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(Communicated by Johnny Henderson)

Abstract. This work is devoted to proving existence of solutions for a singular fourth-order p-
Laplacian system. The nonlinearities depend on the solution and first derivatives and may exhibit
singularities. Existence results are proved using the Leray-Schauder nonlinear alternative. Ex-
amples of applications illustrate each one of the obtained results.

1. Introduction

In this paper, we are concerned with the existence of solutions to the fourth-order
nonlinear differential system associated with the p-Laplacian

(9p(")" = filx,u, v’ V), x€(0,1),

(0p("))" = falx,uvid V), x€(0,1),

u(0) =u(1) =u"(0) =u"(1) =0, (L.1)
v(0) =v(1) =v"(0) =v"(1) =0,

where for each i = 1,2, f; : [0,1] x R* — R is a Carathéodory function.

DEFINITION 1.1. f:[0,1] x R* — R is called a Carathéodory function if:

(i) the map x — f(x,u,v,y,z) is measurable for all u,v,y,z € R;
(ii) the map (u,v,y,z) — f(x,u,v,y,z) is continuous for almost every x € [0, 1];
(

iii) for every r > 0, there exists &, € L'([0,1],R*) such that |f(x,u,v,y,2)| < h(x),
fora.e. x € [0,1] and for all u,v,y,z € R, with |u| <r, |[v|<r, |y|<r,and |z| <r.

Here ¢, (s) = s|s|P~2 (p > 1) refers to the p-Laplacian operator. By a solution
to Problem (1.1), we understand a couple of functions (u,v) € C? ([0, 1],R2) such that
(@p(u"), 9p(v")) € C*((0,1),R?) and (1.1) is satisfied for x € (0,1).

The typical problem for (1.1) stems from the modelization of the deformation of an
elastic beam under an external force f and simply supported at both ends. The bending
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is described by the following linear boundary-value problem (see e.g., [2, 3, 12, 15, 17]
and the references therein):

The boundary conditions are motivated by the vanishing moments and shear forces at
the ends of the attached beam (see [9]). Many nonlinear fourth-order boundary value
problems, corresponding to f = f(¢,u), have been extensively studied in the recent
literature (see for instance [1, 8, 14]). Several methods ranging from the fixed point
index theory on cones of Banach spaces to monotone techniques have been used so far
(see [4, 5] for the case of equations). However, the study of general nonlinear systems
is less developed and only a few existence results are available in the literature. In [6],
a p-Laplacian system is investigated and existence of positive solutions are proved. In
fact, a recent vector version of the Krasnosel’skii fixed point theorem [13] was used
and new existence results were obtained. Our aim in this work is to complement some
results obtained in [6] and [ 10, 11] by considering the regular and singular cases on one
hand and the case when the nonlinearities depend on first derivatives on the other one.

In this section, we also give some preliminary results needed in this paper. The
regular problem where f; (i = 1,2) depend on the solution and first derivatives is dis-
cussed in Section 2. In Section 3, more general growth conditions are assumed when
the nonlinearities do not depend on the derivatives. Finally, in Section 4, we study
the problem where f;(x,u,v) (i = 1,2) may possess a singularity at the origin. Each
existence result is illustrated by means of an example of application.

Let C([0,1],R) be the Banach space of all continuous functions from [0, 1] into
R with norm ||ullo = sup{|u(x)|, 0 < x < 1} and denote by E the Banach space
C([0,1],R?) := C([0,1],R) x C([0,1],R) endowed with the sup-norm

G, v)llo = llullo =+ [[vllo-

E; will refer to the Banach space C' ([0, 1],R?) :=C'([0,1],R) x C'([0,1],R) endowed
with the sup-norm
([ (e v) [l = Nlual |1+ [[l]1,

where
[Jull1 = max([|ulo, [|u'l]o)-

L'(0,1) will denote the space of measurable functions which are Lebesgue integrable
on (0,1). The norm in this Banach space is denoted by

1
luly :/0 u()|d.

In order to transform Problem (1.1) into a fixed point problem, we need some auxiliary
results that are collected in this section. The following lemma is immediate.
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LEMMA 1.1. Forany v € C([0,1],R), the fourth-order boundary-value problem

has the unique solution

u(x) = /0 'G5, 5)0, ( /0 1 Gls, T)v(t)de) ds,

where @, stands for the inverse function Q4(s) = @, Y(s) with conjugates p,q, i.e.,
1/p+1/g=1 and

(1.2)

Glx.s) x(l—s), 0<x<s<1,
X,85) =
s(l—x), 0<s<x<1,

is the Green’s function of the second-order linear problem

—u"(x)=0, 0<x<I,

REMARK 1.1. Itis clear that the Green’s function G satisfies:
(i) G(x,s) < G(s,s),for 0 < x,s <1
(ii) G(x,8) <1/4,for 0 < x,s < 1.

