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FORCED OSCILLATION OF FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS WITH DAMPING TERM

HUANHUAN KONG AND RUN XU

(Communicated by N.-E. Tatar)

Abstract. In this paper, the forced oscillation of fractional partial differential equations of the
form

Dﬂrft“u(x,t) +p(t)DY ju(x,t) = a(t)Au(x,r) + ﬁiai(t)Au(xJ )

—g(x,1) ./Ot(z — &) ulx, E)dE + F(x,1), (x,1) EQX Ry =G

are investigated, and some examples are given to illustrate the useful of our results.

1. Introduction

Recently, the fractional differential equations have attracted much attention due to
their applications being used widely in various areas of science, engineering or bioengi-
neering, mechanics, finance, nonlinear control and so on. Based a series of fundamental
theory [2-6], there are a lot of results in some aspects of fractional differential equation,
such as the existence, uniqueness, boundedness, stability or oscillation of the solutions
(see [5, 6, 16—19] and the references there in).

Recently, the research on the theory of fractional partial differential equations is
becoming a hot topic, and some results are established, see [7-15]. In 2013, Jafari
et al. [7] derived the exact and approximate analytical solutions of fractional partial
differential equations by the method of iterative Laplace transform. In 2015, Chen and
Jiang et al. [8] presented the techniques of Lie group analysis to solve n-order linear
partial fractional differential equations.

At the same time, the oscillation of fractional partial differential equations has
been studied. In [9, 10], Prakash et al. presented the oscillation of fractional partial
differential equation

d
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(r(t)D ju(x,1)) +q(x,t)f(/ot(t — V)" %u(x,v)dv) = a(t)Au(x.t), (1.1)
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and the forced oscillation of a nonlinear fractional partial differential equation with
damping term of the form

DY, (r(t)D ju(x,t)) + p(t)DS ju(x,t) +q(x, 1) f (u(x,1))
=a(t)Au(x,t)+g(x,1), (x,1)€G. (1.2)

In [11], Harikrishnan et al. studied the oscillatory behavior of fractional partial
differential equation of the form

DS (r(t)DS ju(x,1)) +q(x,1) f(u(x,1)) = a(t)Au(x,t) + g(x,1), (x,1) €G. (1.3)
Li et al. and Sheng [12,13] established the oscillation of fractional partial differential
equations of the form

(D% () + pl0) D (1) = alr)Au(x.r) — gl )ulrr) + F(x), (x1) €6,

ot
(1.4)
and

Dﬁ:to‘u(x,t) + p(t)DﬁJu(xJ)
=a(t)Au(x,t) + iai(t)Au(x,t — 7)) —q(x,1) /Ot(t — &) %u(x,&)dé (1.5)
i-1

respectively. In this paper, We will study the oscillation for the fractional partial differ-
ential equation

Df;rto‘u(xﬁ) + p()DS ju(x,t) = a(r)Au(x,r) + iai(Z)Au(x,t — 1)

—qter) [ (1= 8) ulr g+ f(x),

(x,1) EQX R =G, (1.6)
with the boundary condition
du(x,t
%Jrg(x,t)u(x,t) =0,(x,7) €IQ xR, (1.7)
or
u(x,t) =0,(x,1) € IQ X R. (1.8)

where Q is a bounded domain in R" with piecewise smooth boundary dQ, o € (0, 1)
isa constant, Ry = (0,%0). DY ,u(x,?) is the Riemann-Liouville fractional derivative of
order o of u with respect to #, A is the Laplacian in R". N is the unit exterior normal
vector to dQ, and g(x,7) is a nonnegative continuous function on dQ x R .

By a solution of (1.6), (1.7) (or (1.6), (1.8)) we mean a function u(x,#) satisfies
(1.6) on G and the boundary condition (1.7) (or (1.8)).

