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Abstract. In this paper we study the existence of monotonic solutions of fractional nonlinear
quadratic integral equations in the space of Lebesgue integrable functions on [0,7]. The unique-
ness of the solution is also discussed. In addition an example is given to illustrate our abstract
results.

1. Introduction

In [19], the author studied the existence of a unique bounded continuous and non-
negative solution of the equation

() = k (h(z)+ /0 [A(t—s)x(s)ds) - (g(t)—|— /0 tB(t—s)x(s)ds) A

and this equation arises in the spread of an infectious disease that does not induce
permanent immunity (see, for example [3, 20]). In [28], a new integral inequality was
used to study the boundedness, the asymptotic behavior and the growth of the solutions
of (1.1) and in [1, 29], some integral inequalities are used to study the boundedness and
the asymptotic behavior of continuous solutions of (1.1). The author in [27] studied the
existence and uniqueness of continuous solutions of the general integral equation

m

) =T1 (g,-(t) —i—/{j[(,-(t,s,x(s))ds) relab),

i=1

where K; is Lipschitz for i = 1,---,m and in [6], the authors used the measure of
noncompactness to discuss the solvability of the integral equations

(1) = (e x(1)) + (h(r) + [l@an <s7x<s>>ds) - (gm +f kz(m)fz(s,X(S))dS)
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in the Banach space of real functions being integrable on [0,1].

In this paper, we discuss the existence of monotonic solutions in the space L;[0, 7]
(the space of Lebesgue integrable functions on [0,7]), for the fractional nonlinear
quadratic integral equations, namely

x(t) = [ () +8(0) - (Tx)(0)] - [ ha(t) +

x(O)]7 [t f(s,x(s)
INa) /0 (t—s)lf‘xd

s] . (1.2

where T (x) is a general operator and p > 1. Note that (1.2) contains as particular cases
many integral and functional-integral equations which arise in real world problems in
mechanics, economics, and physics (see [5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 25,
26]). To establish existence we apply the fixed point theorem due to Darbo associated
with the measure of weak noncompactness. Under suitable assumptions we study the
uniqueness of the solution of (1.2) as well. Finally, we present an example to illustrate
our abstract results.

2. Notation and auxiliary facts

Let R be the field of real numbers, R be the interval [0,e0), J = [0, 7| be a fixed
interval and let L, (J), 1 < p < o= be the space of Lebesgue integrable functions with the

norm ||x{z, ) = (f7 [x(s)[? ds)% . We will write L;,L, and L, instead of L;(J),L,(J)
and Ly(J).

Let S = S(J) denote the set of measurable (in Lebesgue sense) functions on J and
let meas stand for the Lebesgue measure on J. Identifying the functions equal almost
everywhere the set S furnished with the metric

d(x,y) = inf a-+-meas ({s  [+(s) ~¥()| > a})].

becomes a complete metric space. Moreover, the convergence in measure on J is equiv-
alent to the convergence with respect to the metric d (Proposition 2.14 in [30]). The
compactness in such a space is called "compactness in measure”.

THEOREM 1. Let X be a bounded subset of Ly and suppose that there is a family
of measurable subsets (Q¢)o<c<1 of the interval J such that meas(Q.) = ¢ for every
ceJ andfor x € X

x(t1) 2 x(n); 11 € Qe, 1o & Q..

Then the set X is compact in measure in L.

Now we present the concept of measure of noncompactness. Assume that (E, || -||)
is an arbitrary Banach space with zero element 6. Denote by B(x,r) the closed ball
centered at x and with radius r. The symbol B, stands for the ball B(6,r). Denote
by .4 the family of all nonempty and bounded subsets of E and by Az (A" its
subfamily consisting of all relatively (weakly relatively) compact sets. The symbols X

—W
and X stand for the closure and the weak closure of a set X, respectively and the
symbol ConvX will denote the convex closed hull of a set X .
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DEFINITION 1. [4] A mapping u : .#r — Ry is said to be a regular measure of
noncompactness in E if it satisfies the following conditions:

(i) uX)=0 <= Xe Mg.
) XCY=uX)<ul).
) w(X) = p(ConvX) = pu(X).
(v) w(AX)=|Alu(X), A €R.
) BX+Y) < pX)+p(y).
) BXUY) = max{u(X),u(¥)}.
)

If X, is a sequence of nonempty, bounded, closed subsets of E such that X, C
X,,n=1,2,3,--,and lim, .. (X,) =0, then the set X.. =(,_; X, is nonempty.

