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Abstract. In this work, we focus on vector-order tempered fractional (VOTF) operators on the
half-axis. We establish weak bounds for VOTF integrals with maxima and specific delays, via
weighted semi-norms in the vector-valued continuous function space. Our weak boundedness re-
sults, which are quite sufficient for applications, provide both improvements and generalizations
of some previous findings in this area. The key idea in our analysis is to introduce a topology
on this space generated by a family of generalized weighted semi-norms acting on compact sub-
sets of the half-axis. This topology is less restrictive than that generated by a single generalized
norm acting on the entire half-axis. As an application, existence-uniqueness results for associ-
ated tempered fractional integral equations are established under weak conditions compared to
those frequently imposed in the literature.

1. Introduction

Recently, there has been a significant focus on the study of fractional-order differ-
ential equations. This interest arises from the inherent suitability of fractional operators
for modeling practical problems in various fields of science, such as mechanics, porous
media, medicine, control systems, and electrical engineering. [9, 11, 15, 19, 23, 32, 36].

Driven by the diverse needs of applied science, several types of fractional integrals
and associated fractional derivatives have emerged and developed. Among these types
are the tempered fractional operators (TFOs), which incorporate an exponential damp-
ing factor multiplied by the power law kernel, thereby generalizing classical fractional
operators [8, 22, 24]. TFOs, which are able to characterize the transition between nor-
mal and anomalous diffusion, have proven to be more realistic in capturing the behavior
of many complex dynamics arising in fields such as physics, groundwater hydrology,
poroelasticity, geophysical flow, and finance [4, 10, 24, 25, 26, 27]. Mathematically,
unlike classical fractional integral, the exponential multiplying term of the tempered
fractional integral ensures the integrability of its kernel over any infinite interval [a,∞) .
Consequently, this convolution-type integral remains well-defined on unbounded do-
mains, even for functions outside the scope of classical fractional integrals. The ad-
vantages of these new fractional operators in both practical applications and theoretical
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mathematics have generated significant interest among researchers. This interest has
led to investigations into various topics within the field of tempered fractional calculus;
see [18, 31, 37, 39] and the references therein.

It is well known that results concerning the properties of fractional integral op-
erators in various function spaces play a crucial role in advancing the study of the
associated fractional differential systems. The literature contains a significant number
of studies investigating boundedness results for fractional integral operators on finite
intervals [14, 17, 33, 34, 35]. However, due to the lack of compactness, analogous re-
sults for infinite intervals remain relatively scarce [35, 37]. Moreover, it appears that
nearly all boundedness results on infinite intervals have been established in the context
of normed spaces. To the best of our knowledge, no such results exist in generalized
spaces. Motivated by our previous observations, in the present work we focus on the
boundedness of VOTF integrals on the half-axis in the context of generalized locally
convex spaces. This interest arises from our understanding of their impact on the study
of associated tempered fractional differential systems. Through this work, we attempt
to relax some related restrictive conditions frequently imposed in the literature. We em-
phasize that the integrals studied here are not of convolution-type. This renders some
well-known results in the literature – such as the Laplace transform method and its
consequences for boundedness – not directly applicable. To give some context to our
boundedness results, we briefly introduce the locally convex structures to which they
belong.

Let C(R+) be the vector space of all real-valued continuous functions defined
on the half-axis R+ := [0,∞) , equipped with two Hausdorff, complete, locally con-
vex topologies generated by the families of semi-norms {Pwλ,ξ}ξ∈R∗

+
and {Pw̃λ,ξ}ξ∈R∗

+
.

Here, wλ and w̃λ are weight functions defined by (3.3) and (3.5), respectively. For
more completeness, we refer to Section 3.

One of the important outcomes of our boundedness results – for both purely tem-
pered fractional integrals I σ ,η

0+ (see Definition 2.1) and classical fractional integrals
Iσ
0+ involving maxima, with η > 0 and 0 < σ < 1 – reads as follows:

For f , r1, r2 ∈ C(R+) with 0 � r1(t) � r2(t) � t for all t ∈ R+ and every λ > 0,

there exist positive constants Cp,λ
σ ,η and C̃p,λ

σ , independent of f , r1 and r2 , such that
for every ξ ∈ R∗

+ and v ∈ C(R+) , the following weighted semi-norm estimates hold
(for completeness, see Corollary 3.4)

Pw̃λ,ξ

(
Iσ
0+

(
f max

ρ∈[r1(.),r2(.)]
v(ρ)

))
� C̃p,λ

σ Pw̃λ,ξ (v), (1.1)

Pwλ,ξ

(
I σ ,η

0+

(
f max

ρ∈[r1(.),r2(.)]
v(ρ)

))
� Cp,λ

σ ,η Pwλ,ξ (v). (1.2)

Additionally, the introduction of a suitably chosen map J : R∗
+ −→ R∗

+ enables us to
establish weak bounds for tempered fractional integral operators that involve specific
delays; see Theorem 3.5 and Corollary 3.8. In particular, the following boundedness
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results hold.

Pw̃λ,ξ
(
Iσ
0+ ( f v)

)
� C̃p,λ

σ Pw̃λ,ξ (v), (1.3)

Pwλ,ξ
(
I σ ,η

0+ ( f v)
)

� Cp,λ
σ ,η Pwλ,ξ (v). (1.4)

It should be noted that, in the special case where f is constant in (1.3), a norm estimate
for Iσ

0+ ( f v) with v ∈ C(R+) has been established in [35]. Through (1.4), we provide
both an improvement and a generalization of the result in [35] for the case when f is
not constant. This is achieved by extending a more relaxed version of an earlier idea,
originally implemented in normed spaces, to the tempered case within the framework
of locally convex spaces. For more details, see Remark 3.7.

