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ON SECOND-ORDER FUNCTIONAL
DIFFERENTIAL INCLUSIONS IN HILBERT SPACES

MYELKEBIR AITALIOUBRAHIM

(Communicated by Sotiris K. Ntouyas)

Abstract. We prove the existence result of monotone solutions, in Hilbert space, for the differen-
tial inclusion ¥(r) € f(¢,T (¢t)x,%(r)) + F(T (¢)x,%(t)), where f is a Carathéodory single-valued
mapping and F is an upper semicontinuous set-valued mapping with compact values contained
in the Clarke subdifferential d.V(x) of a uniformly regular function V.

1. Introduction

Let H be a separable Hilbert space with the norm ||.|| and the scalar product
(.,.). For any segment I in R, we denote by %' (I,H) the Banach space of continuous
functions from / to H equipped with the norm ||x(.)]|e := sup{||x(¢)||;¢ € I}. For all
positive number a, we put 6, := ¢([—a,0],H) and for any ¢ € [0,T], T > 0, we
define the operator T(¢) from € ([—a,T],H) to 6, by (T(t)x)(s) = x(¢ +s). For a
given nonempty subset K of H, we introduce the set % := {(p €Cs0(0) €K }

This paper is devoted to prove the existence of solutions to the following Cauchy
problem:

(@) e f(t,T(t)x,%(t))+ F(T(t)x,%(t)) a.e.on]|0,1],
x(s) = (s), Vs € [—a,0], (1.1)
x(s) € P(x(z)), Vt € ]0,1], Vs € [t,1],

where F is an upper semicontinuous multifunction with compact values, f is a Carathé-
odory function and P is a lower semicontinuous multifunction.

Existence of solutions of second-order differential inclusions has been studied by
many authors. For instance see [1, 2, 4, 6, 14, 15] and the references therein.

Existence of viability result for functional differential inclusions was first sug-
gested by Haddad [10, 11], when the right-hand side is upper semicontinuous with
convex and compact values, in finite dimensional vector space. For review of other re-
sults on functional differential inclusions, we refer the reader to the papers by Gavioli
and Malaguti [9], Syam [17] and the references therein.

The viability result for second order differential inclusions (1.1) was given by
Lupulescu [13] in the case in which f =0 and P(x) = K. Ibrahim and Al-Adsani
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[12] proved the existence of monotone solutions for (1.1) without perturbation (f =
0). Note that in [12, 13], the right hand-side is contained in the subdifferential of a
proper convex function. Cernia [6] considered the same situation but the right hand-
side is contained in the Fréchet subdifferential of a ¢ -convex function of order two.
Here it is necessary to mention that the works [6, 12, 13] has been studied in the finite
dimensional space.

This work extends results which are presented in [6, 12, 13] to the infinite dimen-
sional case. Furthermore, we assume that F' is contained in the Clarke subdifferential
d.V, where V belongs to the class of uniformly regular functions which contains strictly
the class of convex functions and the class of lower-C2 functions. As is known, viabil-
ity problems need tangential conditions. For the problems (1.1), we shall use a tangency
condition which is weaker than that used in [6, 12, 13].

The paper is organized as follows. In Section 2, we recall some preliminary facts
that we need in the sequel, in Section 3, we give some preliminary results, while in
Section 4, we prove the existence of solutions for (1.1).

2. Preliminaries and statement of the main result

For x € H and r > 0 let B(x,r) :={y € H; ||y —x|| < r} be the open ball centered
at x with radius r, B(x,r) be its closure and let B = B(0,1). For ¢ € ¢, let B,(¢,r) :=
{w € %usllo — yl|l- < r} and B,(¢,r) be its closure. For x € H and for a set A C H
we denote by da(x) the distance from x to A given by da(x) := inf{||y —x|| : y € A}.

We shortly review the definitions of the various extensions of derivatives used in
this paper (see [7, 8, 16] as general references).

Let V: H — RU{+e} be a lower semicontinuous function and x be any point
where V is finite. The generalized Rockafellar directional derivative V' (x,.) is

Vi +0) -V
Vix,v) = limsup inf W +0v) (x)
X —x,V(¥)—V(x)t—0t V—v t

The Clarke subdifferential of V at x is defined by

oV (x):={yeH: (yv) <V'(x,v), forallve H},

and that the proximal subdifferential d,V (x) of V at x is the set of all y € H for which
there exist 8, ¢ > 0 such that for all X’ € x+ 6B,

(al —x) V() = V() + oy —x]*

Note that 9.V (x) is convex and closed and d,V (x) is convex, but not necessarily closed.
On the other hand, one always has d,V (x) C d.V (x).

In the following proposition we summarize some useful properties of Clarke gen-
eralized directional derivatives.

PROPOSITION 2.1. [7, 8] Let V : H — RU{+oo} be locally Lipschitz. Then the
following conditions hold:



FUNCTIONAL DIFFERENTIAL INCLUSIONS IN HILBERT SPACES 391

(i) AV (x)={peH:V°(x,v) = (p,v),VWeH}={peH:V,(x,v) < (p,v),VWEH};

(ieo(V”(x,;) =max {(p,v),p € o.V(x)} and V,(x,v) =min{(p,v),p € d.V(x)} =

Let us recall the definition of the concept of regularity that will be used in the
sequel.

DEFINITION 2.2. [5]Let V : H — RU{+-ec} be a lower semicontinuous function
and let U C Dom(V) be a nonempty open subset. We will say that V is uniformly
regular over U if there exists a positive number 3 such that for all x € U and for all
& €9,V (x) one has

(X —x) VX)) =V(x)+B|x —x||* forallx’ € U.

We say that V is uniformly regular over a closed set S if there exists an open set U
containing S such that V is uniformly regular over U .