An example of such a mapping is the following:

DEFINITION 2. [4] Let X be a nonempty and bounded subset of E. The Haus-
dorff measure of noncompactness y (X) is defined as

x(X) =inf{r > 0: there exists a finite subset Y of E such thatX C Y + B, }.

DEFINITION 3. [5] A mapping U : .#r — Ry is said to be a regular measure of
weak noncompactness in E if it satisfies conditions (ii) — (vi) of Definition 1 and the
following two conditions (being counterparts of (i) and (vii)) hold:

(i) uX)=0 = xeM".

(vii') If X, is a sequence of nonempty, bounded, weakly closed subsets of E such that
Xp+1 C Xy, n=1,2,3,--, and lim,—.. 4 (X,) = 0, then the set Xo. = (7_; X,
is nonempty.

Consider a nonempty and bounded subset X of the space L;. Forany € >0, let ¢

be a measure of equiintegrability of the set X (the so-called Sadovskii functional [2, p.
39)) i.e.

() = lim {i‘é‘? {sup [/D x(¢)| di : D C J, meas(D) < s} }} .

It forms a regular measure of noncompactness if restricted to the family of subsets being
compact in measure (cf. [18]).
Next, we discuss some properties of operators acting on different function spaces.

DEFINITION 4. [2] Assume that a function f:J x R — R satisfies the Carathéodory
conditions i.e. it is measurable in ¢ for any x € R and continuous in x for almost all
t € J. Then to every function x(7) being measurable on J we may assign the function

Fp(x)(r) = f(t,x(1)), 1 €J.
The operator Fy is called the superposition (Nemytskii) operator generated by the func-
tion f.
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THEOREM 2. [2] Suppose f satisfies the Carathéodory conditions. The super-
position operator Fy generated by the function f maps continuously the space L into

Ly (p,q > 1) ifand only if
|£(1.2)] < alt) +bl| 7, 2.2)
forallt € J and x € R, where a€ L, and b > 0.

Let us recall some properties of operators preserving monotonicity properties of
functions.

LEMMA 1. [10] Suppose the function t — f(t,x) is a.e. nondecreasing on a finite
interval J for each x € R and the function x — f(t,x) is a.e. nondecreasing on R for
any t € J. Then the superposition operator Fy generated by f transforms functions
being a.e. nondecreasing on J into functions having the same property.

LEMMA 2. [21, Lemma 17.5] Assume that a function f:J xR — R satisfies
Carathéodory conditions. The superposition operator Fy maps a sequence of functions
convergent in measure into a sequence of functions convergent in measure.

For the integral operator of the form (Ku)(r) = [k(z,s)u(s) ds we have the fol-
J

lowing theorem due to Krzyz ([22, Theorem 6.2]):

THEOREM 3. The operator K preserve the monotonicity of functions if and only
if
! 1
/ k(t1,s) ds 2/ k(t2,s) ds
0 0

fort; <t, t1,tp €J and forany l € J.

DEFINITION 5. [23] Let f € L1, and o € R.. The Riemman-Liouville (R-L)
fractional integral of the function f of order o is defined as

1 _Sa—l
I"‘f(t):/O %f(s)ds, o>0,1>0,

where I'(¢) is the Euler’s gamma function.

We state here some results concerning the above mentioned operators, that are
relevant to our work (cf. [23, 24]).

PROPOSITION 1. For oo € Ry, we have
(a) The operator 1% maps L, into itself continuously.

(b) I* maps the nonnegative and a.e. nondecreasing functions into functions of the
same type.
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In our approach we will need the following fixed point theorem due to Darbo [4].

THEOREM 4. Let C be a nonempty, bounded, closed, and convex subset of E and
let H : C — C be a continuous transformation which is a contraction with respect to
the measure of noncompactness |, i.e. there exists k € [0,1) such that

H(H(X)) < kp(X),

for any nonempty subset X of C. Then H has at least one fixed point in the set C.

