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LEGGETT-WILLIAMS FIXED POINT THEOREM TYPE
FOR SUMS OF OPERATORS AND APPLICATION IN PDES

SVETLIN GEORGIEV GEORGIEV AND KARIMA MEBARKI*

(Communicated by C. Goodrich)

Abstract. In this paper we present an extension of the original version of Leggett-Williams fixed
point theorem for a k-set contraction perturbed by an expansive operator. Our approach is ap-
plied to prove the existence of non trivial positive solutions for initial value problems (IVPs for
short) covering a class two-dimensional nonlinear wave equations.

1. Introduction

The most well-known version of Leggett-Williams fixed point theorem [11] pro-
vides conditions which ensure the existence of at least three fixed points in cones of
Banach spaces. However this theorem is only an extension of the original version,
presented in the same paper by the authors. This version presents conditions which
guarantee the existence and the localization of at least one fixed point, as well as in
Krasnosel’skii’s cone compression and expansion one.

By Krasnosel’skii’s fixed point theorem the fixed point is localized in a conical
shell of the form {x : a < ||x|| < b}, where a,b € (0,4), while in the Leggett-
Williams it is localized in a conical shell of the form {x:a < a(x) and ||x|| < b}, where
a,b € (0,+e0) and ¢ is a concave positive functional. Although the two approaches are
not easily comparable, using the functional o, which, by its definition, cannot coincide
with the norm, allows for easier calculations and more versatile results. In this context,
it is preferable to use the Leggett-Williams approach.

In [5], Djebali and Mebarki developed a new fixed point index for the sum of
an expansive mapping and a set contraction defined in cones of Banach spaces. Then
fixed point theorems, including Krasnosel’skii type theorems, have been derived. These
results have been applied to obtain existence results for positive solutions of various
types of boundary and/or initial value problems (see [3, 4, 8, 9]).

In what follows, let us consider (E, ||.||) be a real Banach space, &2 be a cone in
it, and Q be any subset of 7. Let ¢ : E — [0,+oc0) a continuous concave functional,
ie.,

o(Ax+(1—=A)y) = Ao(x)+ (1 —A)a(y), forall x,y€ Eand A €[0,1].
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For two numbers 0 < a < ¢, we define
Pe={xe P ||x| <c},

S(o,a,c) ={xe Z: ox) > a and ||x|| <c}

such that
S(o,a,c) ﬂQ # 0.

In [11], Leggett and Williams are discussing the existence of at least one solution in
S(a,a,c) to the nonlinear operational equation

Ax=x (D

where A is a given nonlinear map acting in .
The original Leggett-Williams theorem states the following.

THEOREM 1. (Leggett-Williams [11]) Suppose that ¢ > b >a >0, o is a con-
tinuous concave positive functional with o(x) < ||x|| forall x€ & and A: . — &P
is a completely continuous operator such that:

(i) {xeS(a,a,b): a(x)>a} #0 and a(Ax) > a if x € S(a,a,b),

(ii) Axe Z. if xe S(a,a,c),

(iii) o(Ax) > a for all x € S(o,a,c) with ||Ax|| > b. Then A has a fixed point in
S(a,a,c).

Noting that many researchers have been interested in the extension of the above
theorem we cite for example [1, 2, 10].

Our main contributions are presented in the next section. We first present a new
extension of the original version of Leggett-Williams fixed point theorem for sums
of k-set contraction and expansive mapping with constant 7 > 1 when 0 < k < h —
1. The approach used is the generalized fixed point index i., developed in [5]. As
application of our main results, the existence of non trivial positive solution for IVPs of
a class of two-dimensional nonlinear wave equations is considered in the second part.
The corresponding Green’s function of Problem (4), given below, is used in order to
transform it into a fixed point problem. Noting that this is a new approach to study the
existence of solutions for nonlinear partial differential equations.

2. Main results

2.1. A theoretical result

In this work, instead of equation (1), we consider the nonlinear operational equa-

tion
Tx+ Fx =x, ()
where T : Q — E is an expansive mapping with constant 2> 1 and F : &, — E is

a k-set contraction with k < h— 1. The concept of set contraction is related to that
of the Kuratowski measure of noncompactness (see [7]). Using the main properties of
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the generalized fixed point index i, developed by Djebali and Mebarki in [5] for such
class of operators, we will establish a generalization of Theorem 1 in the case of the
sum of two operators.

Recall that the index i, has the following properties:

THEOREM 2. ([5, Theorem 2.3])
(a) (Normalization). If U = 2,, 0 € Q, and Fx =z € AZ(—T0,(h— 1)r)N 2,
forall x € &P, then

i,(T+F,2,0nQ,2)=1.