The class of functions that are uniformly regular over sets is so large. Any l.s.c.
proper convex function V is uniformly regular over any nonempty subset of its domain
with B = 0. For more details to the concept of regularity, we refer the reader to [5].

The following proposition summarizes some important properties for uniformly
regular locally Lipschitz functions over sets needed in this paper.

PROPOSITION 2.3. [5] Let V : H — R be a locally Lipschitz function and S a

nonempty closed set. If V is uniformly regular over S, then the following conditions
hold:

(a) the proximal subdifferential of V is closed as a multifunction over S, that is, for
every x, — x € S with x, € S and every &, — & weakly with &, € 9,V (x,) one has
S €HV(x);
(b) the proximal subdifferential of V coincides with the Clarke subdifferential of V for
any point x;

(¢) the proximal subdifferential of V is upper semicontinuous over S, that is, the sup-
port function x — (5(\)7 apV(x)) is u.s.c. over S for every ve H.

Assume that the following hypotheses hold:

(H1) (a) K is a nonempty locally compact subset in H and €2 is a nonempty open
subset in H such that Q is compactand K x Q C Graph(Tk), where Tk (x)
is the Bouligand’s contingent cone of K at x,

(b) P:H — 2K is alower semicontinuous set-valued map satisfying:

(i) forall x € K, x € P(x),
(if) forall x € K and all y € P(x) we have P(y) C P(x);
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(H2) F:.%#yxQ— 2" is an upper semicontinuous multifunction with compact values
satisfying F (@,y) C 9.V (y)NW forall (@,y) € %y x Q, where W is a compact
subset of H and V : H — R is a locally Lipschitz function and uniformly regular
over £;

(H3) f:R x%,x H — H is a function with the following properties:
(i) for all (@,y) € 6, x H, t — f(t,¢,y) is measurable,
(ii) forall t € R, (¢,y) — f(t,¢,y) is continuous,

(iii) for all bounded subset S of %, x H, there exists a nonempty compact subset
C of H such that f(z,¢,y) € C forall (t,¢,y) e RXS;

(H4) (Tangential condition) ¥(t,@,y) € [0,1] x #yx Q, Iv € F(¢,y) such that
L2 h? t+h
lzg(l)llfhjdp((p(o)) ((P(O) +hy+ EV + [ (l +h— S)f(s, (p7y)ds> =0.

We shall prove the following result:

THEOREM 2.4. If assumptions (H1)-(H4) are satisfied, then there exist T > 0
and an absolutely continuous function x(.) : [—a,T] — H, for which %(.) : [0,T] — H
is also absolutely continuous such that x(.) is a solution of (1.1).

In all the paper, we suppose that the assumptions (H1)-(H4) are satisfied, we fix
(@,y0) € ) x Q and we choose r > 0 such that Ky = KNB(¢(0),r) is compact, Qp =
B(yo,r) C B(yo,2r) C Q and V is Lipschitz continuous on B(yp,2r) with Lipschitz
constant A > 0. Then 9.V (y) C AB forevery y € Q. Let ¢ > 0 such that Q C B(0,0)

and let C be a compact subset of H such that
flt,y,y) €C, V(1,y,y) € Rx (N Ba(,2r)) x B(0,0).

Let M > 0 such that C C B(0,M). For € > 0 set

n(e) :=sup{p €)0,]: lp(t1) — p(n)|| < eif |y —1a| <p}. (2.1)

REMARK 2.5. If KN B(¢(0),r) is closed in H, then % NB,(¢p,r) is closed
in %,. Indeed, let (y,),en a sequence in %, N B,(@,r) which converges to . We
have v, € B,(¢,r) for all n € N, so v € B,(¢,r). On the other hand since v, €
9N Bu(@,r) forall n € N, one has y,(0) € KNB(¢(0),r) for all n € N, so by the
closedness of KNB(¢(0),r) we get y(0) € K. Hence y € 4N By(@,r).

3. Preliminary results

In this section, we shall prove some auxiliary results needed in the next section.
Consider first the following hypotheses which we shall use throughout this section.
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(A1) G:K xQ — 2" is an upper semicontinuous multifunction with compact values
satisfying G(x,y) C d.V(y) "W forall (x,y) € K x Q;

(A2) g:Rx Hx H — H is a function with the following properties:

(i) forall (x,y) € HxH, t+ g(t,x,y) is measurable,
(ii) forall t € R, (x,y) — g(¢,x,y) is continuous,
(iii) g(t,x,y) € C forall (¢,x,y) € R x B(¢(0),2r) x B(0,0);

(A3) (Tangential condition) V(t,x,y) € [0,1] x K x Q, 3v € G(x,y) such that

li _de h ” " h ds | =0
},I.E(I)E 24P x+ y+7v+/t (t+h—s)g(s,x,y)ds | =0.

In the sequel, we will use the following important Lemma. It will play a crucial
role in the proof of Proposition 3.3.

