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Abstract. In this paper we study the existence and uniqueness of μ−pseudo almost automor-
phic mild solutions for two term fractional order differential equations in a Banach space with
μ−pseudo almost automorphic forcing terms. The fractional derivative is understood in the
sense of Weyl. We use classical tools to obtain our results.

1. Introduction

The concept of almost automorphy was introduced in the literature by S. Bochner in
[7, 8, 9]. It turns out to be a generalization of almost periodicity in the sense of Bohr.
Veech [21] and Zaki [23] studied almost automorphic functions respectively on groups
and the real number set. In his paper [17], N’Guérékata introduced the concept of
asymptotically almost automorphic functions. For more information on the concept of
almost automorphy and its application to evolution equations, cf [19, 20]. Many authors
have produced extensive literature on the theory of almost automorphywith usefull gen-
eralizations. In [22], Xiao et al. introduced the notion of pseudo almost automorphy
as suggested by N’Guérékata in [19]. Later on, the notion of weighted pseudo almost
automorphy was introduced by Blot et al. in [6]. Recently, Blot et al. in [4] introduced
the concept of μ−pseudo almost automorphy which is more general than the class of
weighted pseudo almost automorphic functions. The existence of pseudo almost au-
tomorphic, weighted pseudo almost automorphic and μ−pseudo almost automorphic
solutions of fractional differential equations has become an interesting field due to a lot
of applications. Therefore, many authors have made important contributions on these
topics [1, 2, 4, 6, 10, 11, 12, 14, 22].

Motivated by the above papers, we would like to study the existence and unique-
ness of μ−pseudo almost automorphic mild solutions for the following classes of two-
term time fractional differential equations with iterated deviating arguments and inte-
gral forcing terms.

Dα+1
t y(t)+ νDβ

t y(t) = Ay(t)+Dα
t F (t,y(t)) (1)
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and

Dα+1
t y(t)+ νDβ

t y(t) = Ay(t)+Dα
t G

(
t,

∫ t

−∞
K (t− s)h(s,y(s))ds

)
, (2)

where 0 < α � β � 1, ν � 0; t � 0 and A : D(A)⊂X → X is a sectorial operator
of angle β π/2. The forcing terms F , G and h are suitable functions satisfying some
appropriate conditions in their arguments mentioned later in assumptions. Here, Dη

t
represents the Weyl fractional derivative of order η and K ∈ L1 (R) with |K (t)| �
CK e−bt , where b, CK > 0.

The paper is organized as follows. In Section 2, we recall some basic definitions
and fundamental results about the notion of μ−pseudo almost automorphic functions.
The Section 3 is devoted to the main results. In this section, we first study the linearized
cases of problems (1) and (2). Secondly, we use the Banach contraction principle to
show that problem (1) admits a unique μ−pseudo almost automorphic mild solution.
Finally, we prove the existence and uniqueness of the solution of problem (2) using
again the Banach contraction principle.

2. Preliminaries

In this section, we recall some basic definitions and preliminary results on μ−pseu-
do almost automorphic functions.

In this paper, (X,‖·‖) will stand for a Banach space. We denote by B (R,X) ,
C (R,X) and BC (R,X) the collections of bounded functions, continuous functions
and continuous and bounded functions from R to X , respectively. We define gα (t) for
α > 0 by

gα (t) =
{ 1

Γ(α) t
α−1, if t > 0,

0 , if t < 0,
(3)

where Γ denotes the gamma function. The function gα has the property: gα ∗
gβ = gα+β ; here ∗ denotes the convolution defined by

( f ∗ g)(t) =
∫ +∞

−∞
f (t− s)g(s)ds

for appropriate functions f and g .

DEFINITION 1. Weyl fractional integral of an appropriate function f : R −→ X

of order α > 0 is defined by

Jα
t f (t) =

∫ t

−∞
gα (t− s) f (s)ds, t > 0, (4)

when the integral is convergent.
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DEFINITION 2. Weyl fractional derivative of an appropriate function f : R −→ X

of order α > 0 is defined by

Dα
t f (t) =

dm

dtm

∫ t

−∞
gm−α (t− s) f (s)ds, t > 0, (5)

when m = [α]+1. We have Dα
t Jα

t f (t) = f (t) for any α > 0. Fore more details
see Miller and Ross [16].