Moreover, it is important to note that our weak boundedness results – aligned with
nonlinear analysis tools used to study the associated fractional differential systems – are
sufficient for practical applications. This will be illustrated in the last section, which
addresses the existence and uniqueness of solutions for such systems. Specifically,
our boundedness results simplify the selection of appropriate function spaces without
requiring strong assumptions on the system, thereby enabling the desired outcomes.
This approach improves existing methods in the literature (see Remark 4.4).

The remainder of the paper is organized as follows. In the next section, we begin
by recalling key definitions and properties of fractional calculus, along with necessary
auxiliary results. We then provide a brief description of the generalized locally convex
structure and introduce the notation used throughout the following sections. Section
3 presents boundedness and weak boundedness results for vector-order tempered frac-
tional integral operators. In the last section, we demonstrate the applicability of these
boundedness results by establishing the existence and uniqueness of solutions for asso-
ciated tempered fractional integral systems.

2. Preliminaries

In this section, we begin by introducing some basic definitions and properties of
tempered fractional calculus. For more details, we refer to [16, 22, 24].

DEFINITION 2.1. Let η � 0 be a fixed parameter. The tempered fractional inte-
gral of a function v ∈ L1

loc(R+,R) of order σ > 0 with parameter η is defined by

I σ ,η
0+ v(t) := e−ηt Iσ

0+

(
eηt v(t)

)
:=

1
Γ(σ)

∫ t

0
e−η(t−τ)v(τ) (t− τ)σ−1dτ, t > 0, (2.1)

where Iσ
0+ denotes the classical Riemann-Liouville fractional integral operator defined

by [19]

Iσ
0+v(t) :=

1
Γ(σ)

∫ t

0
(t− τ)σ−1v(τ)dτ.

REMARK 2.2. Note that for η = 0, the right-hand side in (2.1) reduces to the
classical Riemann-Liouville fractional integral operator, that is, I σ ,0

0+ = Iσ
0+ .
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We now extend fractional integral operators to vector-valued functions.

DEFINITION 2.3. Let V = (v1,v2, . . . ,vn)T ∈ L1
loc(R+,Rn) and �σ := (σ1,σ2, . . . ,

σn)T , �η := (η1,η2, . . . ,ηn)T ∈ Rn with σi > 0, ηi � 0 for i = 1, . . . ,n .
The vector-order tempered fractional integral of V is defined by

I
�σ ,�η
0+ V (t) :=

(
I σ1,η1

0+ v1 (t) , . . . ,I σn,ηn
0+ vn (t)

)T

In the rest of this paper, we consider the operators I σ ,η
0+ and I

�σ ,�η
0+ with 0 < σ < 1

and �σ = (σ1, . . . ,σn) such that 0 < σi < 1 for i = 1, . . . ,n .
We denote by Mn(R+) , the set of all square matrices of size n× n with non-

negative entries. I and 0 denote the identity matrix in Mn(R+) and the zero matrix,
respectively. The element (0,0, . . . ,0)T ∈Rn is denoted by 0 . For x = (x1,x2, . . . ,xn)T ,
y = (y1,y2, . . . ,yn)T ∈ Rn , x � y means that xi � yi for i = 1, . . . ,n .

DEFINITION 2.4. [38] Let A be an n×n complex matrix. A is said to converge
to zero if Ak −→ 0, as k −→ ∞ .

DEFINITION 2.5. [38] Let A be an n×n complexmatrix with eigenvalues λi, 1 �
i � n , that is, λi ∈C such that det(A−λiI) = 0. Then the spectral radius of A is defined
by

r (A) := max
1�i�n

|λi| .

THEOREM 2.6. [38, Theorem 3.15] If A is an arbitrary complex n× n matrix
with r (A) < 1 , then I−A is non singular, and

(I−A)−1 = I +A+A2 + . . . +Ak + . . . ,

the series on the right is convergent. Conversely, if the series on the right converges,
then r (A) < 1 .

LEMMA 2.7. [28] Let A = (ai j) be a nonnegative matrix, and ri(A) =
n

∑
j=1

ai j the

sum of the ith row of A. Then

min
1�i�n

ri(A) � r(A) � max
1�i�n

ri(A).

In what follows, we briefly recall the concept of generalized locally convex spaces
(GLCS for short). For further details on locally convex spaces (lcs, for short) and
GLCS, we refer to [5, 12, 20].

Let E be a linear space over R or C . We begin by recalling the notion of gener-
alized semi-norms, also called vector-valued semi-norms

DEFINITION 2.8. A generalized semi-norm on E is a map P : E −→ Rn
+ satisfy-

ing, for every u,v ∈ E and μ ∈ R



ON VECTOR-ORDER TEMPERED FRACTIONAL INTEGRALS... 5

1. P(0) = 0 .

2. P(μu) = |μ |P(u) (positive homogeneity).

3. P(u+ v) � P(u)+P(v) (sub-additivity).

The P-ball of radius ε > 0 centered at u ∈ E is the set

B(u,P,ε) := {v ∈ E : P(u− v) < ε} .

DEFINITION 2.9. A family P = {Pς : ς ∈N } of generalized semi-norms on E
is said to be separating if for u �= 0, there exists Pς ∈ P such that Pς (u) �= 0 .

DEFINITION 2.10. Let P = {Pς : ς ∈ N } be a family of generalized semi-
norms on E . The topology generated by the family P and denoted by T (P) , is the
topology whose sub-basis B(T ) is the family of all Pς -balls, namely

B(T ) =
{
B(u,Pς ,ε) : u ∈ E, ε > 0, ς ∈ N

}
.

The topology T (P) is locally convex, and the pair (E,T (P)) , called a GLCS, is
Hausdorff if P is separating.

The notion of convergent sequences, Cauchy sequences, and completeness in GLCS
are similar to those in lcs.

