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PROPERTIES OF SOLUTIONS OF THE SCALAR RICCATI EQUATION
WITH COMPLEX COEFFICIENTS AND SOME THEIR APPLICATIONS

GEVORG A. GRIGORIAN

(Communicated by Tingbin Cao)

Abstract. The definition of normal and extremal solutions of the scalar Riccati equation with
complex coefficients is given. Some properties of normal and extremal solutions to Riccati
equation are studied. On the basis of the obtained, some theorems which describe the asymptotic
behavior of solutions of the system of two linear first order ordinary differential equations are
proved (in particular a minimality theorem of a solution of the system of two linear first order
ordinary differential equations is proved).

1. Introduction

Let a(t), b(t) and ¢(¢) be complex valued continuous functions on [fg; o). Con-
sider the Riccati equation

2 (1) +a() (1) +b(0)z(t) + <)) = 0, 1 > 10, (L.1)
and associated with it the linear system
¢'(t) = a(t)y(1);
v'(1) = —c()o(1) = b(1)y (),

The solutions z(z) of Eq. (1.1), existing on the some interval [t;;72) (fo <t <
ty < 4o0), are connected with solutions (¢ (z),y(¢)) of the last systems by the relations
(see [1], pp. 153-154):

t=1. (1.2)

t

o) =smexn{ [aweas), o) 20y =z000. (13

4l

In the particular case when a(z) = 1, b(r) = 0 the system (1.2) is reducible to the
following second order linear differential equation

0"(1) +c(1)9(1) = 0, 1 > 1. (14)
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Any solution z() of Eq. (1.1), with the initial condition z(ty) = z(p)(€ C), is or else
continuable on [fy;+e0), or else not continuable on [fy;+e<) and therefore exists on
[to;11) for some #; > 1. In the first case we call the solution z(z) regular. For the case
real ¢(7) I. M. Sobol (see. [2,3]) successfully applied some important properties of real
and regular solutions of the equation

Y () +H (1) +e(t) =0, 1> 10, (1.5)

to establish asymptotic behavior of solutions of Eq. (1.4). In the work [4] these prop-
erties of regular solutions of Eq. (1.5) were spread on the real and regular solutions of
Eq. (1.1) to the case of real a(r), b(r) and c¢(z). These properties have found applica-
tions in the questions of global solvability of Riccati equation [5], of stability [6—8] and
oscillation [9—-11] of systems of two linear first order ordinary differential equations, as
well of linear second order differential equations.

In the section 2 we represent two global existence criteria for the scalar Riccati
equation. In the section 3 we prove some important properties of solutions of scalar
Riccati equation spreading the results of work [4] on the case of complex coefficients
of Eq. (1.1). Some of the main results of section 3 as well as a particular version
of Theorem 4.1 of section 4 (see below) are presented in [12] without their’s proofs.
The results of sections 2 and 3 are used in the section 4 to investigate some asymp-
totic properties of solutions to the systems of two first order linear ordinary differential
equations.

2. Two global existence criteria

In this paragraph we represent two global existence criteria for the scalar Riccati
equation. They will be used with the results of paragraph 3 to investigate in the para-
graph 4 some asymptotic properties of solutions to the systems of two first order linear
ordinary differential equations.

Denote a; (1) =Rea(t), ax(t) =Ima(t), by (1) =Reb(t), by(t) =Imb(t), c1(t) =
Rec(t), cp(r) =Ime(t). In this paragraph we will assume that

I)ak() 0,t>19, k=1,2.

1(t) > 0; a(t) <0; a(t) <0;

The cases: II) { E ; <0.1>1, 110) {a E ; >0.1> 1. V) {azgtg <0.1>1.
can be reduced to the case I) by replacing z(r) — z(r), z(t) — —z(r), z(t) — —z(r) in
(1.1) respectively.

Set

Di(1) = b3(1) — 4(—1)kar(t)er(t), t > 10.

THEOREM 1. Let a;(t) >0, t > ty, andlet Di(t) <0 if ar(t) #0 and (—1)*ci ()
>0 ifar(t) =0, k=1,2, t >1t9; moreover assume that if a;(t)ay(t) =0, then by(t) =
0,. Then for arbitrary % > 0 and 8 > 0 Eq. (1.1) has a solution 7o(t) on [ty;+o°),
satisfying the initial condition zo(ty) = Yo — i8y, moreover

Rezp(t) >0 Imz(r) <0, 1 >1.
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If >0 and & > 0, then
Rezp(r) >0, Imzo(r) <0, t>1. (2.1)
See proof in [12]. Set

{(—1)k+1b2(t)i Di(1), if ap(t) #0;

k=1,2, t > 1.
0, if ak(Z)ZO,

(@)

THEOREM 2. Let ai(t) >0, t > 1o, andlet Di(t) >0 if ax(t) # 0 and (—1)*ci(t)
>0if ar(t)=0, k=1,2, t >1t9; moreover, assume that if a\(t)ax(t) =0, then by(t) =
0. In addition assume that either r{ (1) <0 and r; (t) > € or rj (t) > € and ry (1) <0,
t >ty for some € > 0. Then for arbitrary 1 >0, & >0 Eq. (1.1) has a solution zo(t)
on [ty;+e), satisfying the initial condition zo(to) = Y — i, and inequalities (2.1).

See proof in [13].
3. Some properties of solutions of the scalar Riccati equation
Lett; > 19

DEFINITION 1. A solution of Eq. (1.1) is said to be #; -regular, if it exists on
[t1;+o0).

DEFINITION 2. A 1 -regular solution z(z) of Eq. (1.1) is said to be #; -normal,
if there exists a neighborhood U of the point z(¢;) such that each solution z(r) of Eq.
(1.1) with Z(#;) € U is t; -regular. Otherwise z() is said to be 7, -extremal.

DEFINITION 3. Eq. (1.1) is said to be regular, if it has a #; -regular solution for
some 1| = ty.