3. Main results

First, we rewrite equation (1.2) in the form
x = (Hx) = (Ax) - (Bx), (3.1)

where
(Ax)(1) = hi (1) + (1) - (Tx)(1),

(Bx) () = hat) + [x(1)| P I%Fy(x)(2),

(Tx) is a general operator, Fy is the superposition operator as in Definition 4 and 1% is
as in Definition 5.
Let % + é =1,p>1and a> % We make the following assumptions:

(i) g,h1,hr:J — R, are a.e. nondecreasing functions, where g is bounded function
with M =sup,c;|g(t)|, h1 € Ly and hy € L,(J), J =[0,7].

(if) The operator T : L; — L, is continuous and maps a.e. nondecreasing functions
into functions of the same type. Moreover, Tx > 0 a.e. for x € L; and there exist
a function a; € L, and a nonnegative constant b; such that

(Tx)(1)| < ar(t) +bi|x(t)] 4 a.e.t €J, x € Li(J). (3.2)

(iif) Assume that the function f:J x R — R, satisfies the Carathéodory conditions.
Moreover, f(t,x) >0 for (1,x) € J xR and f is assumed to be nondecreasing
with respect to both variable ¢ and x separately. Moreover, there are a nonnega-
tive constant b, and a nonnegative function a, € L, such that

1 (t,0)| < ax(t) + balx|? a.e.r€J, xER. (3.3)

(iv) Assume there exists a number r > 0 with

1
Mbl’)/<||a2||Lp —|—b2r1’) <1
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and

1 1
(1h1llz, +Mllarz,) [|h2]lz, +Mby |||, rs + (AL, +Mllaillz,) Vilazlz,
2 1
+702 (Il ||, + MlailL,) - 77 +Mybiba -7 + Mbyyl|asl|L, - r < 1,

1
ap—1 1 1*;
_T 7 p=
where y = @) (ap1> .

1 1 2 1
REMARK 1. Assumption (iv) takes the form C -+ Dra 4+ Er? + Grr +Irr T 4
Kr < r. For example for r =1 we wouldneed C+D+E+G+I1+K < 1.

REMARK 2. Assume x € Ly and z € L,. Then we have

_1

ap—1 1
1 TP p_l P 1
(1) 71%(1)|| < o) (ap_1> 12z, lIxllZ, -
Ly

Indeed, we have

1 1 (t—s5)%7]
o) = o [l as
L o TI(o) L,
1 1
[x(1)[” /’ A
< t—s5)d@ g ,
To \Jo (77 )
x(r)ﬁ( palo=)+1 )é H
I T \gla—1)+1) "k L
(0] et (=1 "
X P ap—l pP— 4
S Ll ( _1> el
() oap Ly
ap—1 1 lfl .
TP p— p 1
< Z
(o) (ap—l) Iell, |+ L
ap—1 1—-1

TP p—1 [z 1
< [
(=)l il

where we used g = p%l . Similarly if D C J, we have

()] 7 1%2(t)

ap—1 -1 L

TP p—1 ) » 1
< zllz, %117, -
Lo L@ (ocp—l P IHILY(D)

THEOREM 5. Let assumptions (i) — (iv) be satisfied. Then (1.2) has at least one
integrable solution a.e. nondecreasing on J.
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Proof. From assumptions (iii) and Theorem 2 we have that Fy maps L; into L,
continuously and from Proposition 1 and Remark 2, we have that the operator B maps
L; into L, continuously. From assumptions (i) and (ii), we deduce that the operator
A maps L; into L, and is continuous. Finally, the Holder inequality implies that the
operator H maps L into itself continuously.

Using equation (3.1) and Remark 2 with assumptions (i) — (iii), we have for x € L;
that
([ Hxe]|
[[(Ax) - (Bx)| L,

<
< ||Ax]|L, [IBx||,

1
< M+ (TR, [[he+ 171 )|
P

< (Inle, +Mlar + b1l 1, )
1 t _ Na—1
x(anw+ sl [ rsx)as

)
< <||h1||Lq+Ma1Lq+Mbl (/()T(x(t)),l,|th)q )

‘L'apl:1 p—1 17% 1

(e, + gy () Wl 1)

1

T q
<<wm%+Ma1%+Mm(AxmuQ )
)

1 1 1
<<h1%+MaM%+MhWZJ(Mﬁq+ﬂhﬁ[%ﬁq+MWﬁ])

1
ay +by|x|?