DEFINITION 3. A densely defined closed linear operator A is said to be sectorial
of type ω and angle θ if there exist θ ∈ [

0, π
2

)
, M > 0, ω ∈ R such that its resolvent

exists in the sector

ω +∑θ =
{

ω + λ : λ ∈ C, |arg(λ )| < π
2

+ θ
}
\ {ω} (6)

and ∥∥∥(λ I−A)−1
∥∥∥ � M

|λ −ω | , λ ∈ ω +∑θ . (7)

DEFINITION 4. Let ν > 0 and 0 < α � β � 1. Let A be a closed linear operator
on a Banach space X with the domain D(A) . Then, A is said to be generator of a
(α,β )ν -regularized family if there exist ω � 0 and a strongly continuous function
Sα ,β (t) : R −→ B (X) such that

{
λ α+1 + νλ β : Re(λ ) > ω

} ⊂ ρ (A) (the resolvent
set of A) and

H (λ )y = λ ν
(

λ α+1 + νλ β −A
)−1

y

=
∫ +∞

0
e−λ tSα ,β (t)ydt, Re(λ ) > ω , y ∈ X. (8)

By the uniqueness theorem for the Laplace transform, if ν = 0 and α = 0 this
corresponds to the case of a C0 -semigroup, whereas ν = 0 and α = 1 corresponds to
the concept of cosine family. We refer to the monograph [3] for more information about
Laplace approach to semigroups and cosine families.

LEMMA 1. ([13]) Let ν � 0 and 0 � α,β � 1 . There exist Laplace transformable

functions aα ,β ∈C1 (R+) and kα ,β ∈C1 (R+) such that âα ,β (λ ) =
1

λ α+1 + νλ β and

k̂α ,β =
λ α

λ α+1 + νλ β .

From the above result we note that aα ,β = gα ∗ kα ,β . Moreover, kα ,β (0) = 1 and
kα ,β is a differential function (see [13]).

PROPOSITION 1. ([13]) Let ν � 0 and 0 � α,β � 1 . Let Sα ,β (t) be a (α,β )ν -
regularized family generated by A on X . Then , the following conditions hold true:

i) Sα ,β (t) is strongly continuous and Sα ,β (0) = I .
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ii) Sα ,β (t)y ∈ D(A) and ASα ,β (t)y = Sα ,β (t)Ay for all y ∈ D(A) and t � 0 .

iii) Let y ∈ X and t � 0 . Then,∫ t

0
aα ,β (t− s)Sα ,β (s)yds ∈ D(A)

and

Sα ,β (t)y = kα ,β (t)y+A
∫ t

0

(
gα ∗ kα ,β

)
(t− s)Sα ,β (s)yds.

iv) We have Sα ,β (t)y ∈C1 (R+,X) for some y ∈ D(A) .

THEOREM 1. ([13]) Let ν > 0 , ω < 0 and 0 < α � β � 1 . If A is an ω -sectorial

operator of angle
β π
2

, then A generates a (α,β )ν -regularized family Sα ,β (t) satis-

fying the estimate∥∥Sα ,β (t)
∥∥ � M

1+ |ω |(tα+1 + νtβ
) := Jα ,β (t) , t � 0, (9)

where M is a constant depending solely on α,β .

Now, let us recall some definitions and results on almost automorphic functions.
Denote by B the Lebesgue σ -field of R and by M the set of all positive mesures

μ on B satisfying μ (R) = +∞ and μ ([a,b]) < +∞ , for all a, b ∈ R (a � b) .

DEFINITION 5. ([19, 20]) A function f ∈ C (R,X) is said to be almost automor-
phic if for every sequence of real numbers (τ ′n)n there exists a subsequence (τn)n such
that

g(t) = lim
n→+∞

f (t + τn) exists for all t ∈ R (10)

and
lim

n→+∞
g(t− τn) = f (t) for all t ∈ R. (11)

We denote by AA(R,X) the space of the almost automorphic X-valued functions.

REMARK 1. Note that in the above limit the function g is just mesurable. If the
convergence in both limits is uniform in t ∈ R , then f is almost periodic. The concept
of almost automorphy is then larger than almost periodicity. If f is almost automorphic,
then its range is relatively compact, thus bounded in norm.

