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GENERALIZED OSTROWSKI-TYPE INEQUALITIES FOR s—CONVEX
FUNCTIONS ON THE COORDINATES VIA FRACTIONAL INTEGRALS

SETH KERMAUSUOR

(Communicated by S. S. Dragomir)

Abstract. We established some new fractional integral inequalities of Ostrowski-type for func-
tions of two independent variables whose second order mixed partial derivatives in absolute
value to some powers are s-convex on the coordinates. These results are obtained by using gen-
eralized Katugampola-type fractional integrals for functions of two independent variables. Our
results generalizes some results in the literature.

1. Introduction

In 1938, the Ukranian mathematician, Alexander Ostrowski [23], obtained the
following inequality which is known in the literature as Ostrowski inequality.

THEOREM 1. Let f:[a,b] — R be continuous on [a,b] and differentiable in (a,b)
and its derivative f': (a,b) — R is bounded in (a,b). If M := sup |f'(t)| < oo, then
t€(a,b)
we have

< l_i_ﬂ (b—a)M

4 (b—a)?
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for all x € [a,b]. The inequality is sharp in the sense that the constant % cannot be
replaced by a smaller one.

Many authors have studied and generalized the Ostrowski inequality in several
different ways. For more information about the Ostrowski inequality and its associates,
we refer the interested reader to the papers [2,3,6,7,8,9,10,11,12,16,25]. The authors
in [2,10,11,12,16,25] provided some Ostrowski-type inequalities for some classes of
convex functions.

Recall that given an interval / in R, a function f: I — R is said to be convex, if

flox+ (1 =1)y) <tf(x)+(1=1)f(y)

forall x,y € I and ¢ € [0,1]. The concept of convexity was generalized to the concept
of s-convexity in [13] as follows.
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Keywords and phrases: Ostrowski inequality, convex functions on the coordinates, s-convex func-
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DEFINITION 1. (See [13]) A function f:1 C R — R is said to be s-convex in the
second sense for s € [0,1], if

flex+ (1 =0)y) <Efx)+(1=1)f(y)
forall x,y €I and r € [0,1].

In 2001, Dragomir extended the concept of convex functions of a single variable
to functions of two independent variables in [5] as follows.

DEFINITION 2. (See [5]) A function f: A:= [a,b] x [c,d] — R is said to be con-
vex on A, if

flx+(1=t)z,y+ (1 =1)w) <2f(x,y) + (1 =1)f(z,w)

for all (x,y),(z,w) € A with ¢ € [0,1]. On the other hand, f: A — R is said to be
convex on the coordinates on A, if

Ffx+ (1 =t)z,ry+ (1 —r)w) <1t f(x,y) +1(1 —7) f(x,w)
+r(1=1)f(z,y)+ (1 =r)(1—1)f(z,w)

for all (x,y),(x,w),(z,y),(z,w) € A and (r,2) € [0,1] x [0, 1].

In similar way, s-convexity in the second sense for functions of two variables is defined
as follows.

DEFINITION 3. (See [1]) A function f: A := [a,b] X [c,d] — R is said to be s-

convex in the second sense on A for s € [0,1], if
flx+(1=t)z,ty+ (1 —1)w) < f(x,y) + (1 —1)* f(z,w),

for all (x,y),(z,w) € A with 7 € [0,1]. On the other hand, f: A — R is said to be
s-convex in the second sense on the coordinates on A for s € [0, 1], if

fx+ A =0)zry+ (L=r)w) <Pef(xy) +205(1=r)'f(x,w)

+r (=) f(zy) + (1 =r)’(1=1)f(z,w),

forall (x,y), (x,w),(z,y),(z,w) € A and (r,¢) € [0,1] x [0,1].

REMARK 1. If we take s = 1 in Definition 3, then we obtained the class of convex

functions on A and functions that convex on the coordinates on A as introduced by
Dragomir in [5].

In 2013, Latif et al. [21] established the following results for functions of two variables
whose second order mixed partial derivatives in absolute value to some powers are s-
convex on the coordinates.
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THEOREM 2. (See [21]) Let B1,B > 0 and f : [a,b] X [c,d] — R be a twice
partially differentiable mapping on (a,b) x (¢,d) with 0 < a<b, 0 < c<d, and
°f 2% f
m €L <[a,b} X [C,d}) If ’m
2

0
argt‘ < M on [a,b] X [c,d], then the following inequality holds:

is s-convex in the second sense on the coordi-

nates and

((6=x)P+ (k=] [(@=9)P+ (= )P
b—a)(d—o) )

|:(b —x)ﬁl + (x — a)ﬁl_ F(ﬂz =+ 1) 5 5
) (b—a)d—c) [ ro+ 2 )