The following Lemma is easily proved by induction.
LEMMA 1.2. Let ay,ay,...,a, be real numbers. Then
a1+ ar... +an|” < Clar|" + |az| "+ ... +|an]"),  Vr>0,
where

1, 0<r<l,
=4, "
n= r>1.

By Lemma 1.1, we deduce that (u,v) is a solution of Problem (1.1) if and only if
1 1
ul) = [ Ge.9)y( [ G0 (). v(0).ad (1) (1) de ) ds
0 0
= T1(u,v)(x)

and

V() = /0 lG(x,s)(pq( /0 G, ) (1) 0 (2),al (2),V(0)) av)is
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= T (u,v)(x).

Hence, (u,v) € E; is a solution of Problem (1.1) if and only if it is a fixed point of the
operator

T=(T,T):E— E, (u,v)— (Ti(u,v),T2(u,v)).
The following result, known as the Leray-Schauder nonlinear alternative, will be needed

in this paper.

THEOREM 1.1. (Seeﬂ, 16]) Let X be a Banach space, Q C X be a bounded and
open set, 0 € Q, and A : Q — X be a completely continuous operator. Then, either
there exist u € dQ and A > 1 such that Au= Au or A has a fixed point in Q.

2. The regular problem

In this section, we assume that the following conditions hold:

(#A) there exist a;,b;,c; € L'([0,1],R*), such that for all (x,u,v,y,z) € [0,1] x R*
and foreach i = 1,2,

[ fi(e v, 3.2) | < @i(x) +bi(x) (@p (Jul) + @p(|v]) +ci(x) (@p (15]) + @p(12]))

(74)
04(2B) + 9,(2C) < 1/4C,,

where B = max{|b|1,|b2|1}, C =max{|ci|1,|c2|1}, and

1, 1 <qg<2,
Cy= .
3974, g > 2.

The main result in this section is:

THEOREM 2.1. Suppose that () -(74) hold. Then Problem (1.1) has at least
one solution (u,v) € E.

First, we prove

LEMMA 2.1. Under the condition that f; (i = 1,2) are Carathéodory functions,
for any bounded subset Q of C'([0,1],R), the mapping T : Q x Q — E| is compact.

Proof. Let Q:= {u € C'([0,1],R) : [|u|l; < R} where R is some positive real
constant. Since G and ¢, are continuous and fi, f> are Carathéodory, the mappings
Ty and T are continuous on Q x Q.

Let (u,v) € Qx Q with ||(u,v)||; = ||ul|; +||v|][1 <2R. Since G(x,s) <1 for0 <
x,s < 1, the following estimates hold true for i = 1,2 :

I3, v) ()] < /O G, 5)ds 0, ( /0 "G, T)hR(T)dr>
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< @4(|hr1) < oo

Hence, ||Ti(u,v)|[o < oo, for i = 1,2. Similarly, we can check that ||(7;(u,v))'[lo < e.
So, T;(Q x Q) is uniformly bounded. Finally, if x;, x» € (0,1), then

(T (u,v)) (x1) = (Ti(w, ) (x2) |
1 1
/O (Glx1,5) ~ Glxa,5)) 94 /O Gls, )i (2,u(1),u (1)v(1), V' (1))dT ) ds

1
< %(Ihzeh)/o |G(x1,5) — G(x2,5)| ds

and the right-hand side tends to 0 as |x; —x;| — 0 since G is continuous. Also,

G

1
(B )~ (1)) ()] < o) |5 0015) = S )] s

tends to 0 as |x; — xp| — 0 because dG/dx is continuous. Consequently, 7;(Q x Q)
are equicontinuous for i = 1,2. The Arzela-Ascoli theorem then implies that 7; and
T, are completely continuous. Hence, T is completely continuous. O

PROOF OF THEOREM 2.1 Let A = max(|a]i,|az|1). Using (4), let M > 0 be
such that
Pq(A)

M= 1/4C4 — 04(2B) — ¢4(2C)

and consider the open ball
Q:={uecC([0,1,R): |lul < M}.
From Lemma 2.1, the mapping T : Q x Q — E| is completely continuous. We claim
that (u,v) # AT (u,v), for any (u,v) € d(Qx Q) and A € (0,1). Indeed, let (u,v) €
d(Q x Q). By the relation
d(A X B) = (dA x F)U(Z X dB),
we have that

(u,v) € d(Q x Q) < either (Jlul|; =M and 0 < ||v||; < M)
or (0 < lulls < M and [v]s = M).