If P = {Pς : ς ∈N } is a family of separating and generalized semi-norms gener-
ating the locally convex topology of E , then the family of generalized pseudo-metrics
D = {dς : ς ∈ N } defined by dς (u,v) = Pς (u− v) generates the same topology of
the generalized gauge space (E,D) . Therefore, [30, Theorem 2.1] in GLCS setting
reduces to the following fixed point theorem.

THEOREM 2.11. Let (E,P) be a Hausdorff complete GLCS with P = {Pς : ς ∈
N } . Let T : E −→ E be a map such that there exist a function J : N −→ N and
A ∈ Mn(R+)N , A =

{
Aς

}
ς∈N

satisfying the following conditions:

Pς (T (u)−T(v)) � AςPJ(ς)(u− v), ∀u,v ∈ E, ∀ς ∈ N (2.2)

∞

∑
m=1

AςAJ(ς) . . .AJm−1(ς)PJm(ς)(u) < ∞, ∀u ∈ E, ∀ς ∈ N (2.3)

Then T has a unique fixed point in E , which can be obtained by successive approxi-
mations starting from any element of E .

REMARK 2.12. Note that if j = IN (the identity function in N ), then Theorem
2.11 reduces to [5, Theorem 2.3].
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3. Boundedness results

To give context to our boundedness results regarding I
�σ ,�η
0+ , we begin by introduc-

ing the locally convex structures to which they belong. Throughout, p is a fixed real
number satisfying

1 < p < min
1�i�n

{
1
σi

,
1

1−σi

}
. (3.1)

Let C(R+) be the vector space of all real-valued continuous functions on R+ equipped
with the separating family of semi-norms {Pwλ,ξ}ξ∈R∗

+
, which generates a complete lcs.

Here, for ξ ∈ R∗
+ := (0,∞) and v ∈ C(R+) , the semi-norm Pwλ,ξ is defined as

Pwλ,ξ (v) = max
t∈[0,ξ ]

wλ (t) |v(t)| , (3.2)

where wλ is the weight function given by a positive continuous function w and a pa-
rameter λ > 0 as follows

wλ (t) = e

(1− p)λ
p

∫ t

0
[w(τ)]

p
p−1 dτ

. (3.3)

We equip (C(R+))n with the GLC structure generated by the separating family of
generalized semi-norms {Pwλ,ξ }ξ∈R∗

+
, where for every V = (v1, . . . ,vn)T ∈ (C(R+))n ,

the semi-norm Pwλ,ξ is given by

Pwλ,ξ (V ) =
(
Pwλ,ξ (v1), . . . ,Pwλ,ξ (vn)

)T
. (3.4)

Analogously, we introduce the Hausdorff complete lcs
(
C(R+),{Pw̃λ,ξ}ξ∈R∗

+

)
and the

Hausdorff complete GLCS
(
(C(R+))n,{Pw̃λ,ξ}ξ∈R∗

+

)
by replacing the weight function

wλ with w̃λ defined as follows

w̃λ (t) = e−t wλ (t). (3.5)

Unless otherwise stated, all operations on elements of (C(R+))n or R
n are applied

componentwise. In particular, for U = (u1, . . . ,un)T , V = (v1, . . . ,vn)T ∈ (C(R+))n

and K a compact subset of R+ , we set

max
.∈K

U(.) :=
(

max
.∈K

u1(.), . . . ,max
.∈K

un(.)
)T

,

U ◦V := (u1 ◦ v1, . . . ,un ◦ vn)
T .

Let Mn (C(R+)) be the space of n× n matrices with continuous real-valued entries
on R+ . For K = (ki j) ∈ Mn (C(R+)) and V = (v1, . . . ,vn)T ∈ (C(R+))n , the product
K V in (C(R+))n is defined by

K V :=

(
n

∑
j=1

k1 jv j, . . . ,
n

∑
j=1

kn jv j

)T

.
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Lemma 3.1, which follows from classical results in Lebesgue integration theory,
contextualizes our boundedness results. See also [37, Theorem 7], where the standard
limit definition of continuity is used.

LEMMA 3.1. Let v ∈ C(R+) , ξ ∈ R∗
+ , 0 < σ < 1 and η > 0 . Then

(i) Iσ
0+ v(t) and I σ ,η

0+ v(t) exist for every t ∈ [0,ξ ] .

(ii) For every positive continuous function w, the operators Iσ
0+ and I σ ,η

0+ map the

spaces
(
C(R+),{Pw̃λ,ξ}ξ∈R∗

+

)
and

(
C(R+),{Pwλ,ξ}ξ∈R∗

+

)
, respectively, into

themselves.

THEOREM 3.2. Let r1,r2 ∈ C(R+) such that 0 � r1(t) � r2(t) � t for all t ∈ R+

and K = (ki j)1�i, j�n ∈ Mn (C(R+)) . Then, for every λ > 0 there exist A�σ ,�η
p,λ , Ã�σ

p,λ ∈
Mn(R+) independent of K , r1 and r2 such that for every ξ ∈ R∗

+ and V ∈ (C(R+))n

the following inequalities hold

Pwλ,ξ

(
I
�σ ,�η
0+ (K max

ρ∈[r1(.),r2(.)]
V (ρ))

)
� A�σ ,�η

p,λ Pwλ,ξ (V ) (�η > 0), (3.6)

Pw̃λ,ξ

(
I
�σ ,0
0+ (K max

ρ∈[r1(.),r2(.)]
V (ρ))

)
� Ã�σ

p,λ Pw̃λ,ξ (V ), (3.7)

where w := max
1�i, j�n

|ki j|, and

A�σ ,�η
p,λ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Aσ1,η1
p,λ · · · · · · Aσ1,η1

p,λ
...

Aσi,ηi
p,λ · · · · · · Aσi,ηi

p,λ
...

Aσn,ηn
p,λ · · · · · · Aσn,ηn

p,λ

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, Ã�σ

p,λ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

Ãσ1
p,λ · · · · · · Ãσ1

p,λ
...