EXAMPLE 1. ([18]) Let f : R −→ R be such that

f (t) = sin

(
1

2+ cost + cos
√

2t

)
for t ∈ R. (12)

Then f is almost automorphic, but it is not uniformly continuous on R . Therefore,
it is not almost periodic.
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PROPOSITION 2. ([19]) (AA(R,Y) ,‖.‖∞) is a Banach space.

DEFINITION 6. A function f ∈ C (R×X,Y) is said to be almost automorphic in
t ∈ R uniformly with respect to x ∈ X , if the following two conditions hold:

i) for all x ∈ X , f (.,x) ∈ AA(R,Y) ,

ii) f is uniformly continuous on each compact set K in X with respect to the second
variable x , namely, for each compact set K in X , for all ε > 0, there exists δ > 0
such that for all x1,x2 ∈ K , one has

‖x1− x2‖ � δ =⇒ sup
t∈R

‖ f (t,x1)− f (t,x2)‖ � ε. (13)

We denote by AAU (R×X,Y) the set of all such functions.

THEOREM 2. ([5]) Let f ∈ AAU (R×X,Y) and x ∈ AA(R,X) . Then
[t 
−→ f (t,x(t))] ∈ AA(R,Y) .

DEFINITION 7. ([4]) Let μ ∈ M . A bounded continuous function
f : R −→ X is said to be μ -ergodic if

lim
r→+∞

1
μ ([−r,r])

∫
[−r,r]

‖ f (t)‖dμ (t) = 0. (14)

We denote the space of all such functions by E (R,X,μ) .

PROPOSITION 3. ([4]) Let μ ∈ M . Then (E (R,X,μ) ,‖.‖∞) is a Banach space.

DEFINITION 8. ([4]) Let μ ∈ M . A continuous function f : R −→ X is said to
be μ -pseudo almost automorphic if f can be written in the form:

f = φ + ψ (15)

where φ ∈ AA(R,X) and ψ ∈ E (R,X,μ) . We denote the space of all such func-
tions by PAA(R,X,μ) . Then, we have

AA(R,X) ⊂ PAA(R,X,μ) ⊂ BC (R,X) . (16)

REMARK 2. Without assumption on the measure μ , the decomposition (15) of
the corresponding μ -pseudo almost automorphic function is not unique.

REMARK 3. A pseudo almost automorphic function is μ -pseudo almost automor-
phic function in the particular case where the measure μ is the Lebesgue measure. For
more details on pseudo almost automorphic functions, we refer to [14, 15, 6].
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REMARK 4. The notion of μ -pseudo almost automorphic functions is a general-
ization of the weighted pseudo almost automorphic functions which is due to Blot et al.
[6]. Following [6], a function f is so-called weighted pseudo almost automorphic if f
is a μ -pseudo almost automorphic function in the particular case where the measure μ
is defined by μ (A) =

∫
A ρ (t)dt for A ∈ B with ρ (t) > 0 a.e on R for the Lebesgue

measure and
∫ +∞
−∞ ρ (t)dt = +∞ .

PROPOSITION 4. ([4]) Let μ ∈ M . Then PAA(R,X,μ) is a vector space.

DEFINITION 9. ([4]) Let μ1 and μ2 ∈ M . μ1 is said to be equivalent to μ2

(μ1 ∼ μ2) if there exist constants α , β > 0 and a bounded interval I (eventually I = /0)
such that

αμ1 (A) � μ2 (A) � β μ1 (A) , for A ∈ B satisfying A∩ I = /0.

REMARK 5. The relation ∼ is an equivalence relation on M .

THEOREM 3. ([4]) Let μ1 , μ2 ∈M . If μ1 and μ2 are equivalent, then E (R,X,μ1)
= E (R,X,μ2) and PAA(R,X,μ1) = PAA(R,X,μ2) .

For μ ∈ M , τ ∈ R and A ∈ B , we denote μτ the positive measure on (R,B)
defined by

μτ (A) = μ ({a+ τ,a ∈ A}) . (17)

From μ ∈ M , we formulate the following hypothesis:

(A0)
{

For all τ ∈ R, there exist β > 0 and a bounded interval I such
that μτ (A) � β μ (A) , when A ∈ B satisfies A∩ I = /0.