(b) (Additivity). For any pair of disjoint open subsets Uy,U, in U such that T+ F
has no fixed point on (U \(U; JU,)) N, we have

i, (TH+FU(QZ)=i.(T+F.U(Q,2)+i.(T +F,U,(Q,2),

where
i.(T+FU;{(Q.X):=i. (T+F|U—/_7Ujﬂ£2,<@)7 j=1,2.

(c¢) (Homotopy Invariance). The fixed point index i, (T +H(t,.),UNQ, ) does
not depend on the parameter t € [0,1] whenever

(i) H : [0,1] x U — E is continuous and H(t,x) is uniformly continuous in t for
each xc U,

(i) H([0,1] xU) C (I - T)(%),

(iii) H(t,.) : U — E is a l-set contraction with 0 <1 < h—1 and k does not
dependenton t € [0,1],

(iv) Tx+H(t,x) # x forall t € [0,1] and x € JUNQ.

(d) (Solvability). If i, (T + FUNQ,Z) #0, then T+ F has a fixed point in
UNneQ.

The following result guarantee the existence of at least one non trivial positive

solution of equation (2).

THEOREM 3. Let ¢ > b > a > 0 three real numbers and o, be a continuous con-
cave positive functional with o(x) < ||x|| forall x€ 2.
Assume that T : Q — E is an expansive mapping with constant h> 1, F : . — E
is a k-set contraction with 0 < k < h— 1, and there exist zo € B(—T0,(h—1)c) P,
such that
tF(Z)+(1—1)z0C (I—T)(Q), forallt €]0,1]. 3)

If the following conditions are satisfied:
1. {xeS(a,a,b): a(x)>a}#0and a(Tx+Fx)>a if x € S(a,a,b);

2. o(Tx+Fx)>aand a(Tx+zo) > a forall x € S(o,a,¢)\Q with | Tx+ Fx|| >
b;

3. |Tx+z0l| < b forall x € S(a,a,c)N\Q, with o(x) =a,

then T+ F has at least one fixed point x € S(ot,a,c)(Q, with o(x) > a.



324 S. GEORGIEV GEORGIEV AND K. MEBARKI

Proof. Consider the set U = {x € S(¢o,a,c): a(x) >a}; U is then the interior of
S(a,a,c) in Z..

Suppose that x € JU(NQ is a fixed point of T + F; then o(x) = a with or x €
S(a,a,b), or ||x|]| > b.

If x € S(o,a,b), we get a(x) = o(Tx+ Fx) > a, which is a contradiction.

If ||x|| > b, we get ||Tx+ Fx|| > b and o(x) = o(Tx+ Fx) > a, leading again to
a contradiction with (2).

Consequently, the fixed point index i, (T + F,U(Q, ) is well defined and sat-
isfying the properties (a)—(d) of Theorem 2.

Consider the homotopic deformation H : [0, 1] x &, — E defined by

H(t,x) =tFx+ (1—1)z.

The operator H is continuous and uniformly continuous in ¢ for each x. Moreover,
H(t,.) is a k-set contraction for each 7 and the mapping T + H(z,.) has no fixed point
on dU Q. Otherwise, there would exist some xy € JU NQ and #y € [0, 1] such that

xo = Txg +H(IO7X()).

We have o(xp) = @ and we may distinguish between two cases:
(i) If ||Txo + Fxol|| > b, the concavity of & and the condition (2) lead

o(xp) = o(Txp+toFxo+ (1 —19)z0)

o(to(Txo + Fxo) + (1 — 1) (Txo + 20))
> to0(Txo+ Fxo)+ (1 —19)a(Txo+z0)
> a,

which is a contradiction.
(ii) If || Txo + Fxo|| < b, the condition (3) leads

[xoll = || Tx0 + t0Fxo + (1 —t0)zo |
= [[(to(Tx0 + Fxo0) + (1 —0)(Tx0 +20) |
< 10||Tx0 + Fxol| + (1 —10) || Txo + 2o |
< b.

Thus, xo € S(o,a,b) and by the condition (1), we get ot(Txp + Fxp) > a, which imply
that o(xp) > @ and again we come to a contradiction with a(xg) = a.
By properties (a) and (d) of the index i, in Theorem 2, we deduce that

i (TH+FU(QP)=i.(T+2,U[ Q) =1.

As a consequence, T + F has a fixed pointin UQ. [
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2.2. An application to IVPs for a class two-dimensional nonlinear wave equations

In this section we will investigate the following IVP

Ut — Uy — Uy = f(U), —o0<x,y<oo, 0<1 < oo, 4
u(x,y,0) = u;(x,y,0) =0, —oo < x,y < oo, (5)
where
(H1) f:R — (—oo,0] is a continuous function such that
/
Z J|V|l vER,
for some nonnegative constants a;, j € {1,...,/}, and for some positive con-

stants [j, je {1,...,1}, l e N.

