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EXISTENCE AND UNIQUENESS RESULTS FOR A CLASS OF
FIRST-ORDER FRACTIONAL NABLA DIFFERENCE EQUATIONS
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(Communicated by R. Ashurov)

Abstract. In this work, we combine the monotone iterative technique with the method of coupled
lower and upper solutions in order to study the existence and uniqueness of solutions for a class
of first-order Nabla fractional difference equations. For the sake of illustrating our findings, we
also present some examples.

1. Introduction

This study aims to investigate the existence and uniqueness of solutions for a cer-
tain class of first-order nabla fractional difference equations subject to initial conditions.
More precisely, we consider the following nonlinear initial value problem

(“Vau) (t) = f(t,u) +g(t.u), t e N, 0
u(a) = xo,

where ¢Viu is the Caputo fractional difference operator of order ¢ of u with 0 <

g<1, f:N.xR—R and g: N/ xR — R are both continuous with respect to the

second variable and satisfy certain monotonicity properties, a and b are real numbers,

N2 ={c,c+1,...b} with c€ R and (b—c) € N and x( a real number.

Fractional difference equations emerge in various domains, including population
dynamics, pharmacokinetics and pharmacodynamics models of tumor proliferation, im-
age encryption, finance, calculus of variations, probability theory, and hydrological
time series (see [S5], [6], [8], [111, [14], [17], [18], [25, Chapter 5], [26] and [27]).

However, several authors studied fractional difference equations using Banach’s
fixed point theorem, Schauder’s fixed point theorem, Krasnoselskii’s fixed point the-
orem, the method of upper and lower solutions, and the method of upper and lower
solutions coupled with the monotone iterative technique (see [7], [23], [21], [19] and
the references cited therein).
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In [7], the authors studied the following problem

{ (CVau) (1) = f(t,u) + & (1,u), 1 €NE
u(a) = xo,

2)
v~vhere CVau is the Caputo fractional difference operator of order g of u with 0 < ¢ <1,
f:N.xR— R and g: N2 x R — R are both continuous with respect to the second
variable, f is nondecreasing and g is nonincreasing with respect to the second variable
on N&.

By using the method of coupled lower and upper solutions combined with the
monotone iterative technique, the authors proved that the problem (2) admits a quasiso-
lution (p,r) which is a solution unless p = r.

The results from this study enhance and expand upon those obtained in [7]. It is
important to note that each iteration of the sequence of functions used in the proof of
the existence of a quasisolution to problem (1) corresponds to a solution of a linear frac-
tional difference equation with a fixed initial condition. This differs from the technique
presented in [7], which focuses on solutions to a system of linear fractional difference
equations with fixed initial conditions. In [7], the authors suppose that the function f is
nondecreasing and g is nonincreasing with respect to the second variable. In this work,
we assume that only one of the functions, either f or g, is monotonic, while the other
satisfies a one-sided Lipschitz condition. Furthermore, using some extra hypotheses,
we prove that the problem (1) admits a unique solution.

This paper is structured as follows: We provide some definitions and preliminary
results in Section 2, which we will be utilizing throughout the paper. Section 3 presents
and proves the main results, while Section 4 illustrates their application through some
examples.

2. Definitions and preliminary results

This section presents definitions and preliminary results that will be utilized through-
out the rest of the paper.

DEFINITION 1. [16, Chapter 5 Section 5 Page 211] and [15, Chapter 3 Page 152]
The generalized factorial power is defined by

p_LO+B)
Ty ’

forye R/{0,—1,-2,-3,...}, B eR with (y+p)€R/{0,—1,-2,-3,...} and T
is the Gamma Euler function defined by

Y

+oo
/e—eex—lde, ifx>0,
F'x)=< o0
I'(x+m)

if —m<x<l1-— ith m € N*.
ot rm—1 ST eI
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We adopt the convention that yB:=0 when y is a nonpositive integer, provided that
v+ B is not a nonpositive integer.

