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Abstract. In this paper, we look into the existence of mild solutions for a nonlocal impulsive
integrodifferential inclusion. The linear component of these equations generates a resolvent
operator that is not necessary compact. Also, the multivalued function is lower semicontinuous
and convex. The noncompactness Hausdorff measure, Grimmer resolvent operator, multivalued
characteristics, and fixed point theorems are used as the foundation for the findings of this work.
To lighten our findings, an example is provided at the end of this work.

1. Introduction

This study is concerned with the existence of a mild solution to an impulsive
fractional-order integrodifferential inclusion with nonlocal conditions of the form:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cDβ
t z(t) ∈ Az(t)+

∫ t

0
K (t− s)z(s)ds+G(t,z(t)) ,

t ∈ I = [0,a], t �= ti, i = 1, . . . ,m,

z
(
t+i
)− z(ti) = Ji (z(ti)) , t = ti, i = 1, . . . ,m,

z(0) = E (z) ,

(1)

where cDβ
t is the Caputo’s fractional derivative of order β ∈ (0,1) and I is opera-

tional interval. A : D (A)⊆ V → V is the the infinitesimal generator of a C0 -semigroup
(S (t))t�0 on a real separable Banach space V , K (t) : D (A) → V is a closed lin-
ear operator, G : I ×V → 2V is a multifunction, 2V represents the power set of V ,
0 = t0 < t1 < · · · < tm < tm+1 = a, for every i = 1,2, . . . ,m, Ji : V → V are impulsive
functions, E : PC (I ,V) → V is a nonlinear function, and z

(
t+i
)

is the right limit of
z(t) at the point ti.

The theory of fractional calculus has garnered significant attention from researchers
over the past several decades due to its numerous practical applications across diverse
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fields, including mechanics, population dynamics, economics, chemical technology,
medicine, fluid dynamics in traffic models, seepage flow in porous media, and many
others. The theory of fractional evolution equations is a prominent use of fractional
calculus. One possible substitute for nonlinear partial differential equations is a sys-
tem of fractional differential equations. For earthquakes, the fractional differential
equation describes the nonlinear oscillations that occur. One of the main benefits
of fractional calculus is the phenomenal tool that fractional derivatives provide for
understanding the genetic and memory qualities of various materials and processes.
To learn more about fractional differential equations and fractional calculus, refer to
[1, 6, 17, 27, 33, 34, 38, 39, 41, 46] and the sources they cite.

The impulsive differential equation has gained popularity recently as a fascinat-
ing, novel, and difficult subject of study with many scientific and technical applications
in disciplines ranging from biology to control theory, economics, and mechanical sys-
tems. Compared to dynamic systems without impulse effects, the dynamic behavior of
systems including impulses is substantially more complex. Impulsive systems are char-
acterized by a rapid change in the system’s state that occurs at specific time instants
over a negligible time span. These impulses are relatively brief when compared to the
whole duration of the operation. Breaks in the development of the state are disconti-
nuities or rapid jumps in a system’s state variables. Impulsive differential equations
are often preferred for describing such processes because they can account for these
breakdowns. Impulsive differential equations can be classified into two types based on
the length of the impulsive acts. One kind is instantaneous impulsive differential equa-
tions, in which the differential equation’s time is negligible in relation to the event’s
overall duration. The literature has a wealth of material regarding these equations; for
further details, see [2, 23, 25, 28, 43, 44, 45]. The second is non-instantaneous im-
pulsive differential equations, where the impulsive action starts at any field point and
keeps going for a while after it starts. One well-known example of non-instantaneous
impulses in action is the sudden change that occurs when insulin enters the bloodstream
and the following absorption, which takes a long time because it functions over a wide
time interval. Models of this situation are created using non-instantaneous impulsive
differential equations. The reader can find recent results for evolution equations with
non-instantaneous impulses in [5, 8, 15, 36] and the references therein.

In contrast to the standard Cauchy problem where the initial condition is z(0) = z0 ,
the nonlocal condition z(0) +E (0) = z0 can be more effectively used in physics, as
demonstrated in Deng’s seminal work [13]. The author, for example, made use of

E (z) =
m

∑
i=1

ciz(ti),

where ci = 1,2, · · · ,m are given constants and t0 < t1 < · · ·< tm < tm+1 = a , to describe
the diffusion phenomenon of a small amount in a transparent tube. In this situation, the
Cauchy problem enables extra observations at ti, i = 1, . . . ,m . According to McKibben
[35], nonlocal combustion, nonlocal pharmacokinetics, nonlocal neural networks, and
nonlocal pollution are a few instances of nonlocal processes that can be mathematically
represented by nonlocal problems. More remarks and references can be found in ([16,
18, 19, 31, 37, 42]) and the references therein.
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Over the course of several years, a large number of outstandingworks of the utmost
significance have been published on deterministic and stochastic differential inclusion
equations. Regarding nonlocal fractional differential equations, when the semigroup is
equicontinuous and the nonlocal term is compact, Li [32] provided existence results us-
ing the Hausdorff measure of noncompactness. Furthermore, Ibrahim and Alsarori [28]
studied the existence of mild solutions with a delay of (1) (with K = 0) assuming that
the semigroup generated by A is compact. Lian et al. [31] discussed the existence of
mild solutions to equation (1) (with K = 0, and Ji = 0). They assumed that the semi-
group generated by A is not compact. In a recent study, Alsarori et al. [3] examined the
system (1) with K = 0 when G is upper semicontinuous, convex, and compact, but
the semigroup is not compact, offering useful perspectives on the implications of these
conditions. In [12], the authors studied the mild solution for impulsive neutral stochas-
tic fractional integro-differential inclusions with nonlocal conditions. using the fixed
point theorem for multi-valued operators due to Dhage, the resolvent operator, and the
η -norm. The system in (1) may seem like a variant of the one in ([12]), but the criteria
that apply to it are different. As an alternative to relying on the resolvent operator’s
compactness and the η -norm, we employ the resolvent operator’s norm continuity.

Getting motivation from these facts and findings, in this paper, we treat a more
general situation than in some previous works and establish the existence of mild so-
lutions. In this work, we assume that K �= 0, indicating that the semigroup theory is
insufficient to study this differential inclusion class. Our approach consists of applying
the resolvent operator’s theory of Grimmer (see [22]) and transforming the problem (1)
into a fixed-point problem of an appropriate operator. The following is a summary of
the key contributions of this work:

• A novel kind of fractional impulsive integrodifferential inclusions with nonlocal
conditions is addressed.

