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Abstract. The aim of this paper is to introduce new improvements of Ostrowski-type inequalities
with Caputo fractional derivatives and their generalized proportional extensions. We introduce
two types of proportional operators of Caputo-type along with those which have been defined
in terms of another function and there by we have fractional inequalities of one, two and three
functions. The suggested outcomes generalize the classical Ostrowski inequalities and contain a
variety of other inequalities as special cases. The theoretical results are justified with numerical
examples whose applicability in fractional differential-based models of stability and control sys-
tems reveals itself. The present work is able to contribute to the ongoing progress of fractional
calculus within the framework of nonlocal and memory-dependent dynamic.

1. Introduction

Fractional calculus has become a useful tool in the modeling of complex systems
where they possess nonlocal action and memory effects. In contrast to classical deriva-
tives of integer order, fractional-order derivatives are better placed to capture the hered-
itary characteristics present in a wide selection of physical, biological, and engineering
processes [1]. Ostrowski-type inequalities are one of the most important analytical tools
in this area because of its application in numerical analysis, approximation theory and
error estimation [4]. These inequalities provide estimates of how far a function might
be away from its integral mean and have been much generalized with a range of classes
of convexity and by fractional operators.

Further studies contributed greatly to generalizing Ostrowski-type inequalities, us-
ing new classes of convex functions, as well as various fractional operators. For exam-
ple, studies have explored inequalities involving generalized harmonic convex functions
[12], hypergeometric functions [13] and exponential-type convexity [9], [14]. Advance-
ments go further to include formulations using n-polynomial exponentially s-convex
functions [15] and conformable fractional operators [11]. Such developments high-
light the growing interest in the generalization of classical inequalities to more simplex
functional settings and types of operators.
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Several significant extensions of fractional Ostrowski-type inequalities have also
been found with the help of advance fractional integrals. For instance, [16] presented
generalizations using Riemann–Liouville and Caputo-type integrals [1] proposed re-
finements based on the Atangana–Baleanu fractional integral operator, while [2] intro-
duced the concept of fractional derivatives with respect to another function. Additional
studies include Hilfer-type integrals [3], and univariate and multivariate inequalities
involving Atangana–Baleanu Caputo derivatives [4]. Researchers have also explored
convexity-based extensions using (α,β ,γ,δ ) -convex functions [5] and proportional
fractional operators defined with respect to another function [6],[7]. A comprehensive
overview of these recent developments is provided by [11].

Research Gaps Regardless of the major developments some notable gaps still exist.
The existing results mostly concentrate on single-variable functions or special classical
operators and there appears to be a gap in the general theory of generalized propor-
tional Caputo derivatives (GPD). Moreover, Ostrowski-type inequalities that deal with
multiple functions especially with two and three functions are not comprehensively
studied in the available literature. Another notable deficiency is the limited study of
fractional derivatives taken with respect to another function in the context of Ostrowski-
type bounds. These shortcomings are a chance to raise the theoretical background and
practice of such inequalities.

Motivation The research has been inspired by the desire of bridging these gaps, build-
ing a framework of fractional Ostrowski-type inequalities that can equally embrace pro-
portional behavior and the nonlocal memory effects. That approach is very applicable in
control theory, instability theory and modelling dynamic systems that follow fractional
differential equations.

Aim and Novelty The aim of this paper is to provide new Ostrowski-type inequal-
ities involving Caputo fractional derivatives and generalized proportional inequalities,
involving derivatives with respect to a different function. The innovation of the work
is in defining the refined inequalities of one, two and three functions by the general-
ized proportional Caputo derivative (GPD). This work generalizes previous research
providing a stronger analytics and larger scope of applications.

The rest of the paper will be organized as the following: Section 2 contains the
preliminaries and observations made regarding Caputo fractional derivatives, propor-
tional derivatives and derivatives with respect to another function. In sections 3-5,
new Ostrowski-type inequalities are introduced under different fractional structures. To
prove the correctness of the theoretical findings, section 6 contains numerical examples
to support the findings. Lastly, part 7 wraps up the paper and provides a direction of
future research.
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2. Preliminaries

2.1. Caputo-type fractional derivative

DEFINITION 1. [2] Let β > 0, I = [c,d] be a finite or infinite interval, g an inte-
grable function defined on I and Φ ∈C1 (I) an increasing function such that Φ′

(t) �= 0,
for all t ∈ I . Left and right fractional integrals of a function g with respect to another
function Φ are defined as

Iβ ,Φ
c+ g(t) =

1
Γ(β )

∫ t

c
Φ′ (s) (Φ(t)−Φ(s))β−1 g(s)ds, (1)

and

Iβ ,Φ
d− g(t) =

1
Γ(β )

∫ d

t
Φ′ (s) (Φ(s)−Φ(t))β−1 g(s)ds.

DEFINITION 2. [2] Let β > 0, n ∈ N , I is the interval −∞ � c < d � ∞ , g,Φ ∈
Cn(I) two functions such that Φ is increasing and Φ(t) = 0, for all t ∈ I . The left
Φ-Caputo fractional derivative of g of order β is given by

CDβ ,Φ
c+ g(t) = In−β ,Φ

c+

(
1

Φ′ (t)
d
dt

)n

g(t)

CDβ ,Φ
c+ g(t) =

1
Γ(n−β )

∫ t

c
Φ′ (s) (Φ(t)−Φ(s))n−β−1g

[n]

Φ (s)ds,

where

g
[n]

Φ g(t) =
(

1
Φ′ (t)

d
dt

)n

g(t) .

And the right Φ-Caputo fractional derivative of g by

CDβ ,Φ
d− g(t) = In−β ,Φ

d−

(
− 1

Φ′ (t)
d
dt

)n

g(t)

CDβ ,Φ
d− g(t) =

1
Γ(n−β )

∫ d

t
Φ′ (s) (Φ(s)−Φ(t))n−β−1 (−1)n g

[n]

Φ (s)ds,

where n = [β ]+1 for β /∈ N .

DEFINITION 3. [2] In particular, when β ∈ (0,1) , we have left and right Caputo-
type fractional derivative defined as

CDβ ,Φ
c+ g(t) =

1
Γ(1−β )

∫ t

c
(Φ(t)−Φ(s))−β g′ (s)ds,

CDβ ,Φ
d− g(t) =

−1
Γ(1−β )

∫ d

t
(Φ(s)−Φ(t))−β g′ (s)ds.
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REMARK 1. [2] For β ∈ (0,1) , we have

Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t) = g(t)−g(c) , (2)

Iβ ,ΨC
d− Dβ ,Φ

d− g(t) = g(t)−g(d) .

LEMMA 1. [2] (AB Mean Value Theorem) Let g∈C1 [c,d] and β ∈ (0,1) . Then,
for all t ∈ (c,d) , there exists some m ∈ (c,t) and some n ∈ (t,d) such that

f (t) = f (c)+
(

CDβ ,Φ
c+ g

)
(m)

(Φ(t)−Φ(c))β

Γ(β +1)
,

f (t) = f (d)+
(

CDβ ,Φ
d− g

)
(n)

(Φ(d)−Φ(t))β

Γ(β +1)
.

2.2. The proportional fractional derivative of Caputo type

DEFINITION 4. [8] For ρ ∈ (0,1] , and 0 < β < 1, we define the left and right
GPF integral of g by

(
cI

β ,ρg
)

(s) =
1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (s−τ) (s− τ)β−1 g(τ)dτ (3)

(
Iβ ,ρ
d g

)
(s) =

1

ρβ Γ(β )

∫ d

s
e

ρ−1
ρ (τ−s) (τ − s)β−1 g(τ)dτ.

DEFINITION 5. [8] For ρ ∈ (0,1] , and 0 < β < 1, we define the left GPF deriva-
tive of Caputo type starting at c by(

C
c Dβ ,ρg

)
(s) =c I1−β ,ρ (D1,ρg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ s

c
e

ρ−1
ρ (s−u) (s−u)−β (

D1,ρg
)
(u)du,

and the left proportional derivative is given as:

D1,ρg(u) = Dρg(u) = (1−ρ)g(u)+ ρ f ′ (u) .

The right GPF derivative of Caputo type ending at d is defined by(
CDβ ,ρ

d

)
g(s) =d I1−β ,ρ (�D1,ρg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ d

s
e

ρ−1
ρ (u−s) (u− s)−β (

�D1,ρg
)
(u)du,

where for the right proportional derivative

�D1,ρg(u) = Dρg(u) = (1−ρ)g(u)−ρ f ′ (u) .



NOVEL REFINEMENTS OF OSTROWSKI-TYPE INEQUALITY 67

REMARK 2. [8] For ρ ∈ (0,1] and n = [Re(β )]+1, we have

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s) = g(s)−

n−1

∑
k=0

(
Dk,ρg

)
(c)

ρkk!
(s− c)k e

ρ−1
ρ (s−c) (4)

dI
β ,ρ

(
CDβ ,ρ

d g
)

(s) = g(s)−
n−1

∑
k=0

(−1)k
(
�Dk,ρg

)
(d)

ρkk!
(d− s)k e

ρ−1
ρ (d−s).

When β ∈ (0,1) , then we have

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s) = g(s)−g(c)e

ρ−1
ρ (s−c)

dI
β ,ρ

(
CDβ ,ρ

d g
)

(s) = g(s)−g(d)e
ρ−1

ρ (d−s).

