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Abstract. This study delves into some new Henry-Gronwall-type weakly singular integral in-
equality with “maxima”. These inequalities generalize some former integral inequalities with
maxima. These inequalities can be used in the qualitative analysis such as existence, stabil-
ity, boundedness, uniqueness, and asymptotic behaviour of the solution of fractional differential
equations. Also, using the result the dependency of the solution on the function of a Caputo
fractional differential equation is discussed.

1. Introduction

Integral inequalities play a remarkable role in the qualitative analysis of solutions
to integral and differential equations. The Gronwall-Bellman-Raid inequality set ex-
plicit limitations on the solutions to a class of linear integral inequality. Nevertheless, a
different kind of integral inequality is required to describe the weakly singular integral
equations found in fractional differential equations. Henry (1981) [11] demonstrated
global existence and exponential decay results for a parabolic Cauchy problem by us-
ing the following weakly singular integral inequality

u(t) < a(t)+b/0t(t—s)ﬁ_lu(s)ds.

Medved (1997, 2002) ([17], [18]) Ye et al. (2007) [33], Ding and Jaiang (2012)
[5], Qiong Wu (2018) [29], Tao Zhu (2018) [36], and Ding et al. (2019) [6] stud-
ied Henry-Gronwall-type inequalities with singular kernels. However, these kinds of
inequalities are futile for fractional differential equations with “maxima”. In this con-
text, we need different kinds of integral inequalities involving maximum of unknown
function. Differential equations involving maxima of the unknown function are called
differential equations with “maxima” (DEM). A classical DEM is the equation

X(t)=—x(t)+P- max x(s)+ f(t)

s€(t—h,1]
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where 8, P, and h > 0 are constants, and ¢ > 0. DEM appeared in the early 1960s and
they naturally arise while solving real problems viz. system of automatic regulation
[8]. A system for the regulation of voltage of a generator of constant current [7] is a
simple example of DEM. The object of regulation is a generator of constant current
with parallel stimulation, and the quantity regulated is the voltage on the clamps of
the generator feeding an electric circuit with different loads. A DEM is used if the
regulator is constructed such that the maximal deviation of the quantity regulated is on
the segment [r — r,7]. The equation describing the work of the regulator has the form

Tu'(t) +u(t)+q max u(s)= f(t)
s€lt—nt]
where T and ¢ are constants characterizing the object, u(¢) is the regulated voltage,
and f(z) is the perturbing effect. Differential equations with “maxima” studied (see in
[2], [9], [10], [12], [13], [15], [20], [31], [35]) due to its importance.

The solutions of most differential equations with “maxima’ are not possible to
be obtained in a compact form. In such instances, integral inequalities with “max-
ima” can be used as a handy tool in the qualitative analysis of DEM. Johny Henderson
and Snezhana Hristova (2011) [10] studied nonlinear integral inequalities with max-
ima, which are generalizations of a classical nonlinear integral inequality of Bihari.
Phollakrit Thiramanus et al. (2014) [27] established integral inequalities involving the
Hadamard integral, which include “maxima”. Phollakrit Thiramanus, Jessada Tariboon,
and Sotiris K. Ntouyas (2014) [26] presented weakly singular Henry-Gronwall-type in-
tegral inequalities involving maxima, along with their applications to Caputo fractional
differential equations. Yong Yan (2015) [31] studied weakly singular kernels involv-
ing maxima of unknown functions. Also, weakly singular integral inequalities with
maxima of the unknown function of two variables have been studied (see in [22], [25],
[30], [32]). Since many researchers have studied different kinds of integral inequali-
ties involving maxima in different contexts. But to my knowledge, only a few weakly
singular integral inequalities have been studied.

Hristova S. G., and Stefanova K. (2010) [9] studied some linear integral inequal-
ities with maxima. Using the results studied by Hristova S. G. et al., we established
weakly singular integral inequalities with maxima. These inequalities can be used as
a powerful tool in the study of fractional DEM. As an application of our results, the
dependence of solutions on the functions of Caputo fractional differential equations is
discussed.

2. Preliminary results

In this section, we present a Henry-Gronwall type weakly singular integral in-
equality involving “maxima”, which can be effectively applied to the study of fractional
differential equations. We begin by stating several lemmas that will be instrumental in
proving the main results of this work.

