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(Communicated by S. S. Dragomir)

Abstract. This study delves into some new Henry-Gronwall-type weakly singular integral in-
equality with “maxima”. These inequalities generalize some former integral inequalities with
maxima. These inequalities can be used in the qualitative analysis such as existence, stabil-
ity, boundedness, uniqueness, and asymptotic behaviour of the solution of fractional differential
equations. Also, using the result the dependency of the solution on the function of a Caputo
fractional differential equation is discussed.

1. Introduction

Integral inequalities play a remarkable role in the qualitative analysis of solutions
to integral and differential equations. The Gronwall-Bellman-Raid inequality set ex-
plicit limitations on the solutions to a class of linear integral inequality. Nevertheless, a
different kind of integral inequality is required to describe the weakly singular integral
equations found in fractional differential equations. Henry (1981) [11] demonstrated
global existence and exponential decay results for a parabolic Cauchy problem by us-
ing the following weakly singular integral inequality

u(t) � a(t)+b
∫ t

0
(t− s)β−1u(s)ds.

Medved (1997, 2002) ([17], [18]) Ye et al. (2007) [33], Ding and Jaiang (2012)
[5], Qiong Wu (2018) [29], Tao Zhu (2018) [36], and Ding et al. (2019) [6] stud-
ied Henry-Gronwall-type inequalities with singular kernels. However, these kinds of
inequalities are futile for fractional differential equations with “maxima”. In this con-
text, we need different kinds of integral inequalities involving maximum of unknown
function. Differential equations involving maxima of the unknown function are called
differential equations with “maxima” (DEM). A classical DEM is the equation

x′(t) = −x(t)+P · max
s∈[t−h,t]

x(s)+ f (t)
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where δ , P , and h > 0 are constants, and t � 0. DEM appeared in the early 1960s and
they naturally arise while solving real problems viz. system of automatic regulation
[8]. A system for the regulation of voltage of a generator of constant current [7] is a
simple example of DEM. The object of regulation is a generator of constant current
with parallel stimulation, and the quantity regulated is the voltage on the clamps of
the generator feeding an electric circuit with different loads. A DEM is used if the
regulator is constructed such that the maximal deviation of the quantity regulated is on
the segment [t− r, t] . The equation describing the work of the regulator has the form

Tu′(t)+u(t)+q max
s∈[t−r,t]

u(s) = f (t)

where T and q are constants characterizing the object, u(t) is the regulated voltage,
and f (t) is the perturbing effect. Differential equations with “maxima” studied (see in
[2], [9], [10], [12], [13], [15], [20], [31], [35]) due to its importance.

The solutions of most differential equations with “maxima” are not possible to
be obtained in a compact form. In such instances, integral inequalities with “max-
ima” can be used as a handy tool in the qualitative analysis of DEM. Johny Henderson
and Snezhana Hristova (2011) [10] studied nonlinear integral inequalities with max-
ima, which are generalizations of a classical nonlinear integral inequality of Bihari.
Phollakrit Thiramanus et al. (2014) [27] established integral inequalities involving the
Hadamard integral, which include “maxima”. Phollakrit Thiramanus, Jessada Tariboon,
and Sotiris K. Ntouyas (2014) [26] presented weakly singular Henry-Gronwall-type in-
tegral inequalities involving maxima, along with their applications to Caputo fractional
differential equations. Yong Yan (2015) [31] studied weakly singular kernels involv-
ing maxima of unknown functions. Also, weakly singular integral inequalities with
maxima of the unknown function of two variables have been studied (see in [22], [25],
[30], [32]). Since many researchers have studied different kinds of integral inequali-
ties involving maxima in different contexts. But to my knowledge, only a few weakly
singular integral inequalities have been studied.

Hristova S. G., and Stefanova K. (2010) [9] studied some linear integral inequal-
ities with maxima. Using the results studied by Hristova S. G. et al., we established
weakly singular integral inequalities with maxima. These inequalities can be used as
a powerful tool in the study of fractional DEM. As an application of our results, the
dependence of solutions on the functions of Caputo fractional differential equations is
discussed.

2. Preliminary results

In this section, we present a Henry-Gronwall type weakly singular integral in-
equality involving “maxima”, which can be effectively applied to the study of fractional
differential equations. We begin by stating several lemmas that will be instrumental in
proving the main results of this work.