• Based on the well-known Laplace transform and probability density functions,
we provide an adequate definition of mild solution for the considered equations
using fractional derivative and Grimmer’s resolvent operator.

• Combining fractional calculus, Grimmer’s resolvent operator, noncompactness
measure, multivalued properties and Banach fixed point theorem, the existence
of mild solutions of (1) is investigated.

• An example is provided to highlight the theoretical outcomes.

• Our results can be seen as a development and extension of several previous stud-
ies.

The structure of this document is as follows: a quick introduction to certain key
concepts and preliminary data that will be helpful in supporting our findings are given
in Section 2. In Section 3, we address the existence of mild solutions for the system
(1). In Section 4, we go over an example to illustrate how the suggested outcomes are
validated.
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2. Preliminaries

In order to validate our primary findings, we assemble in this section some prelim-
inary tools that will be required in the sequel.

In this work, (V,‖·‖) is a real separable Banach space. We denote by C (I ,V)
the Banach space of all continuous functions on I supplied with the norm ‖z‖C =
sup{‖z(t)‖ : t ∈ I }, and by L 1 (I ,V) the space of V-valued Bochner integrable
functions on I endowed with the norm ‖z‖L 1(I ,V) =

∫ a
0 ‖z(t)‖dt.

Let Σb (V) , Σcl (V) symbolize the families of all nonempty subsets of V that are
bounded and closed, respectively, and conv(X) represents the closed convex hull in V

of subset X .
The verification of our key findings will involve the use of some basic definitions

and properties of the Hausdorff measure of noncompactness, which we will go over in
the following. We designate Q the Hausdorff measure of noncompactness on both V

and PC (I ,V) which respect the following definition:

DEFINITION 1. [29] Let (V,d) be a metric space. Let X ∈ Σb (V) and K (x,r) =
{y ∈ V : d (x,y) < r}. Then, the Hausdorff measure of noncompactness of X , denoted
by Q (X) , is defined by

Q (X) = inf{ε > 0 : X ⊂ ∪n
i=1K (xi,ri) , xi ∈ V, ri < ε (i = 1,2, . . .), n ∈ N

∗}.

The Hausdorff measure of noncompactness has the following well-established
properties.

LEMMA 1. [29] Let Q denote the Hausdorff measure of noncompactness. Then,
we have

(1) If X1, X2 ∈ Σb (V) , X1 ⊂ X2, then Q (X1) � Q (X2) .

(2) Q ({v}∪X) = Q (X) , for every v ∈ V, X ∈ Σb (V) .

(3) For any compact subset K ⊂ V and any X ∈ Σb (V) , Q (K ∪X) = Q (X) .

(4) Q (X1 +X2) � Q (X1)+Q (X2) , for every X1, X2 ∈ Σb (V) .

(5) Q (X) = 0 if only if X is relatively compact, for every X ∈ Σb (V) .

(6) Q (λX) = |λ |Q (X) , λ ∈ R, X ∈ Σb (V) .

(7) Q (h(X)) � ‖h‖Q (X) , for every X ∈ Σb (V) , where h is a bounded linear
operator on X .

Let {t0, t1, . . . ,tm,tm+1} be a partition on [0,a], I0 = [0,t1], and for each i, Ii =
[ti,ti+1]. We consider the following space:

PC (I ,V) = {z : I → V : z/Ii
∈ C (Ii,V) , z

(
t+i
)
, z
(
t−i
)

exist for all 0 � i � m},
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supplied with the norm

‖z‖PC = sup{‖z(t)‖ : t ∈ I }.
Clearly, (PC (I ,V) , ‖·‖PC ) is a Banach space. Further, let us define the map

QPC : Σb (PC (I ,V)) → [0,∞[, QPC (X) = max
0�i�m

Qi

(
X/Ii

)
,

X ∈ Σb (PC (I ,V)) ,

where Qi is the noncompactness Hausdorff measure defined on C
(
I i,V

)
and

X/I i
= {z∗ : Ii → V, z∗ (t) = z(t) , t ∈ Ii, z∗ (ti) = z

(
t+i
)
, z ∈ X , 0 � i � m}.

It is obvious that QPC is a noncompactness Hausdorff measure on PC (I ,V) .

LEMMA 2. [11] Assume that (Dn)n�1 is a decreasing sequence of nonempty
bounded and closed subsets of V with Q (Dn)→ 0 as n→∞. Then ∩∞

n=1Dn is nonempty
compact subset of V.

LEMMA 3. [7] Let D be a bounded and equicontinuous subset of C (I ,V) .
Then Q (D(t)) is a continuous function on I and Q (D) = supt∈I Q (D(t)) .

LEMMA 4. [24] If {wn}∞
n=1 is a sequence of uniformly integrable functions in

L1 (I ,V) , then Q({wn(t)}∞
n=1) is measurable and

Q

({∫ t

0
wn (s)ds

}∞

n=1

)
� 2
∫ t

0
Q ({wn (s)}∞

n=1)ds.

LEMMA 5. [9] If X ⊆ V is bounded, then for all ε > 0, there exists a sequence
{wn}∞

n=1 ⊆ V such that
Q (X) � 2Q ({wn}∞

n=1)+ ε.

Now, we recall several well-known results from multivalued analysis that will be
useful throughout this work.

DEFINITION 2. [24, 29] Let Y , W be topological spaces. A multifunction G :
Y → P(W ) is said:

1. upper semicontinuous (u.s.c) if G−1(X) is an open subset of Y for every open
X ⊆ Y .

2. lower semicontinuous (l.s.c) when G+1(X) = {z ∈Y : G(z)∩X �= /0} is an open
for every open subset X of W .

3. closed in case when its graph is closed in the topological space Y ×W .

4. G is said to have a fixed point if there is z ∈ Y such that z ∈ G(z) .
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REMARK 1.

(1) If B⊂Y and G(B) are closed and G(B) is compact, then G is u.s.c. if and only
if G is closed.

(2) If G : Y → P(W )−{ /0} is a multifunction. Then d(z,G(·)) is u.s.c. if and only
if G is l.s.c. for every z ∈ W , where Y , W are Banach spaces.

DEFINITION 3. If X is a nonempty subset of L1(I , V) , we say X is decom-
posable if for every f , g ∈ X and for all Lebesgue measurable set N ⊂ I , fαN +
gα(I−N ) ∈ X , where α is the characteristic function of N .

LEMMA 6. [10, Theorem 3] If G : I ×Y → P(L1(I , Y )) is a multifunction
with closed decomposable values, then G has a continuous selection, where Y is a
separable metric space.

