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SOME NEW OSCILLATION CRITERIA FOR A CLASS OF
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

YUANYUAN PAN AND RUN XU

Abstract. Several oscillation criteria are established for nonlinear fractional differential equa-
tions of the form

{a(t) [(r(t)g (Dfx(t)))/} n}’ —F <t,/t.m(v—t)’”‘x(v)dv> =0,

where D%x(r) is the Liouville right-side fractional derivative of order o € (0,1) of x(¢),n =

22,’;;11 ,and n,m € N. F(t,G) € C([ty,) x R;R), and there exists function ¢(t) € C'([tg,>); R+ )

such that F(G[’,,G) >q(r) for G#0 and x # 0, t > 1. We also give some examples to illustrate
the main results.

1. Introduction

Fractional differential equations are generalizations of classical differential equa-
tions of integer order and can be found their wide applications in many fields of science
and engineering, such as viscoelasticity, mechanics, dynamical processes in self-similar
and porous structures, etc., see [1, 8, 11]. In the last few decades, research on vari-
ous aspects of fractional differential equations, for example, the existence, uniqueness
and stability of solutions of fractional differential equations, the numerical methods for
fractional differential equations, and so on, has been paid much attention by scholars,
refer [3, 4, 7, 9, 14]. Recently, many articles have investigated oscillation of various
fractional differential equations, see [2, 5, 10, 12, 13].

In [5], Han et al. have established some oscillation criteria for the equations

[r(1)g (D%y(1))] — p(0) f (/[w(s—t)ay(s)ds> =0,t1>0,0<a<l.

In [10], by means of a generalized Ricaati transformation and inequality technique,
Qi studied some new interval oscillation criteria for the following equations

(at) [OD%x(0)]") + ) [r)D2x(0)]) = g(0) [ (6 =)~ *x(&)d =0

for 7 € [to,0), oe € (0,1).
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In [2], Chen considered the oscillation of the fractional differential equations

/ oo
[r(t) (Dﬁx(z))"} —q()f (/ (v —t)“x(v)dv) —0,1>0,0<a<l.
t
In [13], Zheng researched oscillation of the following nonlinear fractional differ-
ential equations with damping term

/

) (02x0)'] +p0) (020) = atorr [ (& =0 a(6ag ) =0

for 7 € [1p,%0), 0 < & < 1.
In [12], Xu discussed the oscillation of the following equations

/ o
{a(t) [(r(z)sz(z))’]”} _F (z, / (v —t)ax(v)dv) =0, 1>10>0, ae(0,1).
t
To the best of our knowledge, nothing is known regarding the oscillatory behaviour for
the following fractional differential equations

/

{a)[(r0)g (sz(t)))’]"} _F (t,/tw(v—t)_“x(v)dv> —0, 121>0, (L)

where n = 2£L and n,m € N. In [2, 5, 10, 12, 13] and Eq. (1.1), D%x(t) is the
n 2m+1 q

Liouville right-side fractional derivative of order & € (0,1) of x(¢) defined by

Dx(r) = —ﬁ% /t T 1) Tx(v)dv, 1 € Ry = (0,09),

here T'(-) is the gamma function defined by I'(r) = ["e ™ s' 'ds, 1 € Ry.
Throughout this paper, the following conditions are assumed to hold:
(H1) a(t) € C'([to,);R+), r(t) € C*([to,);R+), fiy %ds:"q
(Hy) g € C*(R;R), g is an increasing function and there exists positive k such

that %5 > k> 0 for xg(x) #0. g~ ' € C(R;R) are continuous functions with ug~!(u) >

0 for u # 0, and there exits some positive constant ¥; such that g~ (uv) > 717 (u)g =1 (v)
for uv # 0.

(H3) F(t,G) € C(Jty,=) X R;R), there exists function g(t) € C'([ty,);R;) such
that F(G”,,G) >q(t) for G#0and x#0, 1 > 1.