LEMMA 3.1. If assumptions (A1)-(A3) are satisfied, then for all € > 0, there ex-
ists 1 >0 (1 <€) such that ¥(t,x,y) € [0,1] x Koy x Qq, there exist hyxy € [, 31(%)]
and u € G(x,y) + €B such that

hgxy t+h
<x+ hy xyy + 2 u —|—/ (t+hexy— s)g(s,x,y)ds) € P(x).
t

Proof. Let € >0 and (7,x,y) € [0,1] x Ky x Qq be fixed. Since G is upper semi-
continuous on (x,y), there exists &, > 0 such that G(x,y) C G(x,y) + 5B for all
(%,¥) € B((x,y),8xy). Let (s,%,y) € [0,1] x Ky x Q. By the tangential condition, there
exist v € G(x,y) and hg ; ; €]0,$1(£)] such that

h2

_ Bz SHhyry - hsz 58
dpiz)| X +hezyy+ 2 v+/ (s+hs gy —1)g(T,x,y)dT <T

Consider the subset N(s,x,y) of all (5,%,5) in R x B(¢(0),2r) x B(0,0) such that
2 2

5 5 §t+hy 5 5 5 7€
dp(,;) )Z+hs7;7)7}7+ 727 V+/ (§+h_\~7f7)7—1)g(‘[,)f,)7)d1 < 7T
s

Moreover, by hypothesis (A2), the dominated convergence theorem applied to the se-
quence of functions

(X[E,Frhsjd—,] ()(p5(7-567)7))s~7 where (pf(Ta X, )7) = (§+ h.\',f,)_z - T)g(T7X7)7)7
shows that the function
2

3 S+hg x5
(§8,9) = Tt hy g 59+ —5=v+ / gy - 18T, x9)dT
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is continuous. Since P is lower semicontinuous, by Corollary 1.2.1 in [3], the function

2

hsxv S+hg +
(5)?)7) dp()<x+hsxvy+ V+/

5%,y

S + hs,f,)_z - 1)8(77-%7)7)611)

is upper semicontinuous. So N(s,X,¥) is open. Furthermore, since (s,%,3y) belongs
to N(s,X,y), there exists 0 < 7,55 < Oy, such that B((s,X,y),N,5y5) is contained
in N(s,x,y), therefore, the compact subset [0, 1] x Ky x Q can be covered by ¢ such
balls B((si, Xi,V;), Ny, x.5,)- For 51mp11c1ty, set hi = hy, x5 and 0; =M 55, 1=
1,...,q. Put 1 = min{Ah;/1 < i< q}. There exists i € {1,...,q} such that (¢,x,y) €
B((si, Xi, ;) Ny, x,,5,), hence (t,x,y) € N(si,%;,y;). Then there exists v; € G(¥;,¥;)
such that

2

h2 t+h;
dpx) <x+ hiy + 7’\/,- —|—/ (t+hi— r)g(r,xy)dr) <
t

Let x; € P(x) such that

2 1+h;
il (et vl+/ (t 4 hi— 1)g(T,%.y)d7
€
h2dp( )<x+h,y+—v,+/ (t+hi—1)g (rxy)dr) 7
hence
2 t+h; £
- xi—x—h,-y—/ (t+hi—1)g(T,x,y)dt | —vi|| < =.
h: t 2
Set

2 t+h;
u= ﬁ<xi—x—hiy—/ (t+hi—1')g(r,x7y)dr)7
t

i

then u € G(x;,y;) + 5B and

W2 :
Xi = <)C+hiy+ ?’u—i-/ (t+hi— T)g(T,x,y)dT) € P(x).
t

Since || (x,y) — (%, ¥;)|| < 6xy we have u € G(x,y) +€B. O
In the sequel, we need the following Lemma.
LEMMA 3.2. For all 0 < € < a there exists 0 < oo < € such that for all 7 €

B(yo,r) and x € B(¢(0),r), there exist p €]0,1] and b € [, inf{1n(£),1}] satisfying
B(z,p) C B(yo,r), B(x,p) C B(¢(0),r) and b(||zl| +-a+p+A+2M) <p/2.

Proof. Let 0 < & <a, z€ B(yo,r) and x € B(¢(0),r) be fixed. Consider 0 <p <1
such that B(z,p) C B(yo,r) and B(x,p) C B(¢(0),r). Let (p,Z) € [0,1] x Q. There
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exists by - €]0,inf{4n(§),1}] such that b5 -(||Z]| +a+p+A+2M) < p /4. Consider
the open subset

p.2) = {(1,v) ERx H : by (HvH+a+,u+7L+2M)<%}.
Since (p,z) € N(p, z) there exists T > 0 such that B((p,z),7) C N(p,z). The

<),
compact subset [0,1] x Q can be covered by g such balls B((p;, zi), 7). Set bj =b;_ -,
and o = inf{b;,0 <i< gq}. Leti € {1,....q} such that (p,z) € B((p;, zi), 7). Hence
(p,2) €N(p;, 2i). So

bi(||lz]| +a+p+A+2M) < p/4,

where b; € [a,inf{}m(%L 1}]. O

In all the paper, for € > 0 we denote ¢/(&) the number o given by Lemma 3.2. In
the next section, we need the following Proposition.

PROPOSITION 3.3. If assumptions (A1)-(A3) are satisfied, then for all € €]0,al,
to €10,1], xo € KNB(¢(0),r) and zo € B(yo,r) there exist by € [a(€),inf{1n(£),1}],
continuous functions x(.),y(.) : [to,+eo[— H, a function v(.) : [ty, +eo[— H and step
functions 6(.),0(.) : [to, +oo[— [to, +oo[ such that

(i) x(t0) = xo, x(to+bo) € KNB(9(0),r), x(6(1)) € P(x(6(t))) and x(6(1)) € KN
B(9(0),r) forall t € [ty,t0 + bo);

(ii) (1) — g(t.x(0(1)),y(0(¢))) € G(x(0(2)),y(6(t))) + €B a.e. on [to,t0 + bol;

(iii) y(to) = z0, ¥(to+bo) € B(yo,7), ¥(0(t)) € B(yo,r) forall t € [to,t0 +bo], [|x(t) —
YOl <e, [[X(1) =)l < € and [x(t)]| < [lyoll +r+ A +a+M for almost all t €
[to,to—Fb(ﬂ;

() 3(0) =3(00) ] (s(5:5(8(6)),(6(6))) +¥(5)) ds for all 1 € .10+ bol:
(V) 0<r—0(1) < gn(%), 0<0()—1 < 3n(%) and v(t) € G(x(6(1)),y(6(1))) for
all t € [ty,t0 + bo).