LEMMA 7. [4, Lemma 4] Let {gn}n�1 be a sequence of integrable bounded func-
tions in Lp(I , V) , p � 1 with Q{gn : n � 1} � ρ(t) , a.e. t ∈ I , ρ ∈ L1(I , R+) .
Then, for all ε > 0 there exists a compact set Nε ⊆ V , a measurable set Iε ⊂I with
measure less than ε and a sequence ςn(t)⊂ Lp(I ,V) such that {ςn(t) : n � 1}⊆Nε ,
for all t ∈ I and

||gn(t)− ςn(t)|| � 2ρ(t)+ ε, ∀t ∈ I −Iε .

THEOREM 1. [20] Let V be a Banach space, D be a nonempty, convex, closed
and bounded subset of V and H : D → D be a continuous function. If either H or
D is compact, then H has a fixed point.

2.1. Fractional calculus

DEFINITION 4. The Riemann-Liouville fractional integer of the order β ∈ (0,1]
of x : [0,a] → V is defined by

Jβ
t x(t) =

1
Γ(β )

∫ t

0
(t− s)β−1 x(s)ds,

where Γ(·) is the standard Gamma function.

DEFINITION 5. The Riemann-Liouville fractional derivative of the order β ∈ (0,1]
of x : [0,a] → V is defined by

Dβ
t x(t) =

d
dt

J1−β
t x(t) .

DEFINITION 6. The Caputo fractional derivative of the order β ∈ (0,1] of x :
[0,a]→ V is defined by

cDβ
t x(t) = Dβ

t (x(t)− x(0)) .
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The Laplace transform of Caputo fractional derivative is given by

L

(
cDβ

t x(t)
)

= λ β x̃(λ )−λ β−1x̃(0) ,

where x̃(λ ) is the Laplace tranform of x defined by

x̃ (λ ) =
∫ ∞

0
e−λ tx(t)dt, Re(λ ) > ω ,

where Re(λ ) symbolizes the real part of the complex number λ .

2.2. Resolvent operators

We consider the following integrodifferential linear system:⎧⎨⎩ z′(t) = Az(t)+
∫ t

0
K (t − s)z(s)ds, for t � 0,

z(0) = z0,
(2)

where A is a closed map, the subspace D (A) endowed with the graph norm ‖z‖+
‖Az‖ , z ∈ D (A) is a Banach space.

DEFINITION 7. [22] A family of bounded linear operators (R(t))t�0 on V is
called a resolvent operator of equation (2), if

(1) R(0) = I and for each t � 0, ‖R(t)‖L (V) � M∗eδ t for some constants M∗ � 1
and δ ∈ R.

(2) For each z ∈ V, R(·)z continuous.

(3) R(t) ∈ L (D (A)) for t � 0. For each z ∈ D (A) , R(·)z ∈ C 1([0,+∞);V)∩
C ([0,+∞);D(A)) and

R ′(t)z = AR(t)z+
∫ t

0
K (t− s)R(s)zds

= R(t)Az+
∫ t

0
R(t− s)K (s)zds, for t � 0.

We assume that:

(W1) A generates a strongly continuous semigroup (S(t))t�0 on V .

(W2) For each t � 0, K (t) ∈ L (D (A) ,V) and for each z ∈ D (A) , the function
K (·) z is bounded, differentiable and the derivative K ′ (·) z is bounded and
uniformly continuous on R

+.

THEOREM 2. [14, Theorem 1] Assume that (W1)–(W2) hold. Then, equation
(2) has a unique resolvent operator.
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THEOREM 3. [30] Assume that (W1)–(W2) hold. Let (R (t))t�0 be the resolvent
operator of equation (2). Assume that (S (t))t�0 is norm-continuous for t > 0, then
(R (t))t�0 is norm-continuous for t > 0.

For the whole of this study, we assume that the assumptions (W1)–(W2) hold.
Let (R (t))t�0 be the resolvent operator of equation (2). We consider the operators(

ζβ (t)
)
t�0 and

(
Tβ (t)

)
t�0 on V as follows:

ζβ (t)z =
∫ +∞

0
Πβ (s)R

(
stβ
)

zds, t � 0, z ∈ V,

and

Tβ (t)z =
∫ +∞

0
β sΠβ (s)R

(
stβ
)

zds, t � 0, z ∈ V,

where

Πβ (s) =
1

πβ

+∞

∑
n=1

(−s)n−1 Γ(1+nβ )
n!

sin(nπβ ) , β ∈]0,1[,

denotes the Wright type function defined on (0,+∞) in which 0 � Πβ (s) for s ∈
(0,+∞),∫ +∞

0
Πβ (s)ds = 1, and

∫ +∞

0
sα Πβ (s)ds =

Γ(1+ α)
Γ(1+ αβ )

, α ∈ [0,1].

Suppose that there exists M � 1 such that ‖R (t)‖L (V) � M for each t � 0.

We recall the following properties of the operators ζβ and Tβ .

LEMMA 8. [17, Lemma 2.1] The families
(
ζβ (t)

)
t�0 and

(
Tβ (t)

)
t�0 have the

following properties:

(i) For any t � 0, ζβ (t) and Tβ (t) are linear and bounded on V. Also,

∥∥ζβ (t)z
∥∥� M ‖z‖ , and

∥∥Tβ (t)z
∥∥� βM

Γ(1+ β )
‖z‖ , for z ∈ V.

(ii) ζβ (·) and Tβ (·) are strongly continuous on V.

(iii) If R (t) is norm-continuous for t > 0, then ζβ (t) and Tβ (t) are norm-continuous
for t > 0.

We consider the following linear equation:⎧⎨⎩ cDβ
t z(t) = Az(t)+

∫ t

0
K (t− s)z(s)ds+ π (t) , for t � 0,

z(0) = z0,
(3)
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where π ∈ Lp
loc (R+,V) , where p � 1. Thanks to the formulation of the function

Gamma Γ(·) , and the Caputo fractional derivative, the Cauchy problem (3) can be
rewritten in the following equivalent form:⎧⎪⎨⎪⎩ z(t) = z0 +

1
Γ(β )

∫ t

0
(t− s)β−1

[
Az(s)+

∫ s

0
K (s− r)z(r)dr+ π (s)

]
ds, for t � 0,

z(0) = z0,
(4)

provided that the existence of this integral.