By a solution of Eq. (1.1), we mean a function x() € C(R4;R) such that [ (v—
1)~ %x(v)dve C'(Ry;R), r(t)g(D%x(t)) € C*(R+;R), and satisfies Eq. (1.1) on [tg, o).
A nontrivial solution of Eq. (1.1) is called oscillatory if it has arbitrary large zero. Oth-
erwise, it is called nonoscillatory. Eq. (1.1) is called oscillatory if all of its solutions are
oscillatory.

The organization of the rest of this paper is as follows: in Section 2, we establish
some new oscillation criteria for Eq. (1.1) by a generalized Riccati transformation and
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inequality technique, and we present some applications for our results in Section 3.
2. Main results

First, we set
Gt) = [ (= 1) (v)dv, 2.1
then it follows that
G'(t) = —T'(1 — a)D*x(t). (2.2)
The following lemmas are fundamental in the proofs of our main results.
LEMMA 1. (see [6]) If X and Y are nonnegative, then

mXY™ X" < (m—1)Y", m> 1. (2.3)

LEMMA 2. Assume that x(t) is an eventually positive solution of Eq. (1.1). If

L (o= X
/t:g_l (%Af [%/jq@)ds] %dr> d& = oo, (2.5)

then there exists a sufficiently large T such that (r()g (Dgx(t)))/ <0 on [T,), and
one of the following two conditions hold:
(i) D*x(t) <0 on [T,eo), (ii) D*x(t) >0 on [T,), and lim G(t) = 0.

t—o0

Proof. From the hypothesis, there exists 7; > #y such that x(¢) > 0 on [f],), s0
that G(r) > 0 on [r,°°), thus we have

{at)[(t0)g (D%x(1))) ] ! }/ —F (t,/tm(v - t)_ax(v)dv> > q(1)G"(1) >0, 1 € [t1,00).
(2.6)
Then a(r) {(r(t)g (D?x(t)))/] s strictly increasing on [t;,o0), consequently we can

conclude that (r(1)g (D%x(t)) )’ is eventually of one sign. We claim that (r(r)g (D%x(1)))’
< 0 on [fp,0), where 7, > 1 is sufficiently large. Otherwise, there exists 73 >, such
that (r(1)g (D%x(1))) |i= > 0, then we can derive

o) [(r)g (0%x(1)))']" = al@s) ()8 (D2x(1:))) | " = 6> 0, 1€ [3,00). 27)

Hence, we have

=|—

(r(t)g (D%x(1)))" = 0

>0, t € [tz,), (2.8)

S|

a

(1)
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integrating two sides of above inequality from #3 to ¢ leads to

t

r(1)g (D%x(1)) — r(3)g (D%x(z3)) > &7 / ds. 2.9)

B3 ogn (s)
From (H;), we have tlim r(t)g (D*x(r)) = e, which implies that for certain constant
14> 13, r(1)g (D%x(1)) >0, 1 € [t4,00), it s clear that

r(t)g (D%x(1)) = [r(t)g (D¥x(1))] li=ty = ¢ > 0, 1 € [t4,0). (2.10)

Thus, from (H,), we have

- % =D%(1) =g (%) >ng '(c)g™! (%) , 1€ [,), (21D

then, we get
!
g (L) LA —
r(t) nr(l—ajg'(c)
Integrating both sides of above inequality from #4 to 7, we have
o 1 G(t)—G(ta) G(1a)
1
— |ds< — <

e <r<s>) WO =g '(e) = I — @) 1(0)

Letting t — oo, we obtain

P () P C )
/mg (r(s))d <3/11“(1—05)g—1(c)< ;L€ [ta,e), (2.14)

this contradicts (2.4), accordingly (r(t)g (D%x()))" < 0 on [r2,e0). Then from (Ha),
we can get D%x(¢) is eventually of one sign, there are two possibilities: (i) D%x(¢) <0
on [T,e), (ii) D%x(¢t) >0 on [T,e), where T is sufficiently large.