LEMMA 2. ([4]) Let μ ∈ M . Then μ satisfies (A0) if and only if the measures μ
and μτ are equivalent for all τ ∈ R .

LEMMA 3. ([4]) Hypothesis (A0) implies

for all σ > 0, limsup
r→+∞

μ ([−r−σ ,r+ σ ])
μ ([−r,r])

< +∞. (18)

THEOREM 4. ([4]) Let μ ∈ M satisfying (A0). Then E (R,X,μ) is translation
invariant, therefore PAA(R,X,μ) is also translation invariant.

THEOREM 5. ([4, Theorem 3.9]) Let μ ∈ M satisfy (A0). If f ∈ PAA(R,X,μ)
and g ∈ L1 (R,L (X)) , then the convolution product f ∗ g is also μ -pseudo almost
automorphic. In fact, if f ∈ AA(R,X) , then f ∗ g ∈ AA(R,X) and if f ∈ E (R,X,μ) ,
then f ∗ g ∈ E (R,X,μ) .
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COROLLARY 1. ([4]) Let μ ∈ M satisfy (A0). Assume that the
C0−semigroup (T (t))t�0 is exponentially stable. If θ ∈ PAA(R,X,μ) , then the

function defined by

h(t) =
∫ t

−∞
T (t− s)θ (s)ds for t ∈ R

is μ -pseudo almost automorphic.

THEOREM 6. ([4]) Let μ ∈ M . Assume that PAA(R,X,μ) is translation invari-
ant. Then the decomposition of a μ -pseudo almost automorphic function in the form
f = φ + ψ where φ ∈ AA(R,X) and ψ ∈ E (R,X,μ) , is unique.

THEOREM 7. ([4]) Let μ ∈ M . Assume that PAA(R,X,μ) is translation invari-
ant. Then (PAA(R,X,μ) ,‖.‖∞) is a Banach space.

DEFINITION 10. ([4]) Let μ ∈M . A continuous function f : R×X −→Y is said
to be almost automorphic in t ∈ R uniformly with respect to x ∈ X if the following
two conditions are hold:

i) for all x ∈ X , f (.,x) ∈ AA(R,Y)

ii) f is uniformly continuous on each compact set K in X with respect to the second
variable x , namely, for each compact set K in X , for all ε > 0, there exists δ > 0
such that for all x1, x2 ∈ K , one has

‖x1 − x2‖ � δ =⇒ sup
t∈R

‖ f (t,x1)− f (t,x2)‖ � ε .

Denote by AAU (R×X,Y,μ) the set of all such functions.

DEFINITION 11. ([4]) Let μ ∈ M . A continuous function f : R×X −→Y is
said to be μ -ergodic in t ∈ R uniformly with respect to x ∈ X if the following two
conditions are true:

i) for all x ∈ X , f (.,x) ∈ E (R,Y,μ)

ii) f is uniformly continuous on each compact set K in X with respect to the second
variable x.

Denote by EU (R×X,Y,μ) the set of all such functions.

DEFINITION 12. ([4]) Let μ ∈ M . A continuous function f : R×X −→Y is
said to be μ -pseudo almost automorphic in t ∈ R uniformly with respect to x ∈ X

if f can be written in the form f = φ + ψ where φ ∈ AAU (R×X,Y) and ψ ∈
EU (R×X,Y,μ) .

PAAU (R×X,Y,μ) denotes the set of all such functions.

REMARK 6. We have AAU (R×X,Y)⊂ PAAU (R×X,Y,μ) .
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THEOREM 8. ([4, Theorem 5.7]) Let μ ∈ M , f ∈ PAAU (R×X,Y,μ) and x ∈
PAA(R,X,μ) . Assume that for all bounded subset B of X , f is bounded on R×B.
Then [t 
−→ f (t,x(t))] ∈ PAA(R,Y,μ) .

3. Main results

We consider the two time fractional order linear differential equation

Dα+1y(t)+ νDβ y(t) = Ay(t)+Dα f (t) . (19)

The following theorem established in [2] guarantees the existence of mild solutions
of equation (19) .

THEOREM 9. Let A be a generator of the (α,β )ν -regularized family{
Sα ,β (t)

}
t�0 . Then, equation (19) admits a mild solution given by

y(t) =
∫ t

−∞
Sα ,β (t− s) f (s)ds, t ∈ R, (20)

provided that
{
Sα ,β (t)

}
t�0 exists and is integrable.