We assume throughout this paper that

(A;) a€C(Ry;Ry),p € C(Ri;R),a; € C(Ry;R+) and 1; > 0 are constants,
i=1,2,3,....,m;

(A2) q€C(G:Ry) and g(t) = min g q(x,1);

(A3) fE€C(G:R).
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2. Preliminaries and Lemmas

In this part, we will present some useful preliminaries and lemmas, which will be
used in the following proof for our results.

DEFINITION 1. (see [3]) The Riemann-Liouville fractional integral /%, of order
a > 0 of a function y: R4 — R on the half-axis Ry is given by

! ] /t(t — )% y(s)ds, t>a, (2.1

(L5 y)(t) = (@)

provided that the right-hand side is pointwise defined on R, where T" is the gamma
function.

DEFINITION 2. (see [3]) The Riemann-Liouville fractional derivative of order
a > 0 of a function y: Ry — R on the half-axis Ry is given by

(1))

1 d[(ﬂ t
- T([a] —a)dilel Jo

" A
(D+y)(t) T dr1o]

(t—s)l*1=2=1y(5)ds, 1 >0, (2.2)

provided that the right-hand side is pointwise defined on R, where [a] is the ceiling
function of «.

DEFINITION 3. (see [3]) The Riemann-Liouville fractional partial derivative of
order 0 < o < 1 with respect to ¢ of a function u(x,?) is given by

1 a [ _
DY ju(x,t) == T —o)ar /0 (t — )" %u(x,s)ds, (2.3)
provided the right-hand side is pointwise defined on R .
There are some lemmas which are very useful in the proof of our main results.
LEMMA 2.4. (see[3]) Let o >0, me N and D = %. If the fractional derivatives
D%y(t) and DY "y(t) exist, then

D"(D%y(1)) = DI "y(1), 2.4)
LEMMA 2.5. (see [9]) Let
E(t) =: /Ot(t —s5)"%(s)ds for a€(0,1) and t>0, (2.5)

Then E'(t) = T(1— o) D%y(1).

LEMMA 2.6. (see [3]) Let o € (0,1) and 1.7 %y(t) is the fractional integral of
order 1 — a, then

L %y(a)

) (t—a)* . (2.6)

(I D y(1)) = y(t)
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LEMMA 2.7. (see [1]) The smallest eigenvalue By of the Dirichlet problem

Ao(x)+Po(x)=0 in Q,
o(x)=0 on 0Q, (2.7)

is positive and the corresponding eigenfunction @(x) is positive in Q.
3. The oscillation of the problem (1,6), (1.7)

THEOREM 3.1. Suppose that (A1)—(As) hold, lim;_... I\ *U (ty) = Cy. If

Y

t ( oc 1
liminf <c+ / F(s ds) dé <0, (3.1)
and

t( oc 1
limsup (C—I—/ F(s ds) d& >0, (3.2)

t—o0

where Cy, C are two constants, V(t) = elio pls)ds, F(t) = [o f(x,t)dx, then each solu-
tion of problem (1.6), (1.7) is oscillatory.

Proof. Suppose to the contrary that there is a non-oscillatory solution u(x,7) of
(1.6), (1.7), then there exists a #p > 0, such that u(x,#) >0 (or u(x,t) <0),1 >1.

Case 1. Suppose that u(x,t) >0, t > 19.

Integrating both sides of (1.6) with respect to x over the domain 2, we have

/ DHau(x t)dx+ p(t / DY u(x,t)dx
= a(t)/QAu(x,t)dx—l—i;ai(t)/QAu(xt
_ /Q a(x1) /0 = )l E)dEdx + /Q Fle,)dx, (3.3)

D1++°‘/Qu(x,t)dx—l—p(t)Dﬁ/Qu(x,t)dx
=a t)/QAu(x,t)dx—Fia,-(t)/QAu(xt
- /Q g(x,1) /0 (0= &)l E)dEdx+ /Q Fx0)dx. (3.4)

Remark that [, u(x,7)dx = U(z), then U(r) > 0.
By the Green’s formula and (1.7), we can get

du
/QAu(x,t)dx = /Q Wd /agg(x7t)u(x,t)ds <0, (3.5)
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[ dutxr—z)ax <o, (3.6)
and
Latwn) [ =& utw &agar> ) [[1-&) [ utx&)anag
=) [ (=& “V(EE = qED). 3
where
E0) = [ (-8 Ut (3.8)
By (3.3)~(3.8), we can get
DL U(t) + p(t)DSU (1) < —q(t)E(t) + F () < F(1). (3.9)
By lemma 2.4 and (3.9), we have
DSUOVO)) = DY U@V (@) + pODIUOV() S FOVE).  (.10)

Integrating both sides of the above inequality from #( to 7, we get
!

