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CONE-THEORETIC POSITIVITY CRITERIA FOR
TERNARY FRACTIONAL DIFFERENTIAL SYSTEMS WITH
RIEMANN-LIOUVILLE p-LAPLACIAN OPERATORS

B. RAMAKRISHNA, B. M. B. KRUSHNA*® AND A. V. PAPARAO

(Communicated by Y.-K. Chang)

Abstract. This paper investigates the existence and qualitative characteristics of positive solu-
tions for ternary systems of Riemann-Liouville p-Laplacian fractional boundary value prob-
lems. Employing fixed point theory in cones, we derive novel existence results under a set of
analytically tractable conditions. The study advances current research by addressing the intricate
interaction among nonlinearity, memory-dependent effects, and coupled boundary constraints in
systems comprising three interrelated fractional differential equations. To the best of our knowl-
edge, this is the first rigorous treatment of such ternary systems involving Riemann-Liouville
operators with p-Laplacian dynamics. As an application, we present a case study on the coupled
transport and reaction of solutes within a memory-driven porous medium, thereby demonstrating
the practical significance of the theoretical framework.

1. Introduction

Recently, nonlinear fractional differential systems have garnered considerable at-
tention because of their remarkable capacity to model phenomena characterized by
memory and hereditary behavior. Fractional calculus (FC), an advanced generalization
of classical calculus, serves as a robust analytical framework for representing complex
processes. Owing to its inherent nonlocality, the FC effectively captures long-term
temporal dependencies, which are pivotal in describing systems in which past states
influence current dynamics [3, 15, 19, 21]. This characteristic has propelled its ap-
plication in various scientific and engineering disciplines, including the modeling of
viscoelastic materials [30], dynamics of non-Newtonian fluids [4], anomalous transport
mechanisms [32], and biological systems with time-delay effects [12].

One of the central challenges in the study of fractional differential equations (FDEs)
is establishing the existence of positive solutions, particularly when dealing with non-
linear dynamics and multipoint or nonlocal boundary conditions (BCs). Such solutions
are particularly significant in modeling real-world phenomena, where the dependent
variables, such as concentration, temperature, or mechanical displacement, must re-
main non-negative to preserve physical relevance. Both classical monographs [14] and
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a wealth of recent analytical developments [2, 6, 7, 11, 22, 25, 28, 29] have contributed
to the growing body of work focused on the qualitative behavior of FDEs. These stud-
ies utilize various functional analytic tools and fixed-point techniques to address the
complexities introduced by fractional operators and nonstandard boundary constraints.

Motivated by recent advances, this work addresses a type of nonlinear fractional
boundary value problems (FBVPs) characterized by the Riemann-Liouville (RL) deriva-
tive coupled with the nonlinear p-Laplacian operator. This class lies at the intersec-
tion of fractional calculus and nonlinear operator theory, posing significant analytical
challenges owing to the interplay between nonlocal fractional dynamics and the non-
linearities inherent in the operator. The p-Laplacian, expressed as ¢ (t) = [t[P~2t,
encapsulates a broad spectrum of nonlinear behaviors and finds applications in model-
ing phenomena such as non-Newtonian fluid flow, nonlinear elasticity, glaciology, and
transport in porous media [10, 31].

Classical p-Laplacian BVPs have been thoroughly investigated in the literature
[5, 16], while their fractional versions have garnered increasing interest in recent years
[8,9, 18, 23, 20]. Despite these advances, a notable gap remains in the study of systems
of coupled p-Laplacian fractional differential equations, particularly those character-
ized by distinct fractional orders and intricate nonlinear couplings. The exploration
of such systems is still at an early stage, especially when compared to the extensive
work on individual fractional equations, underscoring the need for further analytical
development.

In this study, we examine ternary fractional systems consisting of three interlinked
fractional differential equations involving RL derivatives and nonlinear p-Laplacian
operators. These equations are coupled through nonlinear terms and are subject to BCs
motivated by physical models. Our main aim is to derive sufficient criteria to ensure the
existence of positive solutions for such systems. The methodology centers on the ap-
plication of the Guo—Krasnosel’skii fixed-point theorem within cones, a powerful tool
for demonstrating the existence of fixed points under cone compression and expansion
conditions in ordered Banach spaces [13, 17].

The importance of this study is twofold. First, it contributes to the theoretical
foundation by establishing new eigenvalue-dependent criteria that guarantee the exis-
tence of positive solutions in ternary coupled systems, an area that has received limited
attention to date. Second, this study has significant practical implications for vari-
ous scientific and engineering fields that rely on accurate fractional-order modeling.
Positive solutions in such systems are essential for realistic simulations in applications,
including automotive engineering, chemical process control, materials science, biotech-
nology, and microelectronics [1, 24, 26, 27]. Furthermore, demonstrating the presence
of multiple positive solutions enhances the robustness and fidelity of the computational
models employed in these advanced technological domains.