The results presented in Lemmas 1 to 4 are derived by setting a(¢) = b(r) =0 for
all # € [to,T) in Theorems 1 to 4 as given in [9].

Let 79, T be a fixed point such that 0 <7y < T < oo, and let & > 0 be fixed.
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LEMMA 1. Let the following conditions be fulfilled:
1. The functions p,q € C([to,T),Ry).
2. The function @ € C([to — h,1o],Ry).

3. The function u € C([to — h,T),R.) satisfies:

w0y <kt [ [pous) +a(o) max u(@)|ds. for 1 0.7)

u(t) < ot), fort€lnh—hi),

where h >0, k>0, and k< max ¢(s).
SG[[()fh,t()]

Then, u(t) < max @(s)-exp (/t [p(s) +q(s)]ds> , forall t€ty,T).

s€lto—h,to) to

LEMMA 2. Let the following conditions be fulfilled:

~

. The functions p,q € C([to, T),R).

2. The function r € C'([ty,T),R) is non-decreasing and satisfies r(t) <t.
3. The function ¢ € C([r(to) — h,10],R4).

4. The function k € C([ty,T),(0,0)) is non-decreasing and

M= max @(s) <k(to).
s€lto—h,to]

5. The function u € C([r(ty) — h,T),Ry) satisfies:

) KO+ [ [pO0us) +a(0), max (@) s, or 1€ 7).

u(t) < ot), fortelr(to)—h,t),
where h > 0 is a constant.

Then,
u(t) <M- ki) -exp (/t[p(s) +q(s)]ds> , forall t € [t,T).

(tO) fo
LEMMA 3. Let the following conditions be fulfilled:
1. The functions p,q € C([to,T),R).

2. The function r € C'([to,T),R+) is non-decreasing and satisfies r(t) <t.
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3. The function @ € C([r(to) — h,t0],R4), and

max s) > 0.
SG[V(fo)—hJo](p( )

4. The function u € C([r(ty) —h,T),Ry) satisfies:

) <00+ [ [pous) +alo) max u(@)|ds. 1€l

ut) < @(r), 1€ to—hytol,
where h > 0 is a constant.

Then,

)< o) +et)-exp [ (0 +a6)as). 10T,

0

where e : [ty,T) — Ry is defined by

)= (_mx 00)) [ [po106) +a(0), max_o(@)]as.

r(to)—hto Eels—hs)
LEMMA 4. Let the following conditions be fulfilled:
1. The functions p,q € C([to,T),R).
The function r € C'([to,T),R) is non-decreasing and satisfies r(t) <t.

The function ¢ € C([r(to) — h,10],R+).

N owd

The function k € C([ty,T),(0,0)) is non-decreasing, and

M:= max @(s) < Vk(to)-

s€[r(to)—h.to]

5. The function u € C([r(ty) — h,T),Ry) satisfies:

W (1) < k() + /mt [p(s)u(s)—i—q(s) max u(g)] ds, 1€ to,T),

E€[s—h,s

ult) <o), telr(to)—h,t),
where h > 0 and n > 1 are constants.
Then,

u(t) < K@) <M+ % -e“”) . 1€l.T),

where

()= | [p<s>w<s> +q(s) max w(é)] ds

E€[s—h,s
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A = 2 [ k() F [p(s)us) + q(s))ds,

nto

and the auxiliary functions K(t) and w(t) are defined as:

K(r) = {km, te[m),] i) = {”K(x» r€fi.T),

) k(to), € lto—hto M, 1 € [to— hyto].

LEMMA 5. [19] (Miller and Ross, 1993, p. 36, Eq. 6.3) Let 6 >0, u> —1,
x> 0. Then
I(qu _ B(;,L—l— 175)xu+5 _ r(” + 1) xu+8
() Mu+o6+1)

where the fractional integral operator 1° f (x) is defined by
1 X
1P f(x :—/ x—5)571f(s)ds.
10 = g5 |, 9710

LEMMA 6. [19] Reflection Formula: (Miller and Ross, 1993, p. 298, Eq. 2.8)
For Re(z) > 0, the following identity holds:

T

I)(1—z2) = EE

LEMMA 7. [26] Jensen’s Inequality: Let n € N, and let x1,x;,...,x, be non-
negative real numbers. Then, for ¢ > 1,

(o2
(ix,-) <n071ixf.
i=1 j

3. Main results

Let T be a fixed point such that 0 < T < oo, and let 4 > 0 be fixed.