Proof. Let 0 <& <a, tg € [0,1], xo € KOB( (0),r) and zo € B(yo,r). By
Lemma 3.2 there exist p €]0,1] and by € [o(¢),inf{1n(£),1}] such that B(xo,p) C
B((P(O),r), B(Z07p) CB(y()vr) and

he)

bo(HZO||+a+p+7L+2M)<§. 3.1)

By Lemma 3.1, there exist ) >0, 1o € [0, 21 ()] and u € G(xo,20) + €B such
that

h(z) to+ho
x| = <XO+hoZO+7uo+/ (to+ho—s)g(s,xo,10)ds) € P(xo).
]
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Set
to+ho

ty=ty+hy and <z =2z9+hovo+ / g(s,x0,20)ds,
fo
where v € G(xg,z0) such that ||ug — vo|| < €. If hy < by, by (Al), (A2) and (3.1), we
have

h(z) to+ho
hozo + 7Mo+/ (to +ho — 5)g(s,x0,20)ds
Iy

T \

< (Jlzo]| + A +a+2M)by

<p
and
to+ho
|21 — 20| = ‘ hovo+/t 8(s,x0,20)ds
0
< (A+M)by
<p.

Thus x; € KNB(¢(0),r) and z; € B(yo,r). Set h_; = 0. We reiterate this process

for constructing sequences (/1) ,>0 C [1, %n(%)}, (tp)p=0s (Xp)p=0, (2p)p=0, (Up)p>o0,
(vp)p=0 such that
p—1
(a) tp =to+ ¥ h; and x, € P(xp_1);
i=0
R, Ip
() xp =xp-1+hp1zp 1+ Fmup 1+ [ (1p—9)8(s,%p-1,2p-1)ds;
(]
Ip
(C) Zp = Zp-1 +hp—1Vp—1 +t f g(s,xp_l,zp_l)ds;
p—1

p—1
(d) x, € KNB(¢(0),r) and z, € B(yo,r) if ¥ h; < bo;
i=0
(€) up—1 € G(xp—1,2p—1) +€B, vp_1 € G(xp_1,2p—1) and [Ju,_1 —v,_i1|| <.

It is easy to see that for p = 1 the assertions (a)-(e) are fulfilled. Let now p > 1.
Assume that (a)-(e) are satisfied for any p = 1,...,q. If 79+ by < #,, then we stop
this process of iterations and we get (a)-(e) satisfied with 7, <19+ by <1,. In the
other case, we can apply for (14,%4,z,) the same technique applied for (7,x9,z0) at the
beginning of this proof, and we get (a), (b), (c¢) and (e) satisfied for p =g+ 1. It
remains to prove (e). By induction, we have

q q p2 q fo+é0hi J
Xg1 =0+ D hizi+ Y, St Z/ SO (to4 Y hi—s)g(s,xj,z5)ds
i=0 i=0 Jj=0 to+_§0h,>1 i=0

i
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and
l()*‘r Z h

Zg41 —zo+2h vl—i—Z/ S0 g(s,xj,25)ds.

Jj=0 f0+2hz 1

q
Then, if Y, h; < b, by (Al), (A2), and (3.1) we have
i=0

q q
||Zq+1 — 20| < Zhll + ZhiM
i- =
<bo(A+M)
<p

and

[[Xg+1— X0l < ZhH@WH)+ZhA+a+Zh2M

< b()(HZOH +p+A +a+2M)
<p.

Hence z441 € B(yo,r) and x,1 € KNB(¢9(0),r). Since h, > n > 0 there exists an
integer s such that

s—1 s
t_yzto-i-Zhi <to+bo <ttt :f0+2hi~
i=0 =
Define on [fg, +-oo| the functions x(.), y(.), v(.), 6(.) and 6(.) as follows:

t—t, 1) t
x(t) =xg-1+ (t —tg—1)zg—1 + ( 5 1) Ug—1 +/ (t—5)g(s,xg-1,24—1)ds
Ig—1

t
V(1) =zg-1+ (t —t4-1)vg—1 +/ 8(5,xg—1,24—1)ds forallt € [t,_1,14];
tqfl
0(1)=ty1, v(t)=vyo1 and O(t) =1, forallt € [ty_1,1,].

Finally, the above definitions will enable us to derive the assertions (i)-(v). O

4. Proof of the Theorem 2.4

Set ©(0) = xp and let

1 r
T =infS1,— .
m{ 4”(4(1+yo||+r+7t+a+M))}

We shall show the following Proposition. It will be used in order to obtain a sequence
of approximated solutions.
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PROPOSITION 4.1. Forall O < € < a there exist continuous maps:
)C() : [_aa+°°[_> H7 y() : [0a+°°[_> Ha r() : [0a+°°[_> %ﬂl’

afunction v(.) : [0, +eo[— H and step functions 6(.),0(.),0(.) : [0, +eo[— [0, +oo[ such
that

[(i) x(]G(t)) € KNB((0),r) and x(6(t)) € P(x(0(t))), forall t € [0,T] and x= ¢ on
—a,0];
(if) (1) = f(2,T(2),y(0(1))) € F(I'(1),y(0(z

)
(iii)) 0<t—0() < in(£), 0<r—0(r) < in(%) and 0 < 0(t) —t < In(£) for all
t€[0,T];
(iv) y(0(1)) € B(yo,r) for all 1 € [0,T], |[x(r) —y(1)[| <&, [[%(t) =y(1)l| < & and
1) < lyoll+r+ A4+ a+M for almost all ¢ € [0,T];
() 30) = 5000+ ] (5T (6).5(605)) +(5)) ds and v(1) € F(T(0).5(600) for i
t€[0,T];
(vi) Forall t €[0,T]