Ãσi
p,λ · · · · · · Ãσi

p,λ
...

Ãσn
p,λ · · · · · · Ãσn

p,λ

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

with

Aσi,ηi
p,λ =

(ηi p)(1−σi)− 1
p Γ

1
p (p(σi −1)+1)

Γ(σi)λ 1− 1
p

, 1 � i � n, (3.8)

Ãσi
p,λ =

p(1−σi)− 1
p Γ

1
p (p(σi −1)+1)

Γ(σi)λ 1− 1
p

, 1 � i � n. (3.9)

Proof. Let V ∈ (C(R+))n . Since r1 and r2 are continuous, it follows from [6, Re-
mark 3.3.1] that max

ρ∈[r1(.),r2(.)]
V (ρ)∈ (C(R+))n , and thus K max

ρ∈[r1(.),r2(.)]
V (ρ)∈ (C(R+))n .

Consequently, in view of Lemma 3.1, the left hand sides of (3.6) and (3.7) are well-
defined.
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Let us start with the proof of (3.6). In accordance with the notation introduced in
the beginning of the section, we have

I
�σ ,�η
0+

(
K (.) max

ρ∈[r1(.),r2(.)]
V (ρ)

)
(t)

=

(
I σ1,η1

0+

(
n

∑
j=1

k1 j(.) max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t),

. . . ,I σn,ηn
0+

(
n

∑
j=1

kn j(.) max
ρ∈[r1(.),r2(.)]

vn (ρ)

)
(t)

)T

(3.10)

Let ξ ∈ R∗
+ and t ∈ [0,ξ ] . Then for every 1 � i � n , we have∣∣∣∣∣I σi,ηi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t)

∣∣∣∣∣
�

n

∑
j=1

∫ t

0

e−ηi(t−τ)(t− τ)σi−1

Γ(σi)
|ki j(τ)| max

ρ∈[r1(τ),r2(τ)]

∣∣v j(ρ)
∣∣dτ

�
n

∑
j=1

1
Γ(σi)

∫ t

0

[
e−ηi(t−τ)(t− τ)σi−1

][
w(τ) max

ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣]dτ.

Let q be the conjugate of p given in (3.1). Then, Hölder’s inequality leads to∣∣∣∣∣I σi,ηi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t)

∣∣∣∣∣
� 1

Γ(σi)

n

∑
j=1

{∫ t

0
e−ηi p(t−τ)(t− τ)p(σi−1)dτ

} 1
p

×
{∫ t

0

[
w(τ) max

ρ∈[r1(τ),r2(τ)]

∣∣v j(ρ)
∣∣]q

dτ
} 1

q

(3.11)

Doing the change of variable s = ηi p(t − τ) , we get∫ t

0
e−ηi p(t−τ)(t− τ)p(σi−1)dτ =

1

(ηi p)p(σi−1)+1

∫ ηi pt

0
e−s sp(σi−1)ds

� 1

(ηi p)p(σi−1)+1

∫ ∞

0
e−s sp(σi−1)ds.

Consequently ∫ t

0
e−ηi p(t−τ)(t− τ)p(σi−1)dτ � Γ(p(σi −1)+1)

(ηi p)p(σi−1)+1
. (3.12)
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Note that

wq(τ) =
d
dτ

(
1
λ

eλ
∫ τ
0 (w(s))qds

)
e−λ

∫ τ
0 (w(s))qds.

Then, in view of (3.3), the above expression can be viewed as

wq(τ) =
[
wλ (τ)

]q d
dτ

(
1
λ

eλ
∫ τ
0 (w(s))qds

)
. (3.13)

On the other hand, since 0 � r1(τ) � r2(τ) � τ , we have for all 1 � j � n

∀ρ ′ ∈ [r1(τ),r2(τ)] :
∣∣v j(ρ ′)

∣∣ � 1

wλ (τ)
max

ρ∈[0,τ]
wλ (ρ)

∣∣v j (ρ)
∣∣ .

Then

max
ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣ � 1

wλ (τ)
max

ρ∈[0,τ]
wλ (ρ)

∣∣v j (ρ)
∣∣ .

Hence, for all t such that 0 < τ � t , we have

wλ (τ) max
ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣ � max

ρ∈[0,t]
wλ (ρ)

∣∣v j (ρ)
∣∣ . (3.14)

Return now to (3.11) and using (3.12), (3.13) together with (3.14), we derive the fol-
lowing inequalities∣∣∣∣∣I σi,ηi

0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t)

∣∣∣∣∣
� 1

Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

×
n

∑
j=1

{∫ t

0

d
dτ

[
1
λ

eλ
∫ τ
0 (w(ρ))qdρ

][
wλ (τ) max

ρ∈[r1(τ),r2(τ)]

∣∣v j (τ)
∣∣]q

dτ
} 1

q

� 1
Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

n

∑
j=1

{
λ− 1

q

wλ (t)
max

ρ∈[0,t]
wλ (ρ)

∣∣v j (ρ)
∣∣}

� λ− 1
q

wλ (t)Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

n

∑
j=1

max
ρ∈[0,ξ ]

wλ (ρ)
∣∣v j (ρ)

∣∣
=

λ− 1
q

wλ (t)Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

n

∑
j=1

Pwλ,ξ (v j).

Thus, in view of (3.8), the last inequality can be written for every t ∈ [0,ξ ] as∣∣∣∣∣I σi ,ηi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t)

∣∣∣∣∣ �
Aσi,ηi

p,λ

wλ (t)

n

∑
j=1

Pwλ,ξ (v j). (3.15)
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Multiplying the inequality (3.15) by wλ (t) , then taking the maximum over [0,ξ ] , we
get for all 1 � i � n and every ξ ∈ R∗

+

Pwλ,ξ

(
I σi,ηi

0+

⎛⎝ n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)
⎞⎠
)

� Aσi,ηi
p,λ

n

∑
j=1

Pwλ,ξ (v j). (3.16)

Now, taking into account (3.4) and (3.10), the inequality (3.6) yields immediately from
(3.16).