2.2.1. Some preliminary results

Firstly, we will note that in [6] is shown that the function

1 H(’—T—\/(x—€)2+(y—n)2>

G(’Q)’J»é,nﬁ) =

2 Si—12— (=& —(y—n)?

—o0 < x,y,E,M < oo, 0 <t,T <o, where H(-) denotes the Heaviside function, is the

Green function for the considered IVP (4), (5), i.e., we have

2 2 2

8 8 8

= 5(x—€)5(y—n)5(t— ),

—o0 < x,1,E,M < o0, 0<1,T < oo,

d
G('x’y70’€7n7r) = EG(X,y,O,&,n,T) =

—oo < x,y,&,1M < oo. Here §(+) is the Dirac delta function. Thus, if

urt) = [ [ [ Gl & mr (e drand,

—oo < X,y < oo, 0 <1< oo, we have
92 92 92
1) = az(xy,) a2(ch,)

- S Gnngm, r>) F(u(E.n,2)dvdnaé

(6)
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—6)8(y—m)8(t —7)f(u(§,n,7))dTdndg

= f(u(x,y,1)), —oco<x,y<oo, 0<1< oo,

Il
>
—

0
“(X,)’;O) = Eu(xayao) = Ov —oo X,y < oo,

i.e., u, defined by (6), is a solution of the IVP (4), (5). Note that

G(x,y,1,E,m,7) <0, —eco<x,3,E,1 <oo, 0<1,T <00,

Below we suppose

(H2) a, b, a1, by, ¢, A and € are constants such that

czb>a>0, A>0, €€(0,1),

€\ ¢
1 _>_<ba
(1+3)3
0<a; <b;.

(H3) Let g € €%(R? x [0,%0)) be a positive function such that

f fxl fxz fy fyl fy2 fO (x3,y3,t3)dt3dt2dt1dygdygdyldx3dx2dx1SA

P2 o L 2 o (;' o> 8(x3,v3,13)disdtrdtydysdyrdy dxsdx; < A,
T Lo P 2 o Jor Jor g(x3,v3,83)dtsdtdty dysdysdyrdxs < A,
) Y i oy e f(g o 8(x3,y3,13)dtzdtrdty dysdyrdxsdxadx) < A,
S S 2 L o Jot Jo? &(x3,v3,13)disdtdty dysdxadxadx; <A,
A S Oy Y L) e fo g(x3,y3,13)dt3dtrdy3dysdy dxzdxzdx; <A,
) Y Y B L) L) e fog(xa»ya,la)dladyadyzdy1dX3dX2dX1 <A,
_f fxl fxz fy f)u fm fO (X3,y3,t3)
ooy G(x3,y3.13,8.m, T)dfdndédf3dtzdt1dY3dy2dY1dX3dX2dX1 <A,
— L SR L L PR o o S gk ys,t3)
f‘x’ f‘x’ fOooG(x37y37t37§ n, T)d”v'dndédhdhdfldy3dy2dY1dX3dx2 <A7
_f fy f}’l fyz fO (x3,y3,t3)
55 [y G(xs,y3,13,8,m, T)deTldfdladtzdtldysdyzdyldX3 <A,
—f fxl fxz fy fy2 fo *g(x3,y3,13)

ffoo ffoo fO‘X) G(x37y37t37 é )1, T)drdndédt3dt2dtldy3dy2dx3dx2dxl < A7
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=L L P Jo Jot o 8 (s, ys,t3)

I 5 fy Gxz,y3,13, &, 0, T)dTdndE disdtrdt dysdxsdxadxy < A,
— [ LR L P fo )i (s yasta)
o 50 )y G, 3,13, 8, m, T)dTdndE dizdtadysdyrdyrdxsdxadxy < A,
— L LR L L o g(xs,ys,t3)

I 50 Iy G(xa,y3,13,8,m, T)dtdndE dizdysdyrdydxsdxrdx; <A,
—oo L x,y < o0, 0<t<oo.

Our main result is as follows.

THEOREM 4. Suppose (H1)— (H3). Then the IVP (4), (5) has at least one solu-
tion u € €*(R? x [0,00)) such that u % 0 on R? x [0,0).