Hence, M < ||(u,v)||l1 = ||ul|1 + ||v]]1 < 2M. Moreover, by Assumption (J4), we
obtain, for each i = 1,2, that

)01 < [ 6oy ( [ 666.5)x (as) + i) (ol
FO(ME) + 60 0 (D) + 9y (1) )ae ) s
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<9y (Iaih +[Bil1 (@p(llullo) + @p(lIv]0))
el (@' ll0) + @ (1 l10)))
< @y (Jals + b1 (0p (M) + 0y (M) + leil1 (9 (M) + 95 (M)))

< @y (Il + 20, (M) (11l + el )-

Passing to the supremum over x and using Lemma 1.2, we infer that
17i(u, )0 < %(\ﬂli\l +20,(M) (|bi]1 + Wl))

= (lail1 +20,(M)([bil1 + leil1))

< Cy(@yllail) + Mo, 2lbi) + Moy 2leil)))-

gqg—1

Hence,
1T (u,v)llo = T3 (u,v) o + (| T2(u, v) [0
< 2C4(9q4(A) +M@y(2B) + Mey(2C)).
Similarly, we can show that
(T (u,v)) o < 2C4 (@4 (A) + M@, (2B) + M, (2C)).
Therefore,
I (u,v) |1 = 1T (u, ) [Jo + (T (,v)) [lo

< 4C,(94(A)+Mepy(2B) + M@, (2C))
<M.

As a consequence,
(u,v) # AT (u,v), V(u,v) €d(QxQ)and VA €(0,1).

By Theorem 1.1, we deduce that the operator T has a fixed point (u,v) in Q x Q,
which is a solution of Problem (1.1). O

2.1. Example
Let fl = fi(xaua‘)7 u/7vl) (l = 1,2) Wlth

fi= §+ % ((1 D)™ 4 (1 )P+ (L )™ + (14 |v’(x>|)51),

fr= ¥+ ll%x((w u())* + (1+ ) )P + (14 [ ()2 + (14 V@) )
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and where 0 < 0y, B;, 7%, 0; < 1/2 (i =1,2). Clearly Assumption (.7/1) in Theorem 2.1
is satisfied for:

ay(x) =x/2+4x/8=x,

ar(x) = (1=x)/4+4(1 —=x)/16 = (1 -x)/2,
by(x) =c1(x) =x/8,

by(x) =c(x) = (1—x)/16.

Hence, A=1/2 and B = C = 1/16. Notice that

1

(1+[u])? < (1+ |u])2 < 1+|ul'/? foreach 0 < y<1.

Also, for p =3/2, we have ¢ = C, = 3; hence condition (.74) in Theorem 2.1 reads

1
(2B)* + (20)* < 13 e 1/1e<1/12.

Therefore, all assumptions in Theorem 2.1 are fulfilled which implies that the following
problem has at least one solution:

where sgn(s)\/[s| = @3/2(s), s € R.
3. The case f = f(x,u,v)

In this section, we consider nonlinearities not depending on the first derivatives
and prove an existence result for general growth conditions on f; (i = 1,2). Consider
the boundary value problem:

X
=u"(0) =u"(1) =0, (3.1)
0

where, for each i = 1,2, f;:[0,1] x R? — R are Carathéodory functions. By Lemma
1.1, (u,v) is a solution of Problem (3.1) if and only if

_ /01 G(x,5)0, (/01 G(s,7)fi (r,u(r),v(r))dr) ds = Ty (u,v) (x)
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and

V(x) = /0 1 Glx, )0 ( /0 ' Gs.7) fo(2,u(2), (1)) d ) ds = Tau,v) ().

Hence, (u,v) € E is a solution of Problem (3.1) if and only if it is a fixed point of the
operator
T:(TlaTZ) :E—>Ea (M,V)H(Tl(M,V),TQ(M,V)).

