we obtain

’/QB,-j(x,uij,Vgu,-j)(u,-j—u)dx S/Q\B(x,u,-j,vzuij)Hu,-j—u\dx

< 13/ D; [u;; —u|dx+/ galui; — uldx.
Q - Q
This along with (3.32), (3.4) and (3.22) implies that
Jlgl;lo QBij (x,ui;, Voui; ) (ui; —u)dx = 0. (3.35)
By virtue of (2.7) and (3.3), we have

lim [ f(u;; —u)dx=0. (3.36)

J7°JQ

Using (2.1), (2.2) and (3.3), we get

lim ( Y Aa(x,Vou)(D%u;; —Dau)>dx: 0. (3.37)
I/ N gen

From (3.34)-(3.37) we deduce (3.33).
Step 5. Let us show that

Vo€ A, D%u;; — D%u in measure. (3.38)

To this purpose, we introduce some auxiliary functions and sets.
Let forevery x € Q, Ay : R"2 x R"? — R be the function such that for every pair
(€,8") e R xR",

Ax(£,8) = Y [Aa(x,€) = Au(x,E)(Ea — &)

aeN

Since Ay, o € A, are Carathéodory functions and for almost every x € € and for
every &,E' e R"? x R"?2, £ # &', inequality (2.4) holds, there exists a set E C Q with
measure zero such that:

(i) for every x € Q \ E the function A, is continuous in R™? x R"2;
(ii) for every x € Q\ E and for every &,E' € R™?, & £ &', we have A, (€,E") > 0.



A CLASS OF NONLINEAR FOURTH-ORDER EQUATIONS 261

For every 0 > 0 and for every m > 0 we set

Ge,mz{@,&')ew@xw@: Y e >0, Y &l <m Y e <m }

acA aceA aceA

Evidently, for every 6 > 0 and for every m > 0 the set Gy ,, is nonempty, closed and
bounded.
Let for every 0 > 0 and for every m > 0, Ug,, : Q — R be the function such that

minA, ifxeQ\E,

Lo m(x) = { Coun
0 ifxekE.

Using properties (i) and (ii) along with (2.1) and (2.2) and taking into account the fact
that Ay, o € A, are Carathéodory functions, we establish that if 6 > 0 and m > 0,
then

Mom =0 in Q, Ug, >0 ae. in Q, (3.39)

Pom €LYHQ). (3.40)

Next, we will need the following simple result.

LEMMA 3.2. Let p € LY(Q), u >0 ae. in Q, and let {E;} be a sequence of
measurable sets lying in Q such that

lim [ pdx=0

J—ee Ej

Then
lim meas E; = 0.
J e
Concerning the proof of this result see for instance [7].
Now, we pass to the immediate proof of assertion (3.38). We fix 0 >0 and € > 0.
Using (3.2), we obtain that for every m > 0 and for every j € N,

mmeas{®;; > m} < / ®@; dx < cq.
D, >m} ’
Therefore, there exists m > max(1,0) such that
sup meas{ D |D%u;;| = m} <eg, meas{ Y [D%u| > m} <e. (3.41)
JeN aeA aeA

For every j € N we set

= { 2 |Dau,-j\ <m, 2 [D%u| < m, 2 |Dau,-j —D%| > 9}.

acA oeA oeA
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Let j€ Nand x € E;\ E. We have
[ o [ [
Y D wi;| < m, N D%u|<m, Y |D ui; — D%l > 6.

aEA aeN aEA
Hence (Vaui;(x),Vau(x)) € Ggn. Then, by virtue of the definition of ug,, and Ay,
we have pig, (x) < ®;, (x).
Now, we conclude that for every j € N,

/ ugmdxg/ d)i,dngci)ijdx.
Ej Ej X Q

This and (3.33) imply that
lim [ ug,dx=0.
E;

Jj—oo

Hence, taking into account (3.39) and (3.40) and applying Lemma 3.2, we deduce that

lim measE; = 0. (3.42)

Jj—reo

Obviously, for every j € N,

meas{ D |D%ui; — D%ul| > 6} meas{ D |Duj; | >m}
oaEA aeA
+ meas{ Y, [D%u| > m} + measkE;.
aeA
From this and (3.41) and (3.42) we infer (3.38).
We remark that in the proof of assertion (3.38) we used some ideas of [6, 7].
By virtue of (3.38) and F. Riesz’s theorem, for every o € A there exists a sub-
sequence of the sequence {Do‘uij} that converges to D%u a.e. in Q. Taking it into
account, we may assume, without loss of generality, that

Va €A, D%;; — D% ae.in Q. (3.43)

Step 6. Let us prove that the following assertion holds:
(*10) for every € > 0 there exists 6 > 0 such that for every measurable set G C Q,
meas G < §, we have

hmsup/(l) dx < €. (3.44)
Y dad
We set
1 p=1
ci3=(creatllgill) ™, c1a=(c2ca+Ig2llpie) 7 - (3.45)

Let € > 0. By virtue of the property of absolute continuity of Lebesgue integral,
there exists & > 0 such that for every measurable set G C Q, meas G < J, we have

/Ggsdx < %, (3.46)
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o c3& d o c3€ r
/ Y D%l )dx < | =), / Y, D%l Jdx< (=] .  (3.47)
G\ |ai 4c13 G\ a2 4cis