THEOREM 4. [17, Theorem 2.3] If z is a solution of equation (4), then

z(t) = ζβ (t) z0 +
∫ t

0
(t− s)β−1 Tβ (t− s)π (s)ds, t � 0. (5)

3. Main results

This section is mainly concerned with the existence of mild solutions for system
(1). Before moving forward, the following definition of mild solution is given:

DEFINITION 8. A function z ∈PC (I ,V) is called a mild solution of (1) if z(t)
satisfies:

z(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ζβ (t)E (z)+

∫ t

0
(t− s)β−1 Tβ (t− s)g(z)(s)ds, t ∈ [0, t1],

ζβ (t)E (z)+ ∑m
i=1 ζβ (t− ti)Ji

(
z
(
t−i
))

+
∫ t

0
(t − s)β−1 Tβ (t− s)g(z) (s)ds, t ∈]ti,ti+1], 1 � i � m,

where g∈ S1
G(·, z(·)) such that S1

G(·, z(·)) = {g∈L1 (I ,V) : g(t)∈G(t,z(t)) , a.e t ∈I }.

To discuss our issue, the following listed assumptions will be needed in the sequel.

(E1) The resolvent operator (R (t))t�0 associated to the system (1) is norm-continuous,
and supt∈I ‖R (t)‖ = M, where M � 1.

(E2) The multifunction G : I ×V → Σcl (V) satisfies:

(i) (t,s) 
→ G(t,s) is graph measurable.

(ii) x 
→ G(t,s) is l.s.c. for a.e. t ∈ I .

(iii) If q ∈ (0,β ) , there exists η ∈ L
1
q (I ,R+) such that

‖G(t,z)‖ � η (t) for a.e. t ∈ I , z ∈ V.
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(iv) If q∈ (0,β ) , then there exists δ ∈L
1
q (I ,R+) , 4N∗ ‖δ‖

L
1
q (I ,R+)

< 1 such

that for each bounded subset X of V, we have

Q (G(t,X)) � δ (t)Q (X) for a.e. t ∈ I ,

where N∗ =
βM

Γ(1+ β )
· aβ−q

(μ +1)1−q , and μ =
β −1
1−q

.

(E3) E : PC (I ,V)→ V is continuous and compact, and there exists a positive λ �
0, such that

‖E (z)‖ � λ , for all z.

(E4) For every i = 1,2, . . . ,m, Ji : V→V are continuous and compact functions with

‖Ji (z)‖ � θi ‖z‖ for all z ∈ V, where θi is a positive constant.

(E5) There exists a positive constant � such that

Mλ +

(
M

m

∑
i=1

θi

)
�+

Mβ
Γ(1+ β )

a(μ+1)(1−q)

(μ +1)(1−q) ‖η‖
L

1
q (I ,R+)

� �. (6)

THEOREM 5. Assume that (E1)–(E5) hold. Then, the system (1) has a mild so-
lution on [0,a].

Proof. Define Θ : PC (I ,V) → 2L1(I ,V) as follows:

Θ(z) = S1
G(·, z(·)) = {g ∈ L1 (I ,V) : g(t) ∈ G(t,z(t)) , a.e t ∈ I }.

In view of (E4)(iii) and the fact that G has closed values, it follows that S1
G is nonempty

and closed. Also, it is easily seen that S1
G is decomposable. Next, we shall prove that

Θ is lower semicontinuous. To do this, we have to check that z → d (w,Θ(z)) is upper
semicontinuous for each w ∈ L1 (I ,V) . In fact, from ([26, Theorem 3.2]), we have
that

d (w,Θ(z)) = inf
g∈Θ(z)

‖w−g‖L1

= inf
g(t)∈G(t,z(t))

∫ a

0
‖w(t)−g(t)‖dt

=
∫ a

0
inf

g(t)∈G(t,z(t))
‖w(t)−g(t)‖dt (7)

=
∫ a

0
d (w(t) ,G(t,z(t)))dt.

In what follows, we will show that for each r > 0, the set Fr = {z∈PC (I ,V) :
d (w,Θ(z)) � r} is closed. Let {zn}n�1 be a sequence in Fr such that zn → z in
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PC (I ,V) . Thus, for every t ∈ I , zn (t)→ z(t) in V. Since G is lower semicontin-
uous, then in light of Remark 1, we can see that y → d (w(t) ,G(t,y)) is upper semi-
continuous. Thus, using Fatou Lemma and (7), we arrive at

r � lim
n→∞

supd (w,Θ(zn))

= lim
n→∞

sup
∫ a

0
d (w(t) ,G(t,zn (t)))dt

�
∫ a

0
lim
n→∞

supd (w(t) ,G(t,zn (t)))dt

�
∫ a

0
d (w(t) ,G(t,z(t)))dt

=d (w,Θ(z)) .

Then, z ∈ Fr. This implies that d (w,Θ(z)) is upper semicontinuous and thereby in
view of Remark 1, Θ is lower semicontinuous. Therefore, it follows from Lemma
6 that Θ has a continuous selection g : PC → L1 (I ,V) with g(z) ∈ Θ(z) , for all
z ∈ PC (I ,V) . This indicates that g(z) (t) ∈ G(t,z(t)) , a.e. t ∈ I .

Define the operator H : PC (I ,V) → PC (I ,V) by

(H z) (t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ζβ (t)E (z)+

∫ t

0
(t− s)β−1 Tβ (t − s)g(z) (s)ds, t ∈ [0,t1],

ζβ (t)E (z)+ ∑m
i=1 ζβ (t− ti)Ji

(
z
(
t−i
))

+
∫ t

0
(t− s)β−1 Tβ (t− s)g(z)(s)ds, t ∈]ti,ti+1], 1 � i � m,

where g ∈ S1
G(·, z(·)). Thus, we see that any fixed point of H corresponds to a mild

solution of (1). Therefore, in order to prove that (1) has a mild solution, we shall prove
that H has a fixed point. To enhance readability, we split the proof into a series of
steps.

Let D0 = {z ∈ PC (I ,V) : ‖z‖ � �}. Then, D0 is bounded, convex and closed
subset of PC (I ,V) .