Let E = €*(R? x [0,0)) be endowed with the norm

||u||=max{ sp (e, sup uGonn)l, sup (o),
R2x[0,00) R2x[0,00) R2x[0,0)
sup (e, sup o), sup [uyCond)].
R2x[0,00) R2x[0,00) R2x[0,00)

sup }”yy(x»y»t)}}
R2x[0,00)

provided it exists,
P={ucE:u>0 on R?x][0,e0)},

2 be the set of all equi-continuous families in P (an example for an equi-continuous
family is the family {(3+sin(z +n))(3 +sin(x+n))(3+sin(y+n)) : ¢ € [0,00), x,y €
R}HGN )’

o(u) = min |u(x,y,t)], u€kE,
(xy)€lar by

o(u) >a if c>||u||>b}7

Pe={ueZ:|ul| <c},
S(a,a,c) ={ue Z:au) >a, |u||<c},
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3A<c—|—2 _jajc )
2+e

Q=queZ:|u||<c+

Let R=2A (c + le ajc f) For u € E, define the operators

Quu(x,y,t) = / /Xl/xz/ /m/yz//tl t28x37y3713) (x3,y3,13)

dt3dl‘2dt1dy3dy2dy1dX3dXdel
XXy X2y YLy bl 2
L s
—o0J—o0J—00 ) —00J—00 ) —e0 JO JO JO
|| [ ctmmgnosuEn.)
d’L’dT[dédtgdlzdlldy3dy2dy1dX3d)C2dx17
Qu(x7y7t) = R+Q1u(x7y7t),

—oo < x,y < oo, 0 <t < oo,

LEMMA 1. Suppose (H1)— (H3). For u € E and ||u|| < ¢, we have

!
||Q1u<A<c+Zajcl-f> and ||Qu|| < 3A<c+2aj )

j=1 j=1

For ue 2., we have Qu >0 on R? x [0,0).

Proof. Let u € E and ||u|| < c¢. Then

X X1 X2 [y Yo fy2 [t ot [
—/ / / / / / /0/0/Og(x3,)’3,f3)u(x3,)’3,f3)

dtzdnydtydysdysdy dxzdxadox
X XL X2 Y YL Y2t rh b

+/ / / / / / ///g(x3,>’3,t3)
—ooJ—eoJ—c0 ) —e0 S —00 /—0 JO JO JO

LL /O G(x37)J37137§7n,T)f(u(é,n7T))

dendé drzdtrdty dygddeylde,dXdel

XXy Y2y YL o[y2 gttt 2
g/ / / / / / /0/0/0g(x3,y3,t3)|u(x3,y3,z3)|

dt3d12dt1dygdyzdyldX3dX2dx1
X X] X2y Y1 y2 gt 2
L st
—o0J—e0)—c0 ) —00 ) —c0 /=00 JO JO JO
|| [ etamaénosuEn)
deT]d&dt3dl‘2dl‘1dy3dy2dy1d)C3d)C2dxl

|Quu(x,y,1)| =
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x XL (X2 [y YL (Y2 [t oty [t
g/ / / / / / /0/0/0g(x3,y3,t3)|u(x3,y3,z3)|

dt3dt2dt1dygdygdyldx3dx2dx1

! XXy X2 Yo V1L Y2t
Sl LI
,:1 —o00J —00.) —00J—00 ) —00.J—00J() 0 0
[ [ 6ty gn ool

dendé drzdtrdty dygddeylde,dXdel

!
A <c+ Eajclf) ,
j=1

—oo < X,y < oo, 0 <1t < oo, and

Qlu x,y;1)

LR donon vt

diydtydysdy,dydx3dxydx,
o T R A Y S U A I )

+/ / / / / / //g(xs,ya,la)
—o0) =0/ 0/ —e0 S —e0 S~ JO JO

/_/_ ‘/0 G(x37)J37137§7n,T)f(u(é,n7T))

dendé dt3dl2dy3dy2dy1dX3dX2dx1

X X1 (X2 [y Yo [y2 [t
<[ L L staynnlutaysm)

dt3dt2dy3dy2dy1dx3dx2dx1
XXy X2y YL V2 o2
L[t
—o0J—00) —00 ) —00 ) —00 S —0 JO JO
|| [ etamaénosuEn)
d”L’dndé’dt3dt2dy3dy2dy1dx3dx2dx1

X X1 X2y yioy2 ot
<[ [ [ staynnlutagsm)

dt3dt2dy3dy2dy1dx3dx2dx1

! X XL X2y yio[y2 [t
_Zaj/ / / / / / //g(x3,>’3,f3)
o1 e e o S S S0 JO
|| [ ctamagnouEnnl

dendé dt3dl2dy3dy2dy1dX3dX2dx1

i
A <c+ Zajclf) ,
j=1

329
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—oo < X,y < oo, 0 <1< oo, and

' //XI/XZ/ /yl/n/gxwws Ju(x3,y3,13)

drzdyzdysdydxzdx;dx;