Suppose that D%x(t) > 0, r € [T, ) for certain sufficiently large constant 7' >
2,80 G'(t) <0, t € [T,e), and we have tlLIgG(l‘) =B > 0. We claim that § =0,

otherwise, let § > 0, then G(¢) = on [T,), by (2.6), we have

t € [tg,0). (2.12)

, 1 E[tg,00). (2.13)

{a) [(02 (02x0))]"} 240060 > 9", 1elm=).  @13)

Integrating two sides of above inequality from ¢ to oo leads to

—a) [(r0g (0%x(1)))']" > B" [ g(0)ds~ lima(0) [ (r)g (D%x))) |
>p7 [ qts)as, (2.16)
which means
1 7

(r(t)g (D%x(r))) < —B [—/twq(s)ds} , tE[T,). (2.17)
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Integrating two sides of (2.17) from # to e yields

==

— r(1)g (D%x(1)) < — lim r(t)g (D%x(r)) — B /t ) {ﬁ /T Nq(s)ds:| dr

[—o0 T

_B/ [ /q r dt, te([T,), (2.18)

Integrating both sides of (2.19) from T to ¢, we obtain

6(1) < G(1) ~nT (1~ @) (B) /g{ i [Catas)” dr}d&

(2.20)
letting 1 — oo, from (2.5), we get tlim G(t) = —eoo, which contradicts the fact that

G(t) > 0. Therefore, we get that § = 0, that is tlim G(r) = 0. The proof is com-
plete. 0

LEMMA 3. Assume that x(t) is an eventually positive solution of Eq. (1.1) such
that (r(t)g (Dgx(t)))/ <0, D%x(t) <0 on [t,*), where t| is sufficiently large and
1, > ty, then we have

—KT(1— @)A; (11,0)aT (1) (r(t)g (Dx(1)))
r(t) ’
G(1) > —kT(1— 0)Aa(ty,1)a™ (1) (r(t)g (D"x(1))) , 2.22)

where Ay (t1,t) = ftl T ds Ap(ty,1) = tA'r((t_')’)ds
a

Gt) >

2.21)

~

n
Proof. From (2.6), we deduce that a(t) {(r(t)g (D?x(t)))/] is strictly increas-
ing on [t1,°0), so we get

r(t)g (D%x(1)) < r(t)g (D¥x(1)) — r(t1)g (D*x(11)) = /tlt an(s) (r(s)%g((>D°‘x(s))) ds

1
ds

< a¥ (1) (r(t)g (D%x(0)))’ /1 t

! a%(s)

= Ay(n.0)a7 (1) (r(t)g (D%x(1))) .
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From (H,), we obtain

%r(z)D?x(t) < r(0)g (D%x(t)) < Ar(1,0)a™ () (r(1)g (Dx(1)))

that is
G(1) > —KI(1 — a)Al(tlat):li)(f) (r(t)g (Dﬁx(t)))’.
Then
G(t)—G(1) > _/”t k(1 —a)Al(tl,s)a:‘(S) (r(s)g (D%x(s))) .
> 4T o) (08 (07x0) [ e
consequently

=|—

G(1) = —kT(1 — a)As(11,1)a™ (1) (r(r)g (D%x(1))) . O

THEOREM 4. Assume that (2.4), (2.5) hold. If there exist two functions ¢(t) €
C!([to, =);R:), () € C'([to, );[0,0)) such that

(1= )0 (5)A1(T,5)9' T (5)
r(s)
[0+ DAT (1= @)9(5)A1 (T, 5) 07 (5) + 7(5)9' (5]

- M+ DMHLAT(1 — o) ¢ ()AL (T, )] #(s) }dS=oo (2.23)

| {<z><s>q<s> ~0(5)9'(s) +

n+1

Sor all sufficiently large T, where A1(T,s) is defined in Lemma 3, then every solution
of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x(¢) on [fy, ), without
loss of generality, we assume that x(z) > 0 on [f;,°0), where 7; > fo. By Lemma 2, we
have (r(r)g (D%x(1))) <0, 1 € [12,00), where 1, > 11 is sufficiently large, and either
D%x(t) <0 on [ty,o) or IILI?oG(t) =0.

