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POSITIVE SOLUTIONS FOR INFINITE SEMIPOSITONE /
POSITONE QUASILINEAR ELLIPTIC SYSTEMS
WITH SINGULAR AND SUPERLINEAR TERMS

BRAHIM KHODJA AND ABDELKRIM MOUSSAOUI

(Communicated by Darko Zubrinic)

Abstract. We establish existence and regularity of positive solutions for a class of quasilinear
elliptic systems with singular and superlinear terms. The approach is based on sub-supersolution
methods for systems of quasilinear singular equations and the Schauder’s fixed point theorem.

1. Introduction and main result

Let Q C RN (N >2) is a bounded domain with C'**-boundary 9Q, « € (0,1),
and let 1 < p,q < N. We deal with the following quasilinear singular elliptic problem

—Apu = Au® + WAin Q,
—Apy=u®+ P inQ,
u,v>0 in Q,
u,v=>0 on 0Q,

ey

where A is areal parameter. Here A, and A, denote the p-Laplacian and ¢-Laplacian
differential operators defined by Apu = div(|Vul? > Vu) and Ayv = div(|Vv|? > V),
respectively. We consider system (1) in a singular case assuming that

—1<oy,B; <0. 2)

A solution of (1) is understood in the weak sense, which means a pair of functions
(,v) € Wy'P (Q) x W, 4 (Q) which are positive a.e. in € such that

Jo IVulP2VuVe dx = [o(Au®t +vP) @ dx
Jo IVV972VvVy dx = [o (1% + P2y dx

for all (@, y) € W, 7(Q) x W, ?(Q) provided the integrals in the right-hand side of the
above equalities exist.
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We explicitly observe that under assumption (2) and depending on the sign of a
real number A, it holds

lim (As% +sP) = lim (s% 4 AsP) =

s—0t s—0t

+oo if A >0
—o0if A < 0.

Therefore, system (1) can be referred to as an infinite positone problem if A > 0 and as
an infinite semipositone problem if A < 0.

The principle fact in this work is that the singularity in problem (1) comes out
through nonlinearities which are (p — 1)-superlinear and (¢ — 1) -superlinear near +eo.
Namely, we assume that

a2>q—1and ﬂ1>p—1. 3)

In this context, system (1) has a cooperative structure, that is, for u (resp. v) fixed the
right term in the first (resp. second) equation of (1) is increasing in v (resp. u). Further,
according to (3) we have

§—>—o0

lim (As +sP1)/sP7! = lim (s% 4 A572) /57! = oo,

This type of problem is rare in the literature. According to our knowledge, only
a positone-type singular system with superlinear terms was examined in [21]. There
the authors considered problem (1) depending on two positive parameters in the whole
space RY . The existence of a positive entire solution is shown provided the parameters
are sufficiently small. Recall that in [21] an entire solution is defined to be a function
in C1(RV) x C!(RV) satisfying (1) at every point x € RN and vanishing at infinity.
The sublinear condition 0p < g — 1 and ; < p— 1 for singular systems of type
(1) have been thoroughly investigated. For a complete overview on the study of the
infinite positone problem (1) we refer to [1, 2, 15, 17], while for the study of the infinite
semipositone problem (1), we cite [5, 13, 14]. We also mention [6, 7] focusing on the
semilinear case of (1), that is, when p =g = 2.
Another important class of singular problems considered in the literature is the
following
—Apu=u* vPin Q,
—Ay = u®vP2 in Q,
u,v>0 in Q,
u,v=>0 on dQ.

“4)

Relevant contributions regarding the cooperative case of system (4), that is o, 31 > 0,
can be found in [8, 9, 18]. With regard to the complementary situation o5, f; <0 which
is the so called competitive structure for system (4), we quote the papers [9, 17, 19].
The semilinear case in (1) (i.e. p = g = 2) was examined in [0, 12, 20] where the
linearity of the principal part is essentially used. It is worth pointing out that in the
aforementioned works, singular problem (4) was examined only under the sublinear
condition max{ey, 1} < p—1 and max{on,B,} < g— 1. The assumptions imposed
therein, especially in [19], are not satisfied for our system (1) under hypothesis (3).
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Our main concern is the question of existence of a (positive) smooth solution for
a singular system a class of elliptic systems where the nonlinearities besides a singular
terms have superlinear terms. The main result is formulated in the next theorem.

THEOREM 1. Assume (2) and (3) hold. Then system (1) has a (positive) solution
(u,v) in (W, " (Q)NCy7(Q)) x (Wy ! (2)NC,7(Q)) for some ye (0,1).