[(a’—y)‘32 + (y—c)ﬁZ_ FBi+1) o N
- (b—a)(d—c) [Ix—f(a7y)+lx+f(bvy)]

rﬁ+lrﬁ+l 1:P2 1:P2 1:P2 1,P2
(( o a; @5 2 ) [lf,ﬁf(a,d 1P fla,d)+ 1B f(b,c) + 1B £(b,a)

[ M MB(Br+1,5+1)
(Bi+s+1)(B2+s+1) (Bi+s+1)
MB(Bi+1,5+1)

<

FMB(Bi+ 1+ DB(B+ L+ 1)

(Bo+s+1)
» l<x—a>ﬁl+l+<b—x>ﬁl+1] <y—c>ﬁ2+1+<d—y>ﬁ2+1]
b—a d—c ’

for all (x,y) € [a,b] x [c,d] where IflﬁIﬂfjgffjgiﬁlﬂ’gi Jﬂ’giﬁlfl’gif and

If . 52_ f denotes the Riemann—Liouville fractional integrals of f which are special
cases of Definition 5 with p; = p» =1 (see Remark 2) and B denotes the beta function
defined by

1
B(x,y):/O A=y lar

which satisfies the properties B(x,y) =B(y,x) and B(x,y) = , and T denotes

the gamma function defined in Definition 4.

THEOREM 3. (See [21]) Let B1,B > 0 and f : [a,b] X [c,d] — R be a twice
partially differentiable mapping on (a,b) x (¢,d) with 0 < a<b, 0< ¢ <d, and
32 20149
Tgt €L ([a,b} X [c,d}). If 3797 is s-convex in the second sense on the coordi-
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2

1 > 1 and
nates for g > 1 an P

< M on [a,b] X [c,d], then the following inequality holds:

‘[w P+ =P [ =)+ (- )]

( )(d C) f(x7Y)
(b =3P+ (x—a)P (B + 1)

. (b—a)d—c) [+ ()]

[(d—y)ﬁ2+(y_c)ﬁz- T(B +1) , ,
B b—a)d—o) (12 ptay) + 1B 0,9)]

r(@;:;(rf:) - [Ifl’ng (:6) + L S (@) + LS £(bi) + 120 (b,d>]

: o ! B(By+ 1,5+ 1)
<M<(ﬁ1+l)(ﬁ2+l)> <(ﬁ1+s+1)(ﬁ2+s+l)+ (ﬁl—l—s—l—l)

B(Bi+1,5+1) !
“Birssn TBBTLs DB+ Lt D)

x[@—wm“+w—nm“] @—dm“+w—w%“]

b

b—a d—c

forall (x,y) € [a,b] X [c,d].

THEOREM 4. (See [21]) Let B1,B > 0 and f : [a,b] X [c,d] — R be a twice
partially differentiable mappmg on (a,b) x (c,d) with 0 <a<b, 0<c<d, and
*f
L e i(lab) x [ed)). If
2

ar

is s-convex in the second sense on the coordi-

88

nates for g > 1 and

< M on [a,b] X [c,d], then the following inequality holds:

ot
((b-vP + (=] [(@=3)P + - 0]
(b—a)(d——c) f(x,y)

(-9 4P|,
B (b—a)(d—c) [I»V*f(x’c)+1y+f(x7d)]

[(@=3)%+ (=) T(By + 1)
(b—a)(d—rc) [

P fay) +10 f (b,y)}

Fﬂ+1rﬂ+l 1:P2 1:P2 1:P2 1,P2
+ ((;_ai( ;_zc) >[1£_fj_f(a,c) + 1B a,d) +1PP p(b,e) + zf+€+f(b,d)]
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<M< 2 )5 l(x_a)ﬁ1+1+(b—x)ﬁl+1] l(y_c)ﬁz“jt(d_y)ﬁz+l
U pmaBip 1) (@~ c)(Bop+ 1)?

1 1
forall (x,y) € [a,b] X [¢,d] and —+ = = 1.
P q

Our goal in this paper is to generalize Theorems 2, 3 and 4 by using a generalized
Katugampola-type fractional integrals of functions of two independent variables. We
conclude this section with the definitions of the Katugampola fractional integrals and
its extension to functions of two variables.

DEFINITION 4. (See [14]) Let B,p > 0 and f be a real-valued function of a sin-
gle variable. The Katugampola fractional integrals of f are defined as follows:

PIb f() = ’;z[f) [ ey tpar
and
F’If,f(x) = ?zl;; /xb (P —xP)P=1 P =1 f(r)ar

where T'(+) is the gamma function defined by

I(x)= / e dr
0
with the property T'(x+ 1) = xI'(x).

For some recent results related to the Katugampola fractional integrals, we refer the
interested reader to the papers [4,14,15,17,18,19,20]. The following fractional integrals
for functions of two independent variables are natural extensions of the Katugampola
fractional integrals in Definition 4.