If D%x(¢) < 0 on [fz,e0), we define the generalized Riccati function

a(t) [(r(0)g (D2x(1))) ]
a G" (1)

+o(t) p, (2.24)
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then () > 0 on [fy,0), s0

1mY !
/ a(t) | (r(t)g (D*x(z)
w’<z>¢(’>w<z>+¢<z>{ (s (omx0)) ] }+¢<z><p’<r>

G (1)

= _(Z)(t) G2n (t)
0'(1) ,
Fg 00009 0)
G ()o0al) [ (ring (0%x))] o
00+ G[,,H - L, e ene
(2.25)
By Lemma 3 and (Hs), we get that
, MR (1 = )6 ()1 (2.0)a T (1) [ (o) (D%x(0))) ]
w (t) < _(D(I)q(t) - V(I)Gn+1(l)
+E 800+ o0/
- AL - @)9(DA () [ (o) Ity
- o 0 - (5 -o0)
+E o) +0000'0)
- (L= 0)p (A (1) [ol) 1R
— ~o(0)qle) 22 FRd
+‘Zé’§ (1) +6(1)9'(1). (2.26)
Applying the following inequality
N SRR E LA
(u—v)'H > +n <l+n) 7 (2.27)

we obtain
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A combination of (2.28) and (2.26) yields the following

o/ (1) < ~6(1)q(r) + i;é’ Lor(r) + 9(0)g'(r) - TLLLZ 0WA1)

)
0 1 .1 1\ 1 ol
X ¢1+%(I)+H(Pl+n(t)—<l+—)§0”(t)—
= —0(1)q(t) + ¢(1)9' (1) —

AT = )9 (DA (12,1) 010 (1)
) 01 (r)
(n+ DAT(1 — ) $(1)A1(12,)97 (1) + r(1) /(1)
+ RATIO) o(r), (2.29)

letting

NKT(1— 0)9(1)As (12,1) @'
r(t) ¢l+%(t)’

m=14+—, X"=
n

and
pnt _ b (14 DT = 000 (0A\12.0)07 1)+ H0)0'(0)
(M + 1) kT(1 = )¢ (£)A, (2,2)] 7
Applying Lemma 1 in (2.29), we get

L
+1 p

— I+
/(1) < ~0(0)q(0) + (1) (1) — L a>¢(r>rf(xtl)<tz,t><p (1)

(01 DRT(1 = 0001 (2.0)9% (1) + r)0')] "
(1 DR~ o) (A1 (2,0 ()

Substituting ¢ with s in (2.30), then integrating it with respect to s from 7, to t, we
obtain

(2.30)

/[ {‘z’(s)fI(S) —¢(s)Q'(s) + (1 - O‘)Q)(S)Al(tz,s)(pl*% (s)
’ r(s)

}HH
ds

[0+ DKL = )0 (5)41(12,9)9 7 (5) + 7(5)0/(5)
(DRI = )9 (A (12,5)] T r(s)
< o)~ o) < o),

letting # — oo, we get a contradiction to (2.23).
If D%x(¢) > 0 on [fz,0), then from Lemma 2, we get that tlim G(t) = 0. This

completes the proof. [



OSCILLATION OF FRACTIONAL DIFFERENTIAL EQUATION 25

THEOREM 5. Assume that (2.4), (2.5) hold. If there exist two functions (1) €
C!([to, =);R), o(t) € C'([to, );[0,0)) such that

oo —a)|"o(s AT (T s
/ {¢<s>q<s>—¢<s><p’<s>+’”"m OO g2y
{20 kT(1= )" $(9)p(6)A1 (T.5)AT " (T.5) +r(9)0'(5) ) o
T (P AN TIAT (Toore)90s) e @A

Sor all sufficiently large T, where A|(T,s), Ax(T,s) are defined in Lemma 3, then every
solution of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x(¢) on [fy, ), without
loss of generality, we assume that x(¢) > 0 on [t], ), where #; > #y. By Lemma 2, we
have (r(t)g (D%x())) <0, t € [t2,o0), where 15 > 1, is sufficiently large, and either
D%x(t) <0 on [fp,0) or tli_gG(t) =0.