X XL X2 Y YL Y2t
+/_/_/_/_/ / /Og(x37y3713)
/_ /_ /0 G(XBJBJB’garl,T)f(u(é,n’r))

d”L’dT]d& dt3dy3dy2dy1dx3dx2dx1

X Xy X2 Y 1 y2 ot
g[ / / / / / /0g(X3,y3,t3)|u(x3,y3,t3)|

drzdyzdysdydxzdx;dx;

X XL X2 Y YL Y2t
+/_/_/_/_/ / /Og(x37y3713)
/_ /_ /0 G(XBJBJB’garl,T)f(u(é,n’r))

dtdnd&dtzdysdy,dydx;dx,dx

XXy X2 Yy YL Y2t
</ / / / / / /0g(x37Y3,f3)|u(x3,y3,t3)|

drzdtrdty dygddeylde,dXdel

_Zaj/ / /xz/ /yl/yz/gx3,y3,t3
/ / / G(x3,y3,13, &, 7) u(§,n,7)|"

d”L’dT]d& dt3dy3dy2dy1dx3dx2dx1

i
A <c+ Zajcl!) ,
j=1

—oo < X,y < oo, 0 <t < oo, and

SRy

dtzdtrdt dygdygdyldx3dx2

+/_xm/_xi/_ym/_y;/_yi/o’/ot' /Otzg(x3,y3,t3)
/j;/j;/owG(xBa}’BJB,é,n,T)f(u(é,n,T))

d”L’dT]d& dtzdtydty dy3dy2dy1dX3dXQ

32
'3 2Q11/L x}’7

2 qutess
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X X2 Y oyt oy2 oty 2
S/ / / / / /O/O/0g(x3,y3,t3)|u(x3,y3,t3)|

dtzdtrdt dygdygdyldx3dx2

XXy Yy YU Y2 ottt i
+/ / / / / ///g(x3,y3,t3)
oo e S oo = Jo SO o
L[ /0 G(XBJBJB’garl,T)f(u(é,n’r))
drdndSdizdidtdysdysdy dxzdx;

LI R A Y ) U A A L R )
<[ L L] sty

dt3d12dl‘1dy3dy2dy1dX3dX2

l X Xy VL Y2 ottt
—Zaj/ / / / / // g(x3,y3,13)
=1 —o0J—00J—00)—00 )~ JO JO JO
| [ [ ctamménouEnl

d”L’dT]d& dtzdtydty dy3dy2dy1dX3dXQ

!
A <c+ Zajcl!) )
j=1

—oo < X,y < oo, 0 <t < oo, and

’ d

2
Ox 2Qluxy7

LS st

dlgdZthldy3dy2dy1dX3

X y YL y2 ottt
S st
—o0.J—o00J—c0)—e0 JO JO JO

[Z[Z/()NG(X3»y3»l3,§,n,T)f(u(§7n,7))

dtdn dé dtydtydtdysdy,dydxs

Xy oy 2 gt 2
g/ / / / /o/o/og(x3a}’3,t3)|u(x3,y3,t3)|

dlgdZthldy3dy2dy1dX3

X y YL y2 ottt
S st
—o0.J—o00J—c0)—e0JO JO JO

| [ [ cmmenofwEn.o)
deTldédl3dtzdt1dy3dy2dy1dX3
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Xy oy 2 gt 2
g/ / / / /o/o/og(x3a}’3,t3)|u(x3,y3,t3)|

dtgdtzdtldy3dy2dy1dx3

! Xy Lo v2 ottt b
—Ea./’/ / / / / / / 8(x3,y3,13)

| [ [ eemmenouEnl
deT]dédlgdtzdlldygdyzdyldX3

!
<A (c—i— EajclJ) ,
Jj=1

—oo < X,y < oo, 0 <1t < oo, and

X Xy X2y y2o gttt i
B _/ / / / / / / / 8(x3,y3,13)u(x3,y3,13)
—o0J —00 J—00J—00J—00J( 0 0

dt3d12dt1dy3dy2dX3dXde1
X X1 X2y Y2 oty 2

L s
Y S S S - L

|| [ etamaénosuEn)

dendédt3dl2dl1dy3dy2dX3dX2dx1

X X1 (X2 [y Y2 bt 2
<[ L T st ynnlutaysm)

dtzdtrdt dygdygdx3dx2dx1

SIS R Y Y I L K B )
+/ / / / / // 8(x3,y3,13)
—oo =00/ —e0 /00 J = JO JO JO
/_ /_ ‘/0 G(x37)J37137§7n,T)f(u(é,n7T))
drdnd&dtzdndtidysdy)dxsdxadx