The results presented in Lemmas 1 to 4 are derived by setting a(t) = b(t) = 0 for
all t ∈ [t0,T ) in Theorems 1 to 4 as given in [9].

Let t0,T be a fixed point such that 0 � t0 < T � ∞ , and let h > 0 be fixed.
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LEMMA 1. Let the following conditions be fulfilled:

1. The functions p,q ∈C([t0,T ),R+) .

2. The function ϕ ∈C([t0 −h,t0],R+) .

3. The function u ∈C([t0−h,T ),R+) satisfies:

u(t) � k+
∫ t

t0

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, for t ∈ [t0,T ),

u(t) � ϕ(t), for t ∈ [t0−h,t0],

where h � 0 , k � 0 , and k � max
s∈[t0−h,t0]

ϕ(s) .

Then, u(t) � max
s∈[t0−h,t0]

ϕ(s) · exp

(∫ t

t0
[p(s)+q(s)]ds

)
, for all t ∈ [t0,T ).

LEMMA 2. Let the following conditions be fulfilled:

1. The functions p,q ∈C([t0,T ),R+) .

2. The function r ∈C1([t0,T ),R+) is non-decreasing and satisfies r(t) � t .

3. The function ϕ ∈C([r(t0)−h,t0],R+) .

4. The function k ∈C([t0,T ),(0,∞)) is non-decreasing and

M = max
s∈[t0−h,t0]

ϕ(s) � k(t0).

5. The function u ∈C([r(t0)−h,T),R+) satisfies:

u(t) � k(t)+
∫ t

t0

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, for t ∈ [t0,T ),

u(t) � ϕ(t), for t ∈ [r(t0)−h,t0],

where h � 0 is a constant.

Then,

u(t) � M · k(t)
k(t0)

· exp

(∫ t

t0
[p(s)+q(s)]ds

)
, for all t ∈ [t0,T ).

LEMMA 3. Let the following conditions be fulfilled:

1. The functions p,q ∈C([t0,T ),R+) .

2. The function r ∈C1([t0,T ),R+) is non-decreasing and satisfies r(t) � t .
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3. The function ϕ ∈C([r(t0)−h,t0],R+) , and

max
s∈[r(t0)−h,t0]

ϕ(s) > 0.

4. The function u ∈C([r(t0)−h,T),R+) satisfies:

u(t) � ϕ(t)+
∫ t

t0

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, t ∈ [t0,T ),

u(t) � ϕ(t), t ∈ [t0−h, t0],

where h � 0 is a constant.

Then,

u(t) � ϕ(t)+ e(t) · exp

(∫ t

t0
[p(s)+q(s)]ds

)
, t ∈ [t0,T ),

where e : [t0,T ) → R+ is defined by

e(t) =
(

max
s∈[r(t0)−h,t0]

ϕ(s)
)∫ t

t0

[
p(s)ϕ(s)+q(s) max

ξ∈[s−h,s]
ϕ(ξ )

]
ds.

LEMMA 4. Let the following conditions be fulfilled:

1. The functions p,q ∈C([t0,T ),R+) .

2. The function r ∈C1([t0,T ),R+) is non-decreasing and satisfies r(t) � t .

3. The function ϕ ∈C([r(t0)−h,t0],R+) .

4. The function k ∈C([t0,T ),(0,∞)) is non-decreasing, and

M := max
s∈[r(t0)−h,t0]

ϕ(s) � n
√

k(t0).

5. The function u ∈C([r(t0)−h,T),R+) satisfies:

un(t) � k(t)+
∫ t

t0

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, t ∈ [t0,T ),

u(t) � ϕ(t), t ∈ [r(t0)−h,t0],

where h � 0 and n > 1 are constants.

Then,

u(t) � n
√

K(t)
(

M +
e(t)

n · k(t0)1−1/n
· eA(t)

)
, t ∈ [t0,T ),

where

e(t) =
∫ t

t0

[
p(s)w(s)+q(s) max

ξ∈[s−h,s]
w(ξ )

]
ds,
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A(t) =
1
n

∫ t

t0
k(s)1− 1

n [p(s)u(s)+q(s)]ds,

and the auxiliary functions K(t) and w(t) are defined as:

K(t) =

{
k(t), t ∈ [t0,T ),
k(t0), t ∈ [t0 −h,t0],

w(t) =

{
n
√

K(t), t ∈ [t0,T ),
M, t ∈ [t0−h, t0].