Our approach begins with the formulation of suitable Green functions correspond-
ing to the associated linear FBVPs. We then derive sharp estimates for these Green
functions, which are fundamental in conducting the fixed-point analysis within an or-
dered Banach space framework. Using these estimates, we show that the operator linked
to the non-linear system maps a cone into itself while fulfilling the required compact-
ness and continuity. In addition, we determine specific eigenvalue ranges for the system
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parameters that guarantee the existence of positive fixed points. As far as we are aware,
this work is the first thorough examination of eigenvalue bounds for ternary fractional
systems that include nonlinear p-Laplacian dynamics and history-dependent operators.

This research addresses a key gap in the literature and provides a foundation for
studying more complex coupled systems, particularly those involving memory-driven
dynamics and nonlinear boundary phenomena. The problem is mathematically formu-
lated as follows for @ € (0,1):

D(l# [d)p (Dgghl(w))] :7\1f(w,hl(m-),hz(@-),hg(@-)), (l)
Dgf [d)p (Dgfhz(W))] = A2g(wvhl(w)vh2(w)vh3(w))7 (2)
D} [dp (Dg203(®))] = A3k (@, b1 (@), h2(@),b3(@)), €)
with BCs
h1(0) =Dgt h1(0) =0,
vhi(l )+6D0+bi( )=0, “)

dp (Dgﬁbl(o)) = d)p( (1 )) =

where o € (2,3], pi,ms € (1,2, A >0 for i =13, dp(t) =62t p> 1, o' =
1 1

¢q with —+ — =1, 7,5 real numbers that are positive, and Df, is the standard RL
p

derivative.

A function h; (@) € (C[O7 l})3 that satisfies all equations in (1)—(4) and fulfills the
required BCs is considered.

We derive conditions on the functions f,g,h and the intervals Aj, A2, A3 that guar-
antee the existence of positive solutions for the ternary system of p-Laplacian FBVPs
(1)—(4). This is obtained by employing the Guo—Krasnosel’skii fixed point theorem.

A positive solution of the system (1)—(4) is identified as a triplet (f)l (@),h (@),
h3(@)) such that h; (@) > 0 for every @ € (0,1).

In this article, we put forward the following hypotheses:

(S1) f,g,h:[0,1] x R*3 — R* are continuous.

(S,) eachof fo, £0, go, g°, ho, h°, f.., £=, g.., g7, h. and h™, by

(@, bl,f)z,fh)

fo=_ lim min ———2 0 f0— iy max

Zhﬁmme[“”‘] %(Zb) Zhﬁwme[“] ‘T)P(Z*’)
g(@, h17f)27f)3) 0

o
g0 = lim mln B g = lim ma M

Soo” 1 a(Z0) S a(Zn)

i=l1 i=l1

b
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hp= lim  min M = lim max M
3 o€l} 3] 3 ol
Zhi_’(ﬁ d)p(zh ) Zbi—@* <Zh )
i=l i=1
fo= lim  min M £f°= lim max M

g_mwd%7 3 ‘bp(Zb ) g_mafe[wd q)p(zb )
iml

i=1

g-=_lim  min M g”= lim  max M
3 @€l}.3] 3 oell,3]
Sp 0 (E0) Sh" a0 (Sh)
=l i=1

he.= lim  min M h*” = lim max M

3 oelf,3] @<z 7]
S %(26) oy ¢p(2h)
i=1 i=l1
occur as real numbers that are positive. This is how the rest of the paper is organized:

e Section 2 focuses on the construction of Green functions for the associated FB-
VPs, along with the estimation of bounds for these functions.

e Section 3 presents a criterion for identifying the ranges of parameters 4, A, , and
A3 under which the ternary system involving the p-Laplacian FBVPs
(1)—(4) possesses multiple positive solutions within a cone.

e Section 4 applies these theoretical results to an illustrative example, demonstrat-
ing the practical utility of our findings.

e Section 5 presents a comprehensive case study on the coupled transport and reac-
tion of solutes in a memory-driven porous medium, highlighting the application
of our analytical framework to real-world phenomena.

e Section 6 concludes the paper by summarizing the main contributions and de-
scribing the directions for future research.

2. Green functions and bounds

LEMMA 1. Ler A; = 8T (ats) +yI(ots —mp) #0. If s € C[0,1], then the FBVP,
Do h: (@) + (i (@) =0, @ € (0,1), (5)

with

h1(0) =0, D h1(0) =0, vhs(1) + 8D hs (1) =0 (6)

1
has a unique solution b; (@) = / Gi(@, )0 (w)dw, where
0

6.(0,0) = {Giz(axwx o< o, ™
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Gil(@',(l)) :Aii [% +5(1 — w)—mz} [ZD(I _ w)]oci—l,
Goa(@, ) =611 (@, ) — [MYF(M_M)}(&:_@)%—L

1
A_i r(fxi)

Proof. Let b; € cl®l+1([0,1])be the solution of FBVP (5), (6). Then

(@) = = /ﬂw—wvf%«www+idw“*
i - F((xi) 0 i k .

k=1

Using (6), one can get d3 =0, dp =0 and

A/ Yr °‘1‘m2 +6(1—w)_m2}(1—w)“i‘lCi(w)dw

Therefore, the system comprising (5) and (6) admits a unique solution.

o[ 1 (yT(os—m) . o (@—0)%
/0 AT( r((xi)zm(l—w) )[0(1_60)} .

