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INITIAL BOUNDARY VALUE PROBLEM FOR A TIME
FRACTIONAL WAVE EQUATION ON A METRIC GRAPH
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Abstract. This work devoted to IBVP problem for a time-fractional differential equation on the
regular metric tree graph. Using the method of separation of variables we find exact solution
of the investigated problem in the form of Fourier series. Special case for these problem are
discussed, moreover in this case eigenvalues and corresponding eigenfunctions are found exactly.
Sufficient classes of given functions, which provides an existence and uniqueness of solution of
the considered problem, are defined. Using a-priori estimates for the solution, uniqueness of
solution is proved.

1. Introduction
In this work we consider following time-fractional equation
DG u(x,t) — ux(x,1) = f(x,1) (1)

on the regular metric tree graph. Investigation of differential equations on the metric
graphs is one of the new direction of modern science. The increasing interest on the
study of the various problems on metric graphs is motivated by wide range of practical
problems of the modern physics, biology and others sciences in branched structures
(see [12], [14], [19]). On the other hand, fractional calculus is used for the descrip-
tion of a large class of physical (see [11], [34]) and chemical processes that occur in
media with fractal geometry as well as in the mathematical modeling of economic and
social-biological phenomena [25], nanotechnology [3], viscoelasticity processes [22]
and prediction of extreme events like earthquake [7]. More detailed information on
the fractional order partial differential equations and their applications in other fields
one can find in I. Podlubny [26], A. Kilbas, H. M. Srivastava, J. J. Trujillo [18], S. G.
Samko, A. A. Kilbas, O. I. Marichev [28] and others.
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We consider finite regular tree with root vertex O. In the root vertex O we have
one incident bond. In each interior vertex we have one incoming and two outgoing
bonds (see Fig. 1). We denote the bonds as By,B,...,Bu+1_;. We notice that the
bonds By, By and By 1, k= 1,2" — 1 meet at one inner vertex point, and we denote

2n+1_1

graph I',as I'=J;_, ~" Bs.

Figure 1: Tree graph

We define coordinate x; on the the each bond By of the graph with isometric
mapping it to the line intervals (0,L;), (k= 1,2"*1—1). Further we will use the
notation x instead of x;. The vertices with coordinate x = 0 of the bond B; and
with coordinates x = L of the bonds By, k = 27,2"+1 — 1, are called to be boundary
vertices.

Notice, that IBVPs for the PDEs with fractional and integer order derivatives on
metric graphs was investigated by number of authors (see, [1], [10], [13], [17], [20],
[29]). Airy-type evolution equations on star graphs [24]. The Cauchy problem for the
Airy equation with a fractional derivative on a star-graph is solved using by potentials
method [32]. The Schrodinger equation on the metric graphs are investigated by num-
ber of authors (see, [4], [30], [31], [35] and references in them). In the case, IBVP
on metric graph for when one is consider Schrodinger equation with Kirchhoff gluing
conditions and homogeneous boundary conditions, the metric graph is called quantum
graph. G. Khudoyberganov, Z. Sobirov, M. Eshimbetov [15], [16] investigated simi-
lar problem for the heat equation integer order with Fokas method on the general and
simple star metric graph. Using numerical methods V. Mehandiratta, M. Mehra [23]
studied analogical problem for the equation (1) on the star metric graph. In [1] and [17]
direct and inverse problems for equation (1) on metric star graph were investigated.
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2. Preliminaries

2.1. Fractional integro-differential operators

The operator

U0 0) = 1 | (e > a ) >0

X —

is called fractional integral operator [18].
The Caputo fractional derivative (¢D% f) (x) of order (ot > 0), o ¢ N are defined
by [18]

I'n—a)

a

o [ A0 gy
(D% () = [ = WP W
where D=d/dx and n= [ot] + 1.

2.2. Mittag-Leffler function

The function

7) = 2 Z'/T(on+B)
n=0
is called Mittag-Leffler function [26], where o > 0, B € C and z € C.

LEMMA 1. If a <2, B is arbitrary real number, | is such that mo /2 < U <
min{m,no} and C, is real constant, then

(< larg(z)| <), |2/ =0

Eaplz ‘ h 1+ Iz\
(see [26] Theorem 1.6, p. 35).