LEMMA 5. [19] (Miller and Ross, 1993, p. 36, Eq. 6.3) Let δ > 0 , μ > −1 ,
x > 0 . Then

Iδ xμ =
B(μ +1,δ )

Γ(δ )
xμ+δ =

Γ(μ +1)
Γ(μ + δ +1)

xμ+δ

where the fractional integral operator Iδ f (x) is defined by

Iδ f (x) =
1

Γ(δ )

∫ x

0
(x− s)δ−1 f (s)ds.

LEMMA 6. [19] Reflection Formula: (Miller and Ross, 1993, p. 298, Eq. 2.8)
For Re(z) > 0 , the following identity holds:

Γ(z)Γ(1− z) =
π

sin(πz)
.

LEMMA 7. [26] Jensen’s Inequality: Let n ∈ N , and let x1,x2, . . . ,xn be non-
negative real numbers. Then, for σ > 1 ,(

n

∑
i=1

xi

)σ

� nσ−1
n

∑
i=1

xσ
i .

3. Main results

Let T be a fixed point such that 0 < T � ∞ , and let h > 0 be fixed.

THEOREM 1. Let the following conditions be fulfilled:

1. The functions p,q ∈C ([0,T ),R+) .

2. The function φ ∈C ([−h,0],R+) .

3. The function u ∈C ([−h,T ),R+) satisfies the inequalities

u(t) � k+
∫ t

0
(t− s)β−1

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, t ∈ [0,T ), (1)

u(t) � ϕ(t), t ∈ [−h,0],

where 0 < β < 1 , h � 0 , k � 0 such that k � max
s∈[−h,0]

φ(s) and h, k are constants.



26 N. M. MORADE AND A. P. BHADANE

Then, u(t) �
[

max
s∈[−h,0]

φ(s)+ exp

(∫ t

0
[A(s)+B(s)]ds

)]α
for t ∈ [0,T ) , where

A(t) = 22( 1
α −1)

(
π

sin(πz)

) 1−α
α

t
β−α

α [p(t)]
1
α (2)

B(t) = 22( 1
α −1)

(
π

sin(πz)

) 1−α
α

t
β−α

α [q(t)]
1
α (3)

for t ∈ [0,T ).

Proof. From the inequality (1) for t ∈ [0,T ) , we have

u(t) � k+
∫ t

0
(t− s)β−1[p(s)u(s)+q(s) max

s∈[−h,0]
φ(s)]ds

u(t) � k+
∫ t

0
(t− s)β−1sα−β · sβ−α

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds.

For 0 < α < β < 1

u(t) � k+
(∫ t

0

(
(t− s)β−1sα−β

) 1
1−α

ds

)1−α

×
(∫ t

0
s

β−α
α

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

] 1
α

ds

)α

.

Then using Lemma 5, we have

u(t) � k+
(

B

(
1−β
1−α

,
β −α
1−α

))1−α

×
(∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)α

� k+
(

Γ
(

1−β
1−α

)
Γ
(

β −α
1−α

))1−α

×
(∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)α

� k+
(

π
sin(πz)

)1−α

×
(∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)α

where z = 1−β
1−α .
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Then,

u1/α(t) � 2
1
α −1

(
k1/α +

(
π

sin(πz)

) 1−α
α ∫ t

0
s

β−α
α 2

1
α −1

×
(

[p(s)]1/αu1/α(s)+ [q(s)]1/α max
ξ∈[s−h,s]

u1/α(ξ )
)

ds

)
.

Let w(t) = u1/α(t) and applying Lemma 1 to w(t) , we obtain:

u(t) = wα (t) �
(

max
s∈[−h,0]

ϕ(s)+ exp

(∫ t

0
[A(s)+B(s)]ds

))α
. �

THEOREM 2. Let the following conditions be satisfied:

1. The functions p,q ∈C([0,T ),R+) .

2. The function r ∈C1([0,T ),R+) is nondecreasing and satisfies r(t) � t .

3. The initial function ϕ ∈C([r(0)−h,0],R+) .

4. The function k ∈C([0,T ),(0,∞)) is nondecreasing and

M := max
s∈[−h,0]

ϕ(s) � k(0).