LEMMA 2. (AB Mean Value Theorem) Let g ∈ C1 [c,d] and β ∈ (0,1) . Then,
for all s ∈ (c,d) , there exists some m ∈ (c,s) and some n ∈ (s,d) such that

g(s) = g(c)e
ρ−1

ρ (s−c) +
(

C
c Dβ ,ρg

)
(m)

1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

g(s) = g(d)e
ρ−1

ρ (d−s) +
(

C
�Dβ ,ρ

d g
)

(n)
1

ρβ Γ(β )
γ (β ,d− s)(

1−ρ
ρ

)β ,

where γ (β ,s− c) is improper gamma function, which is defined as:

γ (β ,s− c) =
∫ s

c
e−xxβ−1dx.

Proof. Using the mean value theorem for integral there exists some m∈ (c,s) such
that by using (3) improper gamma function we have

[c]lcIβ ,ρ
(

C
c Dβ ,ρg

)
(s)

=
1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (s−τ) (s− τ)β−1

(
C
c Dβ ,ρg

)
(τ)dτ

=
(

C
c Dβ ,ρg

)
(m)

1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (s−τ) (s− τ)β−1 dτ

=
(

C
c Dβ ,ρg

)
(m)

1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β .

(5)

By using Remark 4

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s) = g(s)−g(c)e

ρ−1
ρ (s−c), (6)
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also by comparing (5) and (6), we have

g(s)−g(c)e
ρ−1

ρ (s−c) =
(

C
c Dβ ,ρg

)
(m)

1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β .

Similarly for R.H.S we have this lemma in the form of

g(s)−g(d)e
ρ−1

ρ (d−s) =
(

C
�Dβ ,ρ

d g
)

(n)
1

ρβ Γ(β )
γ (β ,d− s)(

1−ρ
ρ

)β . �

2.3. Caputo proportional fractional derivatives w.r.t another function

DEFINITION 6. [7] For ρ ∈ (0,1] and β ∈ (0,1) we define the left and right
fractional integrals of g with respect to h by

(
cI

β ,ρ ,hg
)

(s) =
1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (h(s)−h(τ)) (h(s)−h(τ))β−1 g(τ)h′ (τ)dτ (7)

(
Iβ ,ρ ,h
d g

)
(s) =

1

ρβ Γ(β )

∫ d

s
e

ρ−1
ρ (h(τ)−h(s)) (h(τ)−h(s))β−1 g(τ)h′ (τ)dτ.

DEFINITION 7. [7] For ρ ∈ (0,1] and β ∈ (0,1) , we define the left derivative of
Caputo type starting at c by(

C
c Dβ ,ρ ,hg

)
(s) =c I1−β ,ρ ,h

(
D1,ρ ,hg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ s

c
e

ρ−1
ρ (h(s)−h(τ)) (h(s)−h(τ))−β

×
(
D1,ρ ,hg

)
(τ)h′ (τ)dτ,

where (
D1,ρ ,hg

)
(τ) = (1−ρ)g(s)+ ρ

g′ (s)
h′ (s)

.

The right derivative of Caputo-type ending at d is defined by(
CDβ ,ρ ,h

d g
)

(s) = I1−β ,ρ ,h
d

(
�D1,ρ ,hg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ d

s
e

ρ−1
ρ (h(τ)−h(s)) (h(τ)−h(s))−β

×
(
�D1,ρ ,hg

)
(τ)h′ (τ)dτ,

and (
D1,ρ ,hg

)
(τ) = (1−ρ)g(s)−ρ

g′ (s)
h′ (s)

.
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REMARK 3. [7] For ρ > 0 and β > 0 we have

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s)

= g(s)−
n−1

∑
k=0

(
Dk,ρ ,hg

)
(c)

ρkk!
(h(s)−h(c))k e

ρ−1
ρ (h(s)−h(c))

and

Iβ ,ρ ,h
d

(
CDβ ,ρ ,h

d g
)

(s)

= g(s)−
n−1

∑
k=0

(−1)k (�Dk,ρ ,hg
)
(d)

ρkk!
(h(d)−h(s))k e

ρ−1
ρ (h(d)−h(s)).

And for all β ∈ (0,1)

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s) = g(s)−g(c)e

ρ−1
ρ (h(s)−h(c)) (8)

Iβ ,ρ ,h
d

(
CDβ ,ρ ,h

d g
)

(s) = g(s)−g(d)e
ρ−1

ρ (h(d)−h(s))
.

LEMMA 3. (AB Mean Value Theorem) Let g ∈ C1 [c,d] and β ∈ (0,1) . Then,
for all s ∈ (c,d) , there exists some m ∈ (c,s) and some n ∈ (s,d) such that

g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))

=

(
C
c Dβ ,ρ ,hg

)
(m)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
,

g(s)−g(d)e
ρ−1

ρ (h(d)−h(s))

=

(
CDβ ,ρ ,h

d g
)

(n)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
.

Proof. Using the mean value theorem for integral there exists some c∈ (c,s) such
that by using (7)

[c]lcIβ ,ρ ,h
(

C
c Dβ ,ρ ,hg

)
(s)

=
1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (h(s)−h(τ)) (h(s)−h(τ))β−1

(
C
c Dβ ,ρ ,hg

)
(τ)h′ (τ)dτ

=
(

C
c Dβ ,ρ ,hg

)
(m)

1

ρβ Γ(β )

∫ s

c
e

ρ−1
ρ (h(s)−h(τ)) (h(s)−h(τ))β−1 h′ (τ)dτ

=
(

C
c Dβ ,ρ ,hg

)
(m)

1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
.

(9)
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By using remark 8

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s) = g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

, (10)

also by comparing (9) and (10), we have

g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))

=

(
C
c Dβ ,ρ ,hg

)
(m)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
.

Similarly for R.H.S we have this lemma in the form of

g(s)−g(d)e
ρ−1

ρ (h(d)−h(s))

=

(
CDβ ,ρ ,h

d g
)

(n)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(t))β+n

β
. �

3. Main results

THEOREM 1. Let g′ ∈ C1 (c,d) and CDβ ,Φ
c+ g ∈ C [c,d] and 0 < β < 1; then, for

any t ∈ [c,d] , where Φ is an increasing function, then we have the following inequality:∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(c))Φ

′
(t)dt

∣∣∣∣ � (Φ(d)−Φ(c))β

Γ(β +2)

∥∥∥CDβ ,Φ
c+ g

∥∥∥ .

Proof. By using Lemma 1 for Caputo derivative, we let

|g(t)−g(c)|

=

∣∣∣∣∣g(c)+
(Φ(t)−Φ(c))β

Γ(β +1)

(
CDβ ,Φ

c+ g
)

(m)−g(c)

∣∣∣∣∣
=

1
Γ(β +1)

(Φ(t)−Φ(c))β
∣∣∣(CDβ ,Φ

c+ g
)

(m)
∣∣∣

� 1
Γ(β +1)

(Φ(t)−Φ(c))β
∥∥∥(CDβ ,Φ

c+ g
)∥∥∥ .

Thus, we have

|g(t)−g(c)| � (Φ(t)−Φ(c))β

Γ(β +1)

∥∥∥(CDβ ,Φ
c+ g

)∥∥∥ . (11)

Let us consider∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
g(t)Φ′ (t)dt− 1

Φ(d)−Φ(c)

∫ d

c
Φ

′
(t)g(c)dt

∣∣∣∣
=

∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(c))Φ′ (t)dt

∣∣∣∣
� 1

Φ(d)−Φ(c)

∫ d

c
|g(t)−g(c)|Φ′ (t)dt.
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By using (11), we get∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(c))Φ′ (t)dt

∣∣∣∣
� 1

Φ(d)−Φ(c)

∫ d

c

(Φ(t)−Φ(c))β

Γ(β +1)

∥∥∥(CDβ ,Φ
c+ g

)∥∥∥Φ′ (t)dt

=
∥∥∥(CDβ ,Φ

c+ g
)∥∥∥ 1

Φ(d)−Φ(c)

∫ d

c

(Φ(t)−Φ(c))β

Γ(β +1)
Φ′ (t)dt

=
∥∥∥(CDβ ,Φ

c+ g
)∥∥∥ 1

Φ(d)−Φ(c)
(Φ(d)−Φ(c))β+1

(β +1)Γ(β +1)
.

Thus, we have ∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(c))Φ′ (t)dt

∣∣∣∣
� (Φ(d)−Φ(c))β

Γ(β +2)

∥∥∥(CDβ ,Φ
c+ g

)∥∥∥ . �

THEOREM 2. Let g′ ∈ C1 (c,d) and CDβ ,Φ
d− g ∈ C [c,d] for 0 < β < 1 , then we

have ∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(d))Φ

′
(t)dt

∣∣∣∣ � (Φ(d)−Φ(c))β

Γ(β +2)

∥∥∥(CDβ ,Φ
d− g

)∥∥∥ ,

where Φ is an increasing function.

We now prove a result regarding the Caputo fractional derivative of a function
with respect to another function, considering both left-sided and right-sided Caputo
fractional derivatives over the interval bounded by c and d .