DUV (1) < DAU (10)V (t0) + / F(s)V (s)ds
fo

Setting DU (1p)V (1) = C, we can get

C JLF(s)V(s)ds
DU —— + 22—, 3.11
Taking the Riemann-Liouville fractional integral of order & on both sides of (3.11),
by lemma 2.6 and the above inequality, we obtain

- PE(s)V(s)ds
19D%U (1) = U (1)~ 0 (U>(0> <1 Vft) L (V>(t)( )
1 t-8)*" ¢ V(s
- F(a)/o 763) (C+ A F(s)V(s)d )dé (3.12)

In (3.12), set 1 — oo, we have

liminfU (1) <ligglfr(ca> 1% 1+llgglfr(l & / t tf(g_l <c+ /m éF(S)V(S)ds) dé.

From (3.1), we can get liminf,_., U(#) < 0. Which contradicts the assumption that
U(t)>0.
Case 2. Suppose that u(x,t) <0, t > 19.
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Just as the case 1, we can obtain (3.3) holds and U(r) < 0.

Then,
d
/QAu(xJ)dx—/QaTb\t[ / g(x,t)u(x,t)ds > 0, (3.13)
/QAu(x,t — ) >0, (3.14)
and
! t
[aten) [ =& utx&agar < q) [ (-8 [ utn&)ana
Q 0 0 Q

— g(E(). (3.15)

From the conditions (3.13)—(3.15), we get
DU (1) + p()DYU (1) = —q(1)E(t) + F(t) > F(t). (3.16)

Similarly, by lemma 2.4 and (3.16), we can obtain
[DEU(t)V (1) = DU 1)V (t) + p(t)DEU (t)V (¢) = F(1)V (1) (3.17)

Then integrating both sides of the above inequality from #y to 7, we have

DEUWWV (1) > DUtV (o) + [ F(s)V(s)ds=C+ [ F(s)V(s)ds,

0 0
and
C  JyF(s)V(s)ds

DAU(t) > ——+

70 T (3.18)

Taking the Riemann-Liouville fractional integral of order ¢« on both sides of (3.18), by
lemma 2.6 and the above inequality, we obtain

L " F(s)V(s)ds
19DeU () = Ul - (U)(()) > o Vi)Jrfm (V>(t)()
_ 1 (t—8)* V(s
B F(a)/o 763) (C+ | V() )dé- (3.19)

In (3.19), setting  — e, we have

limsupU(¢) > limsu Co 1“4 limsu ! /t (—¢)°™ <C+ gF( Wi(s)d )dé
= s)V(s)ds .
i P T(a) P Tl Jo ~ V(E) o

By the condition (3.2), we can get limsup,_,., U(¢) > 0. Which contradicts the assump-
tion that U (r) < 0. This proof is completed. [J
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4. The oscillation of the problem (1.6), (1.8)

THEOREM 4.1. Suppose that (Ay)—(As) hold, lim,_.. I."%U, (t9) = Cy. If

limin Ot % <c+ /[0 R (S)V(s)ds) dE <0, @.1)
and
lir[ris:)lp Ot % (C—i— tj F (S)V(s)ds) dé >0, 4.2)

where Cy, C are constants, V(t) = ef’top(s)ds, Fi(s) = Jof(x,n)o(x)dx, U(r) =
Jou(x,t)@(x)dx, then each solution u(x,t) of problem (1.6), (1.8) is oscillatory.