5. The function u ∈C([r(0)−h,T),R+) satisfies:

u(t) � k(t)+
∫ t

0
(t− s)β−1

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds, t ∈ [0,T ), (4)

u(t) � ϕ(t), t ∈ [r(0)−h,0],

where 0 < β < 1 , and h � 0 is a constant.

Then, for all t ∈ [0,T ) , the function u(t) satisfies the estimate:

u(t) �
(

M · k1/α(t)
k1/α(0)

· exp

(∫ t

0
[A(s)+B(s)]ds

))α

,

where 0 < α < β < 1 , and A(t) , B(t) are defined by the equations (2) and (3).

Proof. From the inequality (4) for t ∈ [0,T ) we have

u(t) � k(t)+
∫ t

0
(t − s)β−1[p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds

u(t) � k(t)+
∫ t

0
(t − s)β−1sα−β sβ−α [p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds
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u(t) � k(t)+
∫ t

0
(t − s)β−1sα−β ds

∫ t

0
sβ−α [p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds

u(t) � k(t)+
(∫ t

0

(
(t− s)β−1sα−β

) 1
1−α

ds

)1−α

×
(∫ t

0
s

β−α
α [p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]

1
α ds

)α

u(t) � k(t)+
(

π
sin(πz)

)1−α

×
(∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)α

where z = 1−β
1−α .

Then

u
1
α (t) � 2

1
α −1

(
k

1
α (t)+

(
π

sin(πz)

) 1−α
α

×
∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
))

ds.

Let w(t) = u
1
α (t) and using Lemma 2 we get,

u(t) �
(

M
k

1
α (t)

k
1
α (0)

exp

(∫ t

0
[A(s)+B(s)]ds

))α

for t ∈ [0,T ). �

THEOREM 3. Let the following conditions be fulfilled:

1. The functions p,q ∈C ([0,T ),R+) .

2. The function r ∈C1 ([0,T ),R+) is nondecreasing and r(t) � t .

3. The function φ ∈C ([r(0)−h,0],R+) , max
s∈[r(0)−h,0]

φ(s) > 0 .

4. The function u ∈C ([r(0)−h,T),R+) satisfies the inequalities

u(t) � φ(t)+
∫ t

0
(t− s)β−1[p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds for t ∈ [0,T ), (5)

u(t) � φ(t) for t ∈ [−h,0] where h � 0 and h is constant.

Then,

u(t) �
[
2

1
α −1φ

1
α (t)+ e(t)exp

(∫ t

0
[A(s)+B(s)]ds

)]α
for t ∈ [0,T )
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where 0 < α < β < 1 , and A(t) , B(t) are defined by the equations (2) and (3) ,
e : [0,T ) → R+ is defined by

e(t) = max
s∈[r(0))−h,0]

φ(s)
∫ t

0
[A(s)φ(s)+B(s) max

ξ∈[s−h,s]
φ(ξ )]ds.

Proof. From the inequality (5) we have, for t ∈ [0,T )

u(t) � φ(t)+
∫ t

0
(t − s)β−1[p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds

� φ(t)+
∫ t

0
(t − s)β−1sα−β sβ−α [p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds

for 0 < α < β < 1

� φ(t)+
(∫ t

0

(
(t− s)β−1sα−β

) 1
1−α

ds

)1−α

×
(∫ t

0
s

β−α
α

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

] 1
α

ds

)α

� φ(t)+
(

π
sin(πz)

)1−α

×
(∫ t

0
s

β−α
α ·2 1

α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

(
max

ξ∈[s−h,s]
u(ξ )

) 1
α
)

ds

)α

where z = 1−β
1−α . Then,

u
1
α (t) � 2

1
α −1

(
φ

1
α (t)+

(
π

sin(πz)

) 1−α
α

×
∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α [ max

ξ∈[s−h,s]
u(ξ )]

1
α

)
ds

)
.

Let w(t) = u
1
α (t) and using Lemma 3 we get,

u(t) �
[
2

1
α −1φ

1
α (t)+ e(t)exp

(∫ t

0
[A(s)+B(s)]ds

)]α
for t ∈ [0,T ). �

THEOREM 4. Let the following conditions be fulfilled:

1. The functions p,q ∈C ([0,T ),R+) .

2. The function r ∈C1 ([0,T ),R+) is nondecreasing and r(t) � t .

3. The function φ ∈C ([r(0)−h,t0] ,R+) .
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4. The function k ∈C([0,T ),(0,∞)) is nondecreasing and the inequality

M = max
s∈[r(0)−h,0]

φ(s) � n
√

k(0) holds.