For the Mittag-Leffler type functions takes place following easy proven properties,
at o, 3,y = const > 0:

E,p(z) = 1/T(B) +2E, g 4(2),

Az%),

/ 2= 1) Ey p ()Pl = P, 5
0

1
I'(y

diZEa,luz“) = A2 By o (A2%),
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LEMMA 2. Ifthe series f(x) = Z fa(x), fu(x) € C(la,b]) is uniformly conver-
gent on |a,b), then its termwise fractlonal integration is admissible:

(Ingifn) i( 1% f2) (x), >0, a<x<bh.

the series on the right-hand side being also uniformly convergent on [a,b] (see [18]
Lemma 15.1, p. 277).

3. Formulation of the problem

On the each bond of the graph I', we consider fractional differential equation

eD&u® (1) —u® (x,0) = O (x,1), (x,1) € (B x (0,T)), )

where ¢D§ is Caputo fractional differential operator, 1 < o < 2 and f¥)(x,r) (k =

1,27+l — 1, n € N) are given functions.
We will consider the following problem for equation (2) on the I".

PROBLEM. Find the solutions u®)(x,7), (k= 1,21 — 1) of the equations (2), on
the class of functions

u® (x,1) € C((0,14] % [0,7]), D™ (x,1), ul¥ (x,1) € C((0,L4) x (0,T)),
M (x,0) € C((0,1;) x [0,T)), k=T,27T—1,
W) eC((0,L]x (0,7)), u¥(x,1) e C((0,L4] x (0,T)) k=2,27—1,
u® () € C([0,L;) x (0,T)), k=272m1—1
which satisfy following initial conditions
u® (x,0) = 9@ (x), 4 (x,0)=yW(x), xeB, k=127T-1,  (3)
vertex conditions
u® (Li,t) = u®) (0,1) = u®*+V (0,1), 1 €10,T], 4)
(L) + 4P 0,0) + 4P 0,0) =0, 1€ (0,T), k=T,27=1,  (5)
and boundary conditions
u(0,6) =0, u® (Ly,1) =0, 1€[0,T], k=22+1—1, (6)
where @® (x) and y®)(x) are sufficiently smooth given functions, besides
oM (L) = 9 (0) = 91 (0),
— o (L) + 9 (0 + oV (0) =0, k=TT, ™)
01 (0) =0, e (Ly) =0, k=272"T—1. (8)
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4. Solution of the problem

Using the method of separation of variables for the homogeneous equation we get

d? -
£y 2y (k) () — — 1 ontl _
X )+ 212X0(x) =0, k=1,2 1, 9)
and
DT (1) +A°T(1) =0, 1 <a<2. (10)
Moreover, from the conditions (4)—(6), we receive
xW (L) = x29(0) = 1 (0), (11)
d d d -
_ Y xk) £ y(2k) (2k+1) () — T
X (Lk)+dxX (0)+d X (0)=0, k=T1,2"—1, (12)
xW)y=0, xX® (L) =0, k=272 1. (13)

The spectral problem (9), (11)—-(13) in the case of general metric graphs was in-
vestigated in [5], [6], [8], [9]. In this case the graph is called “quantum” graph and
the operator ‘%, defined in each edge of the graph together with conditions (11)—(13),
called to be “edge-based” Laplacian (see [8]).

Next, we need to constitute some results from [5] and [&].

Let us define the eigenvalue counting function Nr(k) as a number of eigenvalues
of the quantum graph I which are smaller than k,

Nr(k) =4{A € o(T") : A <k}.

This number is guaranteed to be finite since the spectrum of a quantum graph
is discrete and bounded from below ([5], [6]). We count the eigenvalues in terms of
k =+/A as this is more convenient and can be easily related back to A. The counting
function Nr(k) grows linearly in &, with the slope proportional to the total lengths of
the graph. This type of result is known as the Weyl’s law.

LEMMA 3. [4] Let T" be a graph with Neumann or Dirichlet conditions at every
boundary vertex. Then

N(k) = %k+0(1)7

where L =Ly + Ly + ...+ L, is the total length the graph’s edges and the remainder
term is bounded above and below by constants independent of k.