The following definition is inspired by the above representation of mild solutions
for the problem (19) establish by Alvarez-Pardo and Lizama in [2].

DEFINITION 13. Let A be a generator of the (α,β )ν -regularized family{
Sα ,β (t)

}
t�0 . A function y : R −→ X defined by

y(t) =
∫ t

−∞
Sα ,β (t− s)F (s,y(s))ds, t ∈ R, (21)

is called a mild solution of (1) .

DEFINITION 14. Let A be a generator of the (α,β )ν -regularized family{
Sα ,β (t)

}
t�0 . A function y : R −→ X defined by

y(t) =
∫ t

−∞
Sα ,β (t− s)G

(
s,

∫ s

−∞
K (s− ξ )h(ξ ,y(ξ ))dξ

)
ds, t ∈ R, (22)

is called a mild solution of (2) .

3.1. The linear case

The following theorem is the main result for the linear case.

THEOREM 10. Let μ ∈M . Let f = φ +ψ be in PAA(R,X,μ) with φ ∈AA(R,X)
and ψ ∈ E (R,X,μ) . Then (19) admits a μ -pseudo almost automorphic mild solution.
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We need the following lemma:

LEMMA 4. Let ν > 0 , ω < 0 and 0 < α � β � 1 . Let
{
Sα ,β (t)

}
t�0 be a

(α,β )ν -regularized family generated by A an ω -sectorial operator of angle
β π
2

.

Then, for each f ∈ AA(R,X) ,

F (t) =
∫ t

−∞
Sα ,β (t − s) f (s)ds ∈ AA(R,X) .

Proof. Since
{
Sα ,β (t)

}
t�0 is a (α,β )ν -regularized family and f ∈ AA(R,X)

then Sα ,β (t) and f are continuous, so

F (t) =
∫ t

−∞
Sα ,β (t− s) f (s)ds =

∫ +∞

0
Sα ,β (s) f (t− s)ds ∈ C (R,X) .

Let (τ ′n)n be a sequence of real numbers. Since f ∈ AA(R,X) , there exists a
subsequence (τn)n such that

g(t) = lim
n→+∞

f (t + τn) exists for all t ∈ R

and
lim

n→+∞
g(t− τn) = f (t) for all t ∈ R.

Therefore, for a fixed t ∈ R , it follows that

Sα ,β (s)g(t− s) = lim
n→+∞

Sα ,β (s) f (t− s+ τn) exists for all s ∈ R (23)

and
lim

n→+∞
Sα ,β (s)g(t− s− τn) = Sα ,β (s) f (t− s) for all s ∈ R. (24)

We have∥∥Sα ,β (s) f (t− s+ τn)
∥∥ �

∥∥Sα ,β (s)
∥∥‖ f‖∞

� M ‖ f‖∞
1+ |ω |(sα+1 + νsβ

) for all s ∈ R

with
M‖ f‖∞

1+ |ω |(sα+1 + νsβ
) ∈ L1 (R) . By using the Lebesgue dominated theorem,

we obtain

lim
n→+∞

F (t + τn) = lim
n→+∞

∫ +∞

0
Sα ,β (s) f (t− s+ τn)ds

=
∫ +∞

0
Sα ,β (s)g(t− s)ds = G(t) exists for all t ∈ R
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and

lim
n→+∞

G(t− τn) = lim
n→+∞

∫ +∞

0
Sα ,β (s)g(t− s− τn)ds

=
∫ +∞

0
Sα ,β (s) f (t− s)ds = F (t) for all t ∈ R.

Thus, F (t) =
∫ t
−∞ Sα ,β (t− s) f (s)ds ∈ AA(R,X) .

Next, we prove Theorem 10.

Proof of Theorem 10.
Let us define a map Λ f (t) by

Λ f (t) =
∫ t

−∞
Sα ,β (t− s) f (s)ds. (25)

In view of Theorem 9, Λ f (t) is a mild solution of (19) . Now, we will prove that
Λ f (t) ∈ PAA(R,X,μ) .