DEFINITION 2. [15] For all g > 0, we define the g-th fractional nabla sum of a
function h: N2, | — R by

A (N
(Va'h) (1) = HZH T " (k).

DEFINITION 3. [15] Let 0 < g < 1 andlet #: N2 — R be a function. The Caputo
fractional difference operator of order g of 4 is defined by

mem:{&jifmﬂﬂmeNLh

where V is the nabla difference operator defined by
(Vh)(t) =h(1) =h(—1).

DEFINITION 4. [21] Let h: N2 — R, we put by definition

h(t) = 0, for all 5,7 € N2, such that s > 7.

M-

~
II

A

DEFINITION 5. [15] For 'M' <1, o0>0and B € R, we define the nabla discrete
Mittag-Leffler function by

oo M" (t _ a)OH‘H'ﬁ

s 0= 2 Fom s pr1)’

t €N

Now, we consider the following initial value problems

{vagﬂzaaw»eNah )

u(a) =a,

and _ -
{X§%§0+Mw0=m0weNL“ @

where 0 <g <1, —1 <M< 1, §:NZ><R—>R, Z:N’;HR and a a real number.
We have the following results.

LEMMA 1. Let 0 < g < 1, then u is a solution of the Cauchy problem (3) if, and
only if, u satisfies the equation

t g—1
u(t)—a= Szal %g(s,u(s)), forall t e N,
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Proof. The proof is similar to that of Lemma 3.2 in [22], so we omit it. [

LEMMA 2. [1, Page 11] The problem (4) admits a unique solution u which is
given by
t ~
u(t) = 5e_ﬁ71’q.’0 (t,a)+ 2 € iigq-1 (t,s — 1) h(s),
s=a+1
where

- (—M) (t— 54 1)a0D-1
€ iigq-1 (t,s—1)= Z

= [(gn+q)

LEMMA 3. For 0 <g <1 and —1 <M< 1, we have
(i) e jj,0(t:@) =0, forall 1 € NE.
(i) If =1 <M < 0, then €_i140 (t,a) is increasing on Nb.
(i) If 0 < M < 1, then €_iiq0 (t,a) is increasing on NP,

(iv) € jigq1(t:s—=1) 20, forallt € N; and s € N} .
Proof. The proof follows directly from Theorem 2.4 in [12]. [

LEMMA 4. Let 0<g<1and —1 < M < 1, and assume that u satisfies

(“Viu) (1) + Mu(t) > 0, t N5,
u(a) =0,

then u(t) >0, for all t € Nk,
Proof. The proof is a direct consequence of Lemma 2 and Lemma 3. [

3. Main results

In this section, we give some definitions and we state and prove our results.

DEFINITION 6. We say that (u,u) is a pair of coupled lower-upper solutions of
(1) if

(“Vaw) () < f(,u() +8@,u()), t € NGy,
(CV4R) (1) > £(1,7(0) + g (1u (), 1 €N,
u(a) < xo,
u(a) = xo
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DEFINITION 7. The pair of functions (u.,u*) is called a quasisolution of (1) if

(“Vaus) (6) = f(tus () +g (e,u" (1)), 1 € Np
(V) (6) = fltu* () +g (t,u (1), 1 € Np
U (a):x0a

u*(a) = xop.

In this section, we shall impose the following conditions on the nonlinearities f
and g.

(H1) There exists areal constant 0 < M < 1 such that u+—— f(¢,u)+ Mu is increasing
ifu<u<u.

H2) The function u —— g(¢,u) is decreasing if u < u < u.
g

We have the following result.