X X1 X2y Y2 bt iz
<[ L [T etnynmlutagsm)

dt3d1‘2dl‘1dy3dy2dX3dXdel

! XX X2y Y2ttt b
_Zaj/ / / / / // / 8(x3,y3,13)
=1 —00J—00J—00)—0J—JO JO JO

|| [ ctamménouEnnl
dendédt3dl2dl1dy3dy2dX3dX2dx1

l
<A <c+ Zajclf) ,
j=1

d
2 outess
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—oo < X,y < oo, 0 <1< oo, and

‘82 _’ / /X1/xz/ //t1 tzgxwa»ta) (x3,3:13)

) B Qlu X yv
dt3d12dtldy3dX3dX2dx1

X X1 XD y t 1 15)
L s
—o0J—c0J—00J—0JO JO 0

LZ[Z/()MG(X&)B,&,%,n,r)f(u(g,n,r))

d”L’dT]d& dtzdtrdt dy3d)C3dXdel

X Xy X2 oy ottt
S/ / / / /o/o/og(x3a}’3,t3)|u(x3,y3,t3)|

drzdnrdty dygd)@d)@dxl

X X1 XD y t 1 15)
L s
—o0J —c0J—00J—0JO JO 0

| [ [ emmnenofwEn.o)
dendéd@dthlldygd)@d)@dxl

X Xy X2y oottty o
</ / / / /0/0 og(x37Y37f3)|”(x3»y3,l3)|

drzdnrdty dygd)@d)@dxl

S| [ s
///G“’W’t%énf)lu(énr)\

d”L’dT]d& dtzdtrdt dy3d)C3dXdel

!
A (c—!— Z ajcl-’) ,
j=1

—co < x,y< oo, 0 <t <oo, Letué€ .. Then

Qu(xayvt) = R+ QlM(X,y»l)
- |Q1u(x7y7t)|

R
!

A c—|—2ajclf >0
J=1

—oo < x,y < oo, 0 <t < eo. This completes the proof. [

For u € E, define the operators

Tu = —(1+¢€)u,
Fu= (2+¢&)u+ Qu.
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LEMMA 2. Suppose (H1)— (H3). If u € E is a fixed point of the operator T +F,
then it is a solution of the IVP (4), (5).

Proof. We have

u=Tu+Fu
=—(14+&u+2+¢e)u+Qu
= u+0u,

whereupon Qu = 0. We differentiate thrice in x, thrice in y and thrice in 7, the last
equation and we get

0= —g(x,y,t)u(x,y1)
s [ [ /ny,nénr) (€., 7))drdndé,

—oo < X,y < oo, 0 <t < oo, Hence, we arrive at (6) and therefore u is a solution of the
IVP (4), (5). This completes the proof. [l

2.2.2. Proof of Theorem 4

1. For u € &7, we have
[Tull = (1+€)|lul,

ie, T: & — E is an expansive operator with 1 =1+ €.

2. Foru e &,, we get

[Full < 2+ &)|ull + || Qul|

!
<(2+¢€)c+34 (c—i— Zajcl-’) )

J=1

Therefore F : &, — E is uniformly bounded. Since F : &, — E is continuous,
we obtain that F(Z,) is equi-continuous and then F : &, — E is relatively
compact. Consequently F : . — E is 0-set contraction.

3. Let A €[0,1], zo € B(0,ec)(#, and u € &, be arbitrarily chosen. Take

A2+e)u+A0u+(1—2A)z

=

24+¢€
We have
_ AFu+(1-2)z
N 2+4¢
or

AFu+(1—A)zo=(I—-T)z.
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Next, z € & and

AQ2+e)ull +AlQul + (1 = A)llzll

el < e
A(2+€)c+34A (c—i-zlj-:lajclj) +(1—A)ec
S 2+¢
A(2+€)c+3A <C+le=1ajcl-f> F(1-A)(2+e)
S 2+¢
(2+¢€)c+3A <c+2§:1 ajcl/)
- 2+¢€ '

Thus, z € Q and
AF(Z)+(1—=A)zoCc I-T)(Q), A€][0,1].
4. Note that
be{ueS(a,ab):au)>a}, ie {ucS(a,a,b):o(u)>a}l#0.
Moreover, if u € S(o,a,b), then o(u) > a and
o(Tu+ Fu) = o(u+ Qu)

> o(u)

> a.

5. Let u € S(a,a,c) and ||Tu+ Ful| > b. Then, by the definition of &7, we have
o(Tu+ Fu) > a. Let zo = Su. Then

€
Jaoll = £l

€
< =c

2
and zp € B(0,ec)( Z. . Hence,
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6. Let u € S(o,a,c) and a(u) = a. Then [ju| < §. Take zo = Su. We have
20 € B(0,ec) &, and

£
1Tu+ 20l = |~ (1+ )+ S

= (1+3) Il

By 1,2, 3,4,5, 6 and Theorem 3, we conclude that the operator 7 + F has a fixed point
ueS(o,a,c)NQ with o(u) > a. This completes the proof.