The proof of Theorem 1 is done in section 3. The main technical difficulty con-
sists in the presence of singular terms in system (1) that can occur under hypothesis (2).
This difficulty is heightened by the superlinear character of (1) that arise from (3). Our
approach is chiefly based on Theorem 2 proved in Section 2 via Schauder’s fixed point
theorem (see [22]) and adequate truncations. This is a version of the sub-supersolution
method for quasilinear singular elliptic systems with cooperative structure. We mention
that in Theorem 2 no sign condition is required on the right-hand side nonlinearities and
so it can be used for large classes of quasilinear singular problems. A significant feature
of our result lies in the obtaining of the sub- and supersolution. Due to the superlinear
character of the nonlinearities in (1), the latter cannot be constructed easily. At this
point, the choice of suitable functions with an adjustment of adequate constants is cru-
cial. Here we emphasize that the obtained sub- and supersolution are quite different
from functions considered in the aforementioned papers, especially those constructed
in [19].

This article is organized as follows. In section 2 we state and prove a general
theorem about sub and supersolution method for singular systems. Section 3 contains
the proof of Theorem 1.

2. Sub and supersolution theorem

Given 1 < p < oo, the spaces LP(Q) and WO1 P(Q) are endowed with the usual

norms 1 1
p p
Julp = () ™" and o = ([ vaprax) "

respectively. In the sequel, corresponding to 1 < p < +oo, we denote p' = 1%' We

will also use the spaces C(Q) and
Cy'(@) = {ueC"(Q): u=00n 9Q}

with y € (0,1). We denote by 4, and A, , the first eigenvalue of —A, on Wol’p(Q)

and of —A, on WOI’Q(Q), respectively. Let ¢ , be the normalized positive eigenfunc-
tion of —A, corresponding to A; ,, that is

—Apbrp =100, InQ, 61, =00n0Q, |61, =1

Similarly, let ¢; , be the normalized positive eigenfunction of —A, corresponding to
A1 4, that is

—Ag14= )Ll.,qq)gl inQ, ¢1,=00n0dQ, |hf,=1
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For later use we set
R = max {m_axq)hmm_ax(pl?q} . 5)
Q Q

We denote by d(x) the distance from a point x € Q to the boundary dQ, where Q =
QUAIQ is the closure of Q C RV . It is known that we can find a constant [ > 0 such
that

O1,p(x), 91.4(x) = ld(x) for all x € Q, (6)

where d(x) := dist(x,dQ) (see, e.g., [10, page 121]).
Let us introduce the problem

—Apu = f(x,u,v) in Q,
—Agv =g(x,u,v) in Q,
u,v>0 in Q,
u,y=0 on dQ,

(N

where Q is a bounded domain in RN (N >2) with smooth boundary, 1 < p,q <
oo and f,g:Q x (0,4+00) X (0,+e) — R are continuous functions which can exhibit
singularities when the variables u and v approach zero. We consider system (7) with
cooperative structure assuming that for u (resp. v) fixed the nonlinearity f (resp. g)
is increasing in v (resp. u#). This makes the sub-supersolution techniques applicable
for (7). For systems without cooperative structure, i.e. competitive systems, additional
assumptions are required (see [9]).

We recall that a sub-supersolution for (7) is any pair (u,v), (#,v) € (WO“’ Q)N
L7(Q)) x (Wol’q(Q) NL~(Q)) for which there hold (%,7) > (u,v) in Q,

/Q|Vg|p72VgV(pdx—/Qf(x,%a)g)qodx

+/ \Vz|q_2VgVu/dx—/g(x7a)17g)l//dx<07
Q Q

/ Va2 Vave dx — / £, @) dx
Q Q
+/ |vv\‘1*2ww—/g(x,wl,v)wdx>o,
Q Q

for all (@, y) € W, ” (Q) x Wy (Q) with @,y >0 ae. in Q and for all (o, ;) €
Wol’p (Q) x W()l7q (Q) satisfying u < 0; <@ and y < @, <V a.e. in Q (see [4, p. 269]).
The main goal in this section is to prove Theorem 2 below, which is a key point in the
proof of Theorem 1.

THEOREM 2. Let (u,v), (@) € C'(Q) x C'(Q) be a sub and supersolution
pairs of (7) and suppose there exist constants ky,ky >0 and —1 < a,3 < 0 such
that

|f(x,u,v)| < kid(x)* and |g(x,u,v)| < kad(x)P in Q x [u, 7] % [v,7]. (8)
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Then system (7) has a positive solution (u,v) in (WOI"p (Q) ﬂCé’Y(ﬁ)) X (Wol’q Q)N
Cé "(Q)) for certain y € (0,1).