DEFINITION 5. Let fB1,5,,p1,02 > 0 and f be a function of two independent
variables. We define, the Katugampola fractional integrals of f on the coordinates as
follows:
1=

Pl[fif(x,y) = Ilil(ﬁl)

[P ey

1-py

b
P ) = R [ =P e

1-p>
I e) = Fis

y
62— G a
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and
=B

Pl )i B [ 00y e an

We define the Katugampola fractional integrals of f in the two variables as follows:

hp, P pi—1yp2-1
p1.p2 7B1.B2 P1 [ / / u y
1 a+,c+ ( 7y) ﬁl ﬁ2 xpl upl>17ﬁ1 (ym _sz)lfﬁz f(M7V)dVdM7
1- ﬁl 1- ﬁ2 Pl_l Pz—l
P17P21ﬁ17/32 X Py Py / / u y .
~fy) = CBOT(B2) Ja Jy (xpr —ypr)! =P (vpz_ypz)lfﬁzf( )
[ Pip) P p1—1ypo-1
p1:p2 131 132 Py Py / / u "
I (x y) ﬁl ﬁ2 uPl xP1)17ﬁ1 (ypz —vPZ)l’ﬁZ f(u;V)dVdu

and

=B 1-B upl—lvpz—l

172/31/32 X PL__ P u,v)dvdu.
P pI F flxy) = T(B)T (ﬁ2)/x /y (upl—xpl)lfﬁl (vpz_ypz)lfﬁzf( ,v)dvd

REMARK 2. If p; = p> =1 in Definition 5, then we obtain the generalized Rie-
mann-Liouville fractional integrals of two independent variables (see [24]).

2. Main results

To simplify our computations in the main results, we present the following useful
identities in the following lemma.

LEMMA 1. Let Bi,B2,p1,p2 > 0, and f : [aPt,bP1] X [cP?,dP?] — R be a real-
valued function of two independent variables. The following identities hold:

1 ﬁz Ir
Bap2—1 (P11 P2\,P2 _ P2\ P2 ] — T'(B2) p27B2 £(p1 P2
/0 r S(xPYP2yP 4 (1 — pP2)cP2)dr = (ypz_cpz)ﬁz L2 (P, cP2), (D

PP ' (B,)

B 1
(sz ypz)ﬁz 71 Zf( PLd’), @)

/1 rﬁ2p2*1f(xpl ,rP2yP2 4 (1 — P2)aP2)dr =
0

L Bt p(p1 PLY,PL P ﬁll(ﬁl)pﬁl PL P
1P1— 1 1 _ 1 1 2 1 l 2
Jy PP (e e = PR P a0, @)
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! Bip1—1 £(:p1 1 1 — tPOYBPL P2\t — p{ililr(ﬁl) PP e pp1 P2 4
/ot JPxPt + (1 —171) 7y)f—m e f(DPLYP2), (4)

/1 /ltﬁlplflrﬁzl?z*f(tplxpl + (1= 1P)BPL P2yP2 4 (1 — rP2)dP2)drdt
0 JO

_ p{ililpgz*lr(ﬁl)r(ﬂZ) PlvPZ[ﬁhﬁz f(bpl dpz) (5)
(bP1 — xP1)B1(dP2 — yp2)B2 oyt ’ ’

1 pl
/ / tﬁlplflrﬁzpzflf(tplxpl 4 (1= tPOYBPY P2yP2 4 (1 — pP2)cP2)drdt
0 JO

_ pfsl_lpfz_lr(ﬁl)r([h) Pl:PZ[ﬁhﬁz f(bpl sz) (6)
(bP1 —xpl)ﬁl (yP2 — ch)ﬁz = ’ ’

1 pl
/ / tﬁlPl—lrﬁzpz—lf(tmel + (1 =PVl rP2yP2 4 (1 — rP2)dP2)drdt
0 JO

_ e TR (By)
(xPr —aP1)Pi(dP2 — yp2)B2

pl’pzlfl:lysif(apl ,dP?) (7
and

1 pl
/ / tﬁlPl—lrﬁzpz—lf(tmxpl + (1 =PVl rP2yP2 4 (1 — rP2)cP2)drdt
0 JO

Bi—1 Pr-1
_ py' Pyt T(B)T(B) p1.p2 PP £(aP1,cP?) )
(xpl —aPl)ﬁl (yPZ — ch)ﬁz Xy~ ’ :

Proof. The results follows directly by using change of variables and Definition 5.
To prove our main results, we need the following lemma. For convenience, we intro-
duce the following notation which will be used though out the rest of the paper.