We put X,,,(x) = be vector eigenfunctions of the problems (9),
22n+1 _
xF V)
(11)—(13) corresponding to A,,. From the above lemma it follows that A,, ~ const -m
at m — +oo.
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By C= ('), the set of infinitely differentiable functions on T, we mean the set of
continuous functions on I" whose restriction to each edge interior is j-times uniformly
continuously differentiable (as a function on that real interval) for any j=1,2, ...

Cpir(M) ={f€C™(I): flor =0},

where 9T is the set of boundary vertices. L2, (T') be the closure of Cj;;. under the

norm
2 b
=3 |
k O

Now we formulate theorem on completeness of eigenfunctions of the “edge-based”
graph Laplacian (or quantum graph) from [8].

ul ‘2 dx.

THEOREM 1. (See Proposition 3.2. in [8]).

Let T is finite graph. There exists eigenpairs (X, Aw), m=1,2,... for the edge
based Laplacian, such that:

(o< <A<,

(2) the Xy, satisfy the Dirichlet condition,

(3) the X, form a complete orthonormal basis for L2, (T), and

(4) Ay — oo.

Let us demonstrate one specific example. Let n =2, i.e. we consider metric graph
with 7 edges we introduce E = {B;}]_, and V = {v;}}_, set of edges and set of
vertices, respectively.

We assume, that L =L, = ... = L; = L. IBVP for the wave equation (& =2) on
similar tree graphs with equal bonds is considered in [33].

In our case we get eigenvalues Ay, = Ao = A3 = Aay = T /L, A5y = (2m —
1)m/2L, m € N. We will define scalar product of the functions
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defined on the graph in the form:

Ly
(F@.geNr =3, [ £ )
ko
and the norm in the form:
Iflle =V (£, f)r.
Orthonormal system of eigenfunctions for the eigenvalues A = & are
1 -1
0 1
1 1
2 m 1 m
Xsma(x)=—1 0 |sin—ux, X5, 3(x)=——=] —1 | sin—u,
sm—4(x) Tz | | 7 sim—3(x) | 2
1 0
-1 1
1 —1
—1 0
—1
Xsm—2(x) ! 1| sin 22y Xsm—1(x) = L 2 |sin—x,meN
-2 2
1 1

1

1

1

1 2m— 1)z
sm (X) L 1 cos( ZL) X

-1
0

1

It is clear, that the Problem has another eigenvalues A4 ,, = % arccos % + mtm, too.
Corresponding eigenfunctions X4 ,,(x) can be found similarly.In general case we get
following theorem.

THEOREM 2. If @M (x), yW(x) € C'0,Ly], £ ¥ (x,r) € C([0,Li] % (0,T))
besides %qo(k) (), ;72211/(") (x) and 99722 f®) (x,1) are absolute integrable functions in
(0,Ly) and (By x (0,T)) respectively, additionally, following conditions
02

dx

af(2k+ 1)
ox

af®

= (0,6)=0, fO(L,t) = f20(0,6) = FED(0,0),

(Lg,t)+ (0,1)+
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y® (L) =y (0) =y (0), v (L) — ™ (0) -y (0) =0, k=T27—1,
y(0)=0, yO (L) =0, k=2n2m+1_1,
0.0 =0, fO(L1)=0, k=272T—1

are hold. Then the problem (2)—(8) has a unique solution.

Proof. We expand f(x,t) into Fourier series in terms of eigenfunctions, i.e.

oo

Fe,t) =" fun(0)Xm(x). (14)

m=0

Let the solution of equation (2) is in the form

oo

u(x,t) = Xon(x)Win(1). (15)
m=0
From equation (2), we obtain
CDGWon () + ApWin () = fiu(t). (16)

We use a general solution of equation (16) at 1 < ¢ < 2, which has a form [27]:

1
W(1) = /0 (t—2)*"Eqq [— Al = Z)"‘} fn(2)dz
+COEq 1 (—A2%) 4+ CLtEq 2 (—22t%), 1< <2 a7)

So, general solution of the equation (2) can be written in the following form

i t

u(k)(x,t) — z [/

(1 =) Eaa [~ 22~ )% n(2)dz
m=0 0

ot (=A%) + ChtEoa(~ A2 )| i (x), (k=T277=1). 1)