5. The function ∈C ([r(0)−h,T),R+) satisfies the inequalities

un(t) � k(t)+
∫ t

0
(t − s)β−1[p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )]ds for t ∈ [0,T ),

(6)
u(t) � φ(t), t ∈ [r(0)−h,0]

where h � 0 , n > 1 and h, n are constants.

Then,

u(t) � K
α
n (t)

⎛
⎜⎜⎝M +

e(t)

n
(
2

1
α −1φ

1
α (0)

)1− 1
n

eC(t)

⎞
⎟⎟⎠

α

for t ∈ [0,T )

where 0 < α < β < 1 , A(t) , B(t) are defined by the equations (2) and (3) , e(t) =∫ t
0 [A(s)w(s)+B(s)maxξ∈[s−h,s] w(ξ )]ds,

C(t) =
1
n

∫ t

0

(
2

1
α −1φ

1
α (s)

)1− 1
n
[A(s)u(s)+B(s)]ds,

K(t) =

{
2

1
α −1φ

1
α (t), t ∈ [0,T )

2
1
α −1φ

1
α (0), t ∈ [−h,0],

w(t) =
{

n
√

K(t), t ∈ [0,T )
M, t ∈ [−h,0].

Proof. From the inequality (6) for t ∈ [0,T ) , we have

un(t) � k(t)+
∫ t

0
(t− s)β−1[p(s)u(s)+q(s) max

s∈[−h,0]
φ(s)]ds for 0 < α < β < 1

un(t) � k(t)+
∫ t

0
(t− s)β−1sα−β sβ−α

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

]
ds.

For 0 < α < β < 1,

un(t) � k(t)+
(∫ t

0

(
(t − s)β−1sα−β

) 1
1−α

ds

)1−α

×
(∫ t

0
s

β−α
α

[
p(s)u(s)+q(s) max

ξ∈[s−h,s]
u(ξ )

] 1
α

ds

)α

.

Therefore

un(t) � k(t)+
(

π
sin(πz)

)1−α

×
(∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)α
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u
n
α (t) � 2

1
α −1

(
k

1
α (t)+

(
π

sin(πz)

) 1−α
α

×
∫ t

0
s

β−α
α 2

1
α −1

(
[p(s)]

1
α [u(s)]

1
α +[q(s)]

1
α

[
max

ξ∈[s−h,s]
u(ξ )

] 1
α
)

ds

)
.

Then,

u
1
α (t) � n

√
K(t)

⎛
⎜⎜⎝M +

e(t)

n
(
2

1
α −1φ

1
α (0)

)1− 1
n

eC(t)

⎞
⎟⎟⎠ for t ∈ [0,T ) using lemma 4,

u(t) � K
α
n (t)

⎛
⎜⎜⎝M +

e(t)

n
(
2

1
α −1φ

1
α (0)

)1− 1
n

eC(t)

⎞
⎟⎟⎠

α

for t ∈ [0,T ). �

4. Applications to fractional differential equations with “maxima”

In this section, we present the dependence of the solutions on the functions for
Caputo fractional differential equations with “maxima”. Consider the following initial
value problem(I).

Dβ y(t) = f (t,y(t), [ max
ξ∈[t−h,t]

y(s)]), t ∈ I = [0,T ), y(t) = φ(t), t ∈ [−h,0]. (7)

where Dβ denotes the Caputo fractional derivative of order β (β > 0), and let f ∈
C(I ×R×R,R) . Assume that ϕ is a given continuously differentiable function on
[−h,0] up to order n , where n = −�−α� , and 0 < β < 1. We denote

ϕ(k)(0) = ρk, k = 0,1,2, . . . ,n−1,

where h > 0 is a constant.
The solution y of the initial value problem (I) satisfies the integral equation

y(t) =
n−1

∑
j=0

ρ j

j!
t j +

1
Γ(α)

∫ t

0
(t− τ)α−1 f

(
τ,y(τ), max

ξ∈[τ−h,τ]
y(ξ )

)
dτ, t ∈ I,

with initial condition
y(t) = ϕ(t), t ∈ [−h,0].