Proof. For each (z1,22) € C(Q) x C(Q), let (u,v) € W, 7 (Q) x W, *(Q) be the
unique solution of the problem

_Apu - f('x ZlaZZ) in Qa

—Ayy = g(x,z1,22) InQ, )]
u,v=>0 on 0Q,
where B
f(x,z1,22) = f(x,21,22) and g(x,21,22) = g(x,21,22) (10)
with
Z) = min(max(z1,u),%) and 2, = min(max(z2,v), 7). (11)

On account of (11) it follows that ¥ < 7Z; <% and v <7, < ¥. Then, bearing in mind
(8) we have

‘f(x,zl,zz)) < kid(x)* and |g(x,21,22)| < kad(x)P fora.e. x € Q. (12)
We point out that the estimates (12) enable us to deduce that
flxz1,22) € WH(Q) and §(x,21,22) € W19 (Q).

This is a consequence of Hardy-Sobolev inequality (see, e.g., [ 1, Lemma 2.3]), that can
be applied since the exponents ¢, 3 € (—1,0). Then the unique solvability of (u,v) in
(9) is readily derived from Minty-Browder Theorem (see, e.g., [3]).

Let us introduce the operator

T 1 C(Q) xC(Q)
(z1,22)

C(Q) xC(Q)
(u,v).

We note from (9) that any fixed point of .7 coincides with the weak solution of (7).
Consequently, to achieve the desired conclusion it suffices to prove that .7 has a fixed
point. To this end we apply Schauder’s fixed point theorem. Using (12) with o, €
(—1,0), there exists y € (0, 1) such that

—
—

() €T @) x (@) and ] iy llggy <€

where C > 0 is independentof u and v (see [1 |, Lemma 3.1]). Then the compactness of
the embedding Cé’y(ﬁ) C C(Q) implies that 7 (C(Q) x C(Q)) is a relatively compact
subset of C(Q) x C(Q).
Next, we show that .7 is continuous with respect to the topology of C(2) x C(Q).
Let (21.0,22.) — (21,22) in C(Q) x C(Q) for all n. Denote (uy,vn) = T (210,225
which reads as _
Jo IVt P2V, Vo = [o F(%,210,22.0) @ dx (13)
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and
Jo IVvalT 2 Vv,V = [ 8(x, 210, 22,) W dx (14)

forall (@, ) € W, " (Q) x Wy (). Inserting (¢, ¥) = (i, v,) in (13) and (14), using
(8) we get

H”nHLF:/Qf(x7zl7n7z27n)”n dxg/gdaundx (15)

and
||VnH1.,q:/Qg(x,ZLn,ZZ,n)Vn dxé/gdﬁvndx. (16)

Since —1 < o, B < 0, by virtue of the Hardy-Sobolev inequality (see, e.g., [1]), the last
integrals in (15) and (16) are finite which in turn imply that {u, } and {v,} are bounded
in WO1 ?(Q) and WO1 “4(Q), respectively. So, passing to relabeled subsequences, we can
write the weak convergence in W, () x W, ¥ ()

(ttp,vi) — (u,v) 17)

for some (u,v) € W, ?(Q) x W, 4 (Q). Setting @ = u, —u in (13) and y = v, —v in
(14), we find that

Jo \Vun|p_2 Vu,V(u, —u) = [o f(x,zl7n,zz7n)(un —u)dx

and
Ja Vval? 72 Vi,V (v, —v) = Jo 8, z1n,22,0) (Vn — ) dx.
Lebesgue’s dominated convergence theorem ensures that

,}i_l}>1<,<_APu”’u" — u> = ,}ET.}Q<_A‘IV”’V” — v> =0.
The S -property of —A,, on Wol’p (Q) and of —A, on Wol’q (Q) (see, e.g. [16, Propo-
sition 3.5]), along with (17), implies

up — win Wy (Q) and v, — v in W, ().

Then, through (13), (14) and the invariance of C(Q) x C(Q) by .7, we infer that
(u,v) = T (z1,22). On the other hand, from (13) and (14) we know that the sequence
{(tt,v4)} is bounded in C}¥(Q) x C}7(Q) for certain y € (0,1). Since the embedding
Cé’y(ﬁ) C C(Q) is compact, along a relabeled subsequence there holds (i, v,) — (u,v)
in C(Q) x C(£2). We conclude that .7 is continuous.