Inequality (3.7) can be derived using the same main ideas as those presented above,
with a slight adaptation required due to the absence of the exponential damping factor in
I
�σ ,0
0+ . Thus, in what follows, we will focus on these adjustments and omit the remaining

details.
Let ξ ∈ R∗

+ and t ∈ [0,ξ ] . Then for every 1 � i � n , we have∣∣∣∣∣Iσi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

)
(t)

∣∣∣∣∣
�

n

∑
j=1

∫ t

0

(t− τ)σi−1

Γ(σi)
|ki j(τ)| max

ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣dτ

=
n

∑
j=1

1
Γ(σi)

∫ t

0

[
(t− τ)σi−1 eτ

][ |ki j(τ)|
eτ max

ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣]dτ

�
n

∑
j=1

1
Γ(σi)

∫ t

0

[
(t− τ)σi−1 eτ

][w(τ)
eτ max

ρ∈[r1(τ),r2(τ)]

∣∣v j (ρ)
∣∣]dτ.

Again, using Hölder’s inequality with q , the conjugate of p given in (3.1), we obtain∣∣∣∣∣Iσi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(τ),r2(τ)]

v j (ρ)

)
(t)

∣∣∣∣∣
� 1

Γ(σi)

n

∑
j=1

{∫ t

0
(t − τ)p(σi−1)epτdτ

} 1
p
{∫ t

0

[
w(τ)
eτ max

ρ∈[r1(τ),r2(τ)]

∣∣v j(ρ)
∣∣]q

dτ
} 1

q

.

(3.17)

Analogously to (3.13), we can derive the following expression

[
w(τ)e−τ]q =

d
dτ

[
1
λ

eλ
∫ τ
0 (w(η))qdη

] [
w̃λ (τ)

]q
. (3.18)

On the other hand, it is straightforward to verify the following inequality∫ t

0
(t− τ)p(σi−1)epτdτ � ept

pp(1−σi)−1 Γ(p(σi −1)+1)
. (3.19)

Noting that (3.14) is still valid with w̃λ instead of wλ , and taking into account (3.18)
and (3.19) we deduce from (3.17) that the following inequality holds for all 1 � i � n
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and every ξ ∈ R∗
+

Pw̃λ,ξ

(
Iσi
0+

(
n

∑
j=1

ki j max
ρ∈[r1(.),r2(.)]

v j (ρ)

))
� Ãσi

p,λ

n

∑
j=1

Pw̃λ,ξ (v j),

from which (3.7) yields immediately. �

REMARK 3.3. It should be noted that in the proof of Theorem 3.2, the function w
can be chosen as any function that satisfies w � max

1�i, j�n
|ki j| .

For n = 1, Theorem 3.2 reduces to the following corollary.

COROLLARY 3.4. Let f , r1, r2 ∈C(R+) with 0� r1(t)� r2(t)� t for all t ∈R+ .

Pwλ,ξ

(
I σ ,η

0+

(
f max

ρ∈[r1(.),r2(.)]
v(ρ)

))
� Cσ ,η

p,λ Pwλ,ξ (v) (η > 0), (3.20)

Pw̃λ,ξ

(
Iσ
0+

(
f max

ρ∈[r1(.),r2(.)]
v(ρ)

))
� C̃σ

p,λ Pw̃λ,ξ (v). (3.21)

where w = | f | , Cp,λ
σ ,η and C̃p,λ

σ are given by the right-hand sides of (3.8) and (3.9),
respectively, with σ substituted for σi .

To relax the boundedness results for the operator I
�σ ,η
0+ that involve additional con-

straints arising in applications, we introduce a map J : R∗
+ −→ R∗

+ that satisfies

[0,ξ ]⊂ [0,J(ξ )], ∀ξ ∈ R
∗
+ (3.22)

THEOREM 3.5. Let H = (h1, . . . ,hn)T ∈ (C(R+))n such that for some positive
constant ϖ and for every i = 1, . . . ,n and t ∈ R∗

+ : 0 � hi(t) � max{ϖ ,t} and let

K = (ki j) ∈ Mn (C(R+)) . Then, for every λ > 0 there exist Ap,λ
�σ ,η , Ãp,λ

�σ ∈ Mn(R+)
independent of K and H such that for every ξ ∈R∗

+ and V ∈ (C(R+))n the following
vector valued, weighted semi-norm inequalities hold

Pwλ,ξ

(
I
�σ ,�η
0+ (K (V ◦H))

)
� A�σ ,�η

p,λ Pwλ,ξ (V ) (�η > 0), (3.23)

Pw̃λ,ξ

(
I
�σ ,0
0+ (K (V ◦H))

)
� Ã�σ

p,λ Pw̃λ,ξ (V ) . (3.24)

where w, Ap,λ
�σ ,η and Ãp,λ

�σ are as given in Theorem 3.2, and J satisfies (3.22).

Proof. Let us start with the proof of (3.23).
We have

I
�σ ,�η
0+ (K (V ◦H)V (.)) (t) =

(
I σ1,η1

0+

(
n

∑
j=1

k1 j(.)(v j ◦ h j) (.)

)
(t), . . .

. . . ,I σn,ηn
0+

⎛⎝ n

∑
j=1

kn j(.)(v j ◦ h j)(.)
⎞⎠(t)

)T

. (3.25)
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Let ξ ∈ R∗
+ and t ∈ [0,ξ ] . Then for every 1 � i � n , we have

∣∣∣∣∣I σi,ηi
0+

(
n

∑
j=1

k1 j(.)(v j ◦ h j)(.)