)+ &B foralmost all t € [0,T];

Proof. Let 0 < & < a be fixed. Set to = 0 and put x(t) = @(¢) forall 7 € [—a,0].
Consider the function I'y : H — %, defined as follows: for all x € H

(fo+47’l(§) ) —a<3<—%n(f—;)7

—n‘(‘%)x(to)+(1+ 4S))x, —nE) <s<o.
The set-valued maps
Go:KxQ—2" and g0:RxHxH—H

defined by Gy(x,y) = F(T'o(x),y) and go(r,x,y) = f(¢,T(x),y) satisfy all assump-
tions (A1)-(A3). By Proposition 3.3, there exist by € [a(s),inf{}m(%), 1}], continu-
ous maps xo(.),yo(.) : [fo,+eo[— H, a function vy(.) : [ty,+oo[— H and step functions
60(-),00(.) : [to, +o°[— [to, +o[ such that:

(i) xO(l‘o) = X, x(l‘o—|—b0) € B((p(O),r), xO(éo(t)) S P(XO(G()(I))) and XO(GQ(Z)) S
KNB(¢(0),r) forall z in [to,7+ bol;
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(ii) Jo(r) = f(2,To(x0(60(2))),y0(60(t))) € F(Lo(xo(60())),y0(60(r))) + B for al-
most all ¢ € [to,7) + bol;
(iii) |[%o(t) = yo(1)[| < &, [[Xo(r) —yo(1)[| < & and |Lio(¢)[| < [[yol| +r+A +a+M for

almost all ¢ € [to,79 + bo], yo(to) = yo, Yo(to +bo) € B(yo,r) and yo(6o(t)) € B(yo,r)
for all ¢ € [to, 70 + bol;

() 30(6) = 50(t0) + | ( (5 Tolxa(0(5).y0(B0(s))) + v0(s) ) for al £ i rvto +

bo);

(v) Forall # € [tg,f0+bo), 0<1—6p(t) < $1(£), 0< 0o(t) —1 < In(£) and vo(r) €
F(To(x0(60(2))),y0(60(1)))-

Set 1) = o+ by, x(t) =xo(¢) and y(¢) = yo(¢) forall 7 € [tg,11].

We reiterate this process for constructing sequences b; € [a(e),inf{%n(%), 1}],
xi(1), vi(),vi(L) ¢ [ti,Foo[— H, 6:(.),0i(.) : [ti, +oo[— [ti,+oo[, Ti: H— €, and con-
tinuous functions x(.) : [—a,t;+1] — H and y(.) : [0,#;1] — H satisfying the following
assertions for i >0 :

(@) tiv1 = ti+bi, xi(ti+bi) € B(9(0),r), x(1) = xi(t), x(6i(1)) € P(xi(6;(r))) and
xi(6;(t)) € KNB(9(0),r) forall 7 € [t;,t;11];

(b) () — (T (x(6:(0))),3u(8:(1))) € F(Ty(xi(84(1))). 3s(8,(r))) + £B for almost all
1€ [ti,tiv1];

(¢) yilti+bi) € Blyo,r), ¥(t) = yi(r) and yi(6;(t)) € B(yo,r) forall 1 € [t;,1;1], and
1%:(2) — yi(D)|| < &, ||1%:(t) —yi(2)|| < € and ||%;(2)]| < ||[vol| + 7+ A +a+ M for almost
all # € [t,ti41];

(@) (t) = y,<a>+f( (. T (61(5))).31(04(s)) +vi(s) ) ds o o i

(¢) Forall 1 € [t,t;1], 0<t—6;(¢) < In(§), 0<0,(t) —1 < gn(%) and vi(t) €
F(Ti(xi(6:(2))),yi(6i(2))):
(f) Forall xe H

_n?%)x(t,-) +(1+ %)x, —~In(¢)<s<o.

The assertions (a)-(f) are fulfilled for i = 0. Let now i > 1. Assume that (a)-
(f) are satisfied for any i = 1,...,q. If T <1441, then we stop this process of iterations
and we get (a)-(f) satisfied with 7, < T <1,11. In the other case: 7,41 < T, consider
the function T'y1 | : H — %6, defined as follows: forall x € H,

Xtgr1+1(5) +5), —a<s <—gn(%),
Tge1(x)(s) =
—aterltgn) + (14 585)x —(§) <s<0.
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The set-valued map Gy : K x Q — 21 and the map gq+1 :RxHXH— H,
defined by

Ggi1(x,y) = F(Tyv1(x),y) and  gge1(t,x,y) = f(t,T411(x),),

satisfy all assumptions (A1)-(A3). In view of Proposition 3.3, there exist by, €
[o(€),inf{n(e/4)/4,1}], continuous functions x4 1(.),y4+1(.), a function v, (.) and
step functions 6,:1(.) and 6,.1(.), defined on [ty41, o[, satisfying (a)-(f) for
i=qg-+1. Set

tgr2 =tgr1 +bgr1, x(t) =x401(t) and  y(1) = yg41(2),

for all 7 € [ty41,1442]. Thus the conditions (a)-(f) are satisfied for i = g+ 1. Since

tir1 —t; = b; > o(e), there exists an integer s such that 7y < T < t,1;. Further on,
we define the functions 6(.),0(.),8(.) : [0, +oo[— [0, 4oo[, T': [0,+o0[— %, and v(.) :
[0, +oo[— H as follows: for all ¢ € [t,t541[, 8(¢) = 0,(t), 0(t) = 04(1), O(¢) =1,
v(t) =v4(t) and T'(¢) =T (x,4(64(¢))). Hence the proof of Proposition 4.1 is complete.
O