REMARK 1. For a(r) > 0, Imb(r) = Imc(r) = 0 the regularity of Eq. (1.1) is
equivalent to the non oscillation of the equation

o'\, b@)
— t 1 t)=0, t>1.
<a(t) +a([)¢()+C( )(P() 3 0
Regularity criteria of Eq. (1.1) in the real-valued case of a(t), b(¢) and c(¢) are proved
in the works [5] and [15]. A non oscillatory criterion for the last equation is proved in
[16].

In what follows a fy-regular (#p-normal, 7o-extremal) solution we will just call a
regular (normal, extremal) solution. Since the solutions of Eq. (1.1) are continuously
depending on their initial values, each #; -regular solution of Eq. (1.1) is #; -normal (#; -
extremal) if and only if it is #; -normal (7, )-extremal for 7, > #; . Note that a #, -regular
solution for #; > #; in general is not ¢#; -regular.
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For arbitrary continuous on [fo; +0) function u(z) denote:

1 1

ey(ty5t) Eexp{—/[2a(s)u(s)+b(s)]ds}, W, (115t) = /a(r)eu(tl;r)dr, 1,t > 1.

4l I

Let Z(t;t1;A) be the general solution of Eq. (1.1) in the region G, = {(1;z) : ¢ €
L, (A), z€ C}, where I (1) is the maximal existence interval for the solution z, (¢) of
Eq. (1.1) whit 2, (1) = A (€ C).

LEMMA 1. Ifzo(r) is a regular solution of Eq. (1.1), then on the G;, N|ty;+o0) x C
the general solution Z(t;t1;A) of Eq. (1.1) is given by
Aezo (tl ;t)

Z(ttA) = —
) =200 T e ()

, 1 =1y, AeC. (3.1)

The proof of this lemma is elementary and we omit it (see [4]).

EXAMPLE 3.1. Consider the equation
() +a(t)() =0, t > —1. (3.2)

The general solution of this equation in the region Gy N [—1;+e0) x C is given by for-
mula

A
t

1+ A [a(t)dT
0

t
Z(10:0) = e 1+7L/a(1:)dr7é0, i>-1.  (33)
0

1
Suppose [a(t)dt = arctgt(cost +isint), t > —1. Then from (3.3) is seen that all
0

solutions z(t) of Eq. (3.2) with [z(0)| = 7 are O-extremal, and with |z(0)| < 7 they
are 0-normal (for |z(0)| > 7 the solution z(¢) is not O-regular). Suppose in (3.2) the
function a(z) has bounded support. Then from (3.3) is seen that (3.2) has no extremal
solution. For up € C and 0 < r < R < +eo denote K.g(up) ={z€C:r<|z—up| <R} a
ring with its center in u and radiuses r and R. Let € >0 and let K ;. (u0)(C K;:r (1))
denotes a € - net for K, g(up), i. e. a finite set &;,..., &y, € K.r(uo) such that for
each u € K,.g(up) there exists v € K¢ »r(utg) with |u—v| < €. Consider the sequence
t
of sets {Kﬁ7%7n(uo) = Let the function f(r) = Ofa(r)dT, t > 0, has the following
properties. f(t) #ugp, t € [0;1] when ¢ varies from n to n+ 1 the curve f(¢) crosses all
points of KZL 1 ,(uo) (i. e. foreach v € K%.lin(uo) there exists &, € [n;n+ 1] such that
f(&)) =v) and values of f(r) remain in K 1 +oo(t0) . Obviously forall 7 > 0 the set of

values of f(r) on [T;+o0) is everywhere dense in C and f(r) # ug, t > t9. From here
and from (3.3) it follows that Eq. (3.2) has no #; -normal solutions for all #; > 7y and
has at least two extremal solutions zo(r) =0 and z; () with z;(0) = —%. By analogy
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using 1/2n - nets Kﬁ7%7n(uo;u1;...,um) of intersections ﬂkaOK%ﬁ(uk) in place of
K1 1,(ug), n=1,2,... one can show that there exists a Riccati equation which has

2n'n?

no t; -normal solutions for all 7; > #y and has at least m 4 2 extremal solutions.

REMARK 2. Let zp(f) be a #-regular solution of Eq. (1.1). Then since the
function i, (#1;¢) is continuously differentiable by ¢, there exists Ay # 0 such that
1+ Aoy, (t151) # 0, t > 11 (the curve {L,(t15¢) 1 > 11} is not space filling). Then

o0 (T15F .
Aoes, (1) 7ol >ty,is a t -regular

by virtue of Lemma 1 the function z1(¢) = zo(z) + T=hop 7]
otz (13

solution of Eq. (1.1), different from zo(z).

From Lemma 1 we immediately get
THEOREM 3. A t-regular solution zo(t) of Eq. (1.1) is t) -normal if and only if
Uz, (t151) is bounded with respect to t € [t1;+o0).

Let z;(7) and z;(¢) be regular solutions of Eq. (1.1). Then by virtue of Lemma 1
for each #1,t > 1y the following equalities hold

Aji(ty)ez (t132)
L+ Aji(t) ez, (1151)

zj(t) = z(t) + , Jk=1,2, (3.4)

where Aj(t1) = z;(t1) —z(t1), j,k = 1,2. From here we have:

Aji(tr)ez, (t131)
zi(t) —z(t) = , .t >ty, jk=1,2, 3.5
J( ) ( ) 1+Ajk(tl)”zk(tl;t) ( )
The left hand sides of these equalities are independent of ;. Consequently, so are their
right hand sides. In view of this following [4] denote:

L At e (1151)
)ij(tl)ezk (tl;t)

Vi (t) = , 1 =10, jk=1,2 (j#k).