Tf(ﬁl7B27P17P2§a7b7cvd7x7)’)
{(bm PP (P aPl)ﬁl] [(dpz —yp2)Ba g (yp2 sz)ﬁz}
= f(xpl 7yp2)
(bPl — aPl)(dPZ — ch)
pb [(bm —xP1)Bif (xP _apl)ﬁ1:|r‘(ﬂ2_|_ Do 5
— P2 P2 Pl P2 p2 P2 P1 P2
(bP1 —aP1)(dP2 — cP?) [ L2 P eP) + P2 f(P d )}
pfl [(dpz —yP2)B2 4 (yP2 — sz)ﬁz} L(Bi+1)
- (bPl — aPl)(dPZ — ch)

pP PP T (By + 1T (By + 1)
(bPl — aPl)(sz — ch)

{Pl[flf(apl 7sz) + Pllf_:_f(bpl 7yl?z)]

_|_

|:P1 ’pzlfl’fyb_f(ap' ,cP2) 4P ’pzlfl’gif(ap' ,dP?)

+ p1 7P2[£_:_:ly32_f(bpl 7CPZ) + p1 7p21£-:-:€if(bpl 7sz )] .
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LEMMA 2. Let fB1,B2,p1,p2 > 0 and f: [aP',bP!] x [cP2,dP?] — R be a twice
partially differentiable mapping on (aP',bP') x (cP?,dP?) with 0 <a<b, 0 < c<d,
2
3 g el ([apl,bpl] X [cpz,dp2]> . Then the following equality holds:
Tf(ﬁlaﬁ27pl7p2;a7bac7d7xay)

_ p1p2
B (bPl — aPl)(dPZ — ch)

% ((xpn —aPV Pl (yp2 PPl (pr PPkl (g2 _ ypa)Batl )
—(b" _xpl)ﬁ1+1(ypz _ CP2)132+113 + (b7 _xpl)ﬁ1+1 (dP> _ypz)ﬁ2+114)

where

1,1 2
11://r(ﬁerl)Pz*lt(ﬁHrl)Prl J F(tPIAP 4 (1—PV)aPt P2yP2 4 (1—1P2)cP?)drdr,
0 Jo drot
1,1 32
122//r(ﬁzﬂ)prlt(ﬁlﬂ)p'*lmf(tp'xpl—k(l—tpl)ap',rpzyp2+(1—rp2)dp2)dtdr,
0J0 r

L= // (B 1)p2=14(Br1+1)p1 — 1888 FEPIXPT 4 (1—tPV)BPY P2yP2 4 (1= 1P2) P2 )dtdr
r
an

14_// (BaA1)p2=1;(Br1+1)p1 — 1828 FEPIXPT 4 (1—tPV)BPY PP2yP2 4 (1—rP2)dP? ) didr.

Proof. Integrating by parts, we have

1 1 2
I :/ ABat1)pr—1 [/ tﬁlpltpl—lﬁf(tplxpl —|—(l—tp1)a”l,rp2yp2+(l—rp2)cp2)dt] dr
0 0 r

t=1

1 1 0
— (Brt1)pa—1 Bip P P1 _ 4P ,P1 P2P _ P2\ P
_/0 r [(xpl—apl)plt 1 'grf(t P (1=1PV)aPt P2 yP2 4 (1—1P2)cP?)

t=0

B Lo 10
_(xPI—aPI)/O Prpr lgf(tplxpl—|—(1—tp1)ap1,rp2yp2—|-(l—rpz)cpz)dt dr

1 1 J
— Bo+Dpp—t| = P1 P2,,P2 _ P2\ P2
/O r |:(xpl —apl)pl 37’ (x Y + (l 4 )C )

4131 lﬁlp 19 P1yP1 PP P2 P2 P2\ P2
G ) T G (e g (1)t

1 1 0
= m/o rB2p2 21 Ef(xpl P2yP2 (1 — P2)eP2)dr
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_ L/ltﬁlpl—l /1 rB2p2 21
(xpl —aPl) 0 0

ST (1= )P 292 1 (1= e
r

1 r=1
— Bap2 £(P1 P22 _ P2\ P2
N (xP1 — aPr)(yP2 _sz)p1p2r S rP2yP2 4 (1= rP2)cP2)

r=0
B Bap2=1 (1Pt pP2yP2 P2) P2
(xPl—apl)(ypz_cpz P1/ J P rP2yP2 4 (1 — rP2)cP?)dr
_L/ tl31P1—1
(xpl —aPl) 0
1 r=1
g {W’ﬁ“’zf (P21 + (1= 1P)aP! P20 4 (1 rP2)cP)
n 2 r=0
1
_ “2B72p2)/ rﬁsz—lf(tmxpl + (1 _tPl)aPl,rPZyPZ + (1 _ ,,Pz)cpz)dr] dr.
yh=—=c 0
That is,
1
L = pL P2
! (xPL — aP1)(yP2 _CPZ)P1P2f(x )
B pB2p2=1 £ P P2P2 P2 P2
(xPl—apl)(ypz_cpz p1/ JOPErP2yP 4 (1 = rP2)cP2)dr
ﬁl Bipi—1
— 1P1P1 1PLxP1 1 — P aPL yP2\dr
(xPl—apl)(yPZ—cl’z)p2/O f( X +( )a Y )
BiB>