Our second existence result is the following

THEOREM 3.1. Suppose that:

(H4) there exist functions hy,hy € L'([0,1],R") and nondecreasing positive functions
on [0,40), Wi, y», B1, and By such that

|f1 ey, v)| < By () wr ([u])Bi(v]), forx € 10,1] and u,v € R

and
|f2 (e u,v)[ < B () yia ([u]) Bo([v]), for x € [0,1] and u,v € R,

(H2) there exists M > 0 such that
1 1
aM > o, (51 1w M) By () ) + 0y (5 2 1w (M) Ba (1))
Then Problem (3.1) has at least one solution (u,v) € E.

Proof. We will apply again Theorem 1.1 to obtain the existence of a solution for
Problem (3.1). Consider the open ball

Q:={u e C([0,1],R) : [Jufo < M},
where M > 0 is as defined in condition (.74;). We claim that (u,v) # AT (u,v), for any
(u,v) €9(Qx Q) and A € (0,1). Indeed, let (u,v) € I(QxQ), thatis M < ||(u,v)]|o =

l|lullo+ ||v]lo < 2M . By assumptions (743 ) and the fact that G(x,s) < 1/4 for 0 < x,s <
1, we obtain

AT )01 < [ Gl [ Gl (@wa (DB (@) ) s
1 1
< [ 6tsren( [ 6. 0m@vallulo)Bi(Ivlod)ds
1 1
<3 [ o[ 3imhwitlulo)idivloae) ds

= 20 (Gl lelo)BuCIv) ).

Passing to the supremum, we get

ATl < 70 (Gl Qlallo)Bi (V1))
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Similarly, we have

1 1
T v)llo < 304 (52w (lulo)Ba(1v]0))-
Therefore, by Assumption (43)

AT @)l < 700G v lo)Bi (o)) + 00 (galrva(lullo)Ba(lvo)
<M.

As a consequence
(u,v) #AT (u,v), V(u,v) €d(QxQ), VA€ (0,1).

From Lemma 2.1, T is completely continuous. By Theorem 1.1, we conclude that the
operator T has a fixed point (u,v) in € x Q, which is a solution of Problem (3.1). O

3.1. Example

() = () e+ VT e 0

24
(V) = () 0415 5 VT2, e 00,

u(0) =u(1) =u"(0)=u"(1) =0, (3.2)
v(0) =v(1) =1"(0) =v"(1) =0,

where hy,hy € L'([0,1],R") satisfy |hy|; = |ha|; = 4. With p =5/2 and since
11+ 3 <1 )3, |1+ u)5 <1+ ul/5 and V1+2 < 14|y,
we may take
wi(u) = (1/24) (1), wa(u) = (1/24)2(1+u' ),
Bi(v) = B2(v) =T+,

Then Assumption (%) in Theorem 3.1 becomes
IM > 0,48M > M (14 M) [ (14 M) P4 (LM B)P] 33
A sufficient for (3.3) be satisfied is
M (14 M) (24 M+ M) < a8M

which is true whenever M = 1. Therefore, all assumptions in Theorem 3.1 are met and
Problem (3.2) has at least one solution.
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4. The singular problem

In this final section, we assume that the nonlinearities are positive, are allowed to
be singular at the solution but do not depend on the first derivative:

(@p("))" = filx,u,v), x€(0,1),

(0p,(V)" = folx,u,v), x€(0,1),

u(0) = u(1) =u"(0) =u"(1) =0, 4.1)
v(0) =v(1) =v"(0) =V"(1) =0,

where, for each i = 1,2, the function f; : [0, 1] x (0, +e0)? — R* is Carathéodory and
may be singular at the solution, i.e.

lim i(x,u,v) = +oo.
u+v—0 (u,v20)fl( )

We will assume that the following conditions hold:

(#3) there exist a;,b; € L'([0,1],R") satisfying [) B(s)@,(1/s)ds < oo, such that for
all (x,u,v) € [0,1] X (0,4o0) X (0,4o0) and for each i = 1,2,

0 < filx,u,v) < ai(x) +bi(x)‘Pp<

(%) there exists M > 0 such that

u+v>’

A+(p,,<M}H> /OIB(T)(pp(l/p(T))dT< <pp<$>.

Here

p(s) = Sg}(i)m(g 1—s), B(s) = SIél[(E)lﬁ] (b1(s),b2(s)) and A =max (|ai|1,|az|1).

THEOREM 4.1. Suppose that (3) and () hold. Then Problem (4.1) has at
least one solution (u,v) € E.