The dependence of a solution on the orders and the initial conditions of the initial value
problem (I) has been studied in [14]. In this section, we will determine the relation-
ship between two initial value problems involving two different functions, which will
explain how the answers vary when the functions are slightly modified.
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THEOREM 5. Let f ,g ∈C(I×R×R,R) satisfy the following conditions:

(i) There exist constants L1,L2 > 0 such that for all t ∈ I and u1,u2,v1,v2 ∈ R ,

| f (t,u1,u2)− f (t,v1,v2)| � L1|u1− v1|+L2|u2− v2|.

(ii) Given ε > 0 , for all t ∈ I ,∣∣∣∣ f
(

t,y(t), max
s∈[t−h,t]

y(s)
)
−g

(
t,y(t), max

s∈[t−h,t]
y(s)

)∣∣∣∣< ε.

Let x and y be the solutions of the initial value problems (I) and (II) where the
initial value Problem (II) is as follows.

Dβ y(t) = g

(
t,y(t), max

s∈[t−h,t]
y(s)

)
, t ∈ I = [0,T ),

y(t) = ϕ(t), t ∈ [−h,0].

Then, the following estimate holds for 0 < t � h < T :

|x(t)− y(t)|�
[

max
s∈[−h,0]

ϕ(s)+ exp

(∫ t

0
[A(s)+B(s)]ds

)]α
, t ∈ [0,T ),

where
A(t) = G(t)L1/α

1 , B(t) = G(t)L1/α
2 ,

with

G(t) = 22( 1
α −1)

(
π

sin(π · z)
) 1−α

α
t

β−α
α

and
εT α

α Γ(α)
� max

s∈[−h,0]
ϕ(s), 0 < α < β < 1.

Proof. The solutions of the initial value problems (I) and (II) are given respectively
by:

x(t) =
n−1

∑
j=0

ρ j

j!
t j +

1
Γ(α)

∫ t

0
(t− τ)α−1 f

(
τ,x(τ), max

ξ∈[τ−h,τ]
x(ξ )

)
dτ, t ∈ I,

x(t) = ϕ(t), t ∈ [−h,0],

and

y(t) =
n−1

∑
j=0

ρ j

j!
t j +

1
Γ(α)

∫ t

0
(t− τ)α−1g

(
τ,y(τ), max

ξ∈[τ−h,τ]
y(ξ )

)
dτ, t ∈ I,

y(t) = ϕ(t), t ∈ [−h,0].
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It follows that for t ∈ I :

|x(t)− y(t)|

� 1
Γ(α)

∫ t

0
(t− τ)β−1

∣∣∣∣ f
(

τ,x(τ), max
ξ∈[τ−h,τ]

x(ξ )
)
−g

(
τ,y(τ), max

ξ∈[τ−h,τ]
y(ξ )

)∣∣∣∣dτ

� 1
Γ(α)

∫ t

0
(t− τ)β−1

∣∣∣∣ f
(

τ,x(τ), max
ξ∈[τ−h,τ]

x(ξ )
)
− f

(
τ,y(τ), max

ξ∈[τ−h,τ]
y(ξ )

)∣∣∣∣dτ

+
1

Γ(α)

∫ t

0
(t− τ)β−1

∣∣∣∣ f
(

τ,y(τ), max
ξ∈[τ−h,τ]

y(ξ )
)
−g

(
τ,y(τ), max

ξ∈[τ−h,τ]
y(ξ )

)∣∣∣∣dτ

� 1
Γ(α)

∫ t

0
(t− τ)β−1

[
L1|x(τ)− y(τ)|+L2

∣∣∣∣ max
ξ∈[τ−h,τ]

x(ξ )− max
ξ∈[τ−h,τ]

y(ξ )
∣∣∣∣
]
dτ

+
ε

Γ(α)

∫ t

0
(t− τ)β−1 dτ

� εtβ

β Γ(β )
+

1
Γ(β )

∫ t

0
(t−τ)β−1

[
L1|x(τ)−y(τ)|+L2

∣∣∣∣ max
ξ∈[τ−h,τ]

x(ξ )− max
ξ∈[τ−h,τ]

y(ξ )
∣∣∣∣
]
dτ

� εT β

β Γ(β )
+

1
Γ(β )

∫ t

0
(t−τ)β−1

[
L1|x(τ)−y(τ)|+L2

∣∣∣∣ max
ξ∈[τ−h,τ]

x(ξ )− max
ξ∈[τ−h,τ]

y(ξ )
∣∣∣∣
]
dτ.