Step 1: We prove that H (D0) ⊆ D0. Let z ∈ D0 and t ∈ I . Thus, for t ∈ I0,
using (E2), (E3), combined with Lemma 8 and Hölder’s inequality, we have

‖(H z) (t)‖ �
∥∥ζβ (t)E (z)

∥∥+
∥∥∥∥∫ t

0
(t− s)β−1 Tβ (t− s)g(z) (s)ds

∥∥∥∥
�Mλ +

Mβ
Γ(1+ β )

∫ t

0
(t− s)β−1 η (s)ds

�Mλ +
Mβ

Γ(1+ β )

(∫ t

0
(t− s)

β−1
1−q ds

)1−q(∫ t

0
|η (s)| 1

q ds

)q

�Mλ +
Mβ

Γ(1+ β )
a(μ+1)(1−q)

(μ +1)(1−q) ‖η‖
L

1
q (I ,R+)

��,
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where μ =
β −1
1−q

.

Likewise, for t ∈Ii, i = 1,2, . . . ,m, using (E4) and by similar argument as before,
one can arrive at

‖(H z) (t)‖ � Mλ +

(
M

m

∑
i=1

θi

)
�+

Mβ
Γ(1+ β )

a(μ+1)(1−q)

(μ +1)(1−q) ‖η‖
L

1
q (I ,R+)

� �.

Therefore, H (D0) ⊆ D0. Now, we consider a sequence Dn = convH (Dn−1) , n � 1.
Clearly, {Dn}∞

n=1 is decreasing sequence. In what follows, we show that the set D =
∩∞

n=1Dn is nonempty and compact. So in light of Lemma 2, we only need to prove that

lim
n→∞

QPC (Dn) = 0. (8)

Next, in Step 2 and Step 3, we will prove (8).

Step 2. For each n∈N, Ii = (ti,ti+1] and i = 0,1, . . . ,m, Dn/Ii
is equicontinuous,

where

Dn/Ii
= {z∗ ∈ C

(
Ii,V

)
: z∗ (t) = z(t) , t ∈ Ii, z∗ (ti) = z

(
t+i
)
, z ∈ Dn}.

Without loss of generality, we demonstrate that D1/Ii
is equicontinuous for all i =

0,1, . . . ,m. As D1 = convH (D0) , thus it suffices to demonstrate that H (D0)/Ii
is

equicontinuous on Ii. Let z ∈ D0 and x ∈ H (z) . We look at the following cases:

Case 1. If i = 0, we consider the following subcases:

1. Let t = 0 and r > 0 with t + r ∈ (0,t1]. By using (E2), (E3) and Hölder’s
inequality,

‖x∗ (t + r)− x∗ (t)‖ =‖x(r)− x(0)‖
�
∥∥ζβ (r)E (z)− ζβ (0)E (z)

∥∥
+
∥∥∥∥∫ r

0
(r− s)β−1 Tβ (r− s)g(z)(s)ds

∥∥∥∥
�λ
∥∥ζβ (r)− ζβ (0)

∥∥+
Mβ

Γ(1+ β )
‖η‖

L
1
q (I ,R+)

rβ−q

(μ +1)1−q

→ 0

as r → 0. Therefore independently on z, we have

lim
r→0

‖x∗ (t + r)− x∗ (t)‖ = 0. (9)
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2. Let t ∈ (0, t1) and r > 0 such that t + r ∈ (0,t1), then

‖x∗ (t + r)− x∗ (t)‖ =‖x(t + r)− x(t)‖
�
∥∥ζβ (t + r)E (z)− ζβ (t)E (z)

∥∥
+
∥∥∥∥∫ t+r

0
(t + r− s)β−1 Tβ (t + r− s)g(z)(s)ds

−
∫ t

0
(t− s)β−1 Tβ (t− s)g(z) (s)ds

∥∥∥∥
�
∥∥ζβ (t + r)E (z)− ζβ (t)E (z)

∥∥
+
∥∥∥∥∫ t

0

[
(t + r− s)β−1− (t− s)β−1

]
Tβ (t + r− s)g(z)(s)ds

∥∥∥∥
+
∥∥∥∥∫ t

0
(t− s)β−1

[
Tβ (t + r− s)−Tβ (t− s)

]
g(z) (s)ds

∥∥∥∥
+
∥∥∥∥∫ t+r

r
(t + r− s)β−1 Tβ (t + r− s)g(z)(s)ds

∥∥∥∥
�Δ1 + Δ2 + Δ3 + Δ4,

where

Δ1 =
∥∥ζβ (t + r)E (z)− ζβ (t)E (z)

∥∥ ,
Δ2 =

∥∥∥∥∫ t

0

[
(t + r− s)β−1− (t − s)β−1

]
Tβ (t + r− s)g(z) (s)ds

∥∥∥∥ ,
Δ3 =

∥∥∥∥∫ t

0
(t− s)β−1

[
Tβ (t + r− s)−Tβ (t− s)

]
g(z)(s)ds

∥∥∥∥ ,

Δ4 =
∥∥∥∥∫ t+r

r
(t + r− s)β−1 Tβ (t + r− s)g(z) (s)ds

∥∥∥∥ .
We will show that Δi → 0 as r → 0 for i = 1,2,3,4.

Using (E3), one has

Δ1 =
∥∥ζβ (t + r)E (z)− ζβ (t)E (z)

∥∥
� λ
∥∥ζβ (t + r)− ζβ (t)

∥∥
→ 0, as r → 0.

By (E2) and using Hölder’s inequality, we see that

Δ2 =
∥∥∥∥∫ t

0

[
(t + r− s)β−1− (t− s)β−1

]
Tβ (t + r− s)g(z) (s)ds

∥∥∥∥
� Mβ

Γ(1+ β )

∫ t

0

∣∣∣(t + r− s)β−1− (t− s)β−1
∣∣∣η (s)ds
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� Mβ
Γ(1+ β )

[∫ t

0

∣∣∣(t + r− s)β−1− (t− s)β−1
∣∣∣ 1

1−q
ds

]1−q

‖η‖
L

1
q (I ,R+)

=
Mβ

Γ(1+ β )

[∫ t

0

∣∣∣(r+ s)β−1− sβ−1
∣∣∣ 1

1−q
ds

]1−q

‖η‖
L

1
q (I ,R+)

.

Since,

lim
r→0

∣∣∣(r+ s)β−1− sβ−1
∣∣∣= 0, a.e s ∈ (0,t1)

and ∣∣∣(r+ s)β−1− sβ−1
∣∣∣� 2

(r+ s)1−β .