(o)
x (i () da)—l—/1 !

hi(@) =

Yo )—1—5(1—(0)_“‘2

ﬁ [Gf(l—w)}“l_lCl(a))d(x)

:/O (@, 0)0 (0)do. O

(ot —
LEMMA 2. Assume that 5(mp—1) > %. Then the Kernel G;(®,®),

i =1,3 satisfies:

o Gi(@w) =0,V (o) (0,1
o Gi(@,0)<Gi(l,0), YV (@, 0)€[0,1?

ocl—l
° ) ,0),V (D,0) €Ix]0,1],
13
I=|-,—].
where [4,4}

Proof. The Kernel G; (@, ®) is givenin (7). Let 0 < @ < o < 1, then

¢ (@, 0) = 1 [M +8(1

Al (o) —0)™|[@(1 -] >0
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Let0O<@® < w<1,then

. n _ o —1
ey
Gal@@) = T e —m)] @ —0) !
_[ " (o) } Ay
_m _ oxi—1
e 1 o=] -0
> 5 Yo —m) | (B — Dw) ™!
_[ o) } A
> Aii[(l )™ - 1](@ - @) >0.

Hence G; (@, ) >0, V (@, 0) € [0,1>. Let 0 < @ < @ < 1. Then

[yl“(oci —m)
(o)

dGi| _ b
0w  A;

+6(1— m)—mﬂ (1-0)% Yoy —1)@*2>0.

Let 0 < @ < o < 1, then G31(®@,w) is increasing with respect to @, which implies
that G;1(®@,®) < Gy1(l,w). Then

o - _ o201 _
98] s Yo ) (o (@ )
F(O(i) Ai
L o o —2 s —m
(22~ 1)@~ 00 l(vfg’ﬁxi) 2 51— 0) ™)1 - 0)
> YT (0ty —mp)
‘<5+W>]
(o 1>(0Ai— o) [(5(m2— 1)—%)%0@2)
> 0.

Let 0 S @< w< 1 and @ € I. Therefore, Gi>(®@,®) is increasing with respect to
@, which implies that G;»(®@,®) < Gi2(1,®). Hence, G; (@, w) < G;(1,) for all
(@, ) € [0,1]%. Then

Gi1 (@, 0) = [W +8(1— w)‘”] [@(1— )]
= {W _|_5(1 _ w)mz] (1 _ w)ociflwocifl

o —1
:m“ilcﬂ(l,w»(‘—l) Gi1(1, ).
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Let0<w<®<1and @ €1I. Then

+5(1—w)—mz [@(1— )%
12 w CO
5+ 'YF o“l )mZ)‘| ((D'— w)ocifl
y(os — —my YT (o —mp) o —1 oty —
> 71_,(“1> +5(l—(0) —<5+Ti>2)](l_w) o

ol l xi—1
=0 GiQ(l,(l)) > Z G12(17(D).

og—1
Hence G; (@, ®) > (Z) Gi(l,0), V(O,0) €I x[0,1]. O
LEMMA 3. Let X1 (@) € C[0,1] and o; € (2,3], s € (1,2]. Then the FBVP

Dy <¢p (Dgfm(af))) =x1(®), @ € (0,1), ®

with (4) has a unique solution,

= /01Gi(as,co)cpq(/olHi(w,o)xl(o)da>dw,

where
@1 - o) e
i (@, ) = Plw) L ©)
A -0 —(@-o)t
() ’ o

Proof. An equivalent integral equation for (8) is given by

1

e 2
F(H') /0 (o — 0)“1—1)(1(0')5104_ 2 de oM E,

k=1

dp (05201(@)) =

Using D¢ h1(0) =0, Dgthi(1) =0, we get d; =
dr, = 0. Then

1
o /0 (1— )%y, (0)do and

e (05201(@) = 15| [T (@0 (oo - [[ot1- o) (oo

H;(@,0)xi(o)do.

S~
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Therefore q);l (d)p (Dg‘jf)l(aj)>> = —d);l (/01 Hi(w,c)xl(a)d6> . Consequently
1
D201 (@) + b [ (@0 (o)) =

1
Hence b, (@ / G;i(@,0 d)q</ (w,a)xl(a)dc> dw is the solution of FBVP
(®)and (9). U

LEMMA 4. The Kernel H,(®@,®) satisfies:

oH()

0, foro,wel0,1],
° H(G)' a)) H

=
g I(CO,CO), forw,wE[O,l],

13
° glénHl( o) = V(o )Hl(w,w),f0r0<w<landI=[Z,Z]-

Proof. The Green’s function H; (@, ®) is given in (9). Clearly, it is observed that
for0<O<0<], H(O,0) >20. Fr 0< o < @ < 1,
1

H(@,0) = M)
1

I {wul—l(l_w)l»ll—l_(w_w)l»ll—l]

>

wunfl(l _ w)unfl _ (D“"l(l _ w)url} —=0.