Proof. Suppose to the contrary that there is a non-oscillatory solution u(x,#) of
(1.6), (1.8), then there exists a #p > 0, such that u(x,#) > 0 (or u(x,t) <0),1 >1.

Case 1. Suppose that u(x,t) > 0,1 > 19.

Multiplying both sides of (1.6) by @(x) and integrating with respect to x over the
domain 2, we have

D‘*“/( Nedr+pD? [ ulx.)p(x)ds
/Auxt x)dx—l—izziai(t)/QAu(x,t—‘L’i)(p(x)dx

~ Lot [[6= &) utx&owasdxt [ fexnodx @3
Q 0 Q

By the Green’s formula and Lemma 2.7, we can get

/ Au(x,1)@(x)dx = / u(x,1)A@(x)dx = —/Qu(x7t)ﬁo(p(x)dx <0, (4.4)

/QAu(xJ —1)p(x)dx <0, (4.5)

Laten [¢-&) “utx&pwdzax > q) [ -8 [ un&)otdnas
= q()Ei (1) (4.6)

Therefore, U (1) >0, Ei(t) = [3(t — &)U (§)dé > 0.
Consider (4.3)—(4.6), we can get

DU, (1) + p(t)DEUL (1) < —q(1)E1(t) + Fi(t) < Fi(t), 4.7
By lemma 2.4 and (4.7), we have

[DEUL(1)V (1)) = DU (1)V (1) + p(t)DEUL 1)V (1) < Fi(1)V (2). (4.8)
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Then integrating both sides of the above inequality from # to 7, we have
1
DDLU, (1)V (1) < DLU(10)V (10) + | Fi(s)V (s)ds.

fo

Setting DU, (1p)V (t9) = C, We can get

N Ji FI(S)V(S)dS'

PR S g TV

(4.9)

Taking the Riemann-Liouville fractional integral of order o on both sides of (4.9), by
lemma 2.6 and the above inequality, we obtain

117U, (0) c !
C) ORERT0
)O{

_ F(la ) /O (7 vf&) 1<c+ tj Fl(s)V(s)ds> dé&,

19DSU\(t) = Uy (t) — R b

and

LAUL(0) 4 L= 8)*" ¢
00 < g 1+F(a)/0 76 (CJF/Z0 Fl(s)V(s)ds)dg. (4.10)

n (4.10), setting + — oo, we have

114 liminf 1 /t R <C+/z§ Fl(s)V(s)ds> dg.

C
liminfU; (1) < liminf

A P T R T V(E)
From (4.1), we can get liminf,_.., U; () < 0. Which contradicts the assumption that
U, (r) > 0.

Case 2. Suppose that u(x,t) <0, t > 19.

Multiplying both sides of (1.6) by @(x) and integrating with respect to x over the
domain €, we have (4.3) holds.

By the Green’s formula, we can get

/Au X,1)Q dx—/ (x,t)A(p(x)dxz—/Qu(x,t)ﬂo(p(x)dx>0, (4.11)

/QAu(xJ —1)p(x)dx >0, (4.12)
and
Laten [¢=&) “utx&pwazax < q) [ -8 [ utn)otanas
= q()Ei (1) (4.13)

Therefore, U (t) <0, Ei(t) = [§(t — &)U (§)dé < 0.
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From (4.11)-(4.13), we can get
DU (1) + p(t)DPU\ (1) = —q(t)E1(t) + Fi(t) > Fi(t). (4.14)
By lemma 2.4 and (4.14)
IDSUL )V (1)) = DY U1 (1)V (1) + p()DSTL ()Y (1) = Fu(0)V (1),

Integrating both sides of the above inequality from 7 to ¢, we have
1
DEUIV (1) > DI (0)V (1) + | Fi(5)V(5)ds.
0
Setting DU, (19)V (tp) = C, We can get

ftg Fi(s)V(s)ds
V() vie)

DU, (1) > (4.15)