Since f = φ + ψ ∈ PAA(R,X,μ) , we have

Λ f (t) =
∫ t

−∞
Sα ,β (t− s) f (s)ds

=
∫ t

−∞
Sα ,β (t− s)φ (s)ds+

∫ t

−∞
Sα ,β (t− s)ψ (s)ds

= Λφ (t)+ Λψ (t)

where

Λφ (t) =
∫ t

−∞
Sα ,β (t− s)φ (s)ds and Λψ (t) =

∫ t

−∞
Sα ,β (t− s)ψ (s)ds

with φ ∈ AA(R,X) and ψ ∈ E (R,X,μ) . From Lemma 4, it follows that Λφ (t)∈
AA(R,X) .

Now, it remains to show that Λψ (t) ∈ E (R,X,μ) . We have

Λψ (t) =
∫ t

−∞
Sα ,β (t− s)ψ (s)ds =

∫ +∞

0
Sα ,β (s)ψ (t− s)ds.

So,

‖Λψ (t)‖ �
∫ +∞

0

M

1+ |ω |(sα+1 + νsβ
) ‖ψ (t − s)‖ds.

Therefore

1
μ ([−n,n])

∫ n

−n
‖Λψ (t)‖dμ (t)

� 1
μ ([−n,n])

∫ n

−n

[∫ +∞

0

M ‖ψ (t− s)‖
1+ |ω |(sα+1 + νsβ

)ds

]
dμ (t)
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�
∫ +∞

0

[
1

μ ([−n,n])

∫ n

−n

M ‖ψ (t− s)‖
1+ |ω |(sα+1 + νsβ

)dμ (t)

]
ds

�
∫ +∞

0
ψn (s)ds (26)

where

ψn (s) =
1

μ ([−n,n])

∫ n

−n

M ‖ψ (t − s)‖
1+ |ω |(sα+1 + νsβ

)dμ (t) .

Since ψ (t) ∈ BC (R,X) then

|ψn (s)| � sup
t∈R

‖ψ (t)‖ M

1+ |ω |(sα+1 + νsβ
) 1

μ ([−n,n])

∫ n

−n
dμ (t)

� sup
t∈R

‖ψ (t)‖ M

1+ |ω |(sα+1 + νsβ
) ∈ L1 (R)

because 0 < α � β � 1. On the other hand,

ψn (s) =
M

μ ([−n,n])

∫ n

−n

‖ψ (t− s)‖
1+ |ω |(sα+1 + νsβ

)dμ (t)

= Jα ,β (s)
1

μ ([−n,n])

∫ n

−n
‖ψ (t− s)‖dμ (t)

= Jα ,β (s)
1

μs ([−n− s,n− s])

∫ n−s

−n−s
‖ψ (t)‖dμs (t)

� μs ([−n− s,n+ s])
μs ([−n− s,n− s])

Jα ,β (s)
μs ([−n− s,n+ s])

∫ n−s

−n−s
‖ψ (t)‖dμs (t)

� μs ([−n−2s,n+ s])
μs ([−n− s,n− s])

Jα ,β (s)
μs ([−n− s,n+ s])

∫ n−s

−n−s
‖ψ (t)‖dμs (t)

where Jα ,β (s) is defined by (9). Since ψ (t) ∈ E (R,X,μ) , we deduce from
Lemma 2 and Theorem 3 that ψ (t) ∈ E (R,X,μs) , so

lim
n→+∞

1
μs ([−n− s,n+ s])

∫ n−s

−n−s
‖ψ (t)‖dμs (t) = 0

and by Lemma 3 we have

lim
n→+∞

μs ([−n−2s,n+ s])
μs ([−n− s,n− s])

= lim
n→+∞

μs ([−n− s,n+ s])
μs ([−n,n])

< +∞.

Thus,
lim

n→+∞
ψn (s) = 0.

Therefore, by Lebesgue dominated convergence theorem, we conclude that

lim
n→+∞

∫ +∞

0
ψn (s)ds = 0. (27)
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From (26) and (27) we deduce that

lim
n→+∞

1
μ ([−n,n])

∫ n

−n
‖Λψ (t)‖dμ (t) = 0.

This ends the proof.