THEOREM 3. Let g′ ∈ C1 (c,d) and CDβ ,Φ
t0+ g, CDβ ,Φ

t0− g ∈ C [c,d] for 0 < β < 1 ,
then we have ∣∣∣∣ 1

Φ(d)−Φ(c)

∫ d

c
(g(t)−g(t0))Φ′ (t)dt

∣∣∣∣
�

∥∥∥CDβ ,Φ
t0+ g

∥∥∥
Φ(d)−Φ(c)

(
(Φ(t0)−Φ(c))β+1

Γ(β +2)

)

+

∥∥∥CDβ ,Φ
t0− g

∥∥∥
Φ(d)−Φ(c)

(
(Φ(d)−Φ(t0))

β+1

Γ(β +2)

)
,

where Φ is an increasing function.
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Proof. From Lemma 1, we have for the left Caputo fractional derivative

g(t)−g(t0) =
(

CDβ ,Φ
t0+ g

)
(c)

(Φ(t)−Φ(t0))
β

Γ(β +1)
(12)

for t ∈ [t0,d] , and for the right Caputo fractional derivative

g(t)−g(t0) =
(

CDβ ,Φ
t0− g

)
(d)

(Φ(t0)−Φ(t))β

Γ(β +1)
(13)

for t ∈ [c, t0] . Hence, from (12), we have

|g(t)−g(t0)| � (Φ(t)−Φ(t0))
β

Γ(β +1)

∥∥∥CDβ ,Φ
t0+ g

∥∥∥ (14)

for t ∈ [t0,d] .
Similarly, from (13), we have

|g(t)−g(t0)| � (Φ(t0)−Φ(t))β

Γ(β +1)

∥∥∥CDβ ,Φ
t0− g

∥∥∥ (15)

for t ∈ [c, t0] . From (14) and (15), we have∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(t0))Φ′ (t)dt

∣∣∣∣
� 1

Φ(d)−Φ(c)

∫ d

c
|g(t)−g(t0)|Φ′ (t)dt

=
1

Φ(d)−Φ(c)

{∫ t0

c
|g(t)−g(t0)|Φ′ (t)dt +

∫ d

t0
|g(t)−g(t0)|Φ′ (t)dt

}
.

By using (14) and (15)∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(t0))Φ′ (t)dt

∣∣∣∣
� 1

Φ(d)−Φ(c)

{(∫ t0

c

(Φ(t0)−Φ(t))β

Γ(β +1)
Φ′ (t)dt

)∥∥∥CDβ ,Φ
t0− g

∥∥∥
+

(∫ d

t0

(Φ(t)−Φ(t0))
β

Γ(β +1)
Φ′ (t)dt

)∥∥∥CDβ ,Φ
t0+ g

∥∥∥
}

=
1

Φ(d)−Φ(c)

(
− (Φ(t0)−Φ(c))β+1

(β +1)Γ(β +1)

)∥∥∥CDβ ,Φ
t0− g

∥∥∥
+

1
Φ(d)−Φ(c)

(
(Φ(d)−Φ(t0))

β+1

(β +1)Γ(β +1)

)∥∥∥CDβ ,Φ
t0+ g

∥∥∥ .
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Therefore, we have∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(t0))Φ′ (t)dt

∣∣∣∣
�

∥∥∥CDβ ,Φ
t0+ g

∥∥∥
Φ(d)−Φ(c)

(
(Φ(t0)−Φ(c))β+1

Γ(β +2)

)

+

∥∥∥CDβ ,Φ
t0− g

∥∥∥
Φ(d)−Φ(c)

(
(Φ(d)−Φ(t0))

β+1

Γ(β +2)

)
. �

3.1. Caputo fractional inequality of two functions

THEOREM 4. Let g′, h′ ∈ C1 (c,d) and CDβ ,Φ
c+ g, CDβ ,Φ

c+ h ∈ C [c,d] . Then, we
have

2
∫ d

c
g(t)h(t)dt−

∫ d

c
[g(t)h(c)+h(t)g(c)]dt

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt +

∥∥∥CDβ ,Φ
c+ h

∥∥∥∫ d

c
g(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt,

where Φ is an increasing function.

Proof. We have from remark 2

Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t) = g(t)−g(c) , (16)

and similarly for h, we have

Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t) = h(t)−h(c) . (17)

Multiplying (16) by h(t) and (17) by g(t) , we have

h(t)g(t)−h(t)g(c) = h(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

, (18)

g(t)h(t)−g(t)h(c) = g(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

. (19)

Adding the (18) and (19), we have

2 f (t)h(t)−g(t)h(c)−h(t)g(c)

= h(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

+g(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

.
(20)

Integrating the equation (20) from c to d w.r.t t, we have

2
∫ d

c
g(t)h(t)dt−

∫ d

c
[g(t)h(c)+h(t)g(c)]dt

=
∫ d

c
h(t)

(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

dt +
∫ d

c
g(t)

(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

dt.
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By remark 2, we have

2
∫ d

c
g(t)h(t)dt−

∫ d

c
[g(t)h(c)+h(t)g(c)]dt

=
∫ d

c
h(t)(g(t)−g(c))dt +

∫ d

c
g(t)(h(t)−h(c))dt.

(21)

Applying Lemma 1, of R.H.S of (21) we get

∫ d

c
h(t)(g(t)−g(c))dt +

∫ d

c
g(t)(h(t)−h(c))dt

=
∫ d

c
h(t)

(Φ(t)−Φ(c))β

Γ(β +1)

(
CDβ ,Φ

c+ g(m)
)

dt

+
∫ d

c
g(t)

(Φ(t)−Φ(c))β

Γ(β +1)

(
CDβ ,Φ

c+ h(m)
)

dt

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ h
∥∥∥∫ d

c
g(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt.

Thus, we have

2
∫ d

c
g(t)h(t)dt−

∫ d

c
[g(t)h(c)+h(t)g(c)]dt

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ h
∥∥∥∫ d

c
g(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt.

The right Caputo-Ostrowski inequality is valid for two functions, and is given by. �

THEOREM 5. Let g′, h′ ∈ C1 (c,d) and CDβ ,Φ
d− g, CDβ ,Φ

d− h ∈ C [c,d] . Then, we
have

2
∫ d

c
g(t)h(t)dt−

∫ d

c
[g(t)h(d)+h(t)g(d)]dt

�
∥∥∥CDβ ,Φ

d− g
∥∥∥∫ d

c
h(t)

(Φ(d)−Φ(t))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

d− h
∥∥∥∫ d

c
g(t)

(Φ(d)−Φ(t))β

Γ(β +1)
dt,

where Φ is an increasing function.
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3.2. Caputo fractional inequality of three functions

THEOREM 6. Let g′, h′, l′ ∈C1 (c,d) and CDβ ,Φ
c+ g, CDβ ,Φ

c+ h, CDβ ,Φ
c+ l ∈ C [c,d] .

Then, we have

3
∫ d

c
g(t)h(t) l (t)dt−

∫ d

c
[g(c)h(t) l (t)

+h(c)g(t) l (t)+ l (c)g(t)h(t)]dt

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ h
∥∥∥∫ d

c
g(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ l
∥∥∥∫ d

c
g(t)h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt,

where Φ is an increasing function.

Proof. We have from remark 2

Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t) = g(t)−g(c) , (22)

Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t) = h(t)−h(c) , (23)

Iβ ,ΨC
c+ Dβ ,Φ

c+ l (t) = l (t)− l (c) . (24)

Multiplying both sides of (22) to (24), by h(t) l (t) , l (t)g(t) and h(t) l (t) , respectively,
we obtain

g(t)h(t) l (t)−g(c)h(t) l (t) = h(t) l (t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

, (25)

g(t)h(t) l (t)−h(c)g(t) l (t) = g(t) l (t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

, (26)

g(t)h(t) l (t)− l (c)g(t)h(t) = g(t)h(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ l (t)
)

. (27)

Adding (25) to (27), we have

3 f (t)h(t) l (t)−g(c)h(t) l (t)−h(c)g(t) l (t)− l (c)g(t)h(t)

= h(t) l (t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

+g(t) l (t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

+g(t)h(t)
(
Iβ ,ΨC
c+ Dβ ,Φ

c+ l (t)
)

. (28)
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Integrating the above (28) from c to d also using both remark 2 and lemma 1, we have

3
∫ d

c
g(t)h(t) l (t)dt−

∫ d

c
[g(c)h(t) l (t)+h(c)g(t) l (t)+ l (c)g(t)h(t)]dt

=
∫ d

c
h(t) l (t)

(
Iβ ,ΨC
c+ Dβ ,Φ

c+ g(t)
)

dt +
∫ d

c
g(t) l (t)

(
Iβ ,ΨC
c+ Dβ ,Φ

c+ h(t)
)

dt

+
∫ d

c
g(t)h(t)

(
Iβ ,ΨC
c+ Dβ ,Φ

c+ l (t)
)

dt,

=
∫ d

c
h(t) l (t)(g(t)−g(c))dt +

∫ d

c
g(t) l (t)(h(t)−h(c))dt

+
∫ d

c
g(t)h(t)(l (t)− l (c))dt,

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ h
∥∥∥∫ d

c
g(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ l
∥∥∥∫ d

c
g(t)h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt.