(Hl)[

Hence H| (@, ) >0,V @, o €[0,1]. Let 0 < @ < @ < 1, then

7

H (0, 0) = [(u— a2 (1 - )" >0.

oo T(w)
Therefore, H; (@, ®) is increasing with respect to @, for @ € [0,1), which implies
H(@,0) < Hi(w,w). Similarly, it can be proved that H(®@,®) < Hj(w, ®) for 0 <
o <@ < 1. Hence, H; (@, 0) < H; (o, ) forall @, o € [0,1]. Since H;(®,w) is a
monotonic function for all @, w € [0,1], we have

max H|(@,0) =H(0,0) = (01— o))"

@el0,1] T(p)
and decreas-

H (@, ) is increasing with respect to @ for @ € | 0,

1 1
ing with respectto @ for € | —————,; | .foro € (07 —) .
L 4
l—(l—w)m2
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1 . . .
For w € (4_1’ l), H)(@,®) is decreasing with respect to @ when @ > ®, and

increasing with respect to @ when @ < w.

@ - @) (- o)

h(o,w) = , and
L e )
(0, 0) = (@t — o)
2 (1)
Then
3
hl(Zam ) (ORS (Ov :|7

N O R N
—

e
m

minH; (@,®) = ¢ min} h 3a) h la)
(Héll ) - 1 147 s 112 4’ ’

=3
[3S)

S

=
e

N T N

e
m

| — |

BlW K=
\‘H

~~_

hy %,w, o€ (0,1],
- 1
hy 7°) oe[1,1),
3 p—l1 3 p—1
ju-o]” -(G-o)" 0e(0.4]
— 1—
F(Hl) 4}11_1 ) (ORS [T’ l)a

Y%
&
!
E
F

where

Yi(w) = [o(1— )" . 0c (01, (10)

1
Aoy T we|1,1),

13 . 3 pi—1 3 pr—1 1—1\mi-1 .
and 7 € (Z’Z) satisfies {Z(l —1)} - <Z —T) = <T> . In partic-

1 19
ular,rziifu1:2;T—>—asu1—>2; andrﬁgasul—d. O

DN | =
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REMARK 1. Let Gj(@,w) >nG;(1,0), G (@, ®) >nGy(l,w), and G3(@, w) >
NG3(1, ®) hold for all (@, ) € I x [0,1], where

o —1 xo—1 x3—1
S RC N A

REMARK 2. Let Hi(@, ) > V] (0)Hi(0,0), H(@,0) > );(0)H (0, o), and
H3(@, ) >3 (w)H3(w, ®) hold forall @ € I and w € (0,1), where

¥ (@) = min{7(0), b3 (@), P3(0)} . (12)

3. Characterization of eigenvalue intervals leading to positive solutions

Let us define the Banach space B =E x E x E, where E = {h; € C[0,1]} denotes
the space of continuous real-valued functions on [0, 1]. The norm on B is introduced as

3
|(h1,b2,03)[| = X IIbsllo,
i=1

for each (hy,h2,h3) € B, where the componentwise norm || - ||o is given by

= ma o)|.
i1l = max o1 (@)
We construct the cone P within the space B by
P= {(h17h27h3) €B | hl(w) = Ofori= 1»2»37 (ONS [071]
3
and rgjlgllz [h:(@)] =n[(b1,b2,b3)
i=1

where 1 is given in (11).
Let T{,T»,T3:P —E and T : P — B be the operators defined by

1 1

Tl(f)l,f)z,f)3)(w)=7\1/0 G (T, )y /OHl(w’G)f(G,f)l,f)z,fB)dG do,
1 1

Ta(b1,02.02)(@) = %2 | 6a(@.,0) | [ H2(0,0)g(0.51.b2,81 ) do | do,

1 1
T3(f)1,f)2,f)3)(w)=7\3/0 G3(@, )y /()H3(w’0)h(0,f)1,f)2,f)3>d0 do,
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and

(01,52, 3) (@) = (n(mh27rn)(wmz(hhh%h3><w>7T3<m,h27h3><w>),}

for (hl7b2ab3) €B.
(13)

LEMMA 5. There is a self-map on P for the operator T as described by (13).

Proof. Let (b1,b2,03) € P. Clearly, Ti(h1,h2,53)(@) >0 for all @ € [0,1] and
foreach 1 =1,2,3.