Then the equalities (3.4) can be rewritten in the form

1 . .
Zj(Z)ZZk(Z)—v Ok t>1t, k=12 (j#k).
2%k
From here is seen that
Voo (t) = —Vg o (), t =10 (3.6)

THEOREM 4. Regular solutions z1(t) and z5(t) of Eq. (1.1) satisfy the relations

Vi ()
a(t)[m (t) +Z2(l)} = Vliz(l‘) —b(l), t>1. (37)
V()
a(t)z1(t)za(t) =21 () + 21 (1) =22 = + (1), t > 1. (3.8)

Va2 (1)
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The proof of this theorem in the case of real functions a(t), b(z), c(t), z1(¢) and
22(¢) can be found in [4]. The same proof remains valid in the general case.
From (3.4) we deduce:

 2g(n)alt)e (1:0)

—Za(l)Zj(t) — b([) = —Za(l)Zk(l) — b(t) 1+ x{jk(tl;t)

, 1 Z=1o, .]7k: 172

Integrating these equalities from 7 to  we obtain:

1 1

[2ate)z(@)+b(e)ar = [2a(e)(e) +b@ldr—In[1+ Al (300, 11, > 10,

15t I
Jj,k=1,2. From here it follows

ezk(tl;t)
1 +Ajk(t1)”zk(tl;t)]27

er(’1§’):[ n,t =10, jk=1,2,

so for all 7,1 >ty

€z (tl;t)ezz(tl;t)
Lo+ Ao (tn) ey (1130 [1 + Ao (1) ey (1132)]2

€z (t1§t)eZ2(tl§t) = [ J,k=1,2. (3.9)

Since 1+ Aji(t1)tz (t1:21) = 1, j,k=1,2, and the solutions z;(¢) (j = 1,2) are regu-
lar, from (3.4) it follows that 1+ A (t1)uz, (t151) # 0, t1,t > 19, j,k = 1,2. Therefore
by virtue of (3.9) we will have:

(1 + Ao (1) pzy (113 0))[1 + Aoy (01, (1150)] = 1.

From here it is easy to derive the equalities

e, (t151) .
(t131) = >10, jk=1,2. 1
Hz; (t1:1) T A 2 Jk (3.10)

Multiplying (3.5) on a(¢) and integrating from #, to ¢ we will have:

t

Izjﬁzk(l‘l;t)E/a(T)[Zj(T)—Zk(T)]dT:ln[l-l-ljk(tl)[.lzk(tl;t)L t,t =19, (3.11)

I

jok =1,2.1f 75(t) = zex (¢) is an extremal solution then
liminf|1 + 21 2(t0) Kz, (0:7)] = 0.

Hence by (3.4)

t

liminfRe / a(7) (zex (7) — 20(2))dT = —oo. (3.12)

t—~+oo

fo
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The last equality particularly implies that if z{(z) and z5(r) are extremal solutions then

t

liminfRe / a(t) (2} (1) — 25(1))dT = —oo. (3.13)
limsupRe / a(t) (2 (t) — 2(1))dT = +oo. (3.14)
t——o0

fo

From (3.4), from Theorem 3 and from (3.11) we conclude

THEOREM 5. For t-regular solutions zi(t) and zy(t) the function I, ;,(t1;t) is
bounded with respect to t € [t|;+0) if and only if these solutions are t| -normal.

In what follows, we assume that Eq. (1.1) has at least one regular solution. For an
arbitrary continuous function u(¢) on [f;;+e°) we introduce the notation

oo T

v, (1) = /a(r) exp{—/[2a(s)u(s)—I—b(s)]ds}dr, 1 >1.

t

THEOREM 6. Let the integral v, (ty) be convergent for some regular solution
20(t) of Eq. (1.1). Then the following assertions hold.

A) For all normal solutions z(t) of Eq. (1.1) and only for them, the integrals v, (1)
are convergent for all t > ty;

o0
B) The integral [ a(t)[z1(T) —z2(7)]d 7T is convergent for arbitrary normal solu-
T

tions 71(t) and z>(t);
C) Eq. (1.1) has an extremal solution if and only if v, (t) # 0, t > to. Under this
condition the unique extremal solution z,(t) of Eq. (1.1) has the form

w(t) =a0) - - l(t), (>0, (3.15)
in addition
Ve, (t) = e, t > 1, (3.16)
Jroo
Re / a(7)[2.(7) — 20(7)]dT = —oo, (3.17)

]
o0

/ a(t)[z1 (7) — 22(1)]dT = m{

t

z(t) —z1(t)
2 (t) — 2a(t)

for arbitrary normal solutions z)(t) and z,(t) of Eq. (1.1).

:|a t = to, (318)
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Proof. Note that v, (tg) = tliEI_I Uz (to3t). Therefore i (fo;7) is bounded. By

virtue of Theorem 3 from here it follows, that zo() is a normal solution. Let z(r) be a
normal solution of Eq. (1.1), different from zy(7). By (3.10) we have

105t
Velto) = lim pioer) = tim (00 (3.19)

t—+eo 1+ A(to) gy (t031)

where A(fy) = z(t9) — z0(fo) . On the strength of Theorem 5 the function I 4, (o;7) is
bounded with respect to 7 € [fp;4°0). From here and from (3.11) it follows tlil}rl 1+

A(t0) Uz (1031)] # 0. From here and from (3.19) it follows the convergence of v_(19).
From the equality v, (1) = U (to;1) + ez (t0;¢)v,(t), t > 1o, and from the convergence of
Vv, (o) it follows the convergence of v,(¢) for all t > y. If Z(¢) is an extremal solution
of Eq. (1.1), then due to Theorem 3 piz(z1;¢) is not bounded with respect to 7 € [r;+0)
for each #; > 19. Therefore vi(#;) diverges for all #; > 1. The assertion A) is proved.
Let us prove B). Denote A9 = —-—— . Then

20 (to) ’

Voo (10) — Mgy (1052) Voo (2)ez, (to31)
+ Aolzy (f031) Vi (o) Voo (10) #0, 1>19

On the strength of Lemma 1 from here it follows that

%ezo (to;t)

P00 s g, 3.20
T+ oty (0]’ 20 (3-20)

is a regular solution of Eq. (1.1). Since zliT [14 gy (t051)] = 14 Agvy, (19) = 0, from

(3.20) is seen that z.(z) is an extremal solution of Eq. (1.1). Moreover by virtue
of Lemma 1 from convergence of v,,(fy) and from (3.20) it follows that z.() is the
unique extremal solution of Eq. (1.1). From (3.20) also it follows (3.16). Show that
from the existence of an extremal solution z,,(7) of Eq. (1.1) it follows inequality
Vg, (1) #0, t >19. Due to Lemma 1 we have

2’e)ct eZO (to ; t)