If D%x(t) < 0 on [f2,00), let ®(¢) be defined as in Theorem 4, proceeding as in
Theorem 4, we obtain (2.25), by Lemma 3, we have the following observation

G(1) _ —kT(1—a)Ay(t,0)a (1) (r(t)g (D%x(1)))
G(r) = r(t)G(r)
—kD(1— a)Ay (12, 0)an (1) (r(t)g (D%x(1))) ., _
> : 2r(t G"(1) ")
| k(- @)A; (12,0)a™ (1) (r(t)g (D%x(t)))’
- r(t)G" (1)

X {—kl"(l - Oc)Az(tz,t)a%(t) (r(t)g (DQX(I)))/}TFI
AN
0= o))" A (1,0A)  12,1) {“(’> (05 (%)) } )

r(t) G"(t)

Applying (2.32) in (2.25), we get that

(L= )" 9 ()AL (12,1)AT " (12,1)
r(f)

- N [kC(1— )] $(1)A1 (12,)A] " (12,1) [0(2)
— —ol0)qr) - o [
¢'(t)

o0

o(r)+9(1)e' (1)
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N k01— a)]" 9(0)A1(2,0)AT] (12,0)

— —p(0)qle) - o o)
.
k(- a)l'z;‘)\;((ftz)7f)Ag (12,1) 0*(1)
LGN LR L GRS NS
< 0)00) +p)9/ ) - 1IN OOMEON (01
L a0 el woew vy

4 [k0(1 = )] Ay (02, 0)AT " (12,0) ()9 (1)

Substituting ¢ with s in (2.33), then integrating it with respect to s from 7, to ¢, we
obtain

! —o)]" (s $)AT (1, s
/12{(P(S)C](S)—(Z)(S)(p/(s)+n[kr(l O{)} ¢(r()31(t27 )AZ (tzv )(p2(s)

{on k= ) o1 (02,903 129+ r(9)0'(0) ) }d

AN [kT(1— 0)]" A (12,5)A] " (t2,5)r(5) 9 (s)
< olh)—o) <o), (2.34)

letting # — oo, we get a contradiction to (2.31).
If D%x(¢) > 0 on [fz,0), then from Lemma 2, we get that tlim G(t) = 0. This

completes the proof. [

THEOREM 6. Assume that (2.4), (2.5) hold, and there exist two functions ¢(t) €
C'([to, =);R+), @(t) € C' ([ty, =);[0,0)). Furthermore, define D= {(t,s) |t > s > 1o},
if there exists function H € C' (D;R) such that H(t,t) =0, H(t,s) >0 fort > s > 1,
H has a nonpositive continuous partial derivative H)(t,s) and

KT(1— )@ (s)A, (T, 5)0' 7 (s)
r(s)

limsupm/tl‘l(hs) : {‘Z’(S)CI(S) — ¢ (5)¢’(s) +

t—o0 fo

(1 DRT(1 — @) (A1 (7.9 (5) 4 r(s)9' ()] "
_ ds = oo (2.35)
(n+ D7 T RE(1 = 0)9 ()1 (T 9)] " r(s)

Sor all sufficiently large T, where A|(T,s) is defined in Lemma 3, then every solution
of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x(¢) on [fo, ), without
loss of generality, we assume that x(¢) > 0 on [t], ), where #; > #y. By Lemma 2, we
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have (r(t)g (D%x(1))) <0, 1 € [t2,o0), where 1, > 1, is sufficiently large, and either
D%x(t) <0 on [fp,0) or tlim G(r) =0.