We are thus in a position to apply Schauder’s fixed point theorem to the map 7,
which establishes the existence of (u,v) € C(Q) x C(Q) satistying (u,v) = 7 (u,v).

Let us justify that

u<u<uandy <v<vin Q.

Put { = (u—u)" and suppose §{ # 0. Then, bearing in mind that system (7) is cooper-
ative, from (11), (9) and (10), we infer that

/ VulP~2VuVdx — / VulP~2VuVE dx
{u<u} Q
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[ Feuv)Cde= /{ g

{u<u}

= f(x,z,v)cw/{

{u<u}

\VulP~2VuV{ dx.
<u}

u

This implies that
/{ }(\VuVFzVu— |Vu|P~2Vu)VE dx <0,
u<u

a contradiction. Hence u > u in Q. A quite similar argument provides that v > v in
Q. In the same way, we prove that ¥ <7 and v <V in Q.

Finally, thanks to [11, Lemma 3.1] one has (u,v) € Cy7(Q) x Cy?(Q) for some
y € (0,1). This completes the proof. [ |

3. Proof of the main result

This section is devoted to the proof of Theorem 1. It relies on sub-supersolution
techniques shown by Theorem 2.
Let y; and y; be the unique solutions of the problems

—Apy1 =" inQ Ay =P inQ
y1 >0 in Q and ¢ y, >0 in Q (18)
y1=0 on dQ y2=0 on dQ,

respectively, which are known to satisfy

c191,p(x) <y1(x) <21 p(x) and c301 4(x) <y2(x) < eady 4(x), 19)

with constants ¢ > ¢y > 0 and ¢4 > ¢3 > 0 (see Lemma 3.1, Theorem B.1 and the
proof of Lemma A.7 in [10]). For § > 0 sufficiently small we denote

Qs ={x € Q:dist (x,0Q) < 6}

and y = u(0) > 0 a constant such that

(Z)l,p (X) ) (Z)l,q (X) > u in Q\Qﬁ (20)
Let u and v satisfy
o . raY
_ _ v (x) if xe Q\Qs _
Apﬂ(x)_c{—y?”(x) ifreQ; u=0 ondQ 21

and

B2 : o)
Ay =2 ) TXERs g 50, 22)
—yy (x) if x € Qs

with a constant C > 1 to be chosen later on. The Hardy-Sobolev inequality (see e.g. [1])
guarantees that the right hand side of (21) and (22) are in W17 (Q) and W19 (Q),
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respectively. This allows to apply the Minty-Browder theorem (see [3, Theorem V.15])
to deduce the existence of unique solutions u and v for problems (21) and (22), respec-
tively. Moreover, (18), (19), (21), (22) and the monotonicity of the operators —A,, and
—A, together with [11, Corollary 3.1] imply that

o 1
GCTT61,(x) < ulx) < 2C7T61,(x),

L 1 (23)
FCTT ¢y 4(x) < v(x) < caCa Ty 4(x) in Q.
For A > 0, the positivity of u,v,y;,y; and C enable us to have
—Cyt = Au <0< vPin Qp (24)
and
—CyP2 — 2P <O <u in Q. (25)
For A <0, (19), (23) and (2) imply
1
—Cyyt — A < (—Ceyt = A(FCrT)™) " <0< yPin Q5 (26)

and
—O —ab < (—eo - a(geT R off <o<uminQs,  @7)

provided that C is sufficiently large. Now we deal with the corresponding estimates on
Q\Qs. If A >0, we get from (19), (23), (20), (6) and (2) that

(Cy[t — Au®)y B <Cyily B <! ﬁc ( ) ﬁlq)al ]
_l)*ﬁllualfﬁl <1 in Q\ﬁé (28)
and
(O b <ol < T (ol
< Cl‘TlcﬁZ( 5 H2pb® <1 inQ\Qs,  (29)
provided that C is sufficiently large. For A < 0, (19), (23), (20), (6) and (2) imply
(Cy™ — Au™)y ﬁl<<Ccf‘—?LCP 1(2) )C 711( 0 /31¢a1 B