To prove this theorem, we need the following lemma
LEMMA 4.1. Let w € L'([0,1]), w > 0 a.e. and let u satisfy
(pp(u"))"(x) =w(x), 0<x<I,
u(0) = u(1) =u"(0) =u"(1) = 0. (4.2)

Then
u(x) = p(x)|lullo, Vxelo,1],

where
p(x) =min(x,1 —x), for x €[0,1]. 4.3)
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Proof. Let —@p,(u") = v, then (¢, (u"))” = —v" with v(0) =v(1) = 0. So, Prob-
lem (4.2) is equivalent to the linear problem

—"(x) =w(x), 0<x<l1,
v(0) =v(1) =0. (4.4)

Equivalently
1
v(x) z/ G(x,s)w(s)ds,
0

where G is the function defined by (1.2). Since v>0 on (0,1), ¢,(u") = —v<0. Then
u” <0, since ¢, is nondecreasing; thus u is concave on (0,1), with #(0) = u(1) =0.
In addition, there exists some 0 < xo < 1 such that u’(xp) = 0. By Lemma 1.1, we have
u(x) >0, on (0,1). Then, u is positive, concave and admits a unique maximum at xo.
Its graph is then above the lines joining u(xp) to the endpoints. It follows that:

u(x) qui);o) > xu(xg) = x||ullo, Vxe€[0,x0],
and
u(x) = (1—x) T(—X(.)x)o > (1—x)u(xo) = (1 —x)[lullo, Yx€ [xo,1].

The lemma is proved. O

PROOF OF THEOREM 4.1 For n € {1,2,...} and (x,u,v) € [0,1] x (0, +)?, de-
fine the operator 7" = (7{",T;') (i=1,2) by
1 1
77(00)(0) = [ Ge.9)gy ([ Gls. 1A (0, va(3)) ) s,

where u,(.) =u(.)+1/n and v,(.) =v(.)+1/n. Then (u,,v,) € E is a solution of the
problem

((Pp(ug))//:fl(xaunavn)a DS (071)7
(¢P(Vg))//:f2(x7unvvn)v X € (071)7
1 (0) = u, (1) = ul)(0) = /(1) =0, 4.5)

) = un(1)
va(0) =va(1) =v;(0) = (1) =0
if and only if (u,,v,) is a fixed point of the operator 7". Now consider the open ball
Q:={ueC([0,1],R) : ||uljo < M+ 1},
where M is as defined in (%) . Since the functions
fxyu,v) = filx,u+1/n,v+1/n)

are Carathéodory on [0, 1] x (0,+c0)?, Lemma 2.1 guarantees that the operator T" :
Q x Q — E is completely continuous. The remainder of the proof is split into three
steps:
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Step 1. We claim that (u,v) # AT"(u,v), for any (u,v) € d(Qx Q) and A € (0,1).
Arguing by contradiction, let (u,v) € d(Q x Q) be such that (u,v) = AT"(u,v); that
is,

M+1< JJullo+v]jo=llu+v|o<2+2M.

On one hand, we have by Lemma 4.1 and the positivity of f;, that u(s) > p(s)||u|/o. So
u(s)+1/n>u(s) = p(s)|lullo- Also, v(s)+1/n>v(s) = p(s)||v|lo- Then,

p(s)(llullo +[Ivllo) < u(s) +v(s) < llullo+|[v[lo-
Moreover, for s € [0, 1], we have

1 1 1 1
Tallo+ o+ 270 ~ a(s) Tv(s) +2/n ~ p@ (o + o) ~ M+ Dp(s)’

On the other hand, by Assumption (##3) and since G(x,s) < 1for0 < x,s <1, we
have foreach i =1,2:

1T () ()] < @, (/Ola,-(r) +bi(T)pp (m)m)
1
<o, (/0 ai(T)—Fbi(T)(PP(m)dT)

<oy <|ail +‘PP<M;+1) /Olb,-(r)(pp (ﬁ)da

Passing to the supremum over x, we find that

1) o < 04 <1 n Mﬁ) [ witwe, (ﬁ)m)

Consequently,

17" (e, v)llo = 177" () llo + 173" (w, ) o

<20, <A+ %(ﬁ) /OIB(T)(”” (ﬁyr)

Since ¢; = ¢, 1, assumption (.#4) implies that
1T (u,v)lo < M+1, V(u,v)€d(QxQ)
while [|(u,v)lo = [ullo+ [|[v|lo = M + 1. Therefore,
(u,v) #AT"(u,v), V(u,v) €d(QxQ), VA e(0,1).