T L= 3.21
1 + )Lm“zo (t07t) ( )

Zea (1) = 20(1) +

for some A,

ext

#0. Since v, (1p) = tlirf Uz, (to;t), and z,, (¢) is an extremal solution, it

is necessary tligl_l [1+A,, Uy, (t0s1)] = 0. Therefore v, (to) = —)% # 0. Then

eq(10:0)vy (1)

, 1 =>1. 3.22
VZO(IO) ( )

1 +2’ext“20(t0;t) =

Since z,, (1) is regular, from (3.18) it follows that 1+ At (fo;1) # 0, t > t9. From

here and from (3.22) it follows v, (1) # 0, t > 19. By (3.10) we have

I NG
1 A (1) ey (1157)

JERGHY , 1210 21, (3.23)
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where A.(f1) = z.(t1) —z0(t1), 1 > fo. Since according to Theorem 3w, (71;¢) is
unbounded with respect to ¢ € [f1;+o0), and there exists a finite limit lil}rl Uz (t152) =
— oo

Vg, (t1) # 0, from (3.23) it follows that

lm [1+ A, (1) gy (1152)] = 0. (3.24)

t——o0

Then passing to the limit in (3.23) when 1 — +eo we arrive at the equality v,, (f1) = o,
t > to. The equality (3.16) is proved. By virtue of Lemma 1 we have

A (to)ez, (103t
()~ 20() = o Dealid)
1+ A (10) gy (1031)
Multiplying both sides of this equality on a(¢) and integrating from # to ¢ we will get

[a®).(2) = 2(lde = {1 + 2. (o0) gy (t030): 1> 10

]

Then

Re /a(r)[z*(r) ~ 20(0))dt = In |1+ Au(t0) ey (10:0)], 1> 0.

Passing to the limit in this equality when # — 4o and taking into account (3.24) we
come to (3.17). Let z;(¢) and z(¢) be normal solutions of Eq. (1.1), and let

t

o) =ep{ [a(a (@}, w0 =000

I

t

o(1) = exp{/a(r)z*(r)dr}7 va(t) =z (1) d2(1), 11,1 >10.

4l

By virtue of (1.3) (¢ (7), wi(¢)) (k=1,2) is a solution of the system (1.1) on [t;; o).
Then by virtue of (1.3) for each A € C the function

=)+ Aya(r)
2604 = D T A

is a solution of Eq. (1.1) in such a domain of variation of # (> #), in which ¢;(z) +
A@y(r) # 0. Let us divide the numerator and denominator of the fraction Z(z;7;;A) on
¢1 (7). Taking into account (1.3) we will get

. <r>+Az*<n>exp{fta<r>[z*<r>—a(r)}dr}
Z(t:t3 ) = il L 1>t > 1.

| +7Lexp{ [ a(®)fz. (1) - zl(r)}dr}

I
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2 (1) 42z (1)

) from here we will have

In view of the equality Z(z;;11;A) =

21(1) + Aoz (1) exp{}a(r) [z:(T) — 7y (’L’)]d‘t}

»(t) = I L 1>t > 1.

1 +lgexp{ja(1)[z*(r) — 21(1)]d1}

where A, = % Then

Toa(t)[z.(t) —zl(t)]exp{ T a(®)z.(7) —zl(r)}dr}

I

a(t)[Zz(t) —Zl(t)} =

) t=>21 21.

142 exp{l}a(r) [z:(T) —z1 (T)]dr}

Integrating this equality from #; to + we will get

t

@t ol = n| (020

—Hn[l +7tgexp{/ta(r)[z*(r) —21(1)]dTH7 t>1 =1t

I

Passing to the limit in this equality when # — 4o and taking into account (3.14) we
will get

o0

/ a(t)[z2(t) — 21 (1)]dT = m{

4l

z(t1) —22(t1)

1=t
Z*(tl)_zl(tl)} e

which proves (3.18). The theorem is proved. []

COROLLARY 1. If v, (fy) = o for some regular solution z.(t) of Eq. (1.1) then
2(t) is the unique extremal solution of Eq. (1.1). Eq. (1.1) has normal solutions and for
each normal solution of Eq. (1.1) and for all t > ty the integrals V,(t) are convergent
and for arbitrary normal solutions zo(t), zi(t), z2(t) of Eq. (1.1) and for z.(t) the
relations (3.15)—(3.18) are valid.

Proof. From the condition of the corollary it follows that
|ty (t032)| > 1, 1 2T, (3.25)

for some T > #y. As a continuously differentiable function the curve . (¢), ¢ € [to;T]
is rectifiable (has finite length). So its plane measure is null. Therefore the set of values
of U, (to;t) on [to;T] cannot cover the disk |z| < 1. From here and from (3.25) it
follows that for some uy # 0 with |ug| < 1 the inequality ., (fo;t) # 0, ¢ > 19, holds.
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By (3.4) from here it follows that the solution zy(7) of Eq. (1.1) with zo(79) = z.(f0) — %
is regular. Then by (3.10) we have:

_ e (m0)
L2 (t1) e, (1151

“Zo(tl;t) ), t,t 21,

where A.(t1) = zo(f1) — z«(t1) # 0. From here and from the condition of the corollary
we have that the integral v, (7;) is convergent and v, (t;) = m #0, t; > 1. So
for zo(¢) all conditions of Theorem 6 are fulfilled. Therefore for all normal solutions
z(r) and for all ¢ > o the integrals v,(z) are convergent and v,(z) # 0, ¢ > o and for
arbitrary solutions zo(r), zi(¢), z2(r) of Eq. (1.1) and for z.(r) the relations (3.15)—
(3.18) are satisfied. The corollary is proved. [

In the sequel we will assume that for some regular solution zo(z) of Eq. (1.1) the
integral v, (f9) converges and v, () # 0, 1 > 9. By (3.16) for normal solutions z;(z),
22(7) and an extremal solution z.(¢) of Eq. (1.1) the following equality holds

() ~2t) _ voy(0)
z(t)—z1(t) v, (1)

1 =1. (3.26)