Using the Lebesgue dominated convergence Theorem, we can affirm that limr→0 Δ2

= 0.
Similarly, we have

Δ3 =
∥∥∥∥∫ t

0
(t − s)β−1

[
Tβ (t + r− s)−Tβ (t− s)

]
g(z) (s)ds

∥∥∥∥
�
∫ t

0
(t− s)β−1∥∥Tβ (t + r− s)−Tβ (t− s)

∥∥η (s)ds

�
[∫ t

0

[
(t− s)β−1∥∥Tβ (t + r− s)−Tβ (t− s)

∥∥] 1
1−q ds

]1−q

‖η‖
L

1
q (I ,R+)

=

[∫ t

0

[
sβ−1

∥∥Tβ (r+ s)−Tβ (s)
∥∥] 1

1−q ds

]1−q

‖η‖
L

1
q (I ,R+)

Since,
lim
r→0

sβ−1
∥∥Tβ (r+ s)−Tβ (s)

∥∥= 0, a.e s ∈ (0,t1)

and

sβ−1
∥∥Tβ (r+ s)−Tβ (s)

∥∥� 2βM
Γ(1+ β )

1

s1−β ,

using the Lebesgue dominated Theorem, it yields that limr→0 Δ3 = 0.
For Δ4, we obtain that

Δ4 =
∥∥∥∥∫ t+r

r
(t + r− s)β−1 Tβ (t + r− s)g(z) (s)ds

∥∥∥∥
� βM

Γ(1+ β )

∫ t+r

t
(t + r− s)β−1 η (s)ds

� βM
Γ(1+ β )

(∫ t+r

t
|t + r− s| β−1

1−q ds

)1−q

‖η‖
L

1
q (I ,R+)

� βM
Γ(1+ β )

rβ−q

(μ +1)1−q ‖η‖
L

1
q (I ,R+)

→ 0, as r → 0.
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Therefore, we have

lim
r→0

‖x∗ (t + r)− x∗ (t)‖ = 0. (10)

3. Let t = t1. Let r > 0 and τ > 0 provided that t1 + r ∈I1 and t1 < τ < t1 + r �
t2. Then,

‖x∗ (t1 + r)− x∗ (t1)‖ = lim
τ→t+1

‖x(t1 + r)− x(τ)‖ .

The definition of H implies that

‖x(t1 + r)− x(τ)‖ �
∥∥ζβ (t1 + r)E (z)−‖ζβ (τ)E (z)

∥∥
+

i

∑
k=1

∥∥ζβ (t1 + r− tk)Jk
(
z
(
t−k
))− ζβ (τ − tk)Jk

(
z
(
t−k
))∥∥

+
∥∥∥∥∫ t1+r

0
(t1 + r− s)β−1 Tβ (t1 + r− s)g(z) (s)ds

−
∫ τ

0
(τ − s)β−1 Tβ (τ − s)g(z) (s)ds

∥∥∥∥ .

With similar argument as the previous way, we have

lim
τ→t+1

‖x(t1 + r)− x(τ)‖ = 0. (11)

Case 2. In case of 1 � i � m, following the same reasonning as in Case 1,

lim
r→0

‖x∗ (t + r)− x∗ (t)‖ = 0. (12)

In light of (9)–(12), we derive that D1/
Ii

is equicontinuous for every 0 � i � m.

Step 3. We show that (8) is fulfilled. Set D = ∩∞
n=1Dn. We want to prove D

is nonempty and compact in PC (I ,V) . By virtue of Lemma 2, it suffices to show
that limn→∞ QPC (Dn) = 0. By Lemma 5, for arbitrary ε > 0, there exists a sequence
{wk}∞

k=1 in H (Dn−1) satisfying

QPC (Dn) = QPC H (Dn−1) � 2QPC {wk : k � 1}+ ε.

It follows from definition of QPC that

QPC (Dn) � 2 max
0�i�m

Qi

(
x/Ii

)
+ ε,

where x = {wk : k � 1}. By using the equicontinuity of Dn/Ii
, i = 0,1, . . . ,m, we can

apply Lemma 5 and we get

Qi

(
x/Ii

)
= sup

t∈Ii

Q (x(t)) .
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Hence, using the nonsingularity of Q we get

QPC (Dn) � 2 max
0�i�m

{
sup
t∈Ii

Q (x(t))

}
+ ε = 2 sup

t∈I
Q (x(t))+ ε.

Then, we have

QPC (Dn) � 2 sup
t∈I

Q{wk (t) : k � 1}+ ε. (13)

Since wk ∈ H (Dn−1) , k � 1 there is zk ∈ Dn−1 such that wk ∈ H (zk) , k � 1. From
the definition of H , (13) can be written as:

QPC (Dn) � 2 sup
t∈I

{wk (t) : k � 1}

�

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Q
(
ζβ (t)E (zk)

)
+Q

(∫ t

0
(t − s)β−1 Tβ (t− s)g(zk)(s)ds

)
, t ∈ I0,

Q
(
ζβ (t)E (zk)

)
+ ∑i

j=1 Q
(
Tβ (t− t j)J j

(
zk

(
t−j
)))

+Q

(∫ t

0
(t− s)β−1 Tβ (t − s)g(zk) (s)ds

)
, t ∈ Ii.

Since E and Ji for all 0 � i � m are compact, Lemma 1 implies

Q
{

ζβ (t)E (zk) : k � 1
}

= 0, (14)

Q
{
Tβ (t− t j)J j

(
zk

(
t−j
))

: k � 1
}

= 0. (15)

Hence, by (14) and (15), for every t ∈ I , we have

QPC (Dn) � 2 sup
t∈I

Q

{∫ t

0
(t− s)β−1 Tβ (t− s)g(zk)(s)ds : k � 1

}
+ ε.

Now, to evaluate Q

{∫ t

0
(t− s)β−1 Tβ (t − s)g(zk)(s)ds : k � 1

}
, consider the linear

continuous map Φ : L
1
q (I ,V) → C (I ,V) , where

Φ(g)(t) =
∫ t

0
(t− s)β−1 Tβ (t − s)g(s)ds.

For any g1, g2 ∈ L
1
q (I ,V) and t ∈ I , Hölder’s inequality implies

‖Φ(g1)(t)−Φ(g2) (t)‖ �
∫ t

0

∥∥∥(t− s)β−1 Tβ (t− s)
[
g1 (s)−g2 (s)

]∥∥∥ds

� βM
Γ(1+ β )

∫ t

0
(t− s)β−1‖g1 (s)−g2 (s)‖ds

� βM
Γ(1+ β )

(∫ t

0
(t − s)

β−1
1−q ds

)1−q

‖g1−g2‖
L

1
q (I ,R+)

� N∗ ‖g1−g2‖
L

1
q (I ,R+)

, (16)
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where

N∗ =
βM

Γ(1+ β )
· aβ−q

(μ +1)1−q .