Now we are prepared to prove our Theorem 2.4. Let k € N* such that

1 r
— <infqa, .
k { l+yo+r+?L+a+M}

By Proposition 4.1, we can define sequences s; € N*, (z )0<q<\k+1v X () 1 [—a, +oo[—

H, yi(.),vi(-) £ [0,4eo[— H, 6c(.),0x(.), () : [0, +-o0[— [0, eo] and T(.) : [0, +o0[—

%, such that:

(1)[xk(9k](t)) € B(¢(0),7) and x;(04(1)) € P(xz(6(2))), forall € [0,T] and x; = ¢
n |—a,0];

(2) & (t) — £, Te(t),y6(6(2))) € F(Tk(t),yx(6k(t))) + 1 B for almost all ¢ in [0, T];
(3) 01— 6k(r) < 3M(5p), 0 <1 —Be(r) < gn(gp) and 0 < Ox(r) —1 < gn(gp) for

all 1 € [0,T];

(4) foralmostall 1 € [0,T], [[5x(r)—ye(t)| < 1/k, [5¢(t) —3e(0)]| < 1/k and [5(0)]| <
lvoll +r+A+a+M and forall t € [0,T], yi(6k()) € B(yo,r);

(5) forall 7 € [0,T], yi(t) = y(0) +({t (f(s,rk(s),yk(ek(s))) —|—vk(s)>ds and v (1) €

F(Ty(t), v (0c(1)));
(6) forall ¢ € [0,T],
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CLAIM 4.2. Ty(1) € #NBa(@,r) and ||T (£)x — Ti(t) ||+ < 3¢ (14 [[yoll +r+
a+M+A) forall t € 10,T].

Proof. First, remark that for all #,7 € [—a,T] such that | — | < n(p) we have
() —x(£)]| < p(L+ ||yol| + 7+ A +a+M). Indeed, let #,7 € [—a,T] such that
t—7|<n(p). Ift,7 €[0,T] and 7 < ¢, by (4) and (5) we have

) =Dl < [ ix(s) s

(t—1)(|lyol| +r+A+a+M)

<
<p(yvoll +r+A+a+M).

If ¢,1 € [~a,0], by construction, |[x(t) —xi(7)| = [[@(t) —@(1)|| <p. Ift €
[0,T] and 7 € [—a,0], one has |t| < n(p) and |7| < N(p). Then

1%k (1) = x(0) | + [l (7)) — @ (0}
p(lyoll +r+A+a+M)+p
=p(1+|yoll +r+A+a+M).

e (#) — 2 ()] <
<

Hence we conclude that for all 7,7 € [—a,T] such that |t — ]| < n(p), we have
i) =i () < p(L+ [lyoll +r+ A +a+M).

Now, let 7 € [0,T], if —a <5< —}m(ﬁ) we have

T

~ 1 r
<O (t)—t+t+ -
k(1) — 1+ +4n<4(1+yo||+r+7t+a+M))

<1 <L>+1 r )
S3Mak) T 4(1+|voll +r+A+a+M)

1 r
_l’__
4”(4(1+ yO||+r+7L+a+M))

-
< )
n (4(1 + |lvoll —|—r+7H—a+M))

Then

Xk (ék(t) + %{n <%€> —l—s) —xx(s)
<

ITe(®)(s) — @(s)I| =
-

1 Y ”

4(1+||yoH+r+7L+a+M)( Flyoll + 7+ A +a+M)

<r




402 MYELKEBIR AITALIOUBRAHIM
f——r)(4 ) <s<0 we get

|6k (1) — Bi (1)
< |61(r) — 1]+ [Ok(r) — 1

—_

r 1 r
— +_
4"( 1+||yo+r+/l+a+M)> 4n<4(1+||yo+r+/l+a+M)>

n<4 1+||yo+r+7L+a+M)>

and
166(1) =] < %n (4(1+yo||+:+l+a+M))+;ln(%c>
<n<4(l+yo||+rr+7t+a+M))'
So
N0~ 991 = 50+ 5B - (1+ o e
< lels) — 5 O)) | + Iix(Be(6)) —xx(86(0)]

2r
S A1 |yol| +r+A+a+M)
r.

(1+|lyoll +7+A+a+M)

N

N

Thus we conclude that Tx(z) € Ba(@,r). Since Ty(7)(0) = x (6 (1)) € K, we have
T(t) € AN By(@,r).
For the second assertion, let 7 € [0,T], if —a < s < —%n(ﬁ) we have

‘é,{(r)%n(ﬁ) IEEE |ék(t)—t|—|—%n<41—k>
1 1 1 1
< n<4k> + _”<ﬂc>
1
<n(3)

Then

1T (1)3(5) = Tee) s)[| = ||l + ) —Xk(ék@ + %’7 (fk) “)

1
< @(H lyol| +r+A+a+M).

If —In(L) <s<0 weget

(z)

6u() —1 =) < 1ok 1+ sl < 31 (52) + 37 (52) <
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and
- - 1 /1 1 /1 1
10:(6) = 8e0)] < 10:(6) =1+ 18k —1 < gn (52) + 37 (57) < (57)-
So
(T (8)xk(s) — Tie(2) () |
4s ~ 4s
= o9+ St - (1+W_k))xk(ek<t>>H
< o (2 4 ) = 22 (6 (0)) || + [0 (Be () — 2. (6x (1))
%c(l—i—HyoH—i—r—i—?L—Fa—f—M)—F%c(l—i—Hyo||+r+7t+a+M)
<%€(1+Hyo||+r+7t+a+M).
Thus

T ()5 — Talt) | oo < Zlk(l +lvoll+r+A+a+M) forall r€[0,7]. O

Now, from (5), we deduce that [|y;(¢)|] < M+ A for almost every ¢ € [0,T] and
forall 7 € [0,T], y(t) € yo+[0,T](C+ W), which is compact. Therefore, by Arzela-
Ascoli’s theorem (see [3]), we can select a subsequence, again denoted by (yx(.))x,
which converges uniformly to an absolutely continuous function y(.) on [0,T], more-
over yi(.) converges weakly to y(.) in L*([0,T],H). In addition, since y;(6(¢)) €
B(yo,r) C Qp for all r € [0,T], one has y(r) € Qo for all + € [0,T]. Now, consider
the function x(.) : [—a,T] — H defined by x(¢) = ¢(¢) for all t € [—a,0] and %(¢) =
¥(t), ¥t € [0,T]. Remark that, for almost all 7 € [0,T], by (4), we have

() = 5Ol < [5e(e) = 30) | + ete) — 500 |
< 2+ 0.