Tending in this equality ¢ to 4o and taking into account (3.18) we will get

i Y2l (3.27)
t—too v (1)
By (3.15) we have
(1) — (1)
L L — vy, (D) —2@)], t=1. 3.28
Z*(I)_Zl(t) Zl()[zl() Z2( )} 0 ( )
By (3.18) the following equality takes place
lim &0 =20

t—+o0 7, (1) — 21 (1)

Then
1) —2(t —z.(t) +z.(0) — (¢ t)—2(t
i A0 —20) -zl ) 22():_1+11mz al)
=tz (1) —zi(t) 1ot z(t) —z1(t) 1=z, (1) —21(2)

From here and from (3.28) it follows

Jim vz (1)[z1 (1) —22()] = 0.
From (3.27) it follows that in the last equality the function v, (f) can be replaced by
vy, (1), where zo(¢) is an arbitrary normal solution of Eq. (1.1). Therefore if for some
normal solution zo(r) of Eq. (1.1) the inequality |v,,(z)| > € > 0, t > o holds, then
all normal solutions of Eq. (1.1) are asymptotically close, i. e. for arbitrary normal
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solutions z;(¢) and z;(¢) of Eq. (1.1) the following equality takes place tlilll [z1(2) —

2(¢)] = 0. By (3.6) and (3.8) for normal solutions z;(¢) and z(¢) of Eq. (1.1) the
following equality is valid

@)~ 20 __ Vio®
Zl(t)_Z2(l) _—vzl,z2(1)7 t=>1.

Integrating this equality from 7y to + we will get

m{M} :_m[w}, >0
21(to) — z2(10) V2,2 (o)
From here we have
_ t
21(t) — 22(2) ) Vi (1) =1, t>1. (3.29)

21(to) —22(t0) V21,2, (10)

Since z;(r) and z»(r) are normal, by (3.11) from the assertion B) of Theorem 6 it
follows that inf |1+ A1 2z, (f032)| > 0. Therefore v, ;, (1) — oo for t — oo if and only
121 '

if 6221 (to;1) — oo for t — +-oo. By virtue of (3.29) from here we come to the following
criterion of asymptotic closeness of normal solutions of Eq. (1.1).

THEOREM 7. All solutions of Eq. (1.1) are asymptotically close if and only if the

relation
~+oo

Re / 2a(7)20(T) + b(T)]dT = +oo.

]

holds for some normal solution zo(t) of Eq. (1.1).

EXAMPLE 3.2. Assume that a(t) = ag # 0, b(t) = by, c(t) =co, t > 19,

- /02— dancy
Re 4 /b% —4agco > 0. Then z4 = %ﬁ“am are regular solutions of Eq. (1.1).
One can readily see that the integral v, () is convergent, v, (¢) # 0, t > o, and the
integral v, (19) is divergent. Then by Theorem 6, z; is a normal solution and z_ is
the unique extremal solution of Eq. (1.1). Note that Z/, =0, V. . (t) =0. Then using

the relations (3.7) and (3.8) we obtain the well-known Viete formulae
ao(z— +2z4) = —bo;
ani—7+ = Co-

Since 2agz4 +bo = |/ bj — 4aoco, and Re /b3 — 4agco > 0, we have Re j;:”[Zaonr +
bo]dt = +eo. Therefore by Theorem 7, all normal solutions of Eq. (1.1) are asymptot-
ically close under the above assumptions.
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4. The asymptotic behavior of solutions of the system of two first order linear
ordinary differential equations

Let aj(t) (j,k=1,2) be complex-valued continuous functions on [fy; 4-o<). Con-

sider the system
{ 0'(1) = an ()9 (1) +an(t)y () )
Y (1) = ax (t)9 (1) +an(t)y (), '

t>ty. Letty > 1.

DEFINITION 4. A solution (¢(¢),y(r)) of the system (4.1) is said to be ; -regular,
ifo(r)#0,1>1.

REMARK 3. From Remark 2 and (4.1)—(4.3) is seen that if the system (4.1) has a
t1 -regular solution (¢y(z), Wo(r)), then it has at least one 7, -regular solution, linearly
independent of (¢ (z), o (z)).

Each T -regular solution of the system (4.1) for any T > #y we will just call regular.

DEFINITION 5. The system (4.1) is said to be regular if it has at least one regular
solution.

DEFINITION 6. The system (4.1) is said to be strongly regular, if its each nontriv-

ial solution is regular.

The substitution y(¢) =z()9(z), t > 19, in (4.1) leads to the system

{ ¢'(1) = lan (1) + ar2()z(1)]9 (1);
(1) +an()2*(t) + B(t)z(t) — ax (1)) 9 (1) =0,

where B(1) = a1 (1) —ax(t), t > ty. Therefore if zo(r) is a #; -regular solution of the
Riccati equation

Z/(t) +a12(t)z2(t) + B(t)z(t) — a1 (t) =0, t > 19. (4.2)

then the functions

t

(Z)()(I)E%eXp{/[au(T)—|—a12(T)Zo(T>]dT}, ).0750, IVQ(I)EZO(I)Q)()(I), (4.3)

il
t > to, form the solution (¢ (¢), Wo(¢)) for the system (4.1) on [t;;+4o0).

DEFINITION 7. The regular system (4.1) is called irreconcilable if for its arbitrary

two linearly independent regular solutions (9;(z), y;(r)), j = 1,2, the functions gz'—gg

and %—8 are unboundedon [T';4e0), where T > 1o such that ¢;(1) #0,t>T, j=1,2.
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DEFINITION 8. The regular system (4.1) is called normal if for its arbitrary two

linearly independent regular solutions (¢;(z), y;(t)), j = 1,2, the functions gz'—gg and

%—8 are bounded on [T';4-c0), where T > 19 such that ¢;(r) #0,1>T, j=1,2.
DEFINITION 9. The regular system (4.1) is called extremal if it has a regular so-

lution (¢4 (7), . (¢)) such that for all regular solutions (¢ (¢), w(z)) of the system (4.1)

linearly independent of (@ (7), w.(¢)), the equality ,liT 0.(1)/9(t) =0 is fulfilled.