3.2. The nonlinear case

Let us make the following assumptions:
(A1): h = φh + ψh ∈ PAA(R×X,X,μ) is such that φh ∈ AA(R×X,X,μ) is uni-

formly continuous in a bounded set K ⊂ X for all t ∈ R and
ψh ∈ E (R×X,Lp ([0,1] ,X) ,μ) . Moreover, there exists a positive constant Lh such
that for all y , z ∈ X , t ∈ R ,

‖h(t,y)−h(t,z)‖ � Lh ‖y− z‖ .

(A2): F = φF + ψF ∈ PAAU (R×X,X,μ) with φF ∈ AAU (R×X,X) and ψF ∈
EU (R×X,Lp ([0,1] ,X) ,μ) . Moreover, assume that there exist positive constants LF ,
LφF such that for all y, z ∈ X , t ∈ R we have

‖F (t,y)−F (t,z)‖ � LF ‖y− z‖ ,

‖φF (t,y)−φF (t,z)‖ � LφF ‖y− z‖ .

We now establish the existence and uniqueness of weighted pseudo automorphic
mild solutions for (1) and (2) when the forcing terms F , G and h satisfy Lipschitz
type conditions.

LEMMA 5. Let μ ∈M . Assume that h satisfies (A1). Then, for y∈PAA(R,X,μ) ,
we have ∫ t

−∞
K (t− s)h(s,y(s))ds ∈ PAA(R,X,μ) .

Proof. Let y ∈ PAA(R,X,μ) . Since h = φh + ψh ∈ PAA(R×X,X,μ) with φh ∈
AA(R×X,X) and ψh ∈ E (R×X,X,μ) then, by Theorem 8 we have
[H : t 
−→ H (y)(t) = h(t,y(t))] ∈ PAA(R,X,μ) . Setting

K̃ (t) =
{

K (t) if t > 0
0 if t � 0

,

by assumption K (t) ∈ L1 (R) we have K̃ (t) ∈ L1 (R) . By Theorem 5, we can con-

clude that
(
K̃ ∗H

)
(y)(t) =

∫ t
−∞ K (t− s)h(s,y(s))ds ∈ PAA(R,X,μ) .

THEOREM 11. Let μ ∈M , ν > 0 , ω < 0 and 0 < α � β � 1 . Let
{
Sα ,β (t)

}
t�0

be a (α,β )ν -regularized family generated by A an ω -sectorial operator of angle
β π
2

.
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Suppose that μ and F ∈ PAAU (R×X,X,μ) satisfy the assumptions (A0) and (A2)
respectively. We assume that

LFIα ,β < 1 (28)

where

Iα ,β =
∫ +∞

0

M

1+ |ω |(tα+1 + νtβ
)dt.

Then the problem (1) admits a unique μ -pseudo almost automorphic mild solu-
tion.

Proof. Since μ ∈M verifies assumption (A0) then, from Theorem 7 we have that
PAA(R,X,μ) is a Banach space.

We now consider the map ΛF defined on PAA(R,X,μ) by

ΛF (y(t)) =
∫ t

−∞
Sα ,β (t− s)F (s,y(s))ds.

Using condition (A2) and Theorem 8 we deduce that
F (s,y(s)) ∈ PAA(R,X,μ) . Thus, it follows from Theorem 10 that ΛF (y(t)) ∈

PAA(R,X,μ) for all y(t) ∈ PAA(R,X,μ) .
On the other hand, for all y,z ∈ PAA(R,X,μ) we have

‖ΛF (y)(t)−ΛF (z) (t)‖
=

∥∥∥∥∫ t

−∞
Sα ,β (t− s)F (s,y(s))ds−

∫ t

−∞
Sα ,β (t− s)F (s,z(s))ds

∥∥∥∥
�

∫ t

−∞

∥∥Sα ,β (t− s)
∥∥‖F (s,y(s))−F (s,z(s))‖ds

� LF

∫ t

−∞

∥∥Sα ,β (t− s)
∥∥‖y(s)− z(s)‖ds

� LF ‖y− z‖∞

∫ t

−∞

M

1+ |ω |
[
(t− s)α+1 + ν (t− s)β

]ds

� LF ‖y− z‖∞

∫ +∞

0

M

1+ |ω |(sα+1 + νsβ
)ds

� LF .Iα ,β .‖y− z‖∞ .