Also, for (h1,b2,b3) €P

1

S—

1
Tu(bu o) <M G1<1,w>¢q< Hl(wﬁ)f(07617hz,b3>d0>d0)

1

1
T2(hl7h27h3) Og)\z/() G2(17m)¢q< HZ(w7o-)g(G7hl7h27h3>d0>d(0

S—

1

1
T3(h1,h2,b3) O<7\3/0 G3(17w)¢q<

S—

Hg(w,cr)h(o,m,bz,hg)da) do,

and

I%IéIIlTl (l')l ,b2, h3) (CO')

1 1
- {glérllxl‘/o Gl(m7w)¢q</0 Hl(w70)f (G,hl,bz,b3>d0>dﬂ)
1 1
2 {1'17\1/0 Gl(law)d)q(/o Hl(wﬁc)f (G7h1ab2ab3>dc>dw

ZnHTl(h17bz7bz)Ho~

Similarly minTs (b1, 2,03) (@) > n||Ts (01, 2,b3) | for 1 =2,3. Therefore

)

<T1 b1,b2,03),T2(b1,h2,b3), T3(f)1,b2,b3)>H
:nHT 1,02.63)||

Igjlgllél[ (b17b27b3> } ni[

i=l1

Hence T(b1 ,ho, hg) € P and so, T : P — P is completely continuous by employing the
Arzela-Ascoli theorem, standard arguments. [
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3.1. Notations

We define the following quantities to facilitate our analysis:

A = max{ !
3 Joex61(1,0)4 (oex ¥* (0)H1 (0, 0)d0 ) do) (£)3!
1
3 Juex62(1,0)d0  Joer ' (0)12(0.0)d0 ) do] (g-)%

)

)

1
3 Joex63(1,0)4 (Joex ¥ (0)H3 (0. 0)d0 ) do) (Bo)o! }
and

- 1
As = min { 3 {fol Gi (1, 0)dq (fol H, (o, G)dg) da)] (£0)a-1
1
3 {f()1 G2(17 w)(bq(fol HZ(O',G)dO'> d(u} (go)q—l

b

)

1
3[ ! 1 0)g—1 }7
Jo G3(1,0)dq( Jy H3(0,0)do )dw | (h°)
where the function }*(0o) is defined in equation (12).

THEOREM 1. Suppose (S1)—(S2) are fulfilled. Then, for any A;, i =1,2,3 sat-
isfying
A <N < Dy, (14)

the problem (1)—(4) admits a positive solution in the cone P.

Proof. Let Ay, 1 =1,2,3 be provided as in (14). Assume that € > 0 is selected
in a way that

max{ !
3] Joex 61 (1,0) g ( Joer " (01 (0.0)do ) do] (£~ e)o-!
1
3] Joerm?62(1,0)0a  foer ' (0)H2(0.0)d0 ) do | (g — )3~

)

)

! } <A
3| Juex 1631, 0)dg ( foer ¥*(0)H3(0.0)d0 ) do | (b — £)~!
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and
Ai gmin{ 1
3 {fo1 Gl(hw)d)q(fol H1(G,G)dc)dw] (£0 4 g)a-!
1
3 [f()1 G2(17w)¢q(fol H2(ﬁ,0)d0’>d(x)} (g0—|—g)q—1

)

b

1
3 i 6a(1,@)a ( fi Ba(0,0)d0 ) do) (50 + £)3 ! }

Let the operator defined in (13) leave the cone invariant and is completely continuous.
T. Using £° as a definition, let ©; > 0 be chosen appropriately so that

£(@,51,52,53) < (£° 4+ &) <Zb>for0<h1,bz,ba> 0. (15)

Similarly from the definitions of g% h, there exist ©,,03 > 0 such that

3

g(wahlvh2ah3) g +£ <2 ) fOI'0< h17h27h3) 627

; (16)

h(wahlvh2ah3) h0+£ <Z ) fOI'0< h17h27h3)

In particular then by putting ® = min {91,92, 03 }
We find both (14) and (15) hold for 0 < (h1,h2,h3) < ©. Let us define @, as

wlz{(hlah2vh3)68:H(hl7h27h3)“<®}' (17)
Then for (b1, H2,b3) EPO&a)l, we have
HTI hl7h27h3

1
—)\1 Gl (D,0)d ( Hi(w,0)f(0, f)l,hz,h3)d0>dw
0

1
/OHI f(o,b1,b2,h3)do )

/OIHI (0,0)(f"+¢) d)p<2b )dc)dco

i=1

1
/O Hi(0,0 dc) (£2+ &)Y (h1,b2,b3) | dw

1
g §H(hl7h2ah3)”
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Therefore, .
[T (51, b2, b3) (@)]| < 3[[(61,62,3) |, for @ € [0,1]. (18)

In a similar manner,

| T2(h1,b2,03) (@) || < %H(f)l,bz,m)n’ for@ € [0,1],}

[0,1].