The last term of the above inequality converges to 0, then X;(.) converges uniformly
to x(.) almost everywhere on [0,T]. Since

laale) @) < [ ix(s) ) s

we conclude that xi(.) converges uniformly to x(.) on [—a,T]. Now, by (1), (2) and
(3), forall 7 € [0,T], we have

Jim_[(0) = (04 (1)) =0

and x;(0x()) € P(xe(6:())) NB(9(0),7) C Ko, then x(¢) € K for all # € [0,T]. By
(H1), we conclude that x(¢) € P(x(z)) forall z € [0, T]. It remains to prove that if ¢’ < ¢
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then x(r) € P(x(¢")). Let ¢/, € [0,T] be such that /" < z. Then for k large enough we

can find p,q € {0,...,sx} such that g = p+i where 0 <i <, 1' € [r,15,)], 1 €

k k k_ k
[tq,tq 1l 11111 t, =1 and kgl}rlwtp t'. Note that, by construction, one has x(7, ) €

P(xi(1)_,)), which together with (H1) gives

P(xi(ty_1)) C Plak(tg_2))-

Similarly, P(x (1} ,)) € P(xi(t5_3)). If we continue for i — 1 steps, we obtain

P(x (tfj ) QP(xk(t’;))) By the fact that xk(tk) € P(xi(tk 4—1)), we conclude that xk(t,’;) €

P(x (p)) By letting k — o0, we get x(¢) € P(x(¢')). Remark that, from Claim 4.2,
we deduce that

Iy (r) converges to T (¢)x 4.1)
in ¢, and T(1)x € 45N By(@,r).

PROPOSITION 4.3. y(¢) — f(t,T(¢)x,y(t)) € .V (y(¢)) for almost all t € [0,T].

Proof. The weak convergence of yi(.) to y(.) in L?([0,T],H) and the Mazur’s
Lemma entail
1) € (co{ym(t) : m >k}, for a.e. on [0,T].

Fix any 7 € [0,7] suchthatt;zfétfi< forall k> 1 and 0 < g <s+1. Thenforall z€ H,

(z,5(t)) <infsup(z, v (2)).

m k>m

By (5) and (H2) one has yi(7) € 9.V (yi(6k(2))) + f (¢, Tx(2),y%(6k(¢))). Thus for all m,

(z,9(1)) < supo(z,0:V (v (6k(2))) + £, T (t), vk (6k(2)))),

k>=m

from which we deduce that

(z,y(t)) < limilopc(z,&V(yk(Gk(t))) + £ (6, Tk (), e (6k(2)))).-

By Proposition 2.3, the function x — 0/(z,0.V (x)) is u.s.c and hence we get
(2.3(1)) < 0(2,0V (1) + £ (1, T ()x,5(1))).
So, the convexity and the closedness of the set .V (y(z)) (see [7, 8]) ensure
Y(O) = f(@,T(0)x,y(1)) € AV (y(1)).0

PROPOSITION 4.4. The set {(p,y(t )),p € dV(y } is reduced to the singleton
{Lv(y(t))} for almost every t € [0,T].
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Proof. Since y(.) is absolutely continuous function and V is locally Lipschitz
continuous. The function V oy(.) is absolutely continuous and then for almost all ¢
there exists 4V (y(t)). Let ¢ € [0,T] be such that there exist both y(r) and LV (y(z)).
There is 6 > 0 such that for every |h| < 6,

¥(t+h) € B(yo,2r), (4(¢) +hy(2)) € B(yo,2r), (y(t) = hy(t)) € B(yo,2r)
¥t -+ h) = (0) = hi(r) = r(), where lim [[7(h) | /h = 0.

Since V is Lipschitz continuous on B(yo,2r) with Lipschitz constant A > 0, we have

V(e +1) = V(@) +hy(0)] < Alr(R)],

whenever |i| < §. Consequently, the function & — V (y(z) + hy(¢)) is differentiable at
h =0, and its derivative is the same as the derivative of h — V(y(r +h)) at h = 0.

Hence
d Vo) +hy(1) - Vi)

57 00) = lim A

Since V is uniformly regular over Q, there exists 3 > 0 such that for all x € Q
and for all £ € 9,V (x) one has

4.2)

(X —x) SV(X)=V(x)+B|]¥ —x||* forallx’ € Q. (4.3)

Let 0 < h < 8. Applying the inequality (4.3) with x = y(¢) and X' = y(¢) + hy(¢),
we have
(&, hi(0)) <V (3(e) +hy(t) =V (y(1)) + Bllwy(1) |-

Then y s v
(€500 < RN ZVOO) 4 g2

By passing to the limit, we get

) < g YOO +0) =V6(0)
(E.5(0)) < lim ; -

By (4.2), it follows that

d

max {(5,9(1)),§ € V(1) } < ZV((1))-

In view of Proposition 2.3 and Proposition 2.1, one has

VOO, 50) < SVO0)) @4)