Thus, we have

3
∫ d

c
g(t)h(t) l (t)dt−

∫ d

c
[g(c)h(t) l (t)+h(c)g(t) l (t)+ l (c)g(t)h(t)]dt

�
∥∥∥CDβ ,Φ

c+ g
∥∥∥∫ d

c
h(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ h
∥∥∥∫ d

c
g(t) l (t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

c+ l
∥∥∥∫ d

c
g(t)h(t)

(Φ(t)−Φ(c))β

Γ(β +1)
dt. �

THEOREM 7. Let g′, h′, l′ ∈C1 (c,d) and CDβ ,Φ
d− g, CDβ ,Φ

d− h, CDβ ,Φ
d− l ∈ C [c,d] .

Then, we have

3
∫ d

c
g(t)h(t) l (t)dt−

∫ d

c
[g(d)h(t) l (t)+h(d)g(t) l (t)+ l (d)g(t)h(t)]dt

�
∥∥∥CDβ ,Φ

d− g
∥∥∥∫ d

c
h(t) l (t)

(Φ(d)−Φ(t))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

d− h
∥∥∥∫ d

c
g(t) l (t)

(Φ(d)−Φ(t))β

Γ(β +1)
dt

+
∥∥∥CDβ ,Φ

d− l
∥∥∥∫ d

c
g(t)h(t)

(Φ(d)−Φ(t))β

Γ(β +1)
dt,
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where Φ is an increasing function.

4. Type I: the PF derivative of Caputo type

THEOREM 8. Let g′ ∈ C1 (c,d) and C
c Dβ ,ρg ∈ C [c,d] and 0 < β < 1; then, for

any s ∈ [c,d] and ρ ∈ (0,1] , we have

∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(c)e

ρ−1
ρ (s−c)δ (s− s0)

)
ds

∣∣∣∣
�

∥∥∥(C
c Dβ ,ρg

)∥∥∥ (s− c)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β ) (1−ρ)β

+
1

d− c

⎡
⎢⎣ρ .g(c)

(
e

ρ−1
ρ (d−c) −1

)
(ρ −1)

−g(c)e
ρ−1

ρ (s−c)

⎤
⎥⎦ ,

where γ is an improper gamma function.

Proof. By using Lemma 2 for proportional Caputo fractional derivative

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (s−c)δ (s− s0)
∣∣∣∣

=

∣∣∣∣∣∣∣g(c)e
ρ−1

ρ (s−c) +
(

C
c Dβ ,ρg

)
(c)

1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β −g(c)e
ρ−1

ρ (s−c)δ (s− s0)

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
(

C
c Dβ ,ρg

)
(c)

1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β +g(c)e
ρ−1

ρ (s−c) (1− δ (s− s0))

∣∣∣∣∣∣∣
� 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

∣∣∣(C
c Dβ ,ρg

)
(c)

∣∣∣+g(c)e
ρ−1

ρ (s−c) (1− δ (s− s0))

=
γ (β ,s− c)

(1−ρ)β Γ(β )

∥∥∥C
c Dβ ,ρg

∥∥∥+g(c)e
ρ−1

ρ (s−c) (1− δ (s− s0)) .

Thus, we have∣∣∣∣g(s)−g(c)e
ρ−1

ρ (s−c)δ (s− s0)
∣∣∣∣ (29)

�
∥∥C

c Dβ ,ρg
∥∥γ (β ,s− c)

(1−ρ)β Γ(β )
+g(c)e

ρ−1
ρ (s−c) (1− δ (s− s0)) .



78 A. YOUNUS AND M. AHMAD

Let us conside

∣∣∣∣ 1
d− c

∫ d

c
g(s)ds−g(c)e

ρ−1
ρ (s−c)

∣∣∣∣ (30)

=
∣∣∣∣ 1
d− c

∫ d

c
g(s)ds−g(c)e

ρ−1
ρ (s−c).1

∣∣∣∣ .
Now, we consider Dirac delta function δ (s− s0) , it only contributes at s = s0

g(c)e
ρ−1

ρ (s0−c)
.1 =

∫ d

c
g(c)e

ρ−1
ρ (s−c)δ (s− s0)ds.

So, we have our inequality (30) in the form of

∣∣∣∣ 1
d− c

(∫ d

c
g(s)ds−

∫ d

c
g(c)e

ρ−1
ρ (s−c)δ (s− s0)ds

)∣∣∣∣
=

∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(c)e

ρ−1
ρ (s−c)δ (s− s0)

)
ds

∣∣∣∣
=

1
d− c

∫ d

c

∣∣∣∣
(

g(s)−g(c)e
ρ−1

ρ (s−c)δ (s− s0)
)∣∣∣∣ds.

By using (29), we get

1
d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (s−c)δ (s− s0)
∣∣∣∣ds

� 1
d− c

[∫ d

c

∥∥C
c Dβ ,ρg

∥∥γ (β ,s− c)

(1−ρ)β Γ(β )

+
∫ d

c
g(c)e

ρ−1
ρ (s−c) (1− δ (s− s0))ds

]

=
∥∥∥(C

c Dβ ,ρg
)∥∥∥ (s− c)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β ) (1−ρ)β

+
1

d− c

[∫ d

c
g(c)e

ρ−1
ρ (s−c)ds−

∫ d

c
g(c)e

ρ−1
ρ (s−c)δ (s− s0)ds

]

=
∥∥∥(C

c Dβ ,ρg
)∥∥∥ (s− c)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β ) (1−ρ)β

+
1

d− c

⎡
⎢⎣ρ .g(c)

(
e

ρ−1
ρ (d−c) −1

)
(ρ −1)

−g(c)e
ρ−1

ρ (s−c)

⎤
⎥⎦ .
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Thus, we have∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(c)e

ρ−1
ρ (s−c)δ (s− s0)

)
ds

∣∣∣∣
�

∥∥∥(C
c Dβ ,ρg

)∥∥∥ (s− c)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β ) (1−ρ)β

+
1

d− c

⎡
⎢⎣ρ .g(c)

(
e

ρ−1
ρ (d−c) −1

)
(ρ −1)

−g(c)e
ρ−1

ρ (s−c)

⎤
⎥⎦ . �

THEOREM 9. Let g′ ∈ C1 (c,d) and CDβ ,ρ
d g ∈ C [c,d] for 0 < β < 1; then, for

any s ∈ [c,d] and ρ ∈ (0,1] , we have∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(d)e

ρ−1
ρ (d−s)δ (s− s0)

)
ds

∣∣∣∣
�

∥∥∥(C
�Dβ ,ρ

d g
)∥∥∥ (d− s)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β )(1−ρ)β

+
1

d− c

⎡
⎢⎣ρ .g(d)

(
e

ρ−1
ρ (d−c) −1

)
(ρ −1)

−g(d)e
ρ−1

ρ (d−s)

⎤
⎥⎦ ,

where γ is an improper gamma function.

THEOREM 10. Let g′ ∈C1 (c,d) and, C
s0+

Dβ ,ρg, CDβ ,ρ
s0− g∈C [c,d] for 0 < β < 1.

Then, for any s,s0 ∈ [c,d] and ρ ∈ (0,1] , we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s0−s)δ (s− s0)
∣∣∣∣ds

}

�
∥∥∥(C

�Dβ ,ρ
s0 g

)∥∥∥ (s0− s)(γ (β ,s0)− γ (β ,c))− (γ (β +1,s0)− γ (β +1,c))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (s0−c) −1

)
(ρ −1)

−g(s0)e
ρ−1

ρ (s0−c)

⎤
⎥⎦

+
∥∥∥(C

s0D
β ,ρg

)∥∥∥ (s− s0) (γ (β ,d)− γ (β ,s0))− (γ (β +1,d)− γ (β +1,s0))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (d−s0) −1

)
(ρ −1)

−g(s0)e
ρ−1

ρ (d−s0)

⎤
⎥⎦ ,

where γ is an improper gamma function.
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Proof. From (29), we have

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−c)δ (s− s0)
∣∣∣∣

�
∥∥∥(C

s0D
β ,ρg

)∥∥∥ γ (β ,s− s0)

(1−ρ)β Γ(β )
+g(s0)e

ρ−1
ρ (s−s0) (1− δ (s− s0))

(31)

for s ∈ [s0,d] . Similarly, for R.H.S we have

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (d−s)δ (s− s0)
∣∣∣∣

�
∥∥∥(C

�Dβ ,ρ
s0 g

)∥∥∥ γ (β ,s0 − s)

(1−ρ)β Γ(β )
+g(s0)e

ρ−1
ρ (s0−s) (1− δ (s− s0))

(32)

for s ∈ [c,s0] .

∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(s0)e

ρ−1
ρ (s−s0)δ (s− s0)

)
ds

∣∣∣∣
=

1
d− c

∫ d

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

� 1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s0−s)δ (s− s0)
∣∣∣∣ds

}
.