)
(t)

∣∣∣∣∣
�

n

∑
j=1

∫ t

0

e−ηi(t−τ)(t− τ)σi−1

Γ(σi)
|ki j(τ)| ∣∣v j(h j(ρ))

∣∣dτ. (3.26)

By following the steps taken to prove (3.11) in Theorem 3.2, we obtain for every
i = 1, . . . ,n , ξ ∈ R

∗
+ , and t ∈ [0,ξ ] the following inequality

∣∣∣∣∣I σi,ηi
0+

(
n

∑
j=1

ki j(.)(v j ◦ g j) (.)

)
(t)

∣∣∣∣∣
� 1

Γ(σi)

n

∑
j=1

{∫ t

0
e−ηi p(t−τ)(t − τ)p(σi−1)dτ

} 1
p
{∫ t

0

[
w(τ)

∣∣v j (g j(τ))
∣∣]q

dτ
} 1

q

.

(3.27)

Note that for every j = 1, . . . ,n , we have

∣∣v j (h j(τ))
∣∣ � max

ρ∈h j([0,τ])

∣∣v j(ρ)
∣∣ , ∀τ � 0.

Since 0 � h j(τ) � max{τ,ϖ} := τϖ , we obtain

h j([0,τ]) ⊂ [0,τϖ ], ∀τ � 0.

Then, for every τ � 0, we have

∣∣v j (h j(τ))
∣∣ � 1

wλ (τ)
max

ρ∈[0,τϖ ]
wλ (ρ)

∣∣v j (ρ)
∣∣ .

Thus, for all t such that 0 < τ � t , we have

wλ (τ)
∣∣v j (h j(τ))

∣∣ � max
ρ∈[0,tϖ ]

wλ (τ)
∣∣v j (τ)

∣∣ , (3.28)

where tϖ := max{t, ϖ} .

Using (3.12), (3.13) together with (3.28), we derive from (3.27) the following
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inequalities∣∣∣∣∣I σi,ηi
0+

(
n

∑
j=1

ki j(.)(v j ◦ h j)(.)

)
(t)

∣∣∣∣∣
� 1

Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

×
n

∑
j=1

⎧⎨⎩
∫ t

0

d
dτ

⎡⎣ 1
λ

e
λ

∫ τ

0
(w(ρ))q dρ

⎤⎦[
wλ (τ)

∣∣v j (h j(τ))
∣∣]q

dτ

⎫⎬⎭
1
q

� λ− 1
q

wλ (t)Γ(σi)

{
Γ(p(σi −1)+1) (ηi p)p(1−σi)−1

} 1
p

n

∑
j=1

max
ρ∈[0,tϖ ]

wλ (ρ)
∣∣v j (ρ)

∣∣ .
Taking into account (3.8), we deduce from the above inequalities∣∣∣∣∣I σi,ηi

0+

(
n

∑
j=1

ki j(.)(v j ◦ h j) (.)

)
(t)

∣∣∣∣∣ �
Aσi,ηi

p,λ

wλ (t)

n

∑
j=1

max
ρ∈[0,tϖ ]

wλ (ρ)
∣∣v j (ρ)

∣∣ . (3.29)

Let us define the map J by
J(ξ ) = max{ξ ,ϖ}. (3.30)

Note that the map J given in (3.30) clearly satisfies (3.22). Moreover, for every t ∈
[0,ξ ] , we have

[0, tϖ ] ⊂ [0,J(ξ )]. (3.31)

Now, multiplying the inequality (3.29) by wλ (t) , then taking the maximum over [0,ξ ] ,
we obtain – in view of (3.31) – the following inequality

Pwλ,ξ

(
I σi,ηi

0+

⎛⎝ n

∑
j=1

ki j(.)(v j ◦ h j) (.)
⎞⎠
)

�
n

∑
j=1

Aσi,ηi
p,λ Pwλ,J(ξ )(v j). (3.32)

Finally, taking into account (3.4) and (3.25), (3.23) follows immediately from (3.32).
One can derive the inequality (3.24) by following the steps outlined above. Specifi-

cally, for (3.26) with ηi = 0, multiplying eτ by (t−τ) and then dividing it into |ki j(τ)| ,
makes it straightforward to adapt the remaining steps when replacing the weight func-
tion wλ with w̃λ . For further details, we refer to the proof of Theorem 3.2. �

COROLLARY 3.6. Let K = (ki j) ∈ Mn (C(R+)) . Then, for every λ > 0 there

exist A�σ ,�η
p,λ , Ã�σ

p,λ ∈ Mn(R+) independent of K such that for every ξ ∈ R∗
+ and V ∈

(C(R+))n the following vector-valued, weighted semi-norm inequalities hold

Pwλ,ξ

(
I
�σ ,�η
0+ (K V )

)
� A�σ ,�η

p,λ Pwλ,ξ (V ) (�η > 0), (3.33)

Pw̃λ,ξ

(
I
�σ ,0
0+ (K V )

)
� Ã�σ

p,λ Pw̃λ,ξ (V ) , (3.34)

where w, A�σ ,�η
p,λ and Ã�σ

p,λ are as given in Theorem 3.2.
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Proof. It is sufficient to take H = (h1, . . . ,hn)T ∈Yn in Theorem3.5, where hi(t)=
t for all i = 1, . . . ,n . In this case, the map J defined in (3.30) reduces to the iden-
tity. �

REMARK 3.7. Note that for n = 1, the inequalities (3.34)–(3.33) reduce to (1.3)–
(1.4). In the particular case f = constant , a norm estimate for Iσ

0+ ( f v) with v ∈
C(R+) , has been established in [35]. It should be noted that the idea leading to a
generalized variant of this result for f �= constant , in appropriate normed spaces en-
tirely embedded in C(R+) , has been implicitly incorporated in [7, Proof of Theorem 2],
although no explicit boundedness result was stated. Through (1.4), we extend this idea
to the tempered case in the context of generalized locally convex structures endowed
with C(R+) . Importantly, unlike in [7], the structures we introduce act on compact
subsets of R+ rather than on the entire R+ . This ensures that inequalities (1.3)–(1.4)
hold for all functions in C(R+) without requiring additional boundedness restrictions
at infinity.