We assume, that

=

00 = 3. 0uXu(x), V()= 3 YnXn(x). (19)
m=0

m=0

The solution (18) should satisfy initial conditions (3), so we have
C% = @n, CL =y (20)

Integrating by parts and taking to account the conditions (7)—(8), (11)—(13) and condi-
tions of the theorem we obtain

Ly 1 L 2
_ k (k) _ k (k)
O = % /O oM ()X F (x)dx = v ; / ey, e
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L, 1 L 2
wn=3 [ vO@RE @i = 3 [T I eon wa - @2)

Now, it is required to prove the convergence of the Fourier series corresponding to the

functions u® (x,7), uld) (x,1), cDg‘tu(k) (x,1) in the domain By x (0,T). For further

investigations we need the following lemma.
LEMMA 4.

‘X ’ = ’amkcoslmx—kbmksmkmx’ \/2/—L;< (23)

Proof. Easy to see, that

[1m ()

—ro
Il
~
<

=
N2
&
Ka
|
—

and

Ly
2
/ (amk €08 AypX + by i Sin Jme> dx
0

2 2 2 2
Dok T Vi Gox TV A kD
— kg ’“74&“ MK G2 ALy — ’"%’1“7 <cos2/lmLk—1> <1
From the last relation, considering taking to account lemma 3 and asymptotic behaviour

of each term at m — oo, we get am et b2 . <2/L;. Hence, we infer

mk ™3

‘Xrilk) (X)i = ’am,k COS X + by SinlmXi <\ @it 0 < V2 Lk

The lemma is proved. [J

From (20)-(22), we find
A fafemi, [l <z o

where M,M> = const > 0. Similarly, from (14) we will deduce, that

ifm(’>i = iZ /OLk £ (x,r)X,&")(x)dx‘

Ly 82 1
LT[ Dot <

From (18) and (23)—(25) we obtain
(/I(t —2)* 'Eqq [ — At — Z)a]fm(z)dz
0

OO Ea 1 (—A2%) + ChtEan (—42) ) X3 ()|




22 Z. A. SOBIROV, O. KH. ABDULLAEV AND J. R. KHUJAKULOV

n;o‘/ )* Eg o ly%,(t—Z)a}fm(z)dZ—FCgEa’l(_)Ln%ta)

+CLEg ( — Azt“>

(k)(x)‘

s 2 (| [ =2 Eaa] - 220 —2] (e

: (—%ﬁt"‘) )\/2/—Lk

s i ([ r=d B[ - 220 -2%) | n0laz) V2T

+ ‘CmtEa,g ( — A,ﬁt"‘)

; s
2 (12 1+A2)+A2(1+12>>
Ms Mg
S Z WEETE R Z 221+ 22)
2
< —_— 26
22211 A2) (26)

for (k=1,2"t1 —1). Where M; = const >0, i = 3,7 and My +Ms = Mg, M3+ Mg =
M;. Similarly, we get

‘u)(ax ‘ ‘ 2 [/ ) Eaa[ A2(I_Z)Oc}fm(z)dz

OO Ea 1 (~231%) + csquag(—x,ir“)} X0 ()
M7

Now, we find formal expression for ut(tk ) (x,1):

Wen) = 3 ([~ Eaa [~ 23— 0z

m=0 0

—1%2Ey 4 [— ?L,%lt“} Fn(0) = COA2Eg o1 (—A21%)

+c,;ta*1Eaa(—x%a))x,i,")(x),
0] =] 5 (= [ 09" Eaanr [ A0 i)

1% Em,l[— mt“] Fn(0) = COA2E g o1 (—A21%)
+CliE, ( - x,,%z“) )X,E,") (x))
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< 3 |- [ 09 e [~ 230 -] (o)