By using (31) and (32), we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s0−s)δ (s− s0)
∣∣∣∣ds

}

�

∥∥∥(C
�Dβ ,ρ

s0 g
)∥∥∥

(d− c)(1−ρ)β Γ(β )

∫ s0

c
γ (β ,s0 − s)ds

+
1

d− c

[∫ s0

c
g(s0)e

ρ−1
ρ (s0−s)ds−

∫ s0

c
g(s0)e

ρ−1
ρ (s0−s)δ (s− s0)ds

]

+

∥∥(C
s0D

β ,ρg
)∥∥

(d− c)(1−ρ)β Γ(β )

∫ d

s0
γ (β ,s− s0)ds

+
1

d− c

[∫ d

s0
g(s0)e

ρ−1
ρ (s−s0)ds+

∫ d

s0
g(s0)e

ρ−1
ρ (s−s0)δ (s− s0)ds

]
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=
∥∥∥(C

�Dβ ,ρ
s0 g

)∥∥∥ (s0− s)(γ (β ,s0)− γ (β ,c))− (γ (β +1,s0)− γ (β +1,c))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (s0−c) −1

)
(ρ −1)

−g(s0)e
ρ−1

ρ (s0−c)

⎤
⎥⎦

+
∥∥∥(C

s0D
β ,ρg

)∥∥∥ (s− s0) (γ (β ,d)− γ (β ,s0))− (γ (β +1,d)− γ (β +1,s0))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (d−t0)−1

)
(ρ −1)

−g(t0)e
ρ−1

ρ (d−t0)

⎤
⎥⎦ .

Thus, we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s0−s)δ (s− s0)
∣∣∣∣ds

}

�
∥∥∥(C

�Dβ ,ρ
s0 g

)∥∥∥ (s0− s)(γ (β ,s0)− γ (β ,c))− (γ (β +1,s0)− γ (β +1,c))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (s0−c) −1

)
(ρ −1)

−g(s0)e
ρ−1

ρ (s0−c)

⎤
⎥⎦

+
∥∥∥(C

s0D
β ,ρg

)∥∥∥ (s− s0) (γ (β ,d)− γ (β ,s0))− (γ (β +1,d)− γ (β +1,s0))

(d− c)(1−ρ)β Γ(β )

+
1

d− c

⎡
⎢⎣ρ .g(s0)

(
e

ρ−1
ρ (d−s0) −1

)
(ρ −1)

−g(s0)e
ρ−1

ρ (d−s0)

⎤
⎥⎦ . �

4.1. PF inequalities of two functions

THEOREM 11. Let g′, h′ ∈ C1 (c,d) and C
c Dβ ,ρg, C

c Dβ ,ρh ∈ C [c,d] . Then, for
any s ∈ [c,d] and ρ ∈ (0,1] , we have∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (s−c) −h(s)g(c)e

ρ−1
ρ (s−c)

]
ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)γ (β ,s− c)ds,

where γ is an improper gamma function.
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Proof. We have from Remark 4

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s) = g(s)−g(c)e

ρ−1
ρ (s−c)

, (33)

for β ∈ (0,1) and

cI
β ,ρ

(
C
c Dβ ,ρh

)
(s) = h(s)−h(c)e

ρ−1
ρ (s−c)

. (34)

Multiplying (33) by h(s) and (34) by g(s) , we have

h(s)g(s)−h(s)g(c)e
ρ−1

ρ (s−c) = h(s)
(

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s)

)
, (35)

g(s)h(s)−g(s)h(c)e
ρ−1

ρ (s−c) = g(s)
(

cI
β ,ρ

(
C
c Dβ ,ρh

)
(s)

)
. (36)

Adding the (35) and (36), we have

2 f (s)h(s)−g(s)h(c)e
ρ−1

ρ (s−c) −h(s)g(c)e
ρ−1

ρ (s−c) (37)

= h(s)
(

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s)

)
+g(s)

(
cI

β ,ρ
(

C
c Dβ ,ρh

)
(s)

)
.

Integrating the equation (37) from c to d w.r.t s, we have∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (s−c)−h(s)g(c)e

ρ−1
ρ (s−c)

]
ds

=
∫ d

c
h(s)

(
cI

β ,ρ
(

C
c Dβ ,ρg

)
(s)

)
ds+

∫ d

c
g(s)

(
cI

β ,ρ
(

C
c Dβ ,ρh

)
(s)

)
ds.

By remark 4, we have∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (s−c)−h(s)g(c)e

ρ−1
ρ (s−c)

]
ds (38)

=
∫ d

c
h(s)

(
g(s)−g(c)e

ρ−1
ρ (s−c)

)
ds+

∫ d

c
g(s)

(
h(s)−h(c)e

ρ−1
ρ (s−c)

)
ds.

Applying Lemma 2, of R.H.S of (38), we get∫ d

c
h(s)

(
g(s)−g(c)e

ρ−1
ρ (s−c)

)
ds+

∫ d

c
g(s)

(
h(s)−h(c)e

ρ−1
ρ (s−c)

)
ds

=
∫ d

c
h(s)

⎛
⎜⎝ 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

((
C
c Dβ ,ρg

)
(m)

)⎞⎟⎠ds

+
∫ d

c
g(s)

⎛
⎜⎝ 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

((
C
c Dβ ,ρh

)
(m)

)⎞⎟⎠ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s)γ (β ,s− c)ds+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)γ (β ,s− c)ds.
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Thus, we have

∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s) (Dρh)(c)e

ρ−1
ρ (s−c)−h(s) (Dρg)(c)e

ρ−1
ρ (s−c)

]
ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s)γ (β ,s− c)ds+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)γ (β ,s− c)ds. �

THEOREM 12. Let g′, h′ ∈ C1 (c,d) and CDβ ,ρ
d g, CDβ ,ρ

d h ∈ C [c,d] . Then, for
s ∈ [c,d] and ρ ∈ (0,1] , we have

2
∫ d

c
g(s)h(s)ds−

∫ d

c

[
g(s)h(d)e

ρ−1
ρ (d−s)−h(s)g(d)e

ρ−1
ρ (d−s)

]
ds

�

∥∥∥C
�Dβ ,ρ

d g
∥∥∥

(1−ρ)β Γ(β )

∫ d

c
g(s)γ (β ,d− s)ds+

∥∥∥C
�Dβ ,ρ

d h
∥∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s)γ (β ,d− s)ds,

where γ is an improper gamma function.

4.2. PF inequalities of three functions

Now, we give the Proportional Caputo fractional inequality in three functions as
follows:

THEOREM 13. Let g′, h′, l′ ∈C1 (c,d) and C
c Dβ ,ρg, C

c Dβ ,ρh, C
c Dβ ,ρ l ∈C [c,d] .

Then, for s ∈ [c,d] and ρ ∈ (0,1] , we have

∫ d

c
2 f (s) l (s)h(s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (s−c)

−g(s) l (s)h(c)e
ρ−1

ρ (s−c)−g(s)h(s) l (c)e
ρ−1

ρ (s−c)
]
ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρ l

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)h(s)γ (β ,s− c)ds,

where γ is an improper gamma function.

Proof. For all β ∈ (0,1) we have from remark 4

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s) = g(s)−g(c)e

ρ−1
ρ (s−c), (39)
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cI
β ,ρ

(
C
c Dβ ,ρh

)
(s) = h(s)−h(c)e

ρ−1
ρ (s−c)

, (40)

cI
β ,ρ

(
C
c Dβ ,ρ l

)
(s) = l (s)− l (c)e

ρ−1
ρ (s−c)

. (41)

Multiplying (39) by h(s) l (s) , (40) by g(s) l (s) and (41) by g(s)h(s) , we have

h(s) l (s)g(s)−h(s) l (s)g(c)e
ρ−1

ρ (s−c) = h(s) l (s)
(

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s)

)
, (42)

g(s) l (s)h(s)−g(s) l (s)h(c)e
ρ−1

ρ (s−c) = g(s) l (s)
(

cI
β ,ρ

(
C
c Dβ ,ρh

)
(s)

)
, (43)

g(s)h(s) l (s)−g(s)h(s) l (c)e
ρ−1

ρ (s−c) = g(s)h(s)
(

cI
β ,ρ

(
C
c Dβ ,ρ l

)
(s)

)
. (44)

Adding the (42) , (43) and (44), we have

2 f (s) l (s)h(s)−h(s) l (s)g(c)e
ρ−1

ρ (s−c)

−g(s) l (s)h(c)e
ρ−1

ρ (s−c) −g(s)h(s) l (c)e
ρ−1

ρ (s−c)

= h(s) l (s)
(

cI
β ,ρ

(
C
c Dβ ,ρg

)
(s)

)
+g(s) l (s)c Iβ ,ρ

(
C
c Dβ ,ρh

)
(s)

+g(s)h(s)
(

cI
β ,ρ

(
C
c Dβ ,ρ l

)
(s)

)
.

(45)

Integrating the equation (45) from c to d w.r.t s, we have

∫ d

c
2 f (s) l (s)h(s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (s−c)

−g(s) l (s)h(c)e
ρ−1

ρ (s−c) −g(s)h(s) l (c)e
ρ−1

ρ (s−c)
]
ds

=
∫ d

c
h(s) l (s)

(
cI

β ,ρ
(

C
c Dβ ,ρg

)
(s)

)
ds+

∫ d

c
g(s) l (s)c Iβ ,ρ

(
C
c Dβ ,ρh

)
(s)ds

+
∫ d

c
g(s)h(s)

(
cI

β ,ρ
(

C
c Dβ ,ρ l

)
(s)

)
ds.