So,

‖ΛF (y)−ΛF (z)‖∞ � LF .Iα ,β .‖y− z‖∞

with LF .Iα ,β < 1. This implies that ΛF is a contration mapping from the Banach space
PAA(R,X,μ) into itself. By the Banach contration principle, ΛF has a unique fixed
point. Hence, there exists a unique y ∈ PAA(R,X,μ) such that y(t) =∫ t
−∞ Sα ,β (t− s)F (s,y(s))ds . This end the proof.
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THEOREM 12. Let μ ∈ M verifies (A0), ν > 0 , ω < 0 and 0 < α � β � 1 . Let{
Sα ,β (t)

}
t�0 be a (α,β )ν -regularized family generated by A an ω -sectorial oper-

ator of angle
β π
2

. Suppose that h ∈ PAA(R×X,X,μ) and G ∈ PAAU (R×X,X,μ)
satisfy the assumptions (A1) and (A2) respectively. If

LGCK LhIα ,β

b
< 1

then, the problem (2) admits a unique μ -pseudo almost automorphic mild solu-
tion.

Proof. Since μ ∈M verifies assumption (A0) then, from Theorem 7 we have that
PAA(R,X,μ) is a Banach space.

We consider the map ΛG defined on PAA(R,X,μ) by

ΛG (y)(t) =
∫ t

−∞
Sα ,β (t− s)G

(
s, h̃ (y)(s)

)
ds

where

h̃(y)(s) =
∫ s

−∞
K (t− τ)h(τ,y(τ))dτ .

Since G satisfies assumption (A2), then using Lemma 5 and Theorem 8 we get

that G
(
s, h̃(y) (s)

)
∈ PAA(R,X,μ) for all y(s) ∈ PAA(R,X,μ) . Further, it follows

from Theorem 10 that ΛG (y)(t) ∈ PAA(R,X,μ) for all y(s) ∈ PAA(R,X,μ) . Let
y,z ∈ PAA(R,X,μ) . We have

‖ΛG (y)(t)−ΛG (z) (t)‖
=

∥∥∥∥∫ t

−∞
Sα ,β (t− s)G

(
s, h̃(y) (s)

)
ds−

∫ t

−∞
Sα ,β (t− s)G

(
s, h̃(z) (s)

)
ds

∥∥∥∥
�

∫ t

−∞

∥∥Sα ,β (t− s)
∥∥∥∥∥G

(
s, h̃(y)(s)

)
−G

(
s, h̃ (z) (s)

)∥∥∥ds

� LG

∫ t

−∞

∥∥Sα ,β (t− s)
∥∥∥∥∥h̃(y) (s)− h̃(z) (s)

∥∥∥ds

� LG

∫ t

−∞

[∥∥Sα ,β (t−s)
∥∥∥∥∥∥∫ s

−∞
K (s−τ)h(τ,y(τ))dτ−

∫ s

−∞
K (s−τ)h(τ,z(τ))dτ

∥∥∥∥]
� LG

∫ t

−∞

[∥∥Sα ,β (t− s)
∥∥∫ s

−∞
|K (s− τ)|‖h(τ,y(τ))−h(τ,z(τ))‖dτ

]
ds

� LGLhCK

∫ t

−∞

[∥∥Sα ,β (t− s)
∥∥∫ s

−∞
e−b(s−τ) ‖y(τ)− z(τ)‖dτ

]
ds

� LGLhCK

b
‖y− z‖∞

∫ t

−∞

⎡⎣ M

1+ |ω |
[
(t− s)α+1 + ν (t− s)β

]
⎤⎦ds
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� LGLhCK

b
‖y− z‖∞

∫ +∞

0

M

1+ |ω |(sα+1 + νsβ
)ds

�
LG.Lh.CK .Iα ,β

b
‖y− z‖∞ .

So,

‖ΛG (y) (t)−ΛG (z) (t)‖∞ �
LG.Lh.CK .Iα ,β

b
‖y− z‖∞

with
LG.Lh.CK .Iα ,β

b
< 1. This implies that ΛG is a contration mapping from the

Banach space PAA(R,X,μ) into itself. Using again Banach contration principle we
obtain that ΛG has a unique fixed point. Hence, there exists a unique y ∈ PAA(R,X,μ)
such that

y(t) =
∫ t
−∞ Sα ,β (t− s)G

(
s, h̃(y)(s)

)
ds . The proof is complete.
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