"By [ = 221 fu(0)
~COAR a1 (2 ®) + Cot B — 2217

< z ()/ )t |~ At =2)°] f(dz]
1% Ea7a71[—l3,fa}fm(0)’

x40 00

Wi

| Ch AR Bt (<23 |+

(-

oo

< 3 (e [~ 202 | e
1 B[220 00 2

- M
+Z <1—|—12 )%(1_'5_&121))
BRIy

m=0 ""m m=0 "m m=0

According to the asymptotes of A, ~ c-m (c is const) we conclude, that the series
for u®(x,1), uld) (x,1), ut(tk ) (x,7) are uniformly convergent. Now, we will calculate
CDg[u(k) (.Xf,l)

DG (x,1) = P=ufp) (x,1)
= G Z < / t—2)" 2Eqq- 1[ ?Lz(t—z)a]f,;(z)dz
—ta—zEm,l [ = 2] fu(0)
—CoEaa1(—at®) + ot Eaa( = 231%) ) X ()
— iolzo‘ ( — /Ot (1— z)aszma,l [— A2 (t — z)a} f,,,,(z)dz
(2 Eqq1 | = A% fu(0)
oA E a1 (~2®) + Coa ™ Eaa (=227 ) ) XA ().
According to estimates above and the lemma 2 the series in the last equation are uni-

formly convergent and termwise fractional integration is admissible. Thus, we will
conclude that the function (19) satisfies the equation (2).
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Now we need to show uniqueness of the solution.

LEMMA 5. For the solution of the problem, following estimates are hold

wts.= [ (ot ol oo
[l e <moel [ wto oo

where c3, ¢4 and my are positive constants.

Proof. We multiply equation (2) by ut(k) (x,7) and integrate the resulting relation
with respect to x from 0 to L

L L
/ku,(k)(x,t)cDS‘tu(k)(x,t)dx—/ ku,(k)(x,t)u)(cﬁ)(x,t)dx
0 0

L
:/ku,(k)(xj)f(k)(xﬁ)dx. (27)
0

Transforming the terms occurring in identity (27) and according to the lemma 1 in [2]
we obtain

L
/ ' (k) (x,1)cDGulk (x,t)cDg~ I )(x,t)dx
0

= [l
28

k1 2
Sl 1 u®(x, t)) dx. (28)
2n+1 1 Lkl 2 1 2
2 po—1(,® _ 2 _po-l
P ZcDOz (ut (x,t)) dx ZcDOz ut(x,t)’l_7
2n+171 Lk 1 2n+171 a Lk 2
_ (k) (k) _ 1 9 (k)
IZI /0 uy (X, 0 )uxy (x,1)dx 3 IZI 8t/o (ux (x,t)) dx
1d 2
T 20 ux()”)) ’

'/OLk u,(k) (x,1) f) (x,t)dx‘ < %/OLk (u,(k) (x,t))zdx—F % /OLk (f(k) (x,t))zdx.

Taking into account the performed transformations from identity (28), we obtain the
inequality

2
ux(x t)Hr S

u[xtH

cDg, Or

2 2
u,(x,t)Hl_—FHf(x,t)Hr. (29)



Differ. Equ. Appl. 15, No. 1 (2023), 13-27. 25
Next, integrating this relation from O to ¢, we obtain the inequality
o—2
D (U3
1
<A
0

here ¢y, ¢, are positive constants. Based on (30) we get

wenlf< [ (

2 t 2 t
u,(x,t)Hr </0 uf(x,T)HFdT—F/O

2 2
ut(x’t)Hr+ ux(x,t)Hl_

2
ENEL)

Y W M e o

2

w2 Joes v o]

r?

2
(px(x)Hr'
(31)

o e e e

Now, using generalised fractional order Gronwall-Bellman inequality, we have (see [2],

[21D)
/Ot

where c3, ¢4 and m; are positive constants. This proves the lemma. [J

2

)

T

2 2 2
e <mogten oo+

The uniqueness of the solution follows from lemma 5. This finishes the proof of
the Theorem2 [J

Conclusion. In this work, we investigated the Initial-Boundary Value Problem for
time-fractional wave equation on the tree graph, which has one root vertex with valency
one, and other vertices have the valency equal to three. We construct the solution of
the equation using method of separation of variables (the Fourier method). It is also
shown, that the Fourier series, representing the solution and its derivatives involved in
the equation, uniformly converge in the given domain. The uniqueness of the solution
was obtained using a-priori estimates.
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