If D%x(¢) < 0 on [t3,o), let (¢) be defined as in Theorem 4, proceeding as in
Theorem 4, by (2.30), we have

KT(1— ) b(1)A 1 (12,1)9" 7 (1)
)

(0 + DAT(1 — )0 (1)A (12.0) @7 (1) + r(£)9' (1)
- (M + )M RT(1— )9 (1)A; (12,0)] (1)
< - o(r). (2.36)

9(1)q(t) — ¢()' (1) +

n+1

Substituting # with s in (2.36), multiplying both sides of (2.36) by H(¢,s), then inte-
grating it with respect to s from #, to 7, we derive

KT(1— ) ()A1 (12,5)9" 7 (s)

0
[ (- @00t () + )] }d

(M + D1 (1= )9 (s)A1(2,5)]" r(s)

/Hts s)ds = H(t,1)o(t; +/a) VH.(t,s)ds
S H(t,n)o(n) < H(t,1)o(t). (2.37)

Hits) - {¢<s>q<s>—¢<s><p’<s>+

5]

Then

1

KT(1— ) ()A1 (12,5)9" 7 (s)

fo

H(t,s)- {(Z)(s)q(s) —9(s)9'(s) +

(14 DRT(1 — )0 ()41 (129097 (5) + ()0’ ()] "
N+ DM KD(1 — o) (5)A1 (12,5)]" r

~—

O(5)A1(12,)9" 7 (5)
r(s)
[0+ DAT(1— )9 (5)41 (12, )9 7 (5) + 7(5)0/ (5)]
(n+ TR = )9 ()41 (12,9)]r(s)

' - N s 1+% Ky
+LH(I,S)-{¢(S)Q(S)—¢(s)<p’(s)+kr(l )0 >rf(‘s1>(f2» )¢ (s)

n+l1

kK[l -«

=/t:H(hS)'{¢(S)61(S)—¢(S)<P/(S)+

ds

ds

[0+ DRT(1 = 0)0(5)41(2.9)97 () + r(5)9 o)
(n+ TR = )9 (5)A1 (12,9)]r(s)
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1

KT(1—00)9(5)A1 (t2,5) @' 7 (s)

< Hlt0) o)+ (0): [ 0()4(5)-0()¢ (9)+

i) r(s)
(0 + DAT(1 — 0 (5)As (12,)0 7 ) + r()8'(s)] T ; 238
T )R — )0 ()AL (.9 () ; (239
Therefore
. ' s KD(1=a)(5)As (12,5) 9 T (s)
timsup zzes [ H(s): {¢<s>q<s>—¢<s><p (5)+ =9

+1

(14 DR 06412997 () 46100
DR )9 ()AL (2,9 () ’

1

n k(1 — a)‘P(S)Al(lz,S)(pHﬁ (s)
r(s)

n+l

< on)+ / *10(s)a(s) - 9()9'(5)

[+ AT = )01 (25T )+ 00/ 6)] | oo
S TR = )9 (5)A (12,9)] () T |

which contradicts (2.35).
If D%x(t) > 0 on [t,°0), then from Lemma 2, we get that [lim G(r) = 0. This

completes the proof. [

THEOREM 7. Assume that (2.4), (2.5) hold, and there exist two functions ¢(t) €
C'([ty, );R+), @(t) € C' ([to, );[0,0)). Furthermore, define D=1{(t,s) |t >s>1y},
if there exists function H € C' (D;R) such that H(t,t) =0, H(t,s) >0 for t > s > to,
H has a nonpositive continuous partial derivative H(t,s) and

imoup e [ o) {<z><s>q<s> ~0(5)9'(s)
—1
+n [kr(l — a)]n (Z)(:()SA)I (T,S)Ag (T7S) §02(S)

REl [kr<1—a>]"¢<s>A1<T,s>A3‘<T7s><p<s>+r<s>¢’(s>}2}d o
AN [kD(1 — )] Ay (T, $)A] (T, 5)r(s) 9 (s) '

Sor all sufficiently large T, where A((T,s), A>(T,s) are defined in Lemma 3, then every
solution of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

Proof. Suppose that Eq. (1.1) has a nonoscillatory solution x(¢) on [fo, ), without
loss of generality, we assume that x(¢) > 0 on [t], ), where #; > #y. By Lemma 2, we
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have (r(t)g (D%x(1))) <0, 1 € [t2,o0), where 1, > 1, is sufficiently large, and either
D%x(t) <0 on [fp,0) or tlim G(r) =0.