Taking the Riemann-Liouville fractional integral of order & on both sides of (4.15),
by lemma 2.6 and the above inequality, we obtain

e "F(s)V(s)ds
IEDYU (1) = Ui (1) — % > 19 V((’;) + %
_ 1 (r—&)*!
- F(a)/o 76) (C+/ Fa(s )dé,
then
I-a t(r_ £\o—1 &
Ul(t)>l+r(l£)(0)’al+r(1a) /0 (¢ Vfé)) (C+ /to Fi(s)V(s)ds)dE.  (4.16)

Therefore, we have

o— : 1 ! (t_é)a_l ¢
t 1+11msupr(a)/0 V(& <C+ A Fl(s)V(s)ds) dé.

From (4.2), we can get liminf,_...U;(r) > 0. Which contradicts to U;(r) < 0. The
proof is completed. [

C
limsup U, (7) > limsup !

i P Tar) P

5. Examples
In this part, we will give two examples to illustrate the usefulness of our conclu-
sions.

EXAMPLE 1. Consider the oscillation of the fractional partial differential equation

1

1 1
DY u(er) — DY ur) = EAu(x7t)+2tAu(x,t— 1)

(x,¢) € (0,) x R4 (5.1
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with the boundary condition,

1x(0,1) = u(m,t) = 0. (5.2)

Proof. Compare with (1.6) and (1.7), where o = %, Q=0,7),n=1,m=1,

p) = —1, alt) = L, ait) = 2t, 1 = 1, qxt) =¥+ &, q(t) = ming(x1) = £,

f(x,t) = e* sintsinx.
Then

T
:/ f(x,t)dx = 2¢* sint,
0
V(t) = el PO)s _ o=t

and

¢ _ ¢ 28 o3 fo—S
F(s)V(s)ds = | 2e*sinse® *ds

1o 1o
= (e sin€ — e cos& + € costy — eV sintg).

Letting to = 7, we obtain

/ (1 2) (C+ th(s)V(s)dS> dé

0
= t — _%e - {C—i— (e sin& — e cos & + €0 costy — € sinto)] dé

:/O(t—’g')*%eéf% [C+e%e‘5 sin’g’—e%eécosé—e”} d&. (5.3)

Let t —s*> = &, then

/0 ’ % <c+ tj F(s)V(s)ds) aé

0 l T T n
= /\/_ Zelm% [C—i— e sin(t — %) — T e cos(t — 52) — e”] (—2s)ds
)

L vi
= {2(C— e 2 / e ds+2V2¢ lsin (t — %) / ¢ 2" coss?ds
0 0

AW AT
—Cos <t—z>/0 e sin s ds] }

Noting that

12 92 92 . 12
e cossz\ <e ™, e s1n52| <e ¥,
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and

—2s2 —2s2

we can get that lim,_,. fo‘/;e coss’ds and lim, ... fo‘/;e sins’ds are convergent,

. . 2 2 . .
then lim, .. (sm(l -%) fo‘ﬁ e > coss?ds — cos(t — T ) fo‘ﬁe‘zs 51ns2ds> is convergent.

Setting
NG
tlim e 2 coss?ds = A,
—e /)
N
lim ¢ 2 sins’ds = B,
t—oo J(
and
t = 37 + n + 2km 4+ arccos
T2 A B
Then
NG NG
lim |sin <t — E) / ¢~ coss?ds — cos <t — E) / ¢~ sins?ds
10 4/ Jo 4/ Jo
Vik Vik
= lim |sin (tk — E) / 6—252 coss’ds — cos (t - E) / e—2S2 sins’ds
k—oo0 4 0 4 0
3 A A
= /A2 + B2%sin (776 + % + 2k + arccos m — % — arccos ﬁ)
— VA2 1 B?sin (37” +2k7t>
= —VA2+B%.
We have
liming [ (=8 <c+ *FE)V(s)d ) dé
imin —_— s)V(s)ds
2y TV o
= VI Vi
= litminfe’ {Z(C— eMe 2 / e ds+2V2¢ lsin <t - %) / e coss2ds