(xpl — aPl)(yPZ — cPZ)

1 rl
~ / / PPV Bapa =l (PLPL (1 — tP1YgPY PP2yP2 (1 — pP2)eP2)drdr .
0 Jo

Now, by using Lemma 1 and (9), we have
1

— p1 P
L= (xPl —aPl)(yPZ —sz)plpz (x LYy 2)
phir
_ i (ﬁ2+ 1) PzIﬁZf(xPI CPZ)
(xP1 —apl)(yPZ —cP)Patlp T ’
P 'T(pi+1)

_ p1yBL £( o1 P2
(xpl—apl)ﬁlﬂ(ypz_cpz)p LS (@, y72)

P o2 TR DBAY) i o1 con)
(xP1 — aPr )Pl (yp2 — cp2)Partl Y o

So, it follows that

(xP1 — al’l)ﬁl“‘l(ym _ CPz)ﬁ2+1p1p2
(bPl — aPl)(sz — ch)

I

177

€)
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(P — aPl)ﬁl (P2 — sz)ﬁz o
~ (bPr —aP1)(dP2 — cP2) FO,572)
B pfz(xpl —apl)ﬁlr(ﬂZ + 1) pzlﬁzf(xpl cpz)
(bPl — aPl)(dPZ — ch) Y= ’

B PFI (P2 — sz)ﬁzr(ﬁl +1) pi B flaPr,yP?)

(bP1 — aP1)(dP2 — cP2) - 4

pPplr(g + (B + 1)
(bPl — aPl)(sz — ch)

_|_

PlvPZIfivgz_f(aPI ,cP2).

Using similar arguments as in the above, we have

XPL— gP\Bit1(gp2 _ yp2)Ba+1
( ) ( »w?) p1p2
(bPl _apl)(dpz — ch)
(xP1 — aPl)ﬁl (dP> _ypz)ﬁz

=— (bPT — aPr)(dP2 — cP2) f(xP1,yP2)

pB2(xPr — aP )BT (B + 1)
(bP1 — aPr)(dP2 — cP2)
pPr(ar —yor)BoT (B + 1)
(bP1 — aPr)(dP2 — cP2)

PP TB (B 1)
(bPl —aP1 ) (sz — ch)

b

lefgrf(xpl 7dpz)

+

Pl )

p1 ’pzlfl’l;if(ap' ,dP?),

P — xPUBitT (P2 _ op2)Bat]
( ) (v ) P1p2
(bPl — aPl)(sz — ch)
(bPr — xP1 )ﬁl (yP2 — ch)ﬁz

= — (bPl _apl)(dpz _sz) f(xpl,ypz)

P2 (b —xP)PIT(B, + 1)
(bPl _ aPl)(dPZ — sz)
pl (P2 — eP)Por(py + 1)
(bP1 — aPr)(dP2 — cP2)

T (B + D)(Bat 1)
(bP1 — aPr)(dP2 — cP2)

I

+

lefif(xpl , sz)

+ PP F(bP1,yP2)

PP LR (0P )

and

(bP1 — xP1)Bit1(gP2 —yP2\Batl ) oy
(bPl — aPl)(sz — ch)
(bPl__xPI)ﬁl(dPZ__ypz)ﬁz

= (bP1 — aP1)(dP2 — cP2) f(xPr,yP2)

Iy

(10)

(1)

12)
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_ sz (b _xpl)ﬁlr(ﬁz +1) leﬁzf(xpl dP)
(bP1 —aP1)(dP2 — cP2) y+ ’

- pPi(ar: — yp2)PoT (B, 4-1) PP p(pP1 )
(bpl _ aPl)(dPZ — CPZ)
pflpgzr(ﬁl +1)(B2+1) p1.p2 1B F(BPr,aP2)
(bpl _ apl)(dpz — ch) x+.y+ ) .

+

(13)
The desired identity follows from (10), (11), (12) and (13).
REMARK 3. If we take p; = p» = 1 in Lemma 2, then we obtain [22, Lemma 1].