1
X<Mﬂg+ﬂhﬁ

Thus H : Ly — L;. Let r be as in assumption (iv) and let x € B,, where B, = {m €
Ly :||m||r, <r}. Then

1 1 1
e, < (Il + M, + M1 ) ([halle, + 777 [laalle, +b2- 7] ) <

Thus H : B, — B, (and is continuous).

Further, let Q, is a subset of B, which has the functions a.e. nondecreasing on
J. A standard argument (see for example [24]) guarantees that this set is nonempty,
bounded (by r), convex and closed in L;. In view of Theorem 1 the set Q, is compact
in measure.

Now, we will show that H preserves the monotonicity of functions. Take x € Q,..
Then x(¢) is a.e. nondecreasing on J and consequently f is also of the same type
from assumption (iii). In addition, /% is a.e. nondecreasing on J from Proposition
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1. Moreover, (Tx)(t),(Ax)(z) and (Bx)(t) are also of the same type. Thus we can
deduce that (Hx) = (Ax)(Bx) is also a.e. nondecreasing on J. Then H : O, — Q, and
is continuous.

Now we assume that X is a nonempty subset of Q, and the constant € > 0 is
arbitrary, but fixed. Then for an arbitrary x € X and for a set D C J with measD < &
we obtain

1Hx]| 2, (D) = /D\(HX)(I)Idt < [[(Ax) - (Bx) |1, p)

< [(AX) |, o) - 1(BX) L, (p)

1
< I+ ()l o) ~th+\x\p1‘*Ff<x>HL "
4

< (11 ley )+ Mllar + balal ) )

x (IIhzllL,,(

LP(D)>
1
q
< <||h1||Lq(D)+M||a1Lq(D)+b1M (/D x(f)|df> )
ap—1

P —1 1_% i
(Wil + s (2 ) il )

(nhlnLq \+ Mlalley )+ 1Ml )

1 1
(Wil o0+ ezl +b2||x£1) Il o)

(nhlnL,, s+ Ml + M, )

(Wl + (el + 02 )l )

Since hy,a; € Ly and hy € Ly, we have the equalities

ol
ol [ %f(w(s»ds

hm{sup{sup[ 17|,y +Mllarl|z,p) : D CJ, meas(D) < €|}} =0

and
iin(l){su);(){sup[ |72l o) : D CJ, meas(D) < g]}} = 0.
—U xe

From formula (2.1), we get

c(t1(06)) < Moyl + art ) (),

1
Recall that Mb1y<||a2|| L, +b2r1’) < 1 and the inequality obtained above together
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with the properties of the operator H on the set O, (see also the description before
Definition 4) allow us to apply Theorem 4 which completes the proof. [

Next, we discuss the uniqueness of solutions.

THEOREM 6. Let the assumptions of Theorem 5 be satisfied with replacing (3.2)
and (3.3) by the following assumptions

(v)
(X)) <ar(t), |T(x) =T ()| <bilx—y|s

and

£(,0)] < ax(t), [£(t,x)— f(2,y)] < balx—y|7.

(vi) If for any constant W > 0, we have

1

1 1 1 1 1
W < Mby |||, W4 +boyr? ||, W7 + Yl lr, (lazl|z, +bar? )W?
1 1 1
+Mbyyre (||a1||Lq—|—b1r‘1)WP
1 Lo
+My(llai|l, +b177) (lazlle, +ballyll 7, )W?
1 1 1
+Mbyyre (||az|L, +bar? )W, then W =0.
Then (1.2) has a unique solution in Q, where r is given in assumption (iv).

Proof. From assumption (v), we have

1

by |x|»
1
ax(t) + ba|x| 7.