2.3. Example
Consider the IVP
Ui — Uy — Uy = —1> =3 —4u'0, —eo<xy<oeo, 0<i<oo, (7
¢ 1+ud
u(x,,0) = u; (x,y,0) =0, —co < x,y < oo (8)
Here
_ 2 10
Sfu)=—u _31+u8 —4u, uelR.
Then

—f(u) <u®+3u* + 44, ueR.

For & = §, the conditions (H2) take the form

cz2b>a>0, A>0,

5 1
§c+3A (c+02—|—3c4+4clo) < 3
5S¢
16\b’ 0<a <b
Then, we take
1 1 1 1 1 1
“=g 175 4T g 64 <73 10000000000

and we get that (H2) holds. Observe that

1 00 00 00
__/ / / G(xayat7€7na1)ndrdnd€
2T ) o) - Jo
1

l oo
L e e

~dgdndr
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dpdt

N =
= /(:(t —1)dt

12
E .
Now we will construct a function g so that (H3) holds. Let

1+ 42418 2
h(t)=log————, I(t) =arctan——, >0,1r+#1.
v A2t ) 1—¢8 7

‘We have

(1) — 1 3 TN 4 8
H(t) = T, FC TR ((4\@ +87) (1 - V2 +1%)

—(14+*V2+ %) (—4v2e + 8t7)>

1
= 4283 — 817 + 4V 4817
(14142 418)(1 —14/2 +18) <

—8V21M 8t + 423 — 817 + 817 — 821 + 42! — 8t15)

8v23 (18 — 1)
(L+ 42+ 18) (1 —14V/2 +18)

Thus,

2+V2
suph(t) =h(l) =log————,
suph(t) = (1) =log =7

h is an increasing function on [0, 1] and it is a decreasing function on [1,0). Next,
1 42081 -8 +871%2

I'(t) =
( ) 1 + (lzttgg)z (1 —t8)2

428 — 4211 821!
B 14116

L W2P(1+48)
S 141l

. 1>0.

Therefore [ is an increasing function on [0,c). Note that
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82318 — 1)

= lim
1=e (18 4 /264 4-1) (18 — V214 + 1)
= ()7
and
h(t
lim °h(t) = lim ¥
[—o0 [—o0 t_z
G
= Jim —%
r
~lim 429t — 1)
1= (184204 + 1) (18 — V2t4 + 1)
= O,
and
. I(r)
fr () = i =
I'(t
= lim (1)
[—00
r
. A20(1+18)
= —lim ———/
t—eo 14110
= ()7
and
Iz
lim °1(t) = lim Q
[—o0 {—oo L
12
!
= lim )
[—oo &£
3
. %8+ 1)
= —2V2lim
=0.

Consequently, there exists a constant B > 1 such that

1 | 1—|—t4\/§+t8+ 1 . t4\/§<B
o arctan —— < B,
16v2 S1_i2+i8 82 s

1 1+42+18 1 V2
t( +rV2+ ‘[)gB,

lo + arctan
162 gl—t4\/§+t8 8v/2 1—18

1 1+42 48 1 z4\/§>
2
t lo + arctan <B, t
(16\@ 1218 82 1—78
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Note that 1jn}l (s) = % and by [12](pp. 707, Integral 79), we have

dz 1 1+2v2+22 1 z
+ arctan

= (0] y
112 22 P1-2/2+2 22 1-22

and, by [12] (pp. 704, Integral 30), we have

2 1
/ < dz=— < + < + —arctanz
(1422)3 4(1+22)2  8(1+2%) 8 )
Let
3
t = 03
3
flx) = ad crco

2B(3+ 1) (1 +x2)*(1 +x10) (1 4x0)’
Then, we can take

1
~100000000000000000000 72 + 1

g(x,,1) f@) () (),

—oo < x,y <o, (<t <oo. Tocheck that (H3) holds, we have a need to estimate the
following integrals

ho = [ fis)as,
b0 = [ [ sidsan = [6-n)as
) = [ [" " iedsddn = 5 [6-9neas, o0,
and
ne = [ pas,
2 = [ [ pdsin = [ =960

Ja(x) = /_1 /_2 /_xifz(s)dsdxgdxl = %/_);(x—s)zfz(s)ds, —o0 L x < oo,

1. Firstly, we will estimate 1,(r), L(), I(¢) for t > 0. We have

1/t ds*
hie) = 4B Jo 1+s16
1 dz

T 4By 1+7
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= ! ( ! lo 1+z\/§+zz+ arctan Z\/E>Zt
4B\ 42 gl—zx/i—i—zz 2V2 1-22/ .
_L< ! 0 1+t\/§+t2+ ! arctan t\/i)
4B\ 4y/2 gl—tﬁ+t2 22 1—12
<1, 120,
and
t
b(0) = [[=9)fi(ds
< (1)
—L< ! lo 1+t\/§+t2+ ! arctan—tﬁ)
B\12 B1-ivatr 22 1—172
<1, 120
and
13(1)25 (t—s)"f1(s)ds
0
2
< =L(t
S h(r)
_£< ! lo l+t\/§+t2+ ! arctan t\/z)
8B\ 41/2 gl—zﬁ+t2 2V2 -2
<1, t>=0.