THEOREM 1. Let the following conditions be fulfilled:
1. The functions p,q € C([0,T),R4).
2. The function ¢ € C([—h,0],R).
3. The function u € C([—h,T),Ry) satisfies the inequalities
t
u(r) <k+/ (t—s5)P~! [p(s)u(s)—i—q(s) max u(&)|ds, re€[0,T), (1)
0

Ee[s—h,s]

ult) <o), te[—h0],

where 0< B <1, h=0, k>0 such that k < II[la}f(O] @ (s) and h, k are constants.
se|—n,
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Then, u(t) < | max ](p(s) +exp (/Ot [A(s) +B(s)]ds)] " fort€0,T), where

s€[—h,0

A<r>:22<él>( T >)“ra“[p<r>]é

B =20 () " o

fort€]0,T).
Proof. From the inequality (1) for ¢ € [0,T), we have

ut) < ko [ (=98 pou(s) +4(s) max o(s)lds

e [—h,0]

u(t) < k—i—/ot(t—s)ﬁ_lso‘_/3 sPa [p(s)u(s)—l—q( ) max u(é)}

Eels—h,s|

ForO<a<fB<1

u(t) < k+ (/Ot ((t —s)ﬁ—lsa—ﬁ) T ds)

X (/Otsﬁaa [p(s)u(s) +q(s)€€rﬁa)27s]u(’g')} ‘ ds) a.

Then using Lemma 5, we have
1-B B—a))' “
u(r) < k+ (B (mm»
’ </0ﬁ2 h (“’“’1‘1‘["@)]& ot | oy u6) ) ds>

I-o

2)

3)
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Then,

—a

o ! B_q
/() < 287! (kl/a+ (arte) o2
< 0

><([p(S)]l/“ul/“(S)+[LI(S)]1/“ max ul/"‘(%)) d5>~

E€[s—h,s

Let w(r) = u'/%(r) and applying Lemma 1 to w(z), we obtain:
y a
u(t) =w’(t) < (Sen[lahyfo](p(s) +exp (/0 [A(s) +B(s)}ds>) . O
THEOREM 2. Let the following conditions be satisfied.:
1. The functions p,q € C([0,T),R).
2. The function r € C'([0,T),R.) is nondecreasing and satisfies r(t) <t.
3. The initial function ¢ € C([r(0) —h,0],Ry).
4. The function k € C([0,T),(0,)) is nondecreasing and

M = < k(0).
Sen[l_a]foy(w (0)

5. The function u € C([r(0) —h,T),Ry) satisfies:

u(t) <k(t) +/Ot(t —5)B-1 [p(s)u(s) +4¢(s) max u(é)} ds, t€[0,T), 4

Ees—h,s)

u(t) <o), te[r(0)—h0],
where 0 < B < 1, and h > 0 is a constant.

Then, for all t € [0,T), the function u(t) satisfies the estimate:

kl/a(t) t ¢
u(t) < <M~ w7a0) P ( / [A<s>+B(s>]ds)> :

where 0 < o0 < 3 <1, and A(t), B(t) are defined by the equations (2) and (3).

Proof. From the inequality (4) for 7 € [0,T) we have

) <K+ [ =9 p(s)uts) + 409 max_u()lds

t

u(t) < k() + | (1 —5)P's* BB p(s)u(s)+q(s) max u(&)lds
0 E€[s—h,s)
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t 1
u(t) < k() + / (1 —5)P 152 B gy / B [p(s)u(s) +qls) max u(&)lds
0 0
1

E€ls—h.s
u(t) < k() + (/Ot (0= 5)152) st)

x ( " p(s)uts) +a(s) _ max u(&)ﬁds)a

E€[s—h,s

1-a

sin(7z)
! poa 1 1 & & ‘ a
x (/0 so@2e <[P(S)}“[u(sﬂ” el [53[3&%” - } )ds>
where z = %

Then

ke (0)
THEOREM 3. Let the following conditions be fulfilled:

1. The functions p,q € C([0,T),R).

2. The function r € C' ([0,T),R..) is nondecreasing and r(t) < t.

3. The function ¢ € C([r(0) —h,0],Ry), [%?Xh 0]¢>(s) > 0.
se|r(0)—nh,

4. The function u € C([r(0) — h,T),R.) satisfies the inequalities

) <00)+ [ 01— po)uts) +a(s) max u(@)lds for 1€[0.7). )

u(t) < ¢(t) for t € [—h,0] where h >0 and h is constant.