THEOREM 1. Let (u,%) be a pair of coupled lower-upper solutions of (1), such
that u <7 in N8, and assume that the hypotheses (H1) and (H2) are satisfied. Then
the problem (1) admits a quasisolution (u.,u*) such that

u<u* <u, <uin N

Proof. We take up =1, u; = u, and define the sequence of functions (u),, in
the following way

(&)

(Cvgun+2) (t) +Mupi2(t) = fu(t), t € NZ+1?
un+2(a) = xo,

where
Jo (€)= [t un (1)) + Mun (1) + g (2, unt1 (1))

Step 1: For all t € N2, we have
b
Uppt1 K Upg3 K Uppy2 K Uy in N

Let
wo (t) = up () —uo (1), 1 € Nb.

According to (5) and using Definition 6, we obtain

(“Viwo) (£) +Mwo (1) < 0,1 eNE |,
wo (a) < 0.

From Lemma 4, we then have

wo (1) <0, forallr € N2,
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That is,
uy < ug, forallr € N, (6)

In a same vein, we might prove that
up <uzin NE. (7
Now, we put by definition
wi (1) =uy (1) —up (1), 1 € N,
According to (5) and utilizing Definition 6, we obtain

{ (CVaw) (6) +Mwy (1) = (f(t,u0 (1)) = f(t,u1 (1)) +M(uo (1) — w1 (1)), 1 € Ny,
wi(a) = 0.

Given that up =@ > u = u; in N2, we deduce from the hypothesis (H1)

CViwr) (1) +Mwy (1) 20, 1 € NG,
Wl(a) = 07

and then from Lemma 4, it follows that
wy (£) >0, forall r € N,

That is,
uy > uy in N2, (8)

We will now prove that
up > u3 in NZ.

For this, we put by definition
w3 (1) =ua (t) —u3 (1), 1 € N2,

Using (5), we have

(CVaws) (1) + Mws (1) = fo (1) — fi (t), t €N,
ws(a) =0.

Since u; < uy < up in N2 and using the hypotheses (H1) and (H2), we get

(CViws) (£) +Mws (1) 20,1 e NE |,
ws(a) =0.

Consequently, according to Lemma 4, we have

w3 (1) >0, forall r € N2,
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That is,
u3 < up in NZ. 9

Therefore, by (6), (7), (8) and (9), we obtain
up <uz <up <u0inNZ.
Assume for fixed n > 1, we have
Upns1 < apis < Upyn < g, in NP,
and we need to show that
Upns3 < apis < Upsq < Ugypn in N
We put by definition
Wans2 (1) = uznss (t) — uans2 (1), 1 € N,

From (5), we have

(CViwani2) () + Mwrnia () = fruia (t) — fou (1) 1 €ND
Won+42 (a) =0.
According to the recurrence assumption, we have
Uani1 < Uoni3 < oo <ty in N,

and using the hypotheses (H1) and (H2), we obtain

(CViwania) (1) + Mwousn (1) <0, € NG
Won+42 (a) =0.
Consequently, from Lemma 4, we get
Wani2 () <0, forall 7 € N2,

That is
Uanta < Uzpsn in NS, (10)

Similarly, we can prove that
o3 <tz in NG, (1D

and
Uanis < Uopis in N (12)

Then by (10), (11) and (12), one has

b
Uop i3 K Uzpys S Uzpig < Uzpi in N
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Hence, we have
< < < in N?
Udp+1 S UDp+3 S Udp42 S U ININ .

The proof of Step 1 is complete.

Step 2: The sequences of functions (u2,)nen and (up,41)nen converge to a qua-
sisolution of (1).

By Step 1 it follows that the sequences of functions (u2,)neny and (u2,+1)nen
converge to u, and u*, respectively.