If D%x(t) < 0 on [fz,00), let ®(¢) be defined as in Theorem 4, proceeding as in
Theorem 5, by (2.33), we have

n k(1 — o) ¢(:(>31<t2,t>A31<r27r> 0(1)

) {2n k(i - o))" ¢><t>A1<r27z>A3*1<tz,t><p<t>+r<t>¢/<t>}2 o o)
4N KT (1 — o) Ay (02, 6)AT (12,0) (1) 9 (2) h -

9(1)q(r) — ¢(1)e'(t) +

Substituting # with s in (2.41), multiplying both sides of (2.41) by H(¢,s), then inte-
grating it with respect to s from #, to ¢ yield

MK = o))" 0()A1 (12:5)A7 " (12,9) o
r(s)
-1 2
{2k - @) 6601 (2,500 125)006) + ()95} }d
AN[KT(1— o))" Ay (12,5)AT (12, 5)r(s) (s)
< — ["H.90 (5)ds = H.p)o() + [ o)H (,5)ds

5] 5]

< H(t,to)o(t2). (242)

H(ts) - {<z><s>q<s> —0(5)0'(s) +

5]

/

Then, similar to the process of Theorem 6, we get that

lirtrﬁlpm/totfl(nﬂ : {‘Z’(S)q(s) —0(5)¢'(s)

n k(1 —a>]”¢<rs(>$1<rz7s>A;’1(rz,s> 0(s)

_{2n[kru—a)}%(s)Al(tz,s)AQ‘<t2,s><p<s>+r<s>¢'<s>}2}d< s
4n [0(1 = o))" A1 (12,5)A7 ' (12,5)r(5)9 (s) o

+

which contradicts (2.40).
If D%x(¢) > 0 on [fz,00), then from Lemma 2, we get that tlim G(t) = 0. This
completes the proof. [

In Theorem 6 and Theorem 7, if we take H(¢,s) for a special function such as
H(t,s)=1In ’; , 1 > s > 1y, then we can obtain the following two corollaries.

COROLLARY 1. Assume that (2.4), (2.5) hold, and there exist two functions
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o(1) € C'([to, =);R+), @(1) € C" ([t0, =)3[0,00)). If

KT(1— )9 ()AL (T,5) 9 7 (s)

limsup ﬁ RS {¢<s>q<s> — ()9 () +

t—s0o n S r(s)
1 n+l
[0+ DAT (1= @)9(5)A1(T,5) 07 (5) + 7(5)9' ()]
- ds = oo (2.44)
(n+ D7 k(1= )9 ()AL (T 9)] " (s)

Sor all sufficiently large T, where A1(T,s) is defined in Lemma 3, then every solution
of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

COROLLARY 2. Assume that (2.4), (2.5) hold, and there exist two functions
9(r) € C'([ro, =)iR+). 9(1) € C' ([to, =):[0,e0)). If

lil,lisjp it _1 It /tot In é . {(Z)(s)q(s) —¢(s)0'(s)
n (kT (1 - e)]" ¢<rs(>31 (T4 (T5) oy

{20 = @) 6 6ATAT T9)0(0) +r)0 )} }d o
4 kT (1= 0)T Ay (T, $)AT " (T.)r(s)0 (s) -

_|_

Sor all sufficiently large T, where A((T,s), Ax(T,s) are defined in Lemma 3, then every
solution of Eq. (1.1) is oscillatory or satisfies tlim G(r)=0.