Then,

u(t) < [zé1¢é(z)+e(1)eXp (/(:[A(s)+3(s)}dsﬂ for 1 €[0,T)
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where 0 < oo < B < 1, and A(t), B(t) are defined by the equations (2) and (3),
e:[0,T) — R is defined by

ey = _max  90s) [ GO0+ BG)_max o(E)ds

s€[r(0))—h,0] Ee€[s—h,s|
Proof. From the inequality (5) we have, for t € [0,T)

) < 90+ [ (=5 [p(o)u(s) +gls) max_u(€)lds

< ¢(t)+/0t(t—s)ﬁflsafﬁsﬁ*a[p(s)u(s)+q(s)€él[zzi)h(s]u(§)}ds

for0<a<pB<l1
1-a

<o)+ (/ot ((Z—S)B_lso‘_ﬁ>ll"ds)

1 o
ult) < [2é¢1¢>¢11(t) +e(r)exp (/ [A(s) +B(s)]ds)} for 1 €10,7). O
0
THEOREM 4. Let the following conditions be fulfilled:
1. The functions p,q € C([0,T),R4).
2. The function r € C' ([0,T),R.)is nondecreasing and r(t) < t.

3. The function ¢ € C([r(0) — h,10] ,R+).
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4. The function k € C([0,T),(0,e0)) is nondecreasing and the inequality

M= max ¢(s) < /k(0) holds.

s€[r(0)—h,0]

5. The function € C([r(0) —h,T),Ry) satisfies the inequalities

) KO+ [ =9 [p(s)uls) +q(s) max u(@lds for 1 €(0.7),
(6)

u(t) < ¢(t), t€[r(0)—h,0]
where h >0, n> 1 and h, n are constants.

Then,

o

where 0 < a < B < 1, A(t), B(t) are defined by the equations (2) and (3), e(t) =
JolA(s)w(s) + B(s)maxgc(,p g w(&)]ds,

_2u1gu(r), telo,T) = { VK@), 1e0,7)
K(I)_{zé—lﬁ(()), t € [~h,0], (I)_{ :

Proof. From the inequality (6) for 7 € [0,T), we have

< k(t)—|—/t(t—s)ﬁfl[p(s)u(s)—kq(s) max (I)( )ds for 0<oa<p<l1

s€[—h,0

+/ 5)P— 150 B o= a[ (s)u(s)+q(s) max u(é)} ds.

Ees—h,s)

ForO0<a<f <1,

un(t)ék(t)_g_(/ot(( RS ﬁ)% S)la

X (/Otsaa [p(s)u(s) +q(s)é€n[3a)hcvs]u(§)] llxds) a.
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E€[s—h,s
Then,
t
ué(t) < V/K() | M+ e(t) . 1ec(t) for t €[0,T) using lemma 4
| 1 ~h
n (za—1¢a(0))
o
ut) <Kv () | M+ e(t) —eCO | for 1 €[0,T). O

7 (25—1&(0))17”

4. Applications to fractional differential equations with “maxima”

In this section, we present the dependence of the solutions on the functions for
Caputo fractional differential equations with “maxima”. Consider the following initial
value problem(I).

Dﬁy(l‘)Zf(t,y(Z) [ max y( )])7 t€I=[07T)7 y(l‘):(P(t), IG[—}LO}. (7

Eelt—ht]

where DP denotes the Caputo fractional derivative of order B (B > 0), and let f €
C(I xRxR,R). Assume that ¢ is a given continuously differentiable function on
[—£,0] up to order n, where n=—|—ot],and 0 < 3 < 1. We denote

(p(k)(o):pk’ k:O71727"'7n_1a

where & > 0 is a constant.
The solution y of the initial value problem (I) satisfies the integral equation

Epj T+ )/Ot(l—f)a*lf (ﬁy( 7), max y(é)) dr, te€l,

Eelt—h,T]

with initial condition
y(t)=o(t), t€[-h,0]

The dependence of a solution on the orders and the initial conditions of the initial value
problem (I) has been studied in [14]. In this section, we will determine the relation-
ship between two initial value problems involving two different functions, which will
explain how the answers vary when the functions are slightly modified.
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THEOREM 5. Let f,g € C(I xR x R,R) satisfy the following conditions:
(1) There exist constants Ly,Ly > 0 such that forall t € I and uy,uy,vi,v; € R,
|f (¢ u1,u2) — f(t,v1,v2)| < Li|uy —vi| + Lo|ug — va.