We fix an arbitrary measurable set G C Q such that meas G < §. For every j € N we
set

q,:/G ( D Aa(x,Vzu)(Dau,-j—Dau)>dx,

acA
Gj’- = /G (aze:AAa(x7 Vguij)Dau) dx.
Using (2.1), (2.2) and (3.3), we establish that
Jlgrolo c;=0. (3.48)

Now, we fix j € N. By means of (2.3) we get
c3/d>,-jdx</&)ijdx+/g3dx+aj+aj’-. (3.49)
G Q G

Using Holder’s inequality along with (2.1), (2.2), (3.2) and (3.45), we obtain

q—1

ol < [/G(clcl)ij—l-gl)dx]T{/C;( Y Dau|q) dxr

|af=1

+ [/G(CQ®ij+g2)dx}’T[/C;< Y |Daup) dx]%

o=
<cns [/G <|az='1 Dau|q) dx} e +cu {/G (%2Dau|p> dx] 5.

This and (3.47) imply that
0} < c3€/2. (3.50)

Using (3.46), (3.49) and (3.50), we get
6‘3/ ®;; dx < / ®; dx+0j+c3e.
G Q -

This along with (3.33) and (3.48) implies (3.44). Thus assertion (x*10) holds.
Step 7. Let us show that the following assertions hold:

(%11) for every function v € WéZ(Q) ,

lim ( D Aa(x,Vgu,-j)DO‘v)dxz /Q ( D Aa(x,Vgu)Dav)dx;

J7JQ \ gen acA
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(*12) for every function v € WéZ(Q) NL=(Q),

lim | B;, (x ui;, Vo, vdx-/B x,u, Vou)vdx.
ji—=Jo

In fact, let v € W29(Q). In view of (3.43), we have
2p

Y Aa(x,Vau;; ) D% — Y Aq(x,Vou)D% ae.in Q. (3.51)

aeA acA

Let € > 0. Reasoning by analogy with the proof of inequality (3.50), we establish that
there exists € > 0 such that for every measurable set G C Q, meas G < €, and for
every j € N the following inequalities hold:

J

By virtue of (3.51) and Egoroff’s theorem, there exists a measurable set Q| C Q such
that

€
ZAaxVQu, )D v‘dx -, /
4 G

acA

Y A, Va)D%ldx< S . (352)
acA 4

meas(Q\ Q) < g, (3.53)

2 Ag(x, Vguij)DO‘v — 2 Aq(x,Vou)D%v uniformly in Q.
acA acA

Then there exists j; € N such that for every j € N, j > j;, we have

Jo

Letus fix j €N, j > j;. Using (3.52)-(3.54), we obtain

ZAaxVQu, )D% V—ZA (x,Vou)D%v
acA acA

dx< & (3.54)

[\

2 Ag(x, Vzu,-j)DO‘v— 2 Ag(x,Vou)D%

aeA acN

/ Z A(x X Vgu,-j)DO‘v‘dx—l-/
Q\Q Q\Q;

aceA
Therefore,

LY(Q)

Z Ay (x,Vou)D v‘dx—i—
aeA

— 0.

2 Aa(x7V2u,-/.)DO‘v— 2 Ag(x,Vou)D%
' LY(Q)

acA aeN

Thus assertion (*;;) holds.

Further, let v € Vcl)/l’q Q)N L*(Q). Owing to (3.43) and (3.4), we have
2p

Bi, (x,u;;, Vaui;)v — B(x,u, Vou)v ae.in Q. (3.55)
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Let € > 0. Using (2.5) and (3.22), assertion (*}o) and the boundedness of the function
v, we establish that there exists & > 0 such that for every measurable set G C Q,
measG < &, the following inequalities hold:

€
hmsup/ |Bi; (o, wij, Vaui; Jv|dx < <3 (3.56)
J—oeo
€
/ |B(x,u, Vou)v|dx < <3 (3.57)
In view of (3.55), there exists a measurable set , C  such that
meas (Q\ Q) < & (3.58)

and B, (x,u,-_,.,Vzuij)v — B(x,u,Vou)v uniformly in Q,. Then there exists j, € N such
that for every j € N, j > j», we have
/Q |Bi; (x, ui;, Voui, )v — B(x,u, Vou)v|dx < (3.59)

2

W[ m

We fix j €N, j > j». Using (3.57)-(3.59), we obtain
/Q |Bi; (x, ui;, Voui, )v — B(x,u, Vou)v|dx

< € + |B(x,u,V,u) v|dx+/ (x,ui, Vouy )v|dx
3 Q\Q, ’ '
2

€
< 3 —I—/Q\Q2 |B,-_,.(x7uij7V2uij)v\dx.
This along with (3.56) and (3.58) implies that

hmsup/ |Bi; (x, ui;, Voui, )v — B(x,u, Vou)vldx < €

Jj—reo

Hence, taking into account the arbitrariness of €, we deduce that assertion (*j,) holds.
From (3.1) and assertions (*1;) and (%) it follows that for every function v €

qu(g)me(g)

/Q<Z Aa(x,Vzu)DO‘v—|—B(x7u7V2u)v>dx:/vadx.

acA

The established properties of the function u allow us to conclude that u is a gen-
eralized solution of problem (2.8), (2.9). This completes the proof of Theorem 2.1.
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