Letr e NZ, then from Lemma 2 we have

11

Uani2(t) = Xoe_pqo(t,a)+ Y, e—mgq (15— 1) fan(s),
s=a+1

and
t

u2n+l(t) = X0€—-Mq,0 (t7a) + Z €_M,q,q—1 (l‘,S— 1)f2n71(s)~
s=a+1

Now, as n tends to +oo, we obtain
Son(t) = f(t,u (1)) +Mu. (1) + g (t,u" (1)), forall 1 € N,

and
fon1(t) = (" (1)) +Mu* (1) + g (1,1, (1)), forall € N,

Which implies that

(1) = x0e-m,g0 (1,a) + Y, e-pgg1 (t,s— 1) f (s, (s) 1. (5)),

s=a+1
where
F(t,u (1) ,us (1)) = ft,us (£)) +Mus (t) + g (t,u* (¢)), forall t € N2,
and
(1) =xoe_p.q0 (1,a) + ﬁ e mgq1 (65— 1) f(s,u" (s) 1 (s)),
s=a+1
where

Fleu () (1)) = £, (1) +Mu* (1) + g (t,u, (1)), forall r € N,
and hence, from Lemma 2, we get
(OVau) (1) = f(t,us (1)) + g (t,u* (1)), £ € NGy,
(CVaur) (1) = f(t,u* (1)) + g (t,ue (1)), £ €ND
u, (a) = xop.
u*(a) = xo,

Thus, it follows that (u,,u*) is a quasisolution for (1). This completes the proof of
Theorem 1. [
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REMARK 1. Theorem I retains its validity if we substitute the hypotheses (H1)
and (H2) with the following hypotheses.

(A1) The function u — f(z,u) is increasing if u < u <7,
and

(A2) There exists areal constant —1 < K < 0 such that the function u+—— g(7,u) 4+ Ku
is decreasing if u < u < u.

REMARK 2. In the proof of Theorem 3.1 in [7], the authors utilized the following
sequence of functions (py,qn),cy defined by po = u, go =, and

(CVapns1) (t) = f(t.pn (1)) + 8 (t,qn (1)), 1 €Ny,
(CViégni1) (1) = f(1,9a (1)) + g (t,pa (1)), 1 €ND

Pt1(a) = gni1(a) = xo.

We note that each term (pp,q,) constitutes a solution to a system of linear frac-
tional difference equations with initial conditions, whereas in our proof, each term u,
for n > 2 is defined as a solution to a linear difference equation with an initial condition.

REMARK 3. In the proof of Theorem 3.1 in reference [7], the authors assert that
the function f is nondecreasing and g is nonincreasing with respect to the second
variable. In this work, we posit that only one function, either f or g is monotonic,
while the other satisfies a one-sided Lipschitz condition.

Since the quasisolution is not a true solution, f and g must be subject to further
conditions that guarantee that u* = u,, and, as a result, the problem (1) admits at least
one solution.

We will impose the following supplementary conditions on the nonlinearities f
and g.

(H3) There exists M} € |—1,0] such that the function u—— f(r,u)+Mju is decreasing
if u<<u<u.

(H4) There exists M, € [0, 1] such that the function u — g(¢,u) + Mau is increasing
if u<<u<u.

We have the following result.

THEOREM 2. Assume that the hypothesis (Hi) for i =1,2,3,4 are satisfied, and
let (u,u) be a pair of be a pair of coupled lower-upper solutions for the problem (1)
such that u <u in NZ. Then the problem (1) admits a unique solution u such that
uu<uin NZ.



110 F. MAHROUG AND M. DERHAB

Proof. According to Theorem 1, the problem (1) admits a quasisolution (u,,u")
such that
u<u* <u, <uin N (13)

Now, we put by definition
() =u" (t) —u. (1), 1 € N,

We have
7 (t) <Oforallr € N°. (14)

Next, we are going to prove that
(1) >0, forall € N2,
We have

{ (CVEZ) (1) + (My = Ma) 2 (1) = F(t,u" (1) ;1 (1)) + G (2,0 (2) s (1)), £ € Ny,
7 (a) =0,

where
F(t,u" (), (1)) = f(t,u" (t)) + My (t) — f(t,u (1)) — Myu, (t), forallr € N_ ||
and
G(t,u" (1) ,us (1)) = g(t,us (1)) + Maus (t) — g(t,u* (1)) — Mou™ (t), forallr € N° .
Since u* (t) < u. (¢), for all # € N2 and using the hypotheses (H3) and (H4), one has
(CVIZ) (1) + (M — M) T (£) 2 0, t €ND
7" (a) =0.
Then from Lemma 4, we obtain
7 (t) > 0forallr € N2,
and from the inequality (14), it follows that
7 (t)=0forallr € N,