COROLLARY 3.8. Let r1,r2 ∈ Y be as given in Theorem 3.2, K1 = (k1
i j)1�i, j�n ,

K2 = (k2
i j)1�i, j�n ∈ Mn (C(R+)) , and let H ∈ (C(R+))n be as given in Theorem 3.5.

Then, for every λ > 0 , there exist A�σ ,�η
p,λ , Ã�σ

p,λ ∈Mn(R+) , independent of K1,K2, r1,r2 ,

and H , such that for every ξ ∈ R∗
+ and V ∈ C(R+)n , the following inequalities hold

Pwλ,ξ

(
I
�σ ,�η
0+ (K1 max

ρ∈[r1(.),r2(.)]
V (ρ)+K2(V ◦H))

)
� 2A�σ ,�η

p,λ Pwλ,J(ξ )(V ) (�η > 0), (3.35)

Pw̃λ,ξ

(
I
�σ ,0
0+ (K1 max

ρ∈[r1(.),r2(.)]
V (ρ)+K2(V ◦H))

)
� 2 Ã�σ

p,λ Pw̃λ,J(ξ )(V ), (3.36)

where w := max
1�i, j�n

{|k1
i j|, |k2

i j|} , A�σ ,�η
p,λ and Ã�σ

p,λ are as given in Theorem 3.2, and J

satisfies (3.22).

Proof. In view of the componentwise linearity of the operator I
�σ ,η
0+ and the com-

ponentwise sub-additivity of the generalized semi-norm Pwλ,ξ , we have

Pwλ,ξ

(
I
�σ ,�η
0+ (K1 max

ρ∈[r1(.),r2(.)]
V (ρ)+K2(V ◦H))

)
� Pwλ,ξ

(
I
�σ ,�η
0+ (K1 max

ρ∈[r1(.),r2(.)]
V (ρ))

)
+Pwλ,ξ

(
I
�σ ,�η
0+ (K2(V ◦H))

)
. (3.37)

By taking J as given in Theorem 3.5 and applying Remark 3.3 and (3.22), the inequality
(3.35) follows directly from (3.37), (3.6) and (3.23).

Similarly, the inequality (3.36) follows from (3.7) and (3.24). �
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4. An application to associated integral equations

Consider the following classes of vector-valued tempered fractional integral equa-
tions with maxima and deviating arguments

V (t) = Ψ(t)+ I
�σ ,�η
0+

(
ϒ
(

., max
ρ∈[r1(.),r2(.)]

V (ρ),(V ◦H)(.)
))

(t), t � 0 (�η > 0), (4.1)

V (t) = Ψ(t)+ I
�σ,0
0+

(
ϒ
(

., max
ρ∈[r1(.),r2(.)]

V (ρ),(V ◦H)(.)
))

(t), t � 0, (4.2)

where V = (v1, . . . ,vn)
T is a vector-valued function, Ψ : R+ −→R

n , ϒ : R+×R
2n −→

Rn are componentwise continuous vector-valued functions, H : R+ −→ Rn is as given
in Theorem 3.5 and r1, r2 are as given in Theorem 3.2.

DEFINITION 4.1. A solution to (4.1) (resp. (4.2)) is a vector-valued function V ∈
(C(R+))n that satisfies (4.1) (resp. (4.2)).

THEOREM 4.2. Suppose the following condition holds

(H ) ∃K1,K2 ∈ Mn (C(R+)) such that for all Δ1,Δ2,Θ1,Θ2 ∈ Rn and every t > 0

|ϒ(t,Δ1,Θ1)−ϒ(t,Δ2,Θ2)| � |K1(t)| |Δ1−Δ2|+ |K2(t)| |Θ1−Θ2|

Then, the problem (4.1) admits a unique solution in (C(R+))n .

Proof. Consider the GLCS
(
(C(R+))n,{Pwλ,ξ}ξ∈R∗

+

)
, where λ is a positive aux-

iliary parameter to be specified later.
In view of Definition 4.1, the solutions of (4.1) are the fixed points of the operator

R : (C(R+))n −→ (C(R+))n

defined by

RV (t) = Ψ(t)+
∫ t

0

e−�η(t−τ)(t− τ)�σ−1

Γ(�σ)
ϒ
(

τ, max
ρ∈[r1(τ),r2(τ)]

V (ρ),(V ◦H)(τ)
)

dτ (4.3)

where, for χ = (χ1, . . . ,χn)T ∈ (C(R+))n , we use the following symbolic notation

∫ t

0

e−�η(t−τ) (t− τ)�σ−1

Γ(�σ)
χ(τ)dτ

=

(∫ t

0

e−η1(t−τ)(t− τ)σ1−1

Γ(σ1)
χ1(τ)dτ, . . . ,

∫ t

0

e−ηn(t−τ)(t − τ)σn−1

Γ(σn)
χn(τ)dτ

)T

.
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Given that r1, r2 are continuous, and ϒ , H are componentwise continuous functions,
the following vector-valued function is also continuous for every V ∈ (C(R+))n

ϒ
(

., max
ρ∈[r1(.),r2(.)]

V (ρ),(V ◦H)(.)
)

.

Since, in addition, Ψ is componentwise continuous, R is well-defined in view of
Lemma 3.1.

To achieve the desired result, it is sufficient to show that R fulfills (2.2) and (2.3)
with N = R∗

+ and pν = Pwλ,ξ , and then deduce the result from Theorem 2.11.