Let yk = g(zk) (·) for all k � 1. From (E2)(iii), we obtain for almost t ∈I , ‖g(zk)(t)‖
� η (t) ∈ L

1
q (I ,V) . By using (E2)(iii) and for a.e t ∈ I , we get

Q{yk (t) : k � 1} � Q{G(t,zk) : k � 1}
� δ (t)Q{zk (t) : k � 1}
� δ (t)Q (Dn−1 (t))
� δ (t)QPC (Dn−1)

= ρ (t) ∈ L
1
q
(
I ,R+) .

Lemma 7 guarantees the existence of a compact set Nε ⊆V, a measurable set Iε ⊂I

with measure less than ε and a sequence of functions {ςk} ⊂ L
1
q (I ,V) such that for

all s∈I , ‖yk (s)− ςk (s)‖� 2ρ (s)+ε, for each s∈I −Iε . By using (16), we obtain
for all t ∈ I , k � 1,

‖Φ(yk)(t)−Φ(ςk)(t)‖
� N∗ ‖yk − ςk‖

L
1
q (I ,R+)

� N∗
[∫

I−Iε
‖yk (s)− ςk (s)‖ 1

q ds+
∫
Iε

‖yk (s)− ςk (s)‖ 1
q ds

]q

� N∗
[∫

I−Iε
(2ρ (s)+ ε)

1
q ds+

∫
Iε

‖yk (s)− ςk (s)‖ 1
q ds

]q

.

But ε is arbitrary, thus for all t ∈ I , k � 1,

‖Φ(yk) (t)−Φ(ςk) (t)‖ � 2N∗
∫

I
ρ (s)ds = 2N∗QPC (Dn−1)‖δ‖

L
1
q (I ,R+)

. (17)

Therefore, from (13), (14), (15) and (17), we get

QPC (Dn) � 4N∗
∫

I
ρ (s)ds = 2N∗QPC (Dn−1)‖δ‖

L
1
q (I ,R+)

+ ε.

Since ε is arbitrary, we find

QPC (Dn) � 4N∗
∫

I
ρ (s)ds = 4N∗QPC (Dn−1)‖δ‖

L
1
q (I ,R+)

.

By mathematical induction, one can write

0 � QPC (Dn) �
(

4N∗ ‖δ‖
L

1
q (I ,R+)

)n−1

QPC (D1) .
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By using (E2)(iv), if we take the limit as n → ∞, we get

lim
n→∞

QPC (Dn) = 0.

Thus D = ∩∞
n=1 is nonempty and compact by Lemma 2.

Step 4. We will prove the continuity of H on D.

Let (zn) a sequence in D with zn → z in D ⊂ PC (I ,V) . Thus, it follows
that limn→∞ zn (t) = z(t) , t ∈ I . Consequently, for each t ∈ I , limn→∞ g(zn) (t) =
g(z)(t) . For every t,s ∈ I , we have∥∥∥(t− s)β−1 g(zn)(s)

∥∥∥� (t − s)β−1 η (s) ∈ L1 (I ,R+) ,
and ∥∥∥(t− s)β−1 g(z) (s)

∥∥∥� (t− s)β−1 η (s) ∈ L1 (I ,R+) .
Then, Lebesgue dominated convergence theorem allows us to conclude

lim
n→∞

∫ t

0
(t− s)β−1 ‖g(zn) (s)−g(z) (s)‖ds = 0. (18)

Therefore, if t ∈ I0, continuity of E and (18) gives

lim
n→∞

‖H (zn) (t)−H (z)(t)‖ � lim
n→∞

λ ‖E (zn)−E (z)‖

+ lim
n→∞

βM
Γ(1+ β )

∫ t

0
(t − s)β−1‖g(zn)(s)−g(z)(s)‖ds

= 0.

Similarly, if t ∈ Ii, 1 � i � m, exploiting the continuity of Ji, we get

lim
n→∞

‖H (zn) (t)−H (z)(t)‖ � lim
n→∞

λ ‖E (zn)−E (z)‖

+
i

∑
k=1

lim
n→∞

‖Jk (zn (tk))−Jk (z(tk))‖

+ lim
n→∞

βM
Γ(1+ β )

∫ t

0
(t − s)β−1‖g(zn)(s)−g(z)(s)‖ds

= 0.

Hence H is continuous. Then, H : D → D fulfills the hypotheses in Theorem 1, so
there is z ∈ D ⊂ PC (I ,V) which is a mild solution for (1). �
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4. Example

The following fractional integrodifferential system is taken under consideration to
apply our results:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cDβ
t y(t,ω) ∈ ∂ 2

∂ω2 y(t,ω)+
∫ t

0
γ(t− s)

∂ 2

∂ω2 y(s,ω)ds+
c1

ũ
te−t sin[y(t,ω)]U ,

t ∈ [0,1], t �= ti, ω ∈ [0,π ],

y(t,0) = y(t,π) , t ∈ [0,1],

y
(( i

m+1

)+
,ω
)

= y
(( i

m+1

)
,ω
)

+
1
10

(
1
2

)i−1

y(t,ω) , t = ti, ω ∈ [0,π ],

y(0,ω) =
p

∑
k=0

∫ 1

0
Lk (y,x) tan−1 (y(sk,x))dx,

(19)

where 1
2 < β < 1, γ (t) = e−t , for t � 0. Here, p is a positive integer, 0 < s0 < s1 <

· · · < sp < 1, i = 1, . . . ,m, Lk : C ([0,1]× [0,1],R) is measurable such that

(
∫ 1

0
(
∫ 1

0
Lk (y,x)dx)2dy)

1
2 < +∞,

U is a nonempty, compact and convex set of L2([0,1]), c1 is a positive constant and
ũ = supu∈U ‖u‖ . Let V = L2 ([0,π ],R) . The following theorem is required to provide
an explicit form of (R (t))t�0 :

THEOREM 6. [21, Theorem 3.1] Assume that the following conditions hold:

(i) A generates an analytic semigroup (S (t))t�0 and satisfies the following esti-
mates ∥∥∥(αI−A)−1

∥∥∥
L (V)

� M̃
|α| , Re(α) > 0, and M̃ � 1.

(ii) ‖K (t)‖L (Y,V) � h(t) for some h(·) ∈ L1
loc (R+) and K (t)y is strongly mea-

surable for each y ∈ Y.

(iii) For α ∈ C with Re(α) > 0, K̂ (α) exists as an element of L (Y,V) and∥∥∥K̂ (t)
∥∥∥

L (Y,V)
� N

|α|b , for b > 0, and N � 1.