(46)

By remark 4, we have
∫ d

c
2 f (s) l (s)h(s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (s−c)

−g(s) l (s)h(c)e
ρ−1

ρ (s−c)−g(s)h(s) l (c)e
ρ−1

ρ (s−c)
]
ds

=
∫ d

c
h(s) l (s)

(
g(s)−g(c)e

ρ−1
ρ (s−c)

)
ds

+
∫ d

c
g(s) l (s)

(
h(s)−h(c)e

ρ−1
ρ (s−c)

)
ds

+
∫ d

c
g(s)h(s)

(
l (s)− l (c)e

ρ−1
ρ (s−c)

)
ds.

(47)
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Applying Lemma 2, of R.H.S of (47), we get

∫ d

c
h(s) l (s)

(
g(s)−g(c)e

ρ−1
ρ (s−c)

)
ds

+
∫ d

c
g(s) l (s)

(
h(s)−h(c)e

ρ−1
ρ (s−c)

)
ds

+
∫ d

c
g(s)h(s)

(
l (s)− l (c)e

ρ−1
ρ (s−c)

)
ds

=
∫ d

c
h(s) l (s)

⎛
⎜⎝ 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

((
C
c Dβ ,ρg

)
(m)

)⎞⎟⎠ds

+
∫ d

c
g(s) l (s)

⎛
⎜⎝ 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

((
C
c Dβ ,ρh

)
(m)

)⎞⎟⎠ds

+
∫ d

c
g(s)h(s)

⎛
⎜⎝ 1

ρβ Γ(β )
γ (β ,s− c)(

1−ρ
ρ

)β

((
C
c Dβ ,ρ l

)
(m)

)⎞⎟⎠ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρ l

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)h(s)γ (β ,s− c)ds.

Thus, we have∫ d

c
2 f (s) l (s)h(s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (s−c)

−g(s) l (s)h(c)e
ρ−1

ρ (s−c)−g(s)h(s) l (c)e
ρ−1

ρ (s−c)
]
ds

�
∥∥C

c Dβ ,ρg
∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρh

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s) l (s)γ (β ,s− c)ds

+

∥∥C
c Dβ ,ρ l

∥∥
(1−ρ)β Γ(β )

∫ d

c
g(s)h(s)γ (β ,s− c)ds. �

THEOREM 14. Let g′, h′, l′ ∈C1 (c,d) and CDβ ,ρ
d g, CDβ ,ρ

d h, CDβ ,ρ
d l ∈C [c,d] .
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Then, for s ∈ [c,d] and ρ ∈ (0,1] , we have

2
∫ d

c
g(s)h(s) l (s)ds−

∫ d

c
h(s) l (s)g(d)e

ρ−1
ρ (d−s)ds−

∫ d

c
g(s) l (s)h(d)e

ρ−1
ρ (d−s)ds

−
∫ d

c
g(s)h(s) l (d)e

ρ−1
ρ (d−s)ds

�

∥∥∥C
�Dβ ,ρ

d g
∥∥∥

(1−ρ)β Γ(β )

∫ d

c
h(s) l (s)γ (β ,d− s)ds

+

∥∥∥C
�Dβ ,ρ

d h
∥∥∥

(1−ρ)β Γ(β )

∫ d

c
g(s) l (s)γ (β ,d− s)ds

+

∥∥∥C
�Dβ ,ρ

d l
∥∥∥

(1−ρ)β Γ(β )

∫ d

c
g(s)h(s)γ (β ,d− s)ds,

where γ is an improper gamma function.

5. Type II: Caputo proportional fractional derivatives w.r.t another function

THEOREM 15. Let g′ ∈ C1 (c,d) and C
c Dβ ,ρ ,hg ∈ C [c,d] and 0 < β < 1; then,

for any s ∈ [c,d] , and ρ ∈ (0,1] , we have

1
d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣ds

�
∥∥(C

c Dβ ,ρ ,hg
)∥∥

(d− c)ρβ .Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

[∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))ds−g(c)e

ρ−1
ρ (h(s)−h(c))

]
,

where γ is an improper gamma function and h is increasing function.

Proof. By using Lemma 3 for GFP Caputo derivative, we let∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣

=
∣∣∣∣g(c)e

ρ−1
ρ (h(s)−h(c)) +

(
C
c Dβ ,ρ ,hg

)
(c)

×
(

1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)

−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣
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=

∣∣∣∣∣
(

C
c Dβ ,ρ ,hg

)
(m)

(
1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)

+g(c)e
ρ−1

ρ (h(s)−h(c)) (1− δ (s− s0))
∣∣∣∣

�
∥∥(C

c Dβ ,ρ ,hg
)∥∥

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

+g(c)e
ρ−1

ρ (h(s)−h(c)) (1− δ (s− s0)) .

Thus, we have

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣

�
∥∥(C

c Dβ ,ρ ,hg
)∥∥

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

+g(c)e
ρ−1

ρ (h(s)−h(c)) (1− δ (s− s0)) .

(48)

Let us consider

∣∣∣∣ 1
d− c

∫ d

c
g(s)ds−g(c)e

ρ−1
ρ (h(s)−h(c))

∣∣∣∣
=

∣∣∣∣ 1
d− c

∫ d

c
g(s)ds−g(c)e

ρ−1
ρ (h(s)−h(c)).1

∣∣∣∣
(49)

Now, we consider δ (s− s0) is the Dirac delta function, it only contributes at s = s0

g(c)e
ρ−1

ρ (h(s)−h(c)).1 =
∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))δ (s− s0)ds

So, we have our inequality (49) in the form of

∣∣∣∣ 1
d− c

∫ d

c
g(s)ds−g(c)e

ρ−1
ρ (h(s)−h(c))

∣∣∣∣
=

∣∣∣∣ 1
d− c

(∫ d

c
g(s)ds−

∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))δ (s− s0)ds

)∣∣∣∣
=

∣∣∣∣ 1
d− c

∫ d

c

(
g(s)ds−g(c)e

ρ−1
ρ (h(s)−h(c))δ (s− s0)

)
ds

∣∣∣∣
=

1
d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣ds.

(50)
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By using lemma (3) in equation (50) we get

1
d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣ds

� 1
d− c

∥∥∥(C
c Dβ ,ρ ,hg

)∥∥∥ 1

ρβ Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c)) (1− δ (s− s0))ds

=

∥∥(C
c Dβ ,ρ ,hg

)∥∥
(d− c)ρβ .Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

[∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))ds−g(c)e

ρ−1
ρ (h(s)−h(c))

]
.

Thus, we have

1
d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))δ (s− s0)
∣∣∣∣ds

�
∥∥(C

c Dβ ,ρ ,hg
)∥∥

(d− c)ρβ .Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

[∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))ds−g(c)e

ρ−1
ρ (h(s)−h(c))

]
. �

THEOREM 16. Let g′ ∈C1 (c,d) and CDβ ,ρ ,h
d g ∈C [c,d] for 0 < β < 1; then for

any s ∈ [c,d] , and ρ ∈ (0,1] , we have

1
d− c

∫ d

c

∣∣∣∣g(s)−g(d)e
ρ−1

ρ (h(d)−h(s))δ (s− s0)
∣∣∣∣ds

�

∥∥∥(CDβ ,ρ ,h
d g

)∥∥∥
ρβ (d− c)Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
ds

+
1

d− c

[∫ d

c
g(d)e

ρ−1
ρ (h(d)−h(s))ds−g(d)e

ρ−1
ρ (h(d)−h(s))

]
,

where γ is an improper gamma function and h is increasing function.

THEOREM 17. Let g′ ∈ (c,d) and, C
s0D

β ,ρ ,hg, CDβ ,ρ ,h
s0 g ∈C [c,d] for 0 < β < 1.

Then for any s,s0 ∈ [c,d] , and ρ ∈ (0,1] , we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s)−h(s0))δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s0)−h(s))δ (s− s0)
∣∣∣∣ds

}
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�
∥∥C

s0D
β ,ρ ,hg

∥∥
ρβ (d− c)Γ(β )

∫ s0

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

[∫ s0

c
g(s0)e

ρ−1
ρ (h(s)−h(s0))ds−g(s0)e

ρ−1
ρ (h(s)−h(s0))

]

+

∥∥∥CDβ ,ρ ,h
s0 g

∥∥∥
ρβ (d− c)Γ(β )

∫ d

s0

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
ds

+
1

d− c

[∫ d

s0
g(s0)e

ρ−1
ρ (h(s0)−h(s))ds−g(s0)e

ρ−1
ρ (h(s0)−h(s))

]
,

where γ is an improper gamma function and h is increasing function.

Proof. From (48), we have

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s)−h(s0))δ (s− s0)
∣∣∣∣

�
∥∥C

s0D
β ,ρ ,hg

∥∥
ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

+g(s0)e
ρ−1

ρ (h(s)−h(s0)) (1− δ (s− s0)) .

(51)

for s ∈ [s0,d] . Similarly for R.H.S we have

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s0)−h(s))δ (s− s0)
∣∣∣∣

�

∥∥∥CDβ ,ρ ,h
s0 g

∥∥∥
ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

+g(s0)e
ρ−1

ρ (h(s0)−h(s)) (1− δ (s− s0)) .