:c“F‘lcf‘l (1—AC%*12*“1>( )P
B

SCTIT (1-227) (F) PP < tin @\,
and
B
(Cygz —lyﬁz)ﬂiaz < (chz —ACTZI(%)ﬁZ)C%(%Z)“Zd)%“Z
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o B
<l (122 k) (Gt e < 1in@\D;,

provided that C is sufficiently large. This is equivalent to

Cy[ < Au® +vP in Q\ Qs (30)
and
O <u 4 0P in Q\Qs, 31)
forall A € R.
Due to the definition of u and v (see (21) and (22)) we actually have
Jo IVul" 7 VuV g dx = [q,q,Cyi" @ dx— Jo, Cy" ¢ dx (32)
and
Jo VY2 ViVy dx = fgq, OF v dx— [o, O35y dx, (33)

where (@, y) € Wol’p (Q) x W017q (Q) with @,y > 0. Then combining (24)-(27), (30),
(31) with (32), (33), it is readily seen that

Jo IVuP2VuVe dx < [o(Au® 4+ vP1) @ dx

and
Jo VyIT2 ViV dx < [o(u® + APy dx,

forall (@, y) € W, (Q) x W, (Q) with @,y >0, showing that (u,v) is a subsolution
of problem (1). B

Next, we construct a supersolution part for problem (1). To this end, let € be
a bounded domain in RY with C1* boundary 9Q, a € (0,1), such that Q C Q.
We denote by 71171, and 117,1 the first eigenvalue of —A, on WO1 P(Q) and of —A,
on WOl ’q(ﬁ), respectively. Let (51717 be the normalized positive eigenfunction of —A,
corresponding to Il, p» thatis

_Apal,p :1171?(/511)7;1 in ﬁ, $17P =0on 8£~2

Similarly, let 51,(1 be the normalized positive eigenfunction of —A, corresponding to
A1 4, that is
—Agh1q =M1 g0, inQ, ¢14=00n0Q.

By the definition of Q and the strong maximum principle, there exists a constant p > 0
sufficiently small such that

1.y (1), 01,4 (x) > pin Q. (34)
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Without lost of generality we assume that
R= max{maxq?hp,maxal,q}. (35)
Q Q

Let £,6 eC' (Q ( ) be the solutions of the homogeneous Dirichlet problems:

{—%&zQW”%ﬁmﬁ { 8E=CUVEE NG
£ =00nQ ’ &= OonQ
with constants 8, 6; and 0, satisfying
61 € (01,0), 6, € (B2,0) and § < min{g-, 5} <O0. (37)
Functions &; and &, verifying
Cocody, <& < CPcdy, and COchoy, < & < CO'dy,, (38)

for some positive constants cg,c(,c and ¢’ (see [10]). Set
(@,7) =C%(&,&). (39)

Then we have (%,7) > (u,v) in Q. Indeed, on the one hand, through (21), (22) and
(36), one has
—Apu > —Apu and —Ayv > —Apy in Q5.

On the other hand, on the basis of (21), (22), (36), (38), (19), (20), (35), (37) and for C
large enough, we achieve

A= C—5(P—1)C5(P—1)§191 _ 5191 > %% (651,19)9‘
> OO (R) > C(erp)™
> C(C1¢1,p) l= Cy1 = _Apﬂ in 9\567

and
S 1) £6 0
~Ajy=C 6(q=1)d(q 1)522 =&7> C592(C/¢17q)92
> C%%(R)® > C(e3u)P
> C(e301,9)P 2 O = —Agw in Q\Qs.

Then the monotonicity of the operators —A,, and —A, leads to the conclusion.
Now, taking into account (37), (38), (35), (34) and (2), for all A € R, we derive
that in Q one has

& > €O (cgr,)% > COO(eR)™ > A(cop)™ + (¢R)P:

_ (40)
A(corp) + (91 )P = A(C8E)M +(C9E)P = Aa® +7P1 inQ
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and

&7 > C%(91)" > CO%(IR)% > A(cR)™ + (chp)P
- - _ (4D
A(cd1p) % + (chr g)Pt = A(CTFE) M + (C0&)Pr = A7 +7P1 inQ

provided that C is sufficiently large. Consequently, it turns out from (36), (40) and (41)
that
JoIVaP2Vave dx = [o & ¢ > [o(AT% +7P1)¢ dx

and
Jo VP12 ViVy dx = [o &Py > [o (7% + A7) v dx,

for all (@, y) € W, ” (Q) x W, (Q) . This proves that the pair (%,7) is a supersolution
for problem (1).

Finally, owing to Theorem 2 problem (1) has a positive solution (u,v) € Cé’y(ﬁ) X
Cé’y(ﬁ), for certain y € (0,1), within [u,%] x [v,7]. This completes the proof.

Acknowledgements. The authors thank the referee for his comments and sugges-
tions to improve this paper.
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