That is
u (1) = u (¢) forallr € N2, (15)

and consequently the problem (1) admits at least one solution.
Now we are going to prove that u* = u, is a unique solution of (1). For this, we
prove that if z is any solution of (1) such that ¥ < z < u in NZ, then z = u™ = u,.

Assume that for fixed n > 1, we have

U1 < 2 < Uy, (16)
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and we show that
U3 S T Upi2-
We put by definition

172n+2 (t) = Up+2 (t) - Z(t) ,forallr € Nz’

and
lns3 (1) = 2(t) —uzns3 (t), forall r € N,

By (5), and using Definition 6, we have
{ (CVeiians2) (1) + Mitin (1) = Hy (1,2(1)), 1 €NL
Upnia(a) =0,
where
Hy (1,2(1)) = f (8,120 (1)) + Muy (1) + 8 (t,u2041 (1)) — £ (£,2(2))
—Mz(t)—g(t,z(1)).
By (16) and using the hypotheses (H1) and (H2), we obtain
{ (“Viitani2) (1) +Miig 2 (1) 2 0, 1 NG,
Upi2(a) =0,
and then from Lemma 4, it follows that
Unsa (t) >0, forallz € No.

That is
2(t) <uopia(r), forallr € N2

Similarly, we can prove that
U3 (1) <z(t), forallr € Nb.
Hence for all n € N, we have
Uy (t) < z(1) <uap(t), forallr € NO.
Now, as n tends to +oo, we obtain
w* (1) <z(t) <us (1), forall € N2,

and consequently by (15), it follows that the problem (1) admits a unique solution.
The proof of our result is complete. [J

REMARK 4. Theorem 2 remains valid if we replace the hypotheses (Hi) for i =
1,2,...,4 by (Al), (A2) and the following hypotheses

(A3) There exists K; € |—1,0] such that the function u +—— f(z,u) + K u is decreasing
ifu<u<u.

(A4) There exists K, € [0,1] such that the function u — g(¢,u) + Kou is increasing
ifu<u<u.
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4. Examples

In this section, we give some examples illustrating how our results are applied.

4.1. Example 1

We consider the problem

Cvyq o u b
(Vyoay_hdﬂ+§aizﬁﬁyteNh
u(t) >0,r €Nk, a7

u(0) =1,
1 1
whereO</l<§and0<;,L<§.

We put by definition
u(t)=1and(t) = ey y40(t0), forallt € Nj.

(u,m) is a pair of lower-upper solutions of (17) if

(CVEu) (1) < Au(r)+ 2(1:‘752@) teN,

(CVEa) (e) = A (r) + m reNt,

That is
u

2
2(1463,40(1,0))
(At 1) €311 (1.0) > e yyuqo (1,0) + 5, 1 € NE,

4
u(0)=1<1,
u(0)=1>1.

0< A+ ,reNd

Since €)1 yy.4.0(t,0) > 1, forall 1 € N} and 0 < 1 < 1, we obtain (u,%) is a lower-
upper solutions of (17). On the other hand it is not difficult to prove that the functions
f and g defined by

f(u) = Au,
and
u
gu)= m

can be easily shown to satisfy the conditions of Theorem 2. As a result, the problem
(17) admits a unique solution u such that

1<u(t) <epypqo(t,0) in NG.
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4.2. Example 2

We consider the problem
1
(678) 0= sty samy
u(t)=>0,1e N,
u(0) =1,
We put by definition
u(t)=0and@(t) =141, forallr € N},

(18)