Theorem 1.1 yields that the operator T" has a fixed point denoted by (u,,v,) in Q x Q,
which is a solution of Problem (4.5).
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Step 2. Equicontinuity. Consider the sequences {(u,(.)} and {v,(.)}. Since |Ju,|lo <
M +1 and |[|vu|lo < M+ 1, it follows that they are uniformly bounded on [0,1]. We
show that they are equicontinuous on [0,1]. First, for (u,,v,) € Q x Q, we have for
each s € [0,1],
1 1 1 1
< < < .
[nllo+lvallo+2/n = un+va+2/n = p(s)([[unllo+[vallo) ~ (M +1)p(s)

Let x1,xp € (0,1); then we have

|t (x1) — tn(x2 |—/ |G(x1,5) — G(x2,5)|
X(pq</ G(s,7) fi mn( )+%,vn(r)+%>d1)ds

< [1661.9) - Glazs)
X""f(/o () + bi(T)(Pp<un(‘L')+v1(T)+2/n>dT>dS
< [1661.9) - Glazs)

><(pq<A+/0 B(T)(pp(mWr)ds.

By continuity of G, the right-hand side tends to 0, as |x; —xp| — 0. Hence {u,(x)}
and {v,(x)} are equicontinuous on [0,1].

Step 3. A sequential argument. The Arzela-Ascoli theorem together with Step 2 imply
that {u,(.)} and {v,(.)} are relatively compact on C([0,1],R). Hence there exists a
subsequence, still denoted {u,(.)}, and a function ug(.) in C(]0, 1],R), and there exists
a subsequence still denoted {v,(.)} and a function vo(.) in C([0,1],R) such that

lim sup |u,(x) —up(x)| =0

e vef0,1]
and

lim sup |v,(x) —vo(x)| =0.

n=Fe ve[0,1]
Now

1 1
/ G(x,s)Q, / G(s Tf1<7: u(t)+ - v(’L’)—l—;)dT ds

and

= /01 G(x,s)p, (/01 G(s,7)f> (T,M(T) + %,v(r) + %)dr)ds,

where foreach i =1,2:

0< ﬁ-(r,u(r) + %,v(r) + %) <a(7) +bi(7)(Pp<u(T)+v+>
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Letting n — 4o, the Lebesgue Dominated Convergence Theorem guarantees that

o (x) = /0 1 Glx,5)o /0 G0 (2,0(%), vo(T))d ) ds
and . X
volx) = /0 Glx,5) ( /O G(s, )2 (t,u0(7),vo()) < ) .

Differentiating, we get

(9p(ug ()" = filx,uo(x),vo(x)), 0<x<1,
and ,

(9p(v5 (X)) = fa(x,u0(x),0(x)), 0 <x<1,
and uo(0) = up(1) = ug(0) = ug(1) =0, vo(0) =vo(1) = v (0) = v (1) = 0. Therefore,
(uo(x),vp(x)) is a couple of solutions to Problem (4.1), ending the proof of the theorem.
O

4.1. Example

Consider the 5/2-Laplacian fourth-order boundary value problem:

(u”M)H =aj(x)+ j;—(xT)v, x€(0,1),

(X)<M+\}m+v+\}m>7 xe(0,1),
u(0) =u(1)=u"(0)=u"(1) =0,
v(0) =v(1) =V"(0) =V"(1) =0, (4.6)

"
(v// W//‘) = az(x) + by

where ay,a, € L'(]0,1],

Since [y B(s)@p(1/p(s)
1 1 1 1 1 !

— <, < and < )

ut+\u  Nuut+utv o Jutv v+yu+v o u+v

assumption (.#%) in Theorem 4.1 is fulfilled. Also, assumption (%) in Theorem 4.1

reads 312
1 M+1
aM >0, 1+ 3/2<< i ) ,
(M+1) 2
which is satisfied for M = 3. Therefore, all assumptions in Theorem 4.1 are met, which
implies that Problem (4.6) has at least one solution (u,v) € C([0,1],R?).

)
(0,4-00)) satisfy |ai|; =|az|; = 1 and by (x) = 2by(x) = p(x)3/2.
Yds =1 < oo, and for all u,v € (0,+),
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reading of the manuscript.
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