1 (2,x) = |£(z,0)]

| < 1f(,0) = f(2,0)
= |f (%)

F(1,0)| + bal| 7

NN

NN

1
Similarly, we have |(Tx)| < a1(f) + by|x|4. Then all assumptions of Theorem 5 are
satisfied, and therefore (1.2) has at least one solution x € Q,.
Now, let x and y be two solutions of (1.2) in Q. Then

Lt (f— )]
= @) £ 0] (120) + b1 [ T st
< 80)|- a0 (7))~ (79)0)
L1 (t— 1
@ [l

=

i ()] e(e)| 7 = [y(0)]
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(1 —s)"!
I'a)
17 =yl [

HeO OO [ 75 = F(s:3()]ds

Ut
()

(t>|;/0’ (r— ())
(t—

< M- Jia(e)|-brx(e) — <r>|%+\h1<t>\|x<>\v/0

+gOI[(Tx)(2)]

(Tx)(1) — (Ty)(2)

+g(7)

i (1) (e |/t ) (aas) +b2|y()|ll)ds

M (ar(6)+ bila(r) |x|/ .

M (ar(6) + b1 (O s(6) —5(0)| [

1 1t (t—s)%! 1
+Mby|x(r) — yO) [ y@O)? | = !

1 1 1
since ||x|? — |y|? | < |[x—y|? . Therefore,

=yl

Lt (f— 5] |
ol [ (=) (5= y(s)| s

< Myl || lx = 3141, + B2l ey

o—1
1x(t) - y/ U™ (0y(5) + baly(s)] ) ds

h
4_“ IHLq Iﬂ((x)

Ly

Lot g)o-1 .
s [l ) — ol

+Mb2|\a1+b1|x|a|\Lq

o—1
atfar-+ ikl |, 1100 3O [l (wa(5) a0 s

(a)

L[t (f—s a—1 1
bl | %(axswzﬂsw)m

1
+Mby[lx(r) — y(0)]]l,

ap—1

1 T -1 - 1 1
<Mb1thpHx—y||zl+bmLqTZ‘)(jp_l) lbe—se el

op—1 1-1
T p—1 r 1 1
+h1”L“m<ap—1> laz + ba|yl 7 ||, [Ix =yl f,

1 TapT71 -1 17_
el + 0l Ty (o)l = 317l el
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1 p—1 -3
Mol +oulol]) o (o)t ablP L el

ap—1 1 1

Lt o p—1 )\ | i
sl = 31, oo (o)t bl o,

< Mby sl |~ y|F, + by il 511,
ol (lasll, + BalI ) e = Y12, -+ Mbayrb (s, + Bt e = 31,
T my(larlle, + b1+ (lasle, + bl ) s~
My (laalley +balyIE ) — ol

< Myl |[x = y[)7, +bayr® s, 2~ I,
il (laalle, + o) =yl + Mbyyr (lanlle, +burd) [ — 5117,
Tyl + i) (lalle, + bort) x— 7
M1y (laall, +bar) o — IE-

From the above inequality and assumption (vi), we deduce that x =y (a.e), which
completes the proof. [

EXAMPLE 1. For ¢ € [0, 1], consider the following integral equation

! ,/ln 1+|x
)] Vi + ‘x(tl‘ ds|. (3.4
3)

Let p =g =2. Then one can easily check that:

x(t) = {HOHS (r +m\x( 02

L (1) =" € L,[0,1] and ||hy||,0.1) = T

2. ho(1) =1 € L,[0,1] and ||ha| 0.1 = Ve — 1.
3. g(t) =1 and M = supy, | 1° = 1.

1
4. |(Tx)(1)] <t3+ﬁ|x|7,then ai(t) =13b; = ﬁ,

91

. f(t.x) = /In(1+ (x(5))?) and [f(z,x)| < |x|% ,then ay (1) =0,b, = 1.
6. Let » =1 and note that

V3

—— <1
200T°(3)

1
Mb1Y<a2L2+b2rp) N
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and
(||h1||Lz Ml +Mb1) (|hz||Lz +b2}’)

Gl (mosf) ¢

Therefore, assumption (iv) holds.

Hence, using Theorem 5, we deduce that (3.4) has at least one integrable solution

a.e. nondecreasing in [0,1].

Acknowledgements. The authors extend their appreciation to the editor and the

referees for their valuable remarks and comments.
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