THEOREM 5. Let Bi,B2,p1,p2 > 0 and f: [aPt,bP1] X [cP?,dP?] — R be a twice
partially differentiable mapping on (aP',bP') x (cP2,dP?) with 0 <a<b, 0 < c<d,

92 9?
and % €L ([ap',bp'} X [cp27dp2]> If 8—f is s-convex in the second sense on
. *f o .
the coordinates and 3or <M on [aP',bP] x [cP2,dP?], then the following inequality
r

holds:

'Tf(ﬁlaﬂZaPhP%aabaC;d;xa}’)‘

M[ 1 B(Ba+1,5+1)
U LBiA s+ D(Ba+s+1)  (Bits+1)

B(Bi+1,5s+1)
“Btsrn) BB LsTUBB Lt 1)]

(xPt — gPV Bl (pPr — xPOBIAL (g2 — P2l (P2 — yP2)Bat]
X bP1 — gP1 dP2 — cP2 ’

forall (xP1,yP2) € [aP1, bP1] x [cP2,dP2].
Proof. By using Lemma 2 and the properties of the absolute value, we have

‘Tf(ﬂlaﬂ27plap2§aaba07d;xa}’)‘

< p1p2
= (bP1 —aPr)(dP2 — cP2)

% ((xpl —aP Bt (yPr — PP 1| (P — P )Bi (gP2 — yP2 Bt |

(14)

+ (bPr — xPOPIEL(yP2 _ P Batl p  (pPr — yP1YBIL (gP2 P2y Bact] |I4> .
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Now, by using the s-convexity in the second sense of
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2

rot

on the coordinates, we

‘]1‘<// < (Ba+1)p2=1(Bi+1)p1—1

0
__ P1 P2
<'ar8tf(x ,¥P?)

+

+

+

2

32

drot
32

drot

92 p1_ P
1 2
arar! (@)

(xpl ’sz)

(apl’ypz)

Now, we observe that

X mf(tplxpl +(1 _tpl)aP17,,P2yP2 +(1- rpz)cpz)

1 1
/ / B2t D)= 1, (Bi+1)p1—1,50245P1 1y 11
0 Jo

)dtdr

(15)
1 1

/ / r(ﬁ2+l)P2*1t(ﬁl+1)P1*1( — P2 P drdr

0 JO

/1/1 r(ﬁerl)Prlt(ﬁlJrl)Pl*1rSP2( — PV drdr

0 JO

/1 /1 ,,(132+1)P2—1t(l31+1)P1—1(1 — rP2)S(1 —tPV)drdr.
0 JO

1 1 1
(Ba+1)p2—1,(B1+1)p1—1 5p2,5p1 _
r t rP2e5Pidtdr = , 16
b Bitst ) Botst Dpips
bt _ _ B(B+1,s+1)
(Ba+1)p2—1,(Bi+1)p1—1 P25 45P1 _ )
r t 1= P2 Pidtdr = —22 = " T ) 17
I (1=r%) Bitst O’ 7
bt _ _ . B(B;+1,s+1)
(Ba+1)pa—1,.(B1+1)p1—171 _ ;P15 ,5P2 _ bprT L8511
r t 1—tPYY’ rP2dedr = 18
I (=) BotstOpps
and
/1/1 r(ﬁZJFl)PZ*lt(ﬁlJrl)Pl*l(l — P2)5 (1 — 1PV drdr
o Jo
B(Bi+1,s+1)B(Ba+1,5+1) 19
p1p2 '
2’
Using (15), (16), (17), (18), (19) and the fact that P < M, we have
I
USBits+ D(Bats+ Dpipr  (Bits+ Dpips
MB(Bi+1,s+1) MB(Bi+1,s+1)B(fa+1,5+1) 0)
(ﬁ2 +S+1)p1p2 P1p2 :
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By using similarly arguments, we have

M MB(B,+1,s+1)
Bi+s+1)(Ba+s+1)pip2  (Bi+s+1)pip2
MB(Bi+1,s+1) MB(Bi+1,s+1)B(fp+1,s+1)

|L| <

, 21
(B2 +s+1)p1p2 p1p2 @b
| < M MB(Br+1,s+1)
IS Brts+)(Bats+Dpipr (B ts+1pipe
MB(Bi+1,s+1) MB(Bi+1,s+1)B(f+1,5+1) 22)
(B2+s+1)pip2 pP1p2
and
] < M +MB(ﬂ2+1,s+1)
NS Br+s+D)(Bots+ Dpipa | (Bi+s+1)pipa
MB(By+1,s+1) MB(Bi+1,s+1)B(fa+1,5+1) 23)

(B2+s+1)pip2 p1p2
The desired inequality follows from (14) and using (20), (21), (22) and (23).

REMARK 4. If we take p; = p, = | in Theorem 5, then we obtain Theorem 2.