2. Now, we will estimate J; (x), J2(x) and J3(x) for —ee < x < eo.

(a) Let x < 0. Note that, for s € (—eo, x|, we have

x2<s2 x<—s, —sx<s°,

)

and

(x—s5)? =22 —2xs+5° <4s%, x—s5<—2s.

Then

ds

g 5P
W) = s | T

- 1 /x ds
T 2B(3+7) ) 1452
S=X

= _——arct
2B(3—|— 7'[) arctans

b4
<7
2B(3+m)

1, —oo<x< oo,

§=—o00

N
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Ja(x) =

1 X (x—s)ls®
2B(3 + 1) /_w (1+s2)4(1+316)(1+sﬁ)ds

X—S

ds

1 X
S 2B(3+m) /,w (

1+52)3

341

< - ! /X s ds
S B3+ m) e (1452)3
B 1 T d(1+5%)
" 2B(3+n) /_N (1+4s2)3
B 1 s=x
4B +m)(1+s2)2|_ .
B 1
~ 4B(3+m)(1+x2)2
<1, —oo<x< oo,
(x—s)*s]’
x) = 3+n)/ 1—|—s 1+516)(l—|—s6)ds
3+7‘C /oo 1+52)
s 1 =
3+7t ( 4 1+s2 8(1+s2) +§arctans) o
X 1 n
- 3+7r ( 4(1+x TS R 16)
T
< 3+7r <2+§>
< L
2B
<1, —eo<x < oo,
(b) Let x > 0. Then, using the previous case, f> is an even function and the

computations for /1, I, and I3, we find

X) = /j;fz(s)ds

= 7xf2 (s)ds+

_);fz(s)ds
= Ji(—x) —|—2/Oxf2(s)ds

V3 1 X 3
d
23(3+n)+B(3+n)/0 (1452)3(1 4 s10)(1 4 5)(1 + 52) g
V3 n 1 /" $3 s
S 2B3+nm) B(3+m)Jo 14516
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-
T 2B(G3+nm)  3+m "
V3 1
+
2B(3+m) 3+nm

SLd
S22
=1, —oco<x< oo

Now, using that sf>(s) is an odd function on (—eo, ), the computations for J,
in the previous case and using that x —s < —2s for s € (—eo, —x), we find

hwzfﬂ—wﬁm

= x—35)f(s)ds+ | (x—s)fo(s)ds

—X

= x—5)fa(s)ds+x sz(s)ds

= (x—s)fa(s ds+2x/ fa(s

_ /x S3 2/7xsf
_B(3+7r) 0 (I+s2)%(1+s9)( 1+s6 2(s

N

X SRS 1
/ ds— / ds
B(3+m).Jo 1+s'® B(3+nm) /) (1+s2)
X 1
— 1
Rl T wr g
R
3+ 2
1, —oo<x<oo,

NN

and since (x —s)? < 4s%, 5 € (—o0, —x),

J5(x) = % [ );(x—s)2 P(s)ds

= %[;x(x— 5)? f2(s)ds + % (¥ —2xs 4 5%) f2 (s)dss

—X

=5 [Pt [+
= %[;x(x—s)zfz(s)ds+/()x(x2_|_s2)f2(s)ds
—x X 53
- E/,w (x_s>2f2(s)ds+x223(3+n)/o TSR OO
1 x $
ZB(3+7'C)/() (1+s2)4(1+sl6)(1+s6)ds
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7x 2 X 53
- d d
2/ */als) S+2B(3+7t)/o 116

N 1 /x 53 4
2BG3+7) Jo 145167
—X
:2/ —s2f2( )ds—|—

1
2+ IEEE AR TcRwoR

2/% x—5)2p(s )ds+—

//\

N

—X
2/ S fa(s ds+—
— 2
x5 1
d
B(3+7t)/_oo 1+ "3 7
11

22

1, —co<x < oo,

NN

Consequently (H3) holds. By Theorem 4, it follows that the IVP (7), (8) has at least
one solution u € ¢*(R? x [0,0)) such that u % 0 on R? x [0,0).
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