AW APE I
—cos(t—— e sins“ds
() [ snea

= lilgninfetk {Z(C— eMe 2 / e ds+ 226 {sin (tk - %) / e 2" coss’ds
—eo 0 0

Vi
—cos (t — E) / ' e 2 sinszds] }
4/ Jo

—_= —o0
)
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then
= ([
liminf | ~——2,— (C+/ F(S)V(s)ds) dé = —o00 < 0. (5.4
== Jo  V(E) o
Similarly, taking ¢; = £ + I 42 jm + arccos \/ﬁ , we can get that

Vi Vi
lim |sin (t - E) / efz“‘2 coss’ds — cos (t — E) / efz“‘2 sins?ds
t—e 47 Jo 47 Jo

= lim [sin (tj - g) / "7 coss?ds — cos <tj - %) / e smszds]
0 0

T T A T A
— /A1 BZsin (5 g T Amarccos —mees — g - afCC(’Sm)

— /A2 1 BZsin (g +2j7t>
= A2+ B2,

Then
fiming [ (=8 <c+ *FE)V(s)d )d&
iminf [ ——2— s)V (s)ds
P TVE A
Y Vi Vi
= litminfe’ {Z(C—e”)eZ/ e ds+2v2¢ lsin (t— %)/ ¢ 2 coss?ds
—e 0 0

TN [V o
—Cos <t— Z>/0 e sin s ds]}

= limsupé'/ {2(C— eMe 2 / "o ds+2v/2¢ [sin (tj - g) / " e72 cossPds
0 0

j—>o<)

Vi
—cos <tj - %) / Lo sinszds} }
0

— oo
)

t (¢ _ g£yo—1 13
lirtrl}so:lp A % (C—I— A F(s)V(s)ds) dé =o0>0. (5.5)

Combine (5.4) with (5.5), by Theorem 3.1, all solutions of (5.1), (5.2) are oscillatory.

EXAMPLE 2. Consider the oscillation of the fractional partial differential equation

1 1
Di:,zu(x,t) — D3 u(x,1) = e " Au(x,1) 4 2tAu(x,r — 1)

- (x2 + ti2> /Ot(t — é)_%u()@ E)dE + ¥ sintsinx,
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(x,1) € (0,) x Ry (5.6)
with the boundary condition,
u(0,t) =u(m,t) =0. (5.7)
Proof. Compare with (1.6), (1.8), where oc = %, Q=(0,n),n=1,m=1, p(t)=

—l,a(t)=e", a\(t) =2, 11 =1, q(x,1) =x2+[l2, q(t) = ming(x,t) = [lz, flx,t) =

e sintsinx.

So we can obtain the smallest eigenvalue f3y of the Dirichlet problem above and
the corresponding eigenfunction ¢(x), where By = 1 and ¢(x) = sinx. As a result,

T
Fl(t):/f(x,t)qo(x)dx:/ ez’fsintsinxsinxdx:geztsint7
Q 0

V() = elo 71 = o,

We can get
: Sm oy, ‘
RV (ids = [ Ze¥sinse=ds
fo 1o 2
— E 0 5 . . g f o
= 7¢ (e®sin& — e° cos& + €' costy — € sinty)
and

/<: % (C + tj Fi(s)V (s)ds) S

!
= / (t— é)_%eé_to {C—i— geto(eé sin& — e cos & + €' costy — €0 sinto)] dg.
0

Using a similar way in example 1,we have

gt .

llgglf A W (C—f—/t;) Fl(S)V(S)dS) dé = —oo < (), (5.8)
~ U S F (1 (s)ds ) dE — oo

hl,nj:,lp V) (C—I—/{O Fi(s)V(s)d )d& =0 >0. (5.9)

Therefore, by theorem 4.1, it is easy to see that every solution of (5.6), (5.7) is oscilla-
toryin (0,m) xRy. O

REMARK 3. We note that our results obtained here can give sufficient conditions
to guarantee the oscillatory of Eq. (5.1), (5.2) and Eq. (5.6), (5.7). So we can get the
forced oscillation easily. However, the results in [13] can’t solve problem which with
forced term.