(i) Given € >0, forallt €1,

(10, max 509)) e (10 max 50))| <e

s€(t—h.t] s€lt—h]

Let x and y be the solutions of the initial value problems (1) and (II) where the
initial value Problem (II) is as follows.

D95() =g (130). max 5(0) ). re1=[0.7)

y(1)=o(), t€[-h0L
Then, the following estimate holds for 0 <t < h < T:

50 -3(01 < [ max 0(0)+eso ([0 +80)as) |, e

s€[—h,0]
where
A(t)=G()L®, B()=G()Ly*,
with -
—22(z1) 4 =
Glr)=2 (sin(n z))
and

Proof. The solutions of the initial value problems (I) and (II) are given respectively
by:

g )/Ot(f—f)a_lf<f,x(r) max x(é)) dr, tel,

Eelt—h,1]

x(t)=o(t), t€[-h0]
and

—0 J! Ee[t—h,1]

2 11+%/0t(t—1')“1g<1,y(1), max y(é)) dr, tel,

y(t) = (1), 1€[-h0].
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It follows that for ¢ € I:

< r%x)/ot("f)ﬁ i <T’X(T>’f;§ﬁa’;§,ﬂx(€)> _g<f’y (r),éer[r;a%y(é)> o
< r%x)/ot(’ T (T’x(r)’fge??a’iﬂx@> _f<r’y (T)’f;el[lrla)ir]y@) o
1

dt

(e max 5(8)) —e(ra(0), max v(@))

Ee[t—h,T] Ee[t—h,1]

g b

max x(&)— max y(g>H dt

Eelt—h,1 Eelt—h,1

B
f=}

B 1
<—ﬁ?(ﬁ)+ﬁ/o(t—r)ﬁ‘l {Lllx(f)—y(T)HLz max x(£)—  max y@)H dt

Ee[t—h,1] Eelt—h,1]
B t
< ey L [ph @

Using Theorem 1, we obtain the estimate:

max x(&)—  max y(g>H dr.

Ee[t—h,1] Eelt—h,1]

lx(t) —y(1)] < [ max @(s)+exp (/Ot [A(s) +B(s)]ds>} a, t€10,7T),

s€[—h,0]
where
A()=GLY*, B1)=G()Ly)",
and

ere < max @(s), O<a<fB<l. O
al(o) se[fh,O](p ’ '

Dependence of solution on f and g:

The solution difference |x(¢) — y(¢)| depends on the functions f and g through
several key components:

1. Lipschitz constants L;,L, of f: These measure the sensitivity of f to changes
in its arguments. Larger values of L; or L, mean small perturbations in x(¢) or
max x(s) cause large changes in f, leading to greater deviation |x(¢) — y(7)]|.

2. Approximation error € between f and g: The smaller €, the closer g isto f,

ensuring that y() stays near x(). The condition

T < max ()
X N
ol(a) ~ se[-h0 ¢

enforces that ¢ is large enough to absorb the approximation error.
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3. Initial function ¢: The initial data directly influences the bound via

max_ @(s).
s€[—h,0] (P( )
If @ is small, then the difference |x(¢) — y(¢)| is also small, showing stability
with respect to initial conditions.

4. Parameters o, 3 : The smaller the gap 8 — o, the less rapidly the integral term

e . . .
grows because ¢t @ is slower-growing. The exponent ¢ directly modulates the
sensitivity of the solution difference.

The estimate shows that the deviation |x(¢) — y(¢)] is controlled by the Lipschitz con-
stants of f, the approximation error between f and g, and the initial function ¢. The
solution depends continuously on the data f,g, ¢ — a stability property. The smaller the
differences in the functions f and g, and the smoother the initial data, the closer the
solutions x(¢) and y(r) remain.

5. Conclusion

In this paper, some new weakly singular Henry-Gronwall type integral inequalities
with “maxima” are established. These inequalities can be used as a handy tool in the
study of differential and integral equations. Also, the dependency of the solution on
functions of a Caputo fractional differential equations are discussed. We obtained the
relation between two initial value problems of two different functions, and this relation
will explain how the solution changes when the functions are slightly changed.
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