19)

[75(61,02,3) @) < 51 (01,02.85)

For (h1,h2,h3) € PNJdw;, we have
[(01,b2.55)(@) | = || (T1(61.52,63)(@). T2 (01 02.53) (@) Ta b1, b2.bs) (@) ) |

< 3110152, 55) |+ 151,02, 5) 1+ 5 51,5, 53)|
= ||(h17h27b3)||'

Hence,

HT(hl7h27h3)H < H(hlah2ab3) for (blvh27h3)6pm&wl' (20)
By definitions of f.,g. and h.., there exists ©* > 0 such that

3
f(wahl7h27h3)>(f°°_8)¢fi <2h1>7 for(hl7h27h3)>@7 (21)

g(®@,bh1,h2,b3) > (2 1>7f0r0< (b1,b2,b3) > ©%,
N (22)
h(w7hlah2ab3) h _8 (Z ) for 0 < hl7h27h3)>®_
o
If we set ®* = max {29, ?} and define
@Z{(hl,hz,fh)EBiH(f)l,f)z,fn)n<9*}~ (23)
If (h1,b2,b3) € PN1dy, then it follows that ||(hy,b2,h3)|| = ©, we have
3
min 3 [0:(@)] > n61.2.69)] | > & 24)

and so

Tl(hl7h27h3)(w)
1 1
:)\1/0 Gl(w7w)¢q</0 Hl(w76)f(G7hl7h2,h3>d0>d(o

3
> A nGl(l,m)d)q( lp*(G)Hl((LO')(fN—e)de(Zhi)dG)d(u

wel ocl i—1
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27\1/ InGl(law)d)q(/ Ill)*(G)Hl(G’G)dG> (£ — €)% 'n|(h1,b2,b3) || do
we oc

> Am? / aclu,w)q)q( / EIII)*(G)Hl(G,G)dG>dw(fw—8)‘11||(b1,bz,ba)||

1
= §H(blvh2ah3)”

Thus |
I T1(b1,b2,b3)|| > g“(bbb%fh)”a for (h1,h2,h3) €PNIdwy. (25)

In a similar manner,

1
IT2(01b2,59)[| > 5 | (91,62, b)| | or (b1,b2,b3) € Pmawz,}
26)

1
}’T3(b17h27h3)H > §H(hlah27h3) (h17h27h3) € Pmaa}z
Thus (25)-(26) implies that

| T(B1,b2,b3) (@) || = H(Tl b1.b2,03) (@), Tz(f)l,bz,h3)(w),T3(f)1,f)z,h3)(w)>H

3
Z | T:(h1,b2,b3)(@)||
oy
Z §H b17h27h3 H
‘ 27h3)”'
Hence,
HT hl7h27h3 H > H blvh27h3 H fOI' hlvh27h3) Gpﬁawz (27)

From (20), (27), and the Guo-Krasnosel’skii FPT (see [13, 17]), we conclude that T
possesses a fixed point (hy,hz,h3) € PN (@,\w;). This fixed point corresponds to a
solution of the problem (1)—(4). U

3.2. Notations

To assist in our analysis, we define the following quantities:

1

A3 = max {
3 Joe 61 (1,@)0q (foes ¥ (0)H1 (0, 0)d0 ) do] (£0)2 !
1

3] Joer?62(1,0)b5 ( foer 7 (0)k2(0.0)do ) do] (go)~!

)

)

1
3] Joex?63(1,0) g ( Joer " (0)H3(0.0)do ) do] (no)! }



134 B. RAMAKRISHNA, B. M. B. KRUSHNA AND A. V. PAPARAO

and

. 1
Ay = m1n{3 {fol Gl(l,w)cbq(fol Hl(c,a)dc)dw] (£=)a-1
1
3 [fo1 Gz(l,w)dhl(fo1 Hz(G,G)dG> dco} (g=)a!

)

b

1
3[ 13 63(1, ) ( i H3(0,0)do ) do| (131 }

where " (o) refers to the expression introduced in (12).

THEOREM 2. Suppose (S1)—(S2) hold. For each parameter \; with i =1,2,3,
if the following condition holds:

Az <Ay <Ay, (28)
the ternary system of p-Laplacian FBVPs defined by (1)—(4) admits a positive solution

in the cone p.

Proof. Let Ay, i =1,2,3, be specified in accordance with (28). Select € > 0
sufficiently small such that
{ 1
max
3[ foes 1261 (1,0)4  foer ¥ ()1 (0, 0)d0 ) do| (£ — &)~
1
3 foer1262(1,0)d  foe 0 (0)2(0,0)d0 ) do] (g0 — &)~

b

)

1 } .
3| Joex263(1,0)4 (Joex ¥ (0)H3(0.0)d0 ) do] (b — )21

i

and

1
3 [fol Gi(1,0)dq (fol H (o, G)do') d(u} (£ +e)a ! )
I
3[ 1y 62(1,0)04 (3 Ba(0,0)d0 ) do) (g~ + )31

A < min{

)

1
3 [fol G3(17w)cbq(f01 H3(G,G)d0>dw] (h> + g)a-! }
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Consider the operator T, introduced in (13), which is completely continuous and cone-
preserving. Based on the definitions of £, gg, and hy, suitable constants 07,0,03 >0
can be determined such that

-

f(®@,b1,b2,b3) > (fo—8)¢p< hi); for 0 < (h1,h2,h3) < o, (29)