The unique (up to arbitrary multiplier) solution (¢ (¢), W, (¢)), defined above, we
will call the minimal solution of the system (4.1).

DEFINITION 10. The regular system (4.1) is called super extremal if it is neither
normal, nor extremal, nor irreconcilable.

By (4.1)—(4.3) from (3.12) and from Theorem 35 it follows that the system (4.1)
is normal if and only if Eq. (4.2) is regular and has no #; -extremal solution for all
t; = tg, and from (3.12)—(3.14) it follows that the system (4.1) is irreconcilable if and
only if Eq. (4.2) is regular and all its #; -regular solutions are ¢ -extremal for all #; > t¢,
the system (4.1) is extremal if and only if it has unique #; -extremal solution for some
t; > ty. therefore the system (4.1) is super extremal if and only if Eq. (4.2) has at
least two different extremal solutions and at least one normal solution On the basis of
Example 3.1 from here we conclude that there exist normal, irreconcilable, extremal
and super extremal systems and only these kinds of the system (4.1).

REMARK 4. Each extremal system (4.1) is strongly regular. Indeed, let (¢.(7),
V. (t)) be the minimal solution of the system (4.1). According to Remark 3 the system
(4.1) has a regular solution (¢ (¢),y(¢)), linearly independent of (¢ (¢), w.(¢)). Let
(¢(¢),w(r)) be arbitrary nontrivial solution of the system (4.1) linearly independent of

(0.(1), v (1)). Then
(1)
o1(7)

for some #; > o, where ¢; and ¢, are some constants and ¢ # 0. Since the system
(4.1) is extremal we have
0.0) _,

¢(t) = ¢ (2) [Cl+02 ] 1>1, (4.4)

lim =
1=+ ¢y (1)
From here and from (4.7) it follows that (¢(7),y(z)) is regular. therefore the system
(4.1) is strongly regular.

REMARK 5. If aj(t), j,k = 1,2, are real valued and the system (4.1) is oscilla-
tory (definition of oscillatory system (4.1) see in [9]) then Eq (4.2) has no real valued
t1 -regular solution for all #; > #y. But by virtue of Lemma 2.1 of work [9] it follows
that all solutions z(¢) of Eq. (4.2) with Imz(zp) # O are regular. Therefore all solutions
of Eq. (4.2) are normal. By (4.1)—(4.3) from here and from Theorem 5 it follows that
each oscillatory system (4.1) with real valued coefficients is normal.
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REMARK 6. If ajx(t), B(r) and ap(¢) are real valued then from Lemma 2.1 of
work [9] and from the results of work [4] it follows that the system (4.1) is or else
normal or else extremal or else super extremal, in particular the system (4.1) with real
valued aji(t), j,k = 1,2, always is or else normal or else extremal or else super ex-
tremal.

For arbitrary continuous on [fo; +0) function u(z) denote:

1 oo

Julist) = { / u(r)dr}, Vi(t) = / aIQ(T)exp{— /T [2a12(s)u(s)+B(s)]ds}dT,

4l

f,t>=1.

THEOREM 8. Let the system (4.1) has a t)-regular solution (¢o(t),wy(t)) for

Jroo
some t| >ty such that the integral [ M

n 0

dt be convergent (conditionally),

~+o0

where S(t) = a1 (t) +axn(t), t > ty, and forall t > 1y, [ %dr #0. Then
t 0

the system (4.1) is extremal and.:

a) for its minimal solution (§.(t), W, (t)) the equality f % = oo; holds;

b) for each nontrivial solution (¢(1),y(t)) of the system (4.1), linearly inde-

+
pendent of (¢.(1),w.(t)), the integral [ Lﬁfr) converges (conditionally), where
T

o0
T =T(¢;y) =1ty suchthat ¢(t) #£0, t > T, if in addition [ |aja(7)Js(T)|dT = +oo,
!

then
limsup ¢ ()| = +oo; (4.5)
t——o0
c) for arbitrary solutions (¢;(t);y;j(t)), j= 1,2, of the system (4.1),linearly in-
dependent of (§.(1); Wi (1)), there exists a finite limit

. 0i(0)
A0

(#0). (4.6)

~+oo
(pg(;)) ,t>=1.By(4.3)wehave v, (1) = t{ %dt

From here and from conditions of the theorem it follows that the integral V,,(#;) is con-
vergent. Then on the strength of Theorem 6 Eq. (4.2) has the unique 7 -extremal
solution z, (7). By virtue of (4.3) the functions

Proof. Denote: zo(t) =

@(t)sexp{ @)+ an.(z >Jdr}, V) =2 ()00(0), 1 >0,

4l
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form the 7| -regular solution (¢, (¢), (7)) of the system (4.1) on [t;;4o<), which can
be continued on [ty; 4-o0) as a solution of the system (4.1). Then by virtue of (3.13) from

o0
the equality v, (t1) = [ %ﬁ({”)dr and from the conditions of the theorem it fol-
n *

lows that (¢o(¢), wo(7)) and (@.(r), wi(¢)) are linearly independent. Therefore for ar-
bitrary solution (¢ ( ), w(t)) of the system (4.1), linearly independent of (¢, (z), W, (7))
the equality

o:(7)
o)

holds, where ¢y and c, are some constants and ¢y # 0. Due to Theorem 6 from the

¢(1) = ¢o(r) [00 +cx ] , 1>, (4.7)

o0
equality v, (1) = [ %dt and from the conditions of the theorem it follows
n

that zo(¢) is a ¢ -normal solution of Eq. (4.2). Then according to (3.14) from the

equality
o-1) _ 1 exp{/alz(f) [ZO(T)_Z*(T)]‘”}» t=n,

do(t)  o(t)

it follows that
lim 2
1=+ G (1)
From here and from (4.7) it follows that ¢(¢) #0, t > 1, , for some 1, > 1 . Taking into
account (4.7) and (4.8) from here we will get:

o) 60) !
A0 ) |

=0, (4.8)

=0.
im &0
cotex lim %(r)}
From here it follows the uniqueness (up to arbitrary constant multiplier) of the solution
(0+(1), W (r)). Therefore the system (4.1) is extremal. The assertion a) immediately

P 1t (t)Js(t157)
follows from the equality v, (f;) = [ %

5l

dt. The assertion b) follows from

oo :

Theorem 6 and from the equality v,(T) = [ %&gmdr, where z(1) = % is a
T

T -normal solution of Eq. (4 2), and the equality (4.5) immediately follows from the

convergence of the integral f %&gﬂﬂd 7 and from the equality

/ s (2)s(T37)|dT = J_s(10:T) / (25 (0: )| d'T = +oo.