(52)

for s ∈ [c,s0] . Let us consider

∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(s0)e

ρ−1
ρ (s−s0)δ (s− s0)

)
ds

∣∣∣∣
=

1
d− c

∫ d

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (s−s0)δ (s− s0)
∣∣∣∣ds

� 1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s)−h(s0))δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s0)−h(s))δ (s− s0)
∣∣∣∣ds

}
.
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By using (51) and (52), we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s)−h(s0))δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s0)−h(s))δ (s− s0)
∣∣∣∣ds

}

� 1
d− c

∥∥∥CDβ ,ρ ,h
s0 g

∥∥∥
ρβ Γ(β )

∫ s0

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
ds

+
1

d− c

∫ s0

c
g(s0)e

ρ−1
ρ (h(s0)−h(s)) (1− δ (s− s0))ds

+
1

d− c

∥∥C
s0D

β ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

s0

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

∫ d

s0
g(s0)e

ρ−1
ρ (h(s)−h(s0)) (1− δ (s− s0))ds

=

∥∥∥CDβ ,ρ ,h
s0 g

∥∥∥
ρβ (d− c)Γ(β )

∫ s0

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
ds

+
1

d− c

∫ s0

c
g(s0)e

ρ−1
ρ (h(s0)−h(s))ds−g(s0)e

ρ−1
ρ (h(s0)−h(s))

+

∥∥C
s0D

β ,ρ ,hg
∥∥

ρβ (d− c)Γ(β )

∫ d

s0

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

∫ d

s0
g(s0)e

ρ−1
ρ (h(s)−h(s0))ds−g(s0)e

ρ−1
ρ (h(s)−h(t0)).

Thus we have

1
d− c

{∫ s0

c

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s)−h(s0))δ (s− s0)
∣∣∣∣ds

+
∫ d

s0

∣∣∣∣g(s)−g(s0)e
ρ−1

ρ (h(s0)−h(s))δ (s− s0)
∣∣∣∣ds

}

=

∥∥∥CDβ ,ρ ,h
s0 g

∥∥∥
ρβ (d− c)Γ(β )

∫ s0

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β
ds

+
1

d− c

∫ s0

c
g(s0)e

ρ−1
ρ (h(s0)−h(s))ds−g(s0)e

ρ−1
ρ (h(s0)−h(s))

+

∥∥C
s0D

β ,ρ ,hg
∥∥

ρβ (d− c)Γ(β )

∫ d

s0

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

∫ d

s0
g(s0)e

ρ−1
ρ (h(s)−h(s0))ds−g(s0)e

ρ−1
ρ (h(s)−h(s0)). �
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5.1. PF inequalities w.r.t another functions for two functions

THEOREM 18. Let g′,h′ ∈C1 (c,d) and C
c Dβ ,ρ ,hg, C

c Dβ ,ρ ,hh ∈C [c,d] . Then, for
any s ∈ [c,d] , and ρ ∈ (0,1] , we have∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (h(s)−h(c)) −h(s)g(c)e

ρ−1
ρ (h(s)−h(c))

]
ds

�
∥∥C

c Dβ ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

c
h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds,

where γ is an improper gamma function and h is increasing function.

Proof. We have from 8

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s) = g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

, (53)

for all β ∈ (0,1) and

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hh

)
(s) = h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

. (54)

Multiplying (53) by h(s) and (54) by g(s)

h(s)g(s)−h(s)g(c)e
ρ−1

ρ (h(s)−h(c)) = h(s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s)

)
(55)

g(s)h(s)−g(s)h(c)e
ρ−1

ρ (h(s)−h(c)) = g(s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hh

)
(s)

)
. (56)

Adding the (55) and (56), we have

2 f (s)h(s)−g(s)h(c)e
ρ−1

ρ (h(s)−h(c))−h(s)g(c)e
ρ−1

ρ (h(s)−h(c))

= h(s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s)

)
+g(s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hh

)
(s)

)
.

(57)

Integrating the (57) from c to d w.r.t.s∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (h(s)−h(c)) −h(s)g(c)e

ρ−1
ρ (h(s)−h(c))

]
ds

=
∫ d

c
h(s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hg

)
(s)

)
ds+

∫ d

c
g(s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hh

)
(s)

)
ds.

By remark 8, we have∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (h(s)−h(c)) −h(s)g(c)e

ρ−1
ρ (h(s)−h(c))

]
ds

=
∫ d

c
h(s)

(
g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s)

(
h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

)
ds.

(58)
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Applying Lemma 3, of R.H.S of (58), we get

∫ d

c
h(s)

(
g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s)

(
h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

=
∫ d

c
h(s)

(
C
c Dβ ,ρ ,hg

)
(m)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
∫ d

c
g(s)

(
C
c Dβ ,ρ ,hg

)
(m)

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

�
∥∥C

c Dβ ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

c
h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds.

Thus, we have

∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
g(s)h(c)e

ρ−1
ρ (h(s)−h(c)) −h(s)g(c)e

ρ−1
ρ (h(s)−h(c))

]
ds

�
∥∥C

c Dβ ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

c
h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds. �

THEOREM 19. Let g′,h′ ∈C1 (c,d) and CDβ ,ρ ,h
d g, CDβ ,ρ ,h

d h ∈C [c,d] .Then, for
all s ∈ [c,d] , and ρ ∈ (0,1] , we have

∫ d

c
2 f (s)h(s)ds−

∫ d

c

[
h(s)g(d)e

ρ−1
ρ (h(d)−h(s)) −g(s)h(d)e

ρ−1
ρ (h(d)−h(s))

]
ds

�

∥∥∥CDβ ,ρ ,h
d g

∥∥∥
ρβ Γ(β )

∫ d

c
h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

)
ds

+

∥∥∥CDβ ,ρ ,h
d h

∥∥∥
ρβ Γ(β )

∫ d

c
g(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

)
ds,

where γ is an improper gamma function and h is increasing function.
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5.2. PF inequalities w.r.t another functions for three functions

Now, we give the GPF Caputo fractional inequality in three functions as follows:

THEOREM 20. Let g′,h′, l′ ∈C1 (c,d) and C
c Dβ ,ρ ,hg, C

c Dβ ,ρ ,hh, C
c Dβ ,ρ ,hl ∈C [c,d] .

Then, for all s ∈ [c,d] , and ρ ∈ (0,1] , we have

∫ d

c
3 f (s)h(s) l (s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (h(s)−h(c))

−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c))−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c))
]
ds

�
∥∥C

c Dβ ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

c
h(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hl

∥∥
ρβ Γ(β )

∫ d

c
g(s)h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds,

where γ is an improper gamma function and h is increasing function.

Proof. For all β ∈ (0,1) we have from 8

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s) = g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

, (59)

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hh

)
(s) = h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

, (60)

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hl

)
(s) = l (s)− l (c)e

ρ−1
ρ (h(s)−h(c)). (61)

Multiplying (59) by h(s) l (s) , (60) by g(s) l (s) and (61) by g(s)h(s)

h(s) l (s)g(s)−h(s) l (s)g(c)e
ρ−1

ρ (h(s)−h(c)) (62)

= h(s) l (s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s)

)
,

g(s) l (s)h(s)−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c)) (63)

= g(s) l (s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hh

)
(s)

)
,

g(s)h(s) l (s)−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c)) (64)

= g(s)h(s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hl

)
(s)

)
.
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Adding the (62) to (64), we have

3 f (s)h(s) l (s)−h(s) l (s)g(c)e
ρ−1

ρ (h(s)−h(c))

−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c))−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c))

= h(s) l (s)
(

cI
β ,ρ ,h

(
C
c Dβ ,ρ ,hg

)
(s)

)
+g(s) l (s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hh

)
(s)

)
+g(s)h(s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hl

)
(s)

)
.

(65)

Integrating the (65) from c to d w.r.t s

∫ d

c
3 f (s)h(s) l (s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (h(s)−h(c))

−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c))−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c))
]
ds

=
∫ d

c
h(s) l (s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hg

)
(s)

)

+
∫ d

c
g(s) l (s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hh

)
(s)

)

+
∫ d

c
g(s)h(s)

(
cI

β ,ρ ,h
(

C
c Dβ ,ρ ,hl

)
(s)

)
.

By remark 8, we have

∫ d

c
3 f (s)h(s) l (s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (h(s)−h(c))

−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c))−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c))
]
ds

=
∫ d

c
h(s) l (s)

(
g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s) l (s)

(
h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s)h(s)

(
l (s)− l (c)e

ρ−1
ρ (h(s)−h(c))

)
ds.

(66)

Applying Lemma 3, of R.H.S of (66) we get

∫ d

c
h(s) l (s)

(
g(s)−g(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s) l (s)

(
h(s)−h(c)e

ρ−1
ρ (h(s)−h(c))

)
ds

+
∫ d

c
g(s)h(s)

(
l (s)− l (c)e

ρ−1
ρ (h(s)−h(c))

)
ds
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�
∣∣∣(C

c Dβ ,ρ ,hg
)

(m)
∣∣∣

×
∫ d

c
h(s) l (s)

(
1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+
∣∣∣(C

c Dβ ,ρ ,hh
)

(m)
∣∣∣

×
∫ d

c
g(s) l (s)

(
1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+
∣∣∣(C

c Dβ ,ρ ,hl
)

(m)
∣∣∣

×
∫ d

c
g(s)h(s)

(
1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

=

∥∥C
c Dβ ,ρ ,hg

∥∥
ρβ Γ(β )

∫ d

c
h(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hl

∥∥
ρβ Γ(β )

∫ d

c
g(s)h(s)

(
1

ρβ Γ(β )

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds.