Using Theorem 1, we obtain the estimate:

|x(t)− y(t)|�
[

max
s∈[−h,0]

ϕ(s)+ exp

(∫ t

0
[A(s)+B(s)]ds

)]α
, t ∈ [0,T ),

where
A(t) = G(t)L1/α

1 , B(t) = G(t)L1/α
2 ,

and
εT α

αΓ(α)
� max

s∈[−h,0]
ϕ(s), 0 < α < β < 1. �

Dependence of solution on f and g :

The solution difference |x(t)− y(t)| depends on the functions f and g through
several key components:

1. Lipschitz constants L1,L2 of f : These measure the sensitivity of f to changes
in its arguments. Larger values of L1 or L2 mean small perturbations in x(t) or
maxx(s) cause large changes in f , leading to greater deviation |x(t)− y(t)| .

2. Approximation error ε between f and g : The smaller ε , the closer g is to f ,
ensuring that y(t) stays near x(t) . The condition

εT α

αΓ(α)
� max

s∈[−h,0]
ϕ(s)

enforces that ϕ is large enough to absorb the approximation error.
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3. Initial function ϕ : The initial data directly influences the bound via

max
s∈[−h,0]

ϕ(s).

If ϕ is small, then the difference |x(t)− y(t)| is also small, showing stability
with respect to initial conditions.

4. Parameters α,β : The smaller the gap β −α , the less rapidly the integral term

grows because t
β−α

α is slower-growing. The exponent α directly modulates the
sensitivity of the solution difference.

The estimate shows that the deviation |x(t)− y(t)| is controlled by the Lipschitz con-
stants of f , the approximation error between f and g , and the initial function ϕ . The
solution depends continuously on the data f ,g,ϕ – a stability property. The smaller the
differences in the functions f and g , and the smoother the initial data, the closer the
solutions x(t) and y(t) remain.

5. Conclusion

In this paper, some new weakly singular Henry-Gronwall type integral inequalities
with “maxima” are established. These inequalities can be used as a handy tool in the
study of differential and integral equations. Also, the dependency of the solution on
functions of a Caputo fractional differential equations are discussed. We obtained the
relation between two initial value problems of two different functions, and this relation
will explain how the solution changes when the functions are slightly changed.
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[8] P. GONZÁLEZ AND M. PINTO, Convergent solutions of certain nonlinear differential equations with
maxima, Math. Comput. Model. 45 (2007), no. 1–2, 1–10.

[9] J. HENDERSON AND S. HRISTOVA, Eventual practical stability and cone valued Lyapunov functions
for differential equations with “maxima”, Commun. Appl. Anal. 14 (2010), no. 3, 515.

[10] J. HENDERSON AND S. HRISTOVA, Nonlinear integral inequalities involving maxima of unknown
scalar functions, Math. Comput. Model. 53 (2011), no. 5–6, 871–882.

[11] D. HENRY, Geometric theory of semilinear parabolic equations, Springer, Berlin, 1981.
[12] S. G. HRISTOVA AND K. STEFANOVA, Linear integral inequalities involving maxima of the unknown

scalar functions, Math. Inequal. Appl. 53 (2010), 381–394.
[13] V. ILEA AND D. OTROCOL, Functional differential equations with maxima, via step by step contrac-

tion principle, Carpathian J. Math. 37 (2021), no. 2, 195–202.
[14] O. KAHOULI, D. BOUCENNA, A. BEN MAKHLOUF, AND Y. ALRUWAILY, Some new weakly singu-

lar integral inequalities with applications to differential equations in frame of tempered χ -fractional
derivatives, Math. 10 (2022), no. 20, 3792.

[15] O. D. KICHMARENKO AND K. Y. SAPOZHNIKOVA, Full averaging scheme for differential equation
with maximum, Contemp. Anal. Appl. Math. 3 (2015), no. 1, 113–122.

[16] A. A. KILBAS, H. M. SRIVASTAVA, AND J. J. TRUJILLO (Eds.), Theory and applications of frac-
tional differential equations, North-Holland Math. Stud., Vol. 204, Elsevier, Amsterdam, 2006.