Letus prove c). Let z;(r) = 2. W >, j=1,2, where T >ty such that ¢;(r) #0, 1>

(1) °
T, j=1,2.. Since (¢;(1), ( )) (j=1,2) are linearly independent of (¢, (¢), y.(¢)),
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by (4.3) and Theorem 6 the functions z;(f) (j = 1,2) are T -normal solutions of Eq.
(4.2), and

o) _ o), f ]
Xp ap(t —Zz(’[)]d’[ ,t>T.
66~ 0 o0 |

By (3.15) from here it follows (4.6). The theorem is proved. [

REMARK 7. A criterion for existence of a ¢ -regular solution to system (4.1) in
the case of real aj(r) (j,k=1,2) is givenin [9] (see [9, Theorem 4.2]).

COROLLARY 2. Ifthe system (4.1) has a t -regular solution (¢, (1), W, (1)) for

some ty >ty such that f %S)(”T) = oo, then the assertions of Theorem 8 are valid.
n *

oo ‘
Proof. Denote z,(t) = :’;(()) t>t;.Then v (1) = [ % = oo, By virtue
n *

of Corollary 1 from here it follows that Eq. (4.2) has a 7, -normal solution z(z) such
that v, (¢;) converges and Vv, () # 0 for all #~1. Then for the solution (¢o(7), yo(r))
of the system (4.1), where

$o(t) EGXP{/[an(T)+a12(T)Zo(T)]dT}» Vo (t) =z0(1)9o(t), 12 to,

4l

oo ‘
the integrals Iy (1) = [ (D7)
t

o = V,, (1) are convergent and do not vanish for all
0

t > t1. Thus all conditions of Theorem 8 are fulfilled. The corollary is proved. [J

EXAMPLE 4.1. Consider the system

{‘P'(I) =a(n)y(); 49)
V//(t) = _a(t)¢(t)7 t 21y,

where a(t) is a continuous function on [fy; +eo). One can readily check that one of the
solutions of this system is (¢(z),y(¢)), where

o(r) = sin(/ta(r)dr>7 y(r) = cos (/a(r)dr), t=1.

T fo

~+oo

Suppose a(t) =iap(t), ap(t) =0, t =19, and [ ap(T)dT = +eo. Then it is not difficult
fo

to verify that (¢(r),w(z)) is a 7y -regular solution to the system (4.9) for any #; > 1y,
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o0
the integrals I (1) = [ (;2(8)(1 7 are convergentand Iy(¢) # 0, t > ;. Therefore for the
t

1
system (4.9) the conditions of Theorem 8 are fulfilled. Suppose sin < J a(’L’)dT) #0,
10

t oo
(>0 > 1, ’Im fa(r)dr‘ <M=const,t >1,and | a(t)dt=oo. Then (¢(1), y(t))
to fo

is a t; -regular solution to the system (4.9) and since |¢(r)| < My, t > #; for some

M, = const we have f L 47 = oo. Therefore all conditions of Corollary 2 for the

¢2( 7)

system (4.9) are satisﬁed
REMARK 8. Taking into account the remark 1 we conclude that Corollary 2 is a

generalization and a supplement of the assertions (i) and (ii) of Theorem 6.4 from the

book [17] (see [17], p. 355), as well as a generalization and a supplement of Theo-
rem 3.1 from [18].

EXAMPLE 4.2. One can readily check that the function zo(¢) = sint +icost, t >
to, is a regular solution to the equation

Z(t) + [sint — icost]z(t) 4 iz(t) — sint —icost = 0, t > o,
So it is not difficult to verify that for aj,(¢z) = sint —icost, ap(t) = o(t) = sint +
+icost, t > ty, B(t) =i the conditions of Corollary 2 are fulfilled.
EXAMPLE 4.3. Let ap () =0. Then z(¢) =0 is a regular solution of Eq. (4.1)
and by (4.3) the functions ¢.(7) = exp{ftau (’L’)d’[} , Wi(t) =0 form the regular so-
lution (¢4 (z), yi (1)) of the system (4.1).[91"heref0re by Corollary 2 if

~+o0

/a12 exp{/B dr} .

T
then the system (4.1) is extremal and the assertions of Theorem 8 are valid.

Let ajp(t) #0, t > 1y and let A15(r) and B(r) — Zi%; be continuously differen-
tiable. Then we can rewrite Eq. (4.2) in the form

la1a(1)2(0)] + [aa(1)z()]2 + {B(t) (1) }[alg(t)z(t)] —an()an(t) =0, 1 >1

@) (4.10)
Set: | , '
o) Ealz(t)z(t)—i—E{B(t)— ZES;} 1> 1. (4.11)

Then from (4.10) we will come to the following Riccati equation with respect to v(z)

V() +V (1) +0(t) =0, t =19, (4.12)
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where Q(t) = —%{B(t) _ a’uv; }’ - %{B(Z) _ M}z —ap()an(t), 1> 1.

ap(t aip(t)
Consider the equation

9" (1) +Q(t)9(r) =0, (4.13)

COROLLARY 3. Let ImQ(t) = 0. Then the following assertions are valid:

1) if Eq. (4.13) is oscillatory then the system (4.1) is normal;

2)if Eq. (4.13) is non oscillatory then the system (4.1) is extremal and the asser-
tions of Theorem 8 are valid

Proof. 1f Eq. (4.13) is oscillatory then Eq. (4.12) has no real regular solution
and its all complex solutions are regular (see for example [9]). Therefore all regular
solutions of Eq. (4.12) are normal. By (4.11) from here it follows that the all regular
solutions of Eq. (4.2) are normal. Therefore the system (4.1) is normal. Let Eq. (4.13)
be non oscillatory. Then Eq. (4.12) has unique real valued extremal solution (see [8,
Lemma 2.1]). Therefore Eq. (4.12) has unique extremal solution (since all complex
solutions of Eq. (4.12) are normal). By (4.11) from here it follows that Eq. (4.2) has
unique extremal solution. Hence the system (4.1) is extremal and all the conditions of
Theorem 8 are fulfilled. The corollary is proved. [

Denote: ajp1(t) = Reaya(t), ana(t) =Imaja(t), Ba(t) =ImB(t), ax (1) =
Rea (1), azi2(1) = Imax (1),

di(t) = Bo(t) — 4(—D)fani(t)ani x(t), k=1,2m t > 1.

wi = | an(@exn{ - / 20 Eu(E) + BENIE . +> 10,

where u(t) is an arbitrary continuous function on [fo; +eo).