3. Applications
In this Section, we present some applications for the established results above.
EXAMPLE 1. Consider the fractional differential equation

{(@+cost) (Dﬁx(t))/}/—];—f/tw(v—t)’ax(v)dv:o, (> G

where o € (0,1), M > 0 is a constant.
This corresponds to Eq. (1.1) with n =1, a(t) =2+ cost, r(t) =1, gx) =x,
ﬁ >k=1, F(t,G):?—’Ij;w(v—t) x(v)dv, q(t) = M . Since 1 < a(t) < 3, we obtain

L gtz s ==

aﬂ

In addition, we can get

[ () [ == 5
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/,:gl< / { /q s} dr)dé
_ /lw [; a / g(s)dsdtdE = / / %-gdrdé
>3 /l 5 /5 —dvdg . (3.3)

On the other hand, for a sufficiently large 7', we have

r l 1 t
Al(T,t):/ L ds> g/Tds—>°°(t—>°°). (3.4)

T ai(s)

Thus, we can take T* > T such that A|(7,r) > 1 for ¢ € [T*,e). Letting ¢(s) =
o(s) =01in (2.23), we get

- [r(s)¢’ ()]
/T {‘z’(s)q(s) M+ DRI = )@ ()AL (T, )] r(s) }ds

:A~§{M 4n1—lmst}ds

{ 4m1—;mmnw}ds

1
{ 4r(1—a)}d“v%°°
(3.5)

=1
E
=1
E

provided M > m, then (2.4), (2.5) and (2.23) are satisfied. Therefore, accord-
ing to Theorem 4, we deduce that every solution of Eq. (3.1) is oscillatory or satisfies
tlim G(t) = 0 under the condition M > m .

EXAMPLE 2. Consider the following equation

v

{zg [(sz(z))’] : }/—t_ISZ (M+e./;”<v—r>*“x<v>dv> ( [ N(v_t)—ax(v)dv) =0, 1>1,

where o € (0,1), M > 0 is a constant.
This corresponds to Eq. (1.1) with n = 2, a(t) =175, r(t) = 1, g(x) =x, >
k=1,F(t,G) =15 (M+¢%) G5, F8 > % (M+e) > M™%, q(r) =Mr™ 5.
5

Then we have

= 1 o ° 1
/ : ds=/ sds = oo, / g_l (—) ds = oo,
g (s) 1 1 r(s)
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1 1 T
- o o B
4 —/ {—/qsds} dt | d
J, (r(é) e lat e 40 :
/w ! /m[ ! /m()d]gduﬁ 3.7)
= — — | q(s)ds = oo. .
1 r(§) Je La(t) Je
On the other hand, for a sufficiently large 7', we have
1 1 t
mqﬁz/ w:/uhawﬁew) (3.8)
T g7 (s) T
Thus, we can take 7* > T such that A;(T,z) > 1 for ¢ € [T*,e). Letting ¢(s) = 5%,
@(s)=0and H(r,s) =Int in (2.35), we get
)9/ (5)"" “
M+ I (1-0) @ (5)A1 (T, 5)]" r(s)

0

lm_lm,o-{ [flng.{¢<s>q<s>_
) )

limsup
[—00
1 4 7
= limsup — - /lnz- M- —=
Int 1S 12 [F(
12 1 1
= ¢ —ds
s ) S

t—o0

. 1 r
—mup i { [T !
+ tlnf- M—<l>5
T S 12 [F(
1P{M—<l> ! 7}lm
2] ra-aa(r,s)s ) S
g
st = (3.9
N

1 ™
> i _. Z
im0
7 1
+ lnE . {M— (—) -
v 2ra-ep
then (2.4), (2.5) and (2.44) are satisfied. Therefore,

5 1
T -
5

12 1
T
according to Corollary 1, we deduce that every solution of Eq. (3.6) is oscillatory or
[C(1-o)]

rovided M > ()7
P (12) M(1—)]3
satisfies tlim G(t) = 0 under the condition M > (%) >
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