THEOREM 6. Let fB1,B2,p1,p2 >0 and f : [aPt,bP!] x [cP?,dP?] — R be a twice

partially differentiable mapping on (aP',bP') x (cP2,dP?) with 0 <a<b, 0<c<d,
02 2,14
and 97 €L ([apl,bpl] X [c”z,d”ﬂ). If 3 is s-convex in the second sense on
r

drot
‘ <M on [aPt,bPt] x [cP2,dP?], then the following

2

the coordinates for g > 1 and ‘8 pon

inequality holds:

'Tf(ﬁhﬁbpl»P2§a7b7C,d,x7y)‘

M( Bi+1) ﬁz+1>>

X

1
1=

( B(B2+1,5+1)
(B1+s+1)( [32+s+1) (B1+s+1)

S s 1)

XPL— gP\BL+1 L (pP1 —_ xP1)\BiH] P2 _ cP2)Batl o (gp2 — yp2)fatl
o | ¢ )+ ( ) ( )T (dP —yP2)

bP1 — P dPr —cp

forall (xP1,yP2) € [aP1,bP1] x [cP2,dP2].
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Proof. By using Lemma 2 and the properties of the absolute value, we have

‘Tf(ﬂlaﬂ27plap2§aaba07d;xa}’)

< pip2
S (bP1 — aPr)(dP> — cP2)

(24)
> ((xpl —aP )Pt (yP2 — PP | (P — P )P (gP2 — yP2 )Pt |
+ (b7 _xpl)ﬁ1+1(yP2 _ CPz)ﬁz-H L]+ (bP _xpl)ﬁ1+1(dpz _ypz)ﬁ2+1 |I4> )

Now, by using the power mean inequality and the s-convexity in the second sense of

52f q
‘ on the coordinates, we have

drot

| < (/l/lr(ﬁﬁl)mlt(ﬁlﬂ)mldrdt) (/ / < (B2 1)p2=14(Bi+1)p1—1
0 JO

q)dtdrf
s ((ﬁl +1)([312+1)P1P2>1;

2 q 1 pl
X(‘ai&tf(xpl’ypz) /O/0r(ﬁﬁl)Prlt(ﬁlH)Pl*l,A‘Pzt-\'mdtdr

2
X f(tplxpl +(1 _tpl)apl,rpzypz+(1 _rpz)cpz)
drot

(25)

2
+ aa8tf(xpl’cp2) q/1 /1r(ﬁ2+1)P2—1t(ﬁ1+1)P1—1(1 — P2 SeP drdr
r 0 JO
82 q9 r1 rl
+ mf(aPl,sz) / / r(ﬁ2+1)P2—1t(l31+1)Pl—lrspz( — P\ dtdr
r 0 Jo
82 q9 r1 rl s
+ 5 5tf(apl’cp2) / / r(ﬁ2+1)P2—1t(l31+1)P1—1(1 —P2)S(1 —1P1)? dtdr) )
r 0 JO
2f
Using (16), (17), (18), (19) in (25) and the fact that 5797 < M, we have

1 =3
((ﬁ1+1)(ﬁ2+1)P1P2)
y ( M4 MIB(By+1,5+1)
Bi+s+1)(Ba+s+1)pipa (Bi+s+1)pip2
MOB(Bi+1.s+1)  MUB(Bi+Ls+ B(By+ 15+ 1)) :
(B2 +s+1)p1p2 p1p2 '

L <

(26)
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By using similarly arguments, we have

1 -
Bl < ((ﬁl OBt 1>p1p2)

y < M9 MIB(By+1,5+1)
Bits+1)(Bot+s+Dpip2 (Bi+s+1)pip2
MIB(B1+1,5+1) Mqul+1,s+1>B<ﬁ2+17s+1>>é o
(B2+s+1)pip2 p1p2 ’

1 =3
1< (G oo
" ( M4 MIB(Br+1,5+1)
Br+s+D)(B+s+Dpip2 (Bi+s+1)pip2
MIB(Bi+1,5+1) M"B(ﬁl+1,s+1)B(ﬁz+1,s+1)>$ o8
(B2 t+s+1)pip2 p1p2

and

1 1=
Il < (([51 +1)(B2+ 1)P1P2)
y ( M4 MIB(By+1,5+1)
Bits+1)(Bot+s+1)pip2 (Bi+s+1)pip2
MB(B+ 1,5+ 1) M‘IB(ﬁH-1,s+1)B(ﬁ2+1,s+1)>f11
(B2 +s+1)p1p2 p1p2 '

The desired inequality follows from (24) and using (26), (27), (28) and (29).

(29)

REMARK 5. If we take p; = p» = | in Theorem 6, then we obtain Theorem 3.