338

[1]

[2]
[3]

[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]

[19]

H. KONG AND R. XU

REFERENCES

R. COURANT AND D. HILBERT, Methods of Mathematical Physic, vol. 1, Interscience, New York,
NY, USA, 1966.

1. PODLUBNY, Fractional Differential Equations, Academic Press Inc., San Diego, 1999.

A. A. KILBAS, H. M. SRIVASTAVA, J. J. TRUJILLO, Theory and Applications of Fractional Differ-
ential Equations, Elsevier Science B. V., Amsterdam, 2006.

S. DAS, Functional Fractional Calculus for System Identification and Controls, Springer, Berlin,
2008.

S. ABBAS, M. BENCHOHRA, G. M. N’ GUEREKATA, Topics in Fractional Differential Equations,
Springer, New York, 2012.

Y. ZHOU, Basic Theory of Fractional Differential Equations, World Scientific Publishing Co. Pte.
Ltd., Hackensack, 2014.

H. JAFARI, M. NAZARI, D. BALEANU, C. M. KHALIQUE, A new approach for solving a system of

[fractional partial differential equations, Comput. Math. Appl. 66 (2013), 838-843.

C. CHEN, Y. L. JIANG, Lie group analysis method for two classes of fractional partial differential
equations, Commun. Nonlinear Sci. Numer. Simul. 26 (2015), 24-35.

P. PRAKASH, S. HARIKRISHNAN, J. J. NIETO, Oscillation of a time fractional partial differential
equation, Electron. J. Qual. Theory Diff. Equ. 15 (2014), 1-10.

P. PRAKASH, S. HARIKRISHNAN, M. BENCHOHRA, Oscillation of certain nonlinear fractional par-
tial differential equation with damping term, Appl. Math. Lett. 43 (2015), 72-79.

S. HARIKRISHNAN, P. PRAKASH, J. J. NIETO, Forced oscillation of solutions of a nonlinear frac-
tional partial differential equation, Appl. Math. Comput. 254 (2015), 14-19.

W. N. L1, Forced Oscillation Criteria for a class of Fractional Partial Differential equations with
damping term, Hindawi Publishing Corporation Mathematical Problems in Engineering Volume 2015,
Article ID 410904, 6 pages.

W.N. L1, W. H. SHENG, Oscillation properties for solutions of a kind of partial fractional differential
equations with damping term, J. Nonlinear Sci. Appl. 9 (2016), 1600-1608.

B. ZHENG, Exact solutions for some fractional partial differential equations by the (G'/G) method,
Math. Probl. Eng. 2013 (2013), 13 pages.

B. ZHENG, Q. FENG, A new approach for solving fractional partial differential equations in the sense
of the modified Riemann-Liouville derivative, Math. Probl. Eng. 2014 (2014), 7 pages.

J. C. YANG, A. P. L1U, Forced Oscillation of nonlinear fractional differential equations with damping
term, Advances in Difference Equations, Vol. 2015, 7 pages.

R. XU, Oscillation Criteria for Nonlinear Fractional Differential Equations, Journal of Applied Math-
ematics, Volume 2013, Article ID 971357, 7 pages.

R. XU, Y. ZHANG, Generalized Gronwall fractional summation inequalities and their applications,
Journal of Inequalities and Applications 2015, 242 (2015).

R. XU, F. MENG, Some New Weakly Singular Integral Inequalities and Their Applications to Frac-
tional Differential Equations, Journal of Inequalities and Applications 2016, 78 (2016), 1-16.

(Received December 13, 2016) Huanhuan Kong

Department of Mathematics
Qufu Normal University
Qufu, 273165, Shandong
People’s Republic of China

Run Xu

Department of Mathematics
Qufu Normal University
Qufu, 273165, Shandong
People’s Republic of China
e-mail: xurun2005@163.com

Fractional Differential Calculus
www.ele-math.com

fdc@ele-math.com