If we Apply the inequality (4.3) with x' = y(¢) +h(—y(¢)) and x = y(¢), we obtain
by the same argument

o < tim VOW T (150) = V()
(6,~5(0) < lim ; ~
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Thus .
(510 <~ ti YOOHHO) V1)
Consequently
V(). —3(0)) <~ SV (D)
Since V°(y(1), ~3(1)) = ~Vol(y(e), (1)), we have
Volo(0),5() < V()
In other words J
Dy (5(6)) < V(1) 500)). @5)
By (4.4) and (4.5), we deduce that
V), 30)) < V() < Valy0).50))
which implies that
d

VeO(@),3(1) = =V () = Vo(y(t),y())-

T

This means that for almost all 7 the set {(p,y(1)),p € 9.V (y(t))} reduces to the sin-
gleton {4V (y(1))}. O

PROPOSITION 4.5. i(t) € f(t,T (¢)x,%(t))+F(T (t)x,%(¢)) for almost all t € [0,T].
Proof. By Proposition 4.3 and Proposition 4.4, we obtain

d

5V 00) = 0(0),3(1) = f@, T(t)x,5(r))) a.e. on [0,T],

therefore,
T T
VOI) =Yoo = [ I5OIPds— [ 506 Txp)ds. @6

For simplicity, in the rest of the paper, we take tfk 41 = T. On the other hand, by con-
struction, for all ¢ =1,...,s5; + 1, one has

V() = £ (. Tule), i (tg-1)) € 0V (i ltg1))-
Since V is uniformly regular over €, there exists 3 > 0 and
V((tg)) = V(1))
Z <yk(f§) —yk(lfq)»y'k(t) _f(tvrk(t)7yk(t§71))> —ﬁ”m(h]}) —yk(f(]}l)Hz
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(7 w6htsn) = 1T 1))~ B~

1k tk

= [ Ok 65— [ L) S5 Tels) n (1))
— Bllye(t}) — y(es I
By adding, we obtain
sg+1 [k

VO Vo) > [ () GFds= 30 [, 060 S5 Tr6) e s
sg+1
— 3 Bllve(ey) — ety I 4.7)
q=1

CLAIM 4.6.

sg+1 [/l; T
tim 5% [ G(). £ Tele) o) = [ 5(6). £ (5.7 (5 5(5))ds.

ke q=1 tq 1

Proof. We have

sgt+1 ,g . . T .
q; 4l<yk(s)7f(s,rk(s),yk(tq_1>>>ds— /0 ((s), £ (5, T (s)x,(s)))ds
sp+1 t;‘
— 12 [ (0063001 )) = G6). S T (5 5(5) ) ds
g=1"1g-1
s+1 t;‘
< Z/k <<Yk(s)»f(57rk(S),yk(lj,l)»—<)'11<(S),f(s,T(S)x,y(s))))ds
q=1
sgt+1 tk
Z/ (s)x,%(5))) — <y(s>,f(s,T(s)x,y(s)»)ds
sgt+1 tk
< 241 /tk <yk(s)7f(saFk(s)ayk(tz];—l)» - <}.)k(S),f(S,T(S)x,y(s)»‘ds
q= q—1
+ /O ' (<y'k(s),f (s, T (s)x,y(s))) — (), f (s, T (s)x,y(s)»)ds :
Since

V@I <A +M, kETmf(SIk(S%yk(téil)) = f(5,T(s)x,y(s))

and yi(.) converges weakly to y(.), the last term converges to 0. This completes the
proof of the Claim. O
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CLAIM 4.7.
Sk+1

Jim D Bllverg) —velrg 1) I* =
g=1

Proof. By construction we have

I(e4) — qln—H / F5Tals) 3 )+ ) )ds

< (tq _tq—l)(M+7L)'

Hence
() =y (DI < (15— 5 )2 + A2
<=t 1),1<(M+7L)
o +1
S:Zlﬁllyk(zj)—yk(zg;_l)nzg w
SO

si+1

Jim 3% Ble(r) k(i) [P = 0.0
g=1

By passing to the limit for £ — oo in (4.7) and using the continuity of the function V
on the ball B(yp,2r), we obtain

T T
V() = V(0) > limsup [ 5u(s) Pds = [ 05(6), 75, T () (5))ds:

k— oo

Moreover, by (4.6),
()15 = Timsup [|3(.)13

k——+oo

and by the weak [.s.c of the norm ensures
()13 < liminf{|ye(. )3

Hence we get
N2 . . 2
lyOllz = Jim J1yeC)ll2-

Finally, there exists a subsequence of (yi(.))x (still denoted (yx(.))x) converges
point-wisely to y(.). In addition, by (4), for almost all ¢ € [0, 7]

1 (2) = X(0) | < (1% (2) =3 @) [ + [1y(1) = 3@

< %+ 15e(t) — 3(2)])-
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The last term of the above inequality converges to 0, then iy (.) converges point-wisely
to X(.) almost everywhere on [0,7]. Now, by (2), for almost all ¢ € [0, 77,

3 (1) = f(8,Tr(t),yi(6r(2))) € F(Tk(t),yr(6k(2))) + %37

then
darapn(p) ( (TR0, 56(0)), (1) = £, Tul0), 3¢ (86(0))) )
< Iinle) = (Bl +
< Iiele) = 320l + ele) = (0l + (o) — (8D +
< 2 IO =0+ 10~ Bk + 3
hence

Jim dgne) (((T1(0).32(0). (1) = (0. T(0).3(80))) ) =0,

from which we conclude that

darapn(r) (((T(1)x,%(0), (1) = £ (1, T (0)x.5(0)) ) =0
and as F has a closed graph, we obtain

X(r) € f(t,T(t)x,%(t)) + F(T (t)x,%(¢)) a.e. on [0,7T].

The proof is complete. O
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