THEOREM 7. Let Bi,B2,p1,p2 > 0 and f: [aP',bP1] X [cP?,dP?] — R be a twice
partially differentiable mapping on (aP',bP') x (cP2,dP?) with 0 <a<b, 0 < c<d,

and ﬁ €L ([apl bP1] x [cP? d”ﬂ). If ﬂ ' is s-convex in the second sense on
drot ’ ’ orot
. 2°f .
the coordinates for ¢ > 1 and 397 <M on [aPt,bPt] x [cP2,dP?], then the following

inequality holds:

’Tf(ﬁlaﬂZaPhP%aabaC;d;xa}’)‘

gM((ﬂlw+ 1)1([32W+ 1))$ ((sfuz)%
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XP1 — gP\Bi+1 o (pp1 _ yP1)Bi+1 P2 _ P2 \Bo+1  (gP2 _ yp2)\Bat1
o 4 ) (v )P 4 (dP2 —yP2)
bP1 — gP1 dpP2 — ch2 ’

1 1
foralll (x1,yP2) € [aP1,bP1] x [cP2,dP] and —+ PRRRE

Proof. By using Lemma 2 and the properties of the absolute value, we have

‘Tf(ﬂlaﬂ27plap2§aaba07d;xa}’)

< pi1p2
= (bP1 —aP1)(dP2 — cP2)

(30)
% ((xpl — aP Bl (y2 — PPt | (P — gP1YBIL (gP2 P2 )Bat |
+ (b7 _xpl)ﬁ1+1(yP2 _ CPz)ﬁz-H L]+ (bP _xpl)ﬁ1+1(dpz _ypz)ﬁ2+1 |I4> )

Now, by using the Holder’s inequality and the s-convexity in the second sense of
82 f q

——| on the coordinates, we have
orot

1
1 1 w
| < (/ / rﬁzwpztﬁlwpler—ltpl—ldrdt)
0 Jo
L e
X P2 P
(/0 /0 0

1

q q
drdt)

q
/1/‘r(s+1>p2—1,<s+1>p1—1drdt
0 JO

82
7f(tPlel _|_(1_tP1 )aPI ,rpzypz _|_(1_rP2)CP2)
r

02 PI P
1 2
aratf(x P?)

s ((B1w+1)(B12w+1)p1pz) W (

9 P1_ P T p2—1 p2ys,(s+1)p1—1

1 2 2~ 1_ PATFIG) 1= d d
8r8tf(x ,cP?) /0 /0 r (L—rP2)%t rdt
9 f(aPr,y") q/lfl,,(-\'ﬂ)mfl(l _tpn)-\'tplfld,,dt
orot Y o Jo

+

+

82 4 r1 rl %
+ | @) /O/Orpz—ltpl—l(l—rPZ)S(l—tPI)Sdrdz>
1

_< 1 ) ( 1 9 f(xpl Pz)q
- \(Bw+ D) (Baw+1)pipa (s+1)pi(s+1)p2|drot Y
1 82 q
P1 P2
R CE S aror! @)
1 82 P1 P2 !
1
T T Do Dpa|rar’ @)
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32 q é
orot ) '

1
+
(s+1)pi(s+1)pa

That is,

f(apl ,sz)

Al g((ﬁwﬂ- 1)(1312W+ 1)PlP2> W ((H' 1;2P1P2> 6

32 o q 32 o q 2 o q
- 1 2 - 1 2 - 1 2
< |zt 00| + o o[ | @)
32 q é
P1 P2
+‘8r8tf(a ) ) :
. 2% f
Hence, by using the fact that | —=—| < M, we have
arot
1
| <431M< ! )( ! )q G1)
e Buow+ D) (Bow+ Dpip2) \(s+1)2p1p2)
Using similar arguments, we have
1 1
|1|<431M< ! )( ! )" (32)
2 Biw+ D(Baw+ Dpip2) \ s+ 1)2pip2)
1 1
TARS 4$M< ! )( ! )q 33)
S Bow+ D) (Bw+ Dpip2 ) \ (s+1)%p1p2
and
1 1
TARS 4%M( ! ) ( ! )q (34)
e Buow+ 1) (Bow+ Dpip2) \(s+1)%pip2)

The desired inequality follows from (30) and using (31)—(34). This completes the
proof.

REMARK 6. If we take p; = p» = 1 in Theorem 7, then we obtain Theorem 4.

3. Conclusion

We introduce three new Ostrowski type integral inequalities for functions of two
variables whose mixed second order partial derivatives in absolute value to certain pow-
ers are s-convex on the coordinates by using generalized fractional integral operators.
We deduce some results in the literature by considering some specific values of some of
the parameters (see Remarks 4, 5 and 6). Several other interesting new results could be



186

S. KERMAUSUOR

derived from our results by considering different values of the parameters. It is worth
noting that similar results for functions whose second order mixed partial derivatives
are convex on the coordinates can be obtained from our results by taking s = 1. We
believe that these results will inspire further research on fractional integral inequalities
and their applications.
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