Then, equation (2) has a unique resolvent operator defined on V by

R (t)z =

{
S (t)z+R1 (t) z if t > 0

z if t = 0,
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where

R1 (t)z =
1

2π i

∫ ς+i∞

ς−i∞
eαt

+∞

∑
k=1

[
(αI−A)−1 K̂ (α)

]k
(αI−A)1 zdα,

in which ςb > 2
(
M̃ +1

)
N.

Let define A as follows

Aξ = ξ ′′ for ξ ∈ H0
1 (0,π)∩H2 (0,π) .

Here, K (t) = γ (t)A for t � 0. Clearly, the operators A and K (t) , t � 0 fulfill the
assumptions (O1) and (O2) , respectively. Also, they meet conditions (i), (ii) and (iii)
in Theorem 6. Indeed, it is evident that condition (i) is satisfied with M̃ = 1. For
condition (ii) , let z ∈ D (A) , then K (t)z = e−tAz is strongly measurable. Moreover,

‖K (t) z‖ � e−t (‖z‖+‖Az‖) ,
which implies that (ii) is fulfilled with h(t) = e−t . For the condition (iii) , let α ∈ C

with Re(α) > 0, then K̂ (α) =
1

α +1
A as an element of L (D (A) ,V) . In addition,∥∥∥K̂ (α) z

∥∥∥� 1
|α| (‖z‖+‖Az‖) , which implies that condition (iii) holds with N = b =

1.
It is well known that A generates a compact semigroup given by

S (t)v =
+∞

∑
k=1

e−k2t〈v,xk〉xk, for v =
+∞

∑
k=1

〈v,xk〉xk ∈ V,

where xk (�) =
√

2
π sin (k�) for each k � 1. Let v = ∑+∞

k=1 vkxk ∈ V , then

(αI−A)−1 v =
+∞

∑
k=1

1
α + k2 vkxk.

Therefore,

R (t)v =
+∞

∑
k=1

Fk (t)vkxk,

where

Fk (t) = e−k2t +
1

2π i

∫ ς+i∞

ς−i∞
eαt

+∞

∑
n=1

[
−k2

(α + k2)(α +1)

]n
1

(α + k2)
dα

= e−k2t +
1

2π i

∫ ς+i∞

ς−i∞

−k2eαt

(α + k2)
[
k2 +(α + k2) (α +1)

]dα

= e−k2t +
1

2π i

∫ ς+i∞

ς−i∞
Pk (α)eαt dα,
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for

Pk (α) =
−k2

(α + k2)
[
k2 +(α + k2)(α +1)

] .
Now, for every i = 1, . . . ,m, we define Ji : V → V by

Ji (y) (ω) =
1
10

(
1
2

)i−1

y, ω ∈ [0,π ],

then (E4) holds with θi =
1
10

(
1
2

)i−1

. For every k = 0,1, . . . , p, let us define ϕk :

V → V as follows:

(ϕk (y))(ω) =
∫ t

0
Lk (y,x) tan−1 (y(x))dx, ω ∈ [0,π ].

Further, let E : PC ([0,1],V) → V be defined by

E (y) =
k=p

∑
k=0

ϕk (y(sk)) .

Also, we define the multifunction G by

G(t,y)(ω) =
c1

ũ
te−t sin[y(t,ω)]U .

For t ∈ [0,1] and ω ∈ [0,π ], let z(t)(ω) = y(t,ω) . Then, system (19) can be
transformed into the following abstract form:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

cDβ
t z(t) ∈ Az(t)+

∫ t

0
K (t− s)z(s)ds+G(t,z(t)) ,

t ∈ I = [0,a], t �= ti, i = 1, . . . ,m,

z
(
t+i
)− z(ti) = Ji (z(ti)) , t = ti, i = 1, . . . ,m,

z(0) = E (z) .

We oberve that t → G(t,z) is strongly measurable, G(t, ·) is lower semicontinuous.

Moreover, for all z ∈ PC (I ,V) , g(t) =
c1

ũ
te−t sin (z)u, u ∈ U is integrable, and

g(t) ∈ G(t,z) . Also,

‖g(t)‖ � sup
u∈U

c1

ũ
te−t ‖u‖ � c1te

−t := η (t) .

Moreover, we see that G(t,X) ⊂ δ (t)U , for δ (t) = c1te−t ∈ L
1
q (J ,R+) for q ∈

(0,β ). Since U is compact, then we have

Q (G(t,X)) � δ (t)Q (U ) = 0.

Therefore, Q (G(t,X)) = 0 � δ (t)Q (X) . Then, G satisfies (E4) .
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From [17], we have that ‖R (t)‖ � M, where M = 1+
3√
7
. Observe that

M
m

∑
i=1

θi = M
m

∑
i=1

1
10

(
1
2

)i−1

= M
1− (1

2

)m
5

<
M
5

< 1 for m � 1.

Now, let m � 1, b = Mλ + Mβ
Γ(1+β )

a(μ+1)(1−q)

(μ+1)(1−q) ‖η‖
L

1
q (I ,R+)

and choose

� = 2

(
b

1−M∑m
i=1 θi

)
.

Then, � > 0 and

Mλ +

(
M

m

∑
i=1

θi

)
�+

Mβ
Γ(1+ β )

a(μ+1)(1−q)

(μ +1)(1−q) ‖η‖
L

1
q (I ,R+)

= b+2

(
M

m

∑
i=1

θi

)
b

1−M∑m
i=1 θi

=
b−bM∑m

i=1 θi +2bM∑m
i=1 θi

1−M∑m
i=1 θi

=
b

1−M∑m
i=1 θi

+
(

b
1−M∑m

i=1 θi

)
M

m

∑
i=1

θi

=
�

2
+

(
M

m

∑
i=1

θi

)
�

2

<
�

2
+

�

2
= �,

which indicates that (E5) is satisfied with

� = 2

(
b

1−M∑m
i=1 θi

)
.

Hence, in view of Theorem 5, (19) has a mild solution on [0,1].

5. Conclusion

This study looks into the issue of existence results for a class of fractional impul-
sive integrodifferential inclusions with nonlocal conditions. Through the use of several
mathematical approaches including the Grimmer resolvent operator, fractional calculus,
multivalued properties, noncompactness measure and fixed point theory, the existence
of mild solutions of the considered system is obtained. To illustrate the practical value
of our findings, we finalized this work with an example.
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UFR SAT Département de Mathématiques
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