Let V = (v1, . . . ,vn)
T , Z = (z1, . . . ,zn)

T ∈ (C(R+))n and ξ ∈R∗
+ . Then by means

of (H ) , we have for every t ∈ [0,ξ ]

|RV (t)−RZ(t)|

�
∫ t

0

e−�η(t−τ)(t− τ)�σ−1

Γ(�σ)
|K1(τ)|

∣∣∣∣ max
ρ∈[r1(τ),r2(τ)]

V (ρ)− max
ρ∈[r1(τ),r2(τ)]

Z(ρ)
∣∣∣∣dτ

+
∫ t

0

e−�η(t−τ)(t− τ)�σ−1

Γ(�σ)
|K2(τ)| |(V ◦H)(τ)− (Z ◦H)(τ)|dτ

�
∫ t

0

e−�η(t−τ)(t− τ)�σ−1

Γ(�σ)
|K1(τ)| max

ρ∈[r1(τ),r2(τ)]
|V (ρ)−Z(ρ)|dτ

+
∫ t

0

e−�η(t−τ)(t− τ)�σ−1

Γ(�σ)
|K2(τ)| |((V −Z)◦H)(τ)|dτ

= I
�σ ,�η
0+ (|K1| max

ρ∈[r1(.),r2(.)]
|(V −Z)(ρ)|+ |K2||((V −Z)◦H)(.)|)(t).

Hence, for every ξ ∈ R∗
+ , the following inequality holds

Pwλ,ξ (RV −RZ)

� Pwλ,ξ

(
I
�σ ,�η
0+ (|K1| max

ρ∈[r1(.),r2(.)]
|(V −Z)(ρ)|+ |K2||((V −Z)◦H)|)

)
.

Then, in view of the inequality (3.35) in Corollary 3.8, it follows that for every ξ ∈R∗
+ ,

we have
Pwλ,ξ (RV −RZ) � 2Aσ1,η1

p,λ Pwλ,J(ξ ) (V −Z) .

In other words, (2.2) yields with J being the map defined by (3.30), which thus implies
that

Jm(ξ ) = J(ξ ), ∀ξ ∈ R
∗
+, ∀m � 2, (4.4)

and Ak = 2Aσ1,η1
p,λ which is independent of k . Consequently (2.3) becomes

∞

∑
m=0

2
(
Aσ1,η1

p,λ

)m+1
Pwλ,Jm(ξ )(V ). (4.5)
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Let us choose λ sufficiently large such that

2n max
1�i�n

Aσi,ηi
p,λ < 1.

By Lemma 2.7, this implies that

r
(
2A�σ ,�η

p,λ

)
< 1. (4.6)

On the other hand, in view of (4.4), for every V ∈ (C(R+))n and ξ ∈ R∗
+ , we have

The set
{

Pwλ,Jm(ξ )(V ) : m = 0,1,2, . . .
}

is finite. (4.7)

Now, combining (4.6) and (4.7), we deduce from Theorem 2.6 that the series in (4.5) is
convergent, and therefore (2.3) holds.

In summery, R admits a unique fixed point in (C(R+))n , which is the unique
solution of (4.1). �

Let R̃ :
(
(C(R+))n,{Pw̃λ,ξ}ξ∈R∗

+

)
−→

(
(C(R+))n,{Pw̃λ,ξ }ξ∈R∗

+

)
be the operator

defined symbolically by

R̃V (t) = Ψ(t)+
∫ t

0

(t− τ)�σ−1

Γ(�σ)
ϒ
(

τ, max
ρ∈[r1(τ),r2(τ)]

V (ρ),(V ◦H)(τ)
)

dτ.

By adapting the steps used in the proof of Theorem 4.2 for the operator R̃ instead of
R , and using the inequality (3.36) instead of (3.35), we obtain the following result.

THEOREM 4.3. Suppose that hypothesis (H ) of Theorem 4.2 is satisfied. Then,
the problem (4.2) admits a unique solution in (C(R+))n .

In Remark 4.4 below, we discuss the existence-uniqueness result for the following
problem associated with (4.1) on finite intervals.

V (t) = κ(t)+ I
�σ,�η
0+

(
Φ

(
., max

ρ∈[s1(.),s2(.)]
V (ρ),(V ◦L)(.)

))
(t), 0 � t � μ < ∞. (4.8)

Here, Φ : [0, μ ]×R2n −→ Rn , κ , L : [0, μ ] −→ Rn , and s1,s2 : [0,μ ] −→ [0,μ ] are
functions satisfying the same properties as Ψ, ϒ, H, r1, r2 , respectively, on the re-
stricted interval [0, μ ] .

REMARK 4.4.

(i) Although the approach used in the proof of Theorem 4.2 appears applicable only
to vector-valued equations posed on infinite intervals, it can also be adapted to
problem (4.8). Indeed, it suffices to first take continuous extensions of κ , L, s1, s2
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to R+ (denoted κ̃, L̃, s̃1, s̃2 ) and a continuous extension of Φ to R+ ×R2n (de-
noted Φ̃ ). Then, apply Theorem 4.2 to the problem

V (t) = κ̃(t)+ I
�σ,�η
0+

(
Φ̃

(
., max

ρ∈[s̃1(.),s̃2(.)]
V (ρ),(V ◦ L̃)(.)

))
(t), t � 0,

to obtain a global solution V ∈ (C(R+))n . The restriction of V to [0, μ ] is then
the desired solution to the problem (4.8).

(ii) Regarding existence-uniqueness results for fractional differential equations, many
hypotheses imposed in the literature are overly restrictive compared to (H ) .
Therefore Theorem 4.2 and Theorem 4.3, along with point (i) above, provide
significant improvements and generalizations of numerous existing results, such
as those in [1, 2, 3, 13, 21, 29].

Acknowledgement. The author is grateful to the anonymous reviewer for their
valuable time, careful reading, and insightful recommendations – particularly on nota-
tion – which significantly highlighted key areas for revision and improved the quality
of the paper.
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