1

1

Mu

g(wvhl7h27h3) 2 (go—S)d)p( hi>7 for 0 < (hl7h27h3) < 02,

1

i

(30)
3
h(w7b1ab2ab3) P (gO_s)q)p (Zbl)a for 0 < (blab2ab3) < 03.
i=1
By setting ¢ = min {61,62, 03 } , we specifically define in this case
603={(f)1,f)2,f)3)631||(bl,b2,b3)“<0}~ (31)

For (h1,h2,h3) €EpNdw; and @ € I, we have:

1 1
T1(b17b27b3)(ﬁ)=7\1/0 Gl(W,w)d)q(/O Hl(w,G)f(G,f)l,f)z,m)dG)dw

7\1/COEIHGl(l,w)d)q(/GEIIP*(G)Hl(G’G)
; x(fo—s)cbp(ihi)dc;)dw

i=1

> )\1/0)6111(31(1»(0)4% GEIIP*(G)HI(@O')‘ZG)
x(£0— €)% || (b1, b2, b3)||dw

> )\ln2/w€IG1(17w)¢Q< e
x(£0— €)% (h1,b2,b3)||
1
> g”(hlvh2ah3)”

ll)*(O')Hl(O',G)dO'> do

Therefore,

1
(I T1(b1,b2,b3)(@)] > gH(bl,bz,fn)H’ for@ € [0,1]. (32)

As aresult, we have:

1
||T2(bl7h27b3)(w)’| P _’|(bl7b27h3)||’ form € [071]a
] (33)

[Ts(61.02.63)(@)]| > 5[ (01.02.0) | for @ €[0,1].
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Thus it is

[7(01,62.55)(@) | = || (Ta(51.52,63)(@). Ta 01 02.53) (@), Ta 1, ba.bs) (@) ) |

3

= ZHTI b1,b2,b3) (@) > Z—H b1,b2,b3)||
i=1 i= l

= ||(b1,b2,b3)]|-

Hence,
IT(b1,b2,b3)|| = || (1, b2, b3)]|, for (b1, b2, h3) € PNIws. (34)

By the definitions of £,g™ and h™ there exists 6* > 0 such that

3

£(@,01,02,h3) < (£7+€) Py (Z 1>7f0r (B1,b2,b3) > (35)

bi)a fOI' (bl7b27h3) 2 G_

-

g(m,h1,b2,b3) < (g°°+8)d)p<

1

1

(36)

o

1

1

h(@,b1,h2,h3) < (W™ +€)dp ( f)i>,f0r(f)1,bz,b3)>?-

We now establish the result by examining two subcases.

Case (i): Assume M; > 0 for i = 1,2,3 such that
max £(@,h1,h2,bh3) <My,

o<(0,1]

max g(@,hy,b2,h3) <M,
@el0,1]

max h(w h17h27b3) < M37
we(0,1]

where (h1,b2,b3) € (0,0).
Define:

o —max{3G3Mq 7\1/ Gi(1,0)dq / GGdG dw,

3Mql)\2/G21(o / GGde(u

3.Mq /Gglw / (0,0)do d(u}

Let Wy = {(hlah27h3) €B: H(hlah27h3)” < G*}
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Then for (hy,b2,h3) € PNdwy with ||(hy,b2,b3)[| = o, we have

1 1
Ty (b1, b2, b3) (@) :7\1/0 m(mw)%(/o Hl(wﬁ)f(@f)uf)z,ha)d(f)dw

1 1
<7\1/0 Gl(l,a))d)q</0 Hl(w7G)M1dG>dw
< 7\1/01Gl(l,a))d)q</01H1(G,G)dG> M‘ffldco
< 7\11"[?_1/01Gl(l,a))(])q</01H1(G,G)dG>da)

| |
<§G :§|‘(h17h27h3)u
Therefore,

1
|T1(b1,b2,b3) (@) || < 3 |(h1.h2,b3)|, for@ € [0,1]. (37)

Consequently

(38)

HT2(hlah27h3)( H < 1” h17h27h3 H for @ € [071]7
, form €10,1].

|T3(b1,b2,b3)(@)|] < —H b1,h2,b3)

Combining inequalities (37) and (38), for (h1,h2,h3) € PNJwy, we get

[ T(b1,b2,b3) (@) = || (Tl b1,b2,h3) (@), Tz(f)l,bz,h3)(w),T3(f)1,f)z,h3)(w)>H

3 3

S 170102.55) (@) < 3 3101,

i=1 i=1

= || (1,52, b3)]].