Thus we have∫ d

c
3 f (s)h(s) l (s)ds−

∫ d

c

[
h(s) l (s)g(c)e

ρ−1
ρ (h(s)−h(c))

−g(s) l (s)h(c)e
ρ−1

ρ (h(s)−h(c))−g(s)h(s) l (c)e
ρ−1

ρ (h(s)−h(c))
]
ds

�
∥∥C

c Dβ ,ρ ,hg
∥∥

ρβ Γ(β )

∫ d

c
h(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hh

∥∥
ρβ Γ(β )

∫ d

c
g(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds

+

∥∥C
c Dβ ,ρ ,hl

∥∥
ρβ Γ(β )

∫ d

c
g(s)h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β

)
ds. �

THEOREM 21. Let g′,h′, l′ ∈ C1 (c,d) and CDβ ,ρ ,h
d g, CDβ ,ρ ,h

d h, CDβ ,ρ ,h
d l ∈

C [c,d] . Then, for all s ∈ [c,d] , and ρ ∈ (0,1] , we have

∫ d

c
3 f (s)h(s) l (s)ds−

∫ d

c

[
h(s) l (s)g(d)e

ρ−1
ρ (h(d)−h(s))

−g(s) l (s)h(d)e
ρ−1

ρ (h(d)−h(s)) −g(s)h(s) l (d)e
ρ−1

ρ (h(d)−h(s))
]
ds
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�

∥∥∥CDβ ,ρ ,h
d g

∥∥∥
ρβ Γ(β )

∫ d

c
h(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

)
ds

+

∥∥∥CDβ ,ρ ,h
d h

∥∥∥
ρβ Γ(β )

∫ d

c
g(s) l (s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

)
ds

+

∥∥∥CDβ ,ρ ,h
d l

∥∥∥
ρβ Γ(β )

∫ d

c
g(s)h(s)

(
∞

∑
n=0

(−1)n e
ρ−1

ρ (h(τ)−h(s)) (h(τ)−h(s))β+n

β

)
ds,

where γ is an improper gamma function and h is increasing function.

6. Numerical examples

EXAMPLE 1. For t ∈ [0,1] and β ∈ (0,1) , the following inequalities hold:

1. 1
2 � 1

Γ(β+2)Γ(2−β ) .

2. 1
2 � 1

Γ(β+2)Γ(2−β ) .

If we consider g(t) = t , Φ(t) = t , c = 0 and d = 1, in the following inequality∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(c))Φ′ (t)dt

∣∣∣∣ � (Φ(d)−Φ(c))β

(β +1)Γ(β +1)

∣∣∣(Dβ ,Φ
c+ g

)
(c)

∣∣∣ .
We know that

CDβ ,Φ
c+ g(t) =

1
Γ(1−β )

∫ t

c
(Φ(t)−Φ(t))−β g′ (t)dt,

where norm of weighted space Cβ [0,1]

‖g‖Cβ
=

∥∥∥(t− c)β g(t)
∥∥∥

C
, C0 [c,d] = Cβ [0,1] .

then, it implies that
1
2

� 1
Γ(β +2)Γ(2−β )

∀t ∈ [0,1] . (67)

On the other than, if we take above expressions in the following inequality:∣∣∣∣ 1
Φ(d)−Φ(c)

∫ d

c
(g(t)−g(d))′ (t)dt

∣∣∣∣ � (Φ(d)−Φ(c))β

(β +1)Γ(β +1)

∣∣∣(Dβ ,Φ
d− g

)
(d)

∣∣∣ .
Also

CDβ ,Φ
d− g(t) =

−1
Γ(1−β )

∫ d

t
(Φ(t)−Φ(t))−β g′ (t)dt,

then we obtain
1
2

� 1
Γ(β +2)Γ(2−β )

∀t ∈ [0,1] . (68)
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EXAMPLE 2. For s ∈ [0,1] , β ∈ (0,1) and g(s) = s2 the following inequalities
hold:

1. 1
3 � 1.523

2. The upper bound of

∣∣∣∣ 1
d−c

∫ d
c

(
g(s)−g(d)e

ρ−1
ρ (d−s)

.δ (s− s0)
)

ds

∣∣∣∣ is 0.4889

If we consider g(s) = s2 and c = 0, d = 1 in the following inequality

=
∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(c)e

ρ−1
ρ (s−c).δ (s− s0)

)
ds

∣∣∣∣
�

∥∥∥(C
c Dβ ,ρg

)∥∥∥ (s− c)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β ) (1−ρ)β

+
1

d− c

⎡
⎢⎢⎣

ρ .g(c)
(

e
ρ−1

ρ (d−c)−1

)
(ρ −1)

−g(c)e
ρ−1

ρ (s−c)

⎤
⎥⎥⎦ .

We know that(
C
c Dβ ,ρg

)
(s) =c I1−β ,ρ (D1,ρg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ s

c
e

ρ−1
ρ (s−s) (s− s)−β (

D1,ρg
)
(s)ds,

where norm of weighted space Cβ [0,1]

‖g‖Cβ
=

∥∥∥(s− c)β g(s)
∥∥∥

C
, C0 [c,d] = Cβ [0,1] .

then, it implies that
1
3

� 1.523 ∀s ∈ [0,1] . (69)

On the other than, if we take above expressions in the following inequality:

=
∣∣∣∣ 1
d− c

∫ d

c

(
g(s)−g(d)e

ρ−1
ρ (d−s)

.δ (s− s0)
)

ds

∣∣∣∣
�

∥∥∥(C
�Dβ ,ρ

d g
)∥∥∥ (d− s)(γ (β ,d)− γ (β ,c)− γ (β +1,d)+ γ (β +1,c))

(d− c)Γ(β )(1−ρ)β

+
1

d− c

⎡
⎢⎢⎣

ρ .g(d)
(

e
ρ−1

ρ (d−c)−1

)
(ρ −1)

−g(d)e
ρ−1

ρ (d−s)

⎤
⎥⎥⎦ .
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Also (
CDβ ,ρ

d

)
g(s) =d I1−β ,ρ (�D1,ρg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ d

s
e

ρ−1
ρ (s−s) (s− s)−β (

�D1,ρg
)
(s)ds,

then we obtain
The upper bound is 0.4889 ∀s ∈ [0,1] . (70)

EXAMPLE 3. For s ∈ [0,1] , β ∈ (0,1) and g(s) = s , h(s) = s2 the following
inequalities hold:

1. The upper bound of 1
d−c

∫ d
c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))
.δ (s− s0)

∣∣∣∣ds is 6.10919

=
1

d− c

∫ d

c

∣∣∣∣g(s)−g(c)e
ρ−1

ρ (h(s)−h(c))
.δ (s− s0)

∣∣∣∣ds

�
∥∥(C

c Dβ ,ρ ,hg
)∥∥

(d− c)ρβ .Γ(β )

∫ d

c

∞

∑
n=0

(−1)n e
ρ−1

ρ (h(s)−h(τ)) (h(s)−h(τ))β+n

β
ds

+
1

d− c

[∫ d

c
g(c)e

ρ−1
ρ (h(s)−h(c))ds−g(c)e

ρ−1
ρ (h(s)−h(c))

]
.

We know that(
CDβ ,ρ ,h

d g
)

(s) = I1−β ,ρ ,h
d

(
�D1,ρ ,hg

)
(s)

=
1

ρ1−β Γ(1−β )

∫ d

s
e

ρ−1
ρ (h(τ)−h(s)) (h(τ)−h(s))−β ×

(
�D1,ρ ,hg

)
(τ)h′ (τ)dτ.

where norm of weighted space Cβ [0,1]

‖g‖Cβ
=

∥∥∥(s− c)β g(s)
∥∥∥

C
, C0 [c,d] = Cβ [0,1] .

then, it implies that

The upper bound is 6.10919 ∀s ∈ [0,1] . (71)

7. Conclusion and future plans

This paper introduces novel Ostrowski-type integral inequalities using the Caputo
fractional derivative of constant order, while also exploring generalized proportional
fractional derivatives (GPD). Through fractional calculus, the study extends classical
results, providing a more comprehensive framework for understanding the behavior
of integral inequalities. By integrating fractional proportional concepts and GPD, the
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paper broadens the scope of classical Ostrowski inequalities, positioning them within a
more generalized context.

One of the main difficulties encountered in this research was addressing the com-
plexity of interacting fractional derivatives of different orders, particularly in the con-
text of generalized proportional fractional derivatives. The theoretical and numerical
challenges involved in extending classical inequalities to incorporate these advanced
fractional concepts were substantial, especially when deriving new inequalities for mul-
tivariate functions. Moreover, accurately interpreting and illustrating the implications
of these inequalities within real-world systems, such as those governed by fractional
dynamics, required careful analysis and validation.

Looking ahead, future research will focus on further exploring the interaction be-
tween fractional derivatives of various orders and their impact on integral inequali-
ties. This includes refining the results for more complex fractional settings, such as
variable-order fractional derivatives and expanding the application of these inequalities
to a wider range of dynamic systems, particularly those with time- and space-varying
dynamics. Additionally, future studies will aim to investigate the stability and control
of systems governed by fractional differential equations, leveraging the insights gained
from this work. The development of new methods for numerical approximation and
error estimation in fractional systems will also be a key area of focus.
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