[17] M. MEDVED, A new approach to an analysis of Henry-type integral inequalities and their Bihari-type
versions, J. Math. Anal. Appl. 214 (1997), 349–366.

[18] M. MEDVED, Integral inequalities and global solutions of semilinear evolution equations, J. Math.
Anal. Appl. 267 (2002), 643–650.

[19] K. S. MILLER AND B. ROSS, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, New York, 1993.

[20] D. P. MISHEV AND S. M. MUSA, Distribution of the zeros of the solutions of hyperbolic differential
equations with maxima, Rocky Mt. J. Math. 37 (2007), 1271–1281.

[21] I. PODLUBNY, Fractional differential equations, Academic Press, New York, 1999.
[22] M. SAMAR, X. ZHU, A. SHAKOOR, AND M. OSMAN, New nonlinear retarded integral inequalities

and their applications to nonlinear retarded integro-differential equations, Axioms 13 (2024), no. 6,
356.

[23] J. SHAO AND F. MENG, Gronwall-Bellman type inequalities and their applications to fractional dif-
ferential equations, Abstr. Appl. Anal. 2013 (2013), 217641.

[24] D. SOMASUNDARAM, Ordinary differential equations – A first course, Narosa Publishing House,
2014.

[25] Y. SUN AND R. XU, Some weakly singular Volterra integral inequalities with maxima in two variables,
J. Inequal. Appl. 2023 (2023), no. 1, 36.

[26] P. THIRAMANUS, J. TARIBOON, AND S. K. NTOUYAS, Henry-Gronwall integral inequalities with
“maxima” and their applications to fractional differential equations, Abstr. Appl. Anal. 2014 (2014),
1–10.

[27] P. THIRAMANUS, J. TARIBOON, AND S. K. NTOUYAS, Integral inequalities with “maxima” and
their applications to Hadamard-type fractional differential equations, J. Inequal. Appl. 2014 (2014),
1–15.

[28] A. M. WAZWAZ, Linear and nonlinear integral equations, Springer, Berlin, 2011.
[29] Q. WU, A new type of the Gronwall-Bellman inequality and its application to fractional stochastic

differential equations, Cogent Math. 4 (2017), no. 1, 1279781.
[30] R. XU AND X. MA, Some generalized nonlinear Gamidov type integral inequalities with maxima in

two variables and their weakly singular analogues, J. Math. Inequal. 13 (2019), no. 2.
[31] Y. YAN, On some new weakly singular Volterra integral inequalities with maxima and their applica-

tions, J. Inequal. Appl. 2015 (2015), 1–16.
[32] Y. YAN, D. ZHOU, AND J. ZHAO, Generalized nonlinear weakly singular retarded integral inequali-

ties with maxima and their applications, J. Inequal. Appl. 2018 (2018), no. 1, 294.



36 N. M. MORADE AND A. P. BHADANE

[33] H. YE, J. GAO, AND Y. DING, A generalized Gronwall inequality and its application to a fractional
differential equation, J. Math. Anal. Appl. 328 (2007), no. 2, 1075–1081.

[34] T. K. YULDASHEV AND F. U. SULAIMONOV, Periodic solutions of second order impulsive system
for an integro-differential equation with maxima, Lobachevskii J. Math. 43 (2022), no. 12, 3674–3685.

[35] B. G. ZHANG AND G. ZHANG, Qualitative properties of functional differential equations with “max-
ima”, Rocky Mt. J. Math. 29 (1999), 357–367.

[36] T. ZHU, New Henry-Gronwall integral inequalities and their applications to fractional differential
equations, Bull. Braz. Math. Soc. (N.S.) 49 (2018), 647–657.

(Received January 4, 2025) Nirmala M. Morade
Department of Mathematics
MVP Samaj’s SVKT College

Deolali Camp, Nashik (Maharashtra), India
and

Research Scholar, Research Centre
Departmetn of Mathematics

MGV’s LVH College, Nashik, India
e-mail: nmmorade@gmail.com

Ashok P. Bhadane
Department of Mathematics

MGV’s LVH College
Panchavati, Nashik (Maharashtra), India
e-mail: ashokbhadane6885@gmail.com

Fractional Differential Calculus
www.ele-math.com
fdc@ele-math.com