(u,m) is a pair of lower-upper solutions of (18) if

! u(t) 1

>”<20+fa»+su+umftewm’
I u(t) 1

GV“Q(”Zzu+ﬁ%o>+su+ga»IENPQ

N
O
<
[=FN
S

u(0) <1,
u(0) > 1
That is |
0< 1 ENIO
2+1) '
1
1" _
t+2 r+1 1 100
e s+, TENT,
C(3)T() ~ 201+@+1)?%) 5
u(0)=0<1,
0)=1>1
Since
1
1“<t+—>
2 t+1 1
o) = — + ——2>0, forallteN}OO,

S T(3Te) 200+@+1)? 5

we obtain (u,%) is a lower-upper solutions of (18). On the other hand, it is straightfor-
ward to show that the functions f and g defined by

Flu) = l—lb-tuz’
and |
5w

fulfill the conditions of Theorem 2. Consequently, it follows that the problem (18)
admits a unique solution u such that

0<u(t)<t+1 forall r e N)®.
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lb Zb 3b 4‘0 Sb Gb 7b Sb 50 160

Figure 1: Graph of the sequence ¢.

4.3. Example 3
We consider the problem
(CVgu) (1) = —Au(t) = Au? (1) + A, t N, |,
u(t) >0, €N, 19)
u(a) =0,

1
whereO</l<Zand0<6<l.

We put by definition
u(t)=0and@(r) = 1, forallr € N°.

(u,m) is a pair of lower-upper solutions of (19) if

(CViu) (1) < —Au(t) =A% (1) +A,, t e No,
(CVEa) (1) = —Aa(t) — A (1) + A, t €ND, |,
( ) ~ 9,
ii(a) > 6.

That is
+A=0,teN

—A
A+A=0,1eNl,

- o © o
A\VARV/ANNA\VAR/AN

> D
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Then (u,%) is a lower-upper solutions of (19). On the other hand, it is not difficult
to prove that the functions f and g defined by

and

g(u)=—Au (1) + A,

satisfy the conditions of Theorem 2. Consequently, the problem (19) has a unique
solution u such that

0<u(t)<linNC.

N

4.4. Example 4

We consider the problem

1 o (u(r) 1072
(CVO u) (t) = sinh <?) + m, IS N?,
u(t) >0, €Ny,
u(0) =1,

(20)

We put by definition
u(t)=0andu(r) =174 1, forall r € NJ.
(u,m) is a pair of lower-upper solutions of (20) if
CV%u () < sinh ulr) —i—L reN}
0= h 5 cosh (7 (1))’ b

(CVéﬁ) () = sinh (%) + %, teNd,

=

<

That is

102
0 ——=—,teN],

cosh <t% + l)
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0.451

0.404

0.354

0.304

0.25+

Since

3 +
01(t) =T <§> — sinh (”%) — 107220, forallr € N,

we obtain (u,%) is a lower-upper solutions of (20). On the other hand, it’s not hard to
show that the functions f and g defined by

£ (u) = sinh (g) ,

and
1072

glu) = cosh (u)’
satisfy the conditions of Theorem 2. Consequently, the problem (20) admits a unique
solution u such that _
0<u(t)<t?+1in N

5. Conclusion

In this paper, by using the method of upper and lower solutions coupled with the
monotone iterative technique, we proved the existence and uniqueness of solutions for
a class of first order nabla fractional difference equations with initial condition. Several
examples are given to illustrate how our results are applied. We note that our results
can be applied to the following problem

{ (REVEu) (1) = f(t,u)+ g (t,u), t €NE |
=u(a)

v;_(llfq)u (1) ‘t: = Xo,
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where RLViy = VVZflu is the Riemann-Liouville fractional difference operator of or-
der g of u with 0 < g <1, f: Nl xR — R and g: N2 x R — R are both continuous
with respect to the second variable and satisfy certain monotonicity properties and xp a
real number.
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