THEOREM 9. Let ajp(t) >0, andlet di(t) <0, if anx(t) #0 and (—1)kaz; x(t)
<0 ifani(t)=0, k=1,2, t > to; moreover suppose that if ai2,1(t)ai22(t) =0, then
B(t) = 0. Then for all solutions (¢;(t),y;(t)), j = 1,2, of the system (4.1) with

y;(to) y;(to) . . 91(1) _ t an(t)s(io:7)
Re 810) >0, Im 5 10) <0, j=1,2, the functions oL Iy, (1) _[{ e dr,

t > ty, are bounded. The system (4.1) is or else normal or else extremal.

Proof. Due to (4.3) and Theorem 1 from the conditions of theorem it follows that
. _ i)
the functions z;(r) = ¢; ok

by (4.3) we have:

t>ty, j=1,2, are tp-normal solutions of Eq. (4.2). Then

221—8 = 2;82% exp{/alg(f) [11(‘5)—22(1:)]d1}, r>1.
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On the strength of Theorem 5 from here it follows that the function ;’;2'—8 is bounded.
By virtue of Theorem 3 from 7y -normality of z;(¢) it follows the boundedness of the

function u, (¢). By (4.3) we have ., (t) = Iy, (t), t > ty. Therefore the function Iy, ()

is bounded. Let z; (t9) # z2(fo) . Then from the boundedness of m ; it follows that the

system (4.1) is or else normal or else extremal. The theorem is proved. [
Denote:
—1 k+le 1) £ \/di(t), if ajr(t 750;
RE(r) = (=1) (t) () k(1) >t k=12,
0, if a127k(t) = O,

Using Theorem 2 in place of Theorem 1 by analogy of Theorem 9 can be proved

THEOREM 10. Let ajax(t) >0, andlet di(t) > 0 if aro(t) # 0 and (—1)*as; 4(t)
0 if aipp(t) =0, k=1,2, t >ty moreover assume that if ai2,(t)ains(t) =0 then
By(t) = 0. In addition assume that either R{ (t) <0 and R, (t) > € or R ( ) >

and Ry (t) <0, t > 1y fir some € > 0. Then for all solutions ((pj( ) wi(r), j=1, 2
. y; (1) ;o) S ; é1(1)
of the system (4.1) with Re 5,10) >0, Im 0,10) <0, j=1,2, thefunctlons 00 and
t
Iy, (1) = [ %&g‘mdr, t > tog, are bounded. The system (4.1) is or else normal or
1

fo
else extremal.

THEOREM 11. Let the conditions of Theorem 9 (Theorem 10), are fulfilled and let

75112(1) exp - / B(E)as |

Then for each solution (¢(t),w(t)) of the system (4.1) with Re vi) 5 o, m Yl <,

dT < oo, (4.13)

$(10) = $(10)
(Re ¢(( )) >0, Im (( < 0) the inequality
[ an(@)Js(: )
[ e Tt (4.14)

fo

holds, and for arbitrary solutions (¢;(t),y;(t)), j = 1,2, of the system (4.1) with

Re (( ))>O Im (( ))<O (Re :’;((;3)) >0, Im (( ))<O)thereex1stsﬁmtelzmlt hm gé—g;

(#£0). The system (4.1) is or else normal or else extremal. In the last case the assertlons
A) and B) of Theorem 8 are valid for some t|; > t.

Proof. Let (¢(¢), y(t)) be asolution of the system (4.1) with Re ¥ vlto) (), [m L)

9() = (10
(Re ¥ vlio) (), Im L) ) < 0), and let z(7) be a solution of Eq. (4.2) with z(zp) =

9(0) 9(0)
t’g) . Then according to Theorem 9 (Theorem 10) z() is a fy-regular solution of

<0
v

<
=
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Eq. (4.2), and Rez(r) > 0, Imz(r) <0 (Rez(r) >0, Imz(r) < 0) t >19. Therefore,
t

Re [ajp(7)z(T)dT >0, 1 > 1). Then taking into account (4.3) we will have:
T

~+oo
dt = /
fo

< / an(ejexn{ - / B(E)az |

From here and from (4.13) it follows (4.14). From the last inequality it follows that
V.(t) converges for all 7 > y. Two cases are possible:

1) v,(t)#0,t>T,forsome T > 1y;

2) V,(t) has arbitrary large zeroes.

7’ an(2)Js(t0: 7)

02(1) ar

an(exn{ - / [an()2E) + BE)J a2 |

dart.

oo

+ .
In the case 1) we have v,(t) = [ %&({‘mdr # 0, t > T. Then by virtue of
t

Theorem 8§ the system (4.1) is extremal and the assertions of Theorem 8 hold for some
t; = to. In the case 2) due to Theorem 8 Eq. (4.2) has no ¢ -extremal solution for
arbitrary #; > #9. Then by (4.3) for arbitrary two regular solutions of the system (4.1)
we have

221—8: gigi;eXp{/a”(T)[Zl(T>_12(7)]6“}, 9;(1) #0, 1 >1,

for some #; > 1y, where z;(t), j = 1,2, are two | -normal solutions of Eq. (4.2). From

here and from Theorem 35 it follows that i; 83 is bounded on [t;;+e<). Therefore the

system (4.1) is normal. The theorem is proved. [l
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