Hence,

I T(h1,b2,53)[| < [|(B1.52,b3)],

for (h1,h2,b3) € pNIws. (39)

Case (ii): Let 6* >max{3a,F} be such that £(@, b1, b, b3) < £(@, 0%, 0%, 6%),
g(@,b1,h2,h3) < g(@,0%,6%,6%) and h(®@,h1,h2,h3) <h(@,0%,0%,0%).
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Consider (h1,h2,h3) € PNdws with |[(h1,b2,h3)|| = 6*. Then

1 1
Tl(hmhs)(w):xlfo cl(w,wmq(/o Hl(w,G)f(G,hhhz7hs)d0>d(0
< 7\1/OIGI(La))c])q(/OlH1(G,G)f(c,c*,a*,a*)d0>dw

s “/016107(»)%( /01H1<o,o><f°°+e>¢p<o*>do> do

< {7\1/01G1(17a))¢q</01H1(6,6)d0>

x(£24€)41|(b1,b2,b3)||dw

< 31101,52,53)]
Therefore,
I T1(b1, b2, b3) (@)]] < %H(hl,bz,fh)H’ for @ € [0, 1. (40)
Similarly,

| T2(b1,b2,03)(@)]] < || (b1,b2,b3)

, form €0,1],
(41)
|(h1,b2,b3)||, for@ € [0,1].

UJ|HUJ|H

[T3(01.b2,b3) (@) <

Combining (40) and (41), for (h;,h2,h3) € PNJws, we obtain

[7(01,2.53)(@)]| = | (T1(91,2.5)(@). Ta(01.b2,53)(@). Ta (b1, b2, 2) (@) ) |

3
Z H h17h27h3 H H(hl7h27h3)”'

b.)l»—

Therefore,

| T(h1,b2,03)|| <|(B1,62,b3)||,  for (b1,b2,b3) €PN Iy (42)

By applying (34), (39), (42) and and hence, by Guo-Krasnosel’skii FPT [13, 17], T
possesses a fixed point, (h1,h2,h3) € PN (®4\w;) and this fixed point yields a solution
to the FBVP (1)-(4). O
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4. Illustrative Example

Consider a ternary system of p-Laplacian FBVPs for i = 1,3
Dy’ [d)p (Déff)l(@)” =Mf(®@,b1,b2,b3), @ € (0,1),
0 [ (03102(@) ) | = Aog(@., b1, b2,5), @ € 0,1), (43)

Db [y (03203 (@) ) | = Aan(@, b1, b2, b3), @ € (0,1),

h1(0) =Dy hs(0) =0,
bi(1>+%D5fbi(1) =0, (44)
bp <D(2)ff)i(0)> =dp <D(2)fhi(l)> =0,

where
£(@,51,52.53) =u [(5360000 +100000@) — (5359970 + 970000(1;)52“] ,
g(@, 01,02, b3) =u [(7745000 + 1500008 — (7744950 + 149000&7)6‘3“] ,
(@, b1, b2, b3) =u [(3766000 +50000@) — (3765850 + 485006)e‘2“} ,

u:=h; +ha+bh3.

The Green functions are given by

11 18 .
o . , B ' _
2.4372 [0862+10(1 ) }(w(l o) ifo<o
Gi(CU,(D):
6:(@,0) — 5o (@ - ) ifo>o
Y 2.4372 ’ >
and
o(l— if o < o,
H; (@,0) = ( ), 1 o
o(l-o), ifo<o.

Clearly G; (@, ®) and H; (@, @) are positive. For £(@,b1,b2,3), g(@.h1,h2,b3),
and h(®@,bh;,h2,h3), the growth constants defined in (S;) are computed as follows:
fo =780, f°=2280, f.=25385000, £ =5435000,
g0 =300, g°=2800, g.=7782500, g~ =7857500,
hy =525, h®=1275, h..=3778500, h™=3803500.
Each of these constants is finite and positive, satisfying the requirements of con-
dition (S,) for the existence theorem. These plots show the growth comparisons of

the nonlinear functions used to model particular factors in the boundary value analysis,
which are defined over (0,1).
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Green Funetions Gifse, w)

Figure 1: Surface of Gi(@,®) over the domain 0 < 0, @ < 1.

Kernel H,(w,w)
0.35

Figure 2: Surface of Hi (@, ®) over the domain 0 < 0, @ < 1.

Let p = 2. It follows from explicit calculation that 1 = 0.1436, and the critical
parameters Aj, A, are computed as follows:

1

A= max{ )
3 Joern?61(1,0):  foer ¥* (o)1 (0,0)do ) do] (£.)
1

3] Joer162(1,@)02 (Joer V(02 (0. 0)d0 ) do -

)

1
3| Juex63(1,@)02 (foer b (03 (0, 0)d0 ) dw | (b }
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Nonlinear Functions f, g, h for w = 0.5

x108

Function Value

1 . 1
0 0.1 02 03 04 05 08 07 08 09 1
R

Figure 3: The growth comparisons of the nonlinear functions £(@,Hy,h2,H3),
g(wahlah27b3)’ and h(w7bl7b2ah3) in 2D.

and

= min !
A= {3[j;}c1(1,w)¢>2(fgﬁl(o,a)do)dw}(fO)’
1
3 { e (1, 0) P2 ( I Hz(c,a)d0'>dw] (%)

i

1
3 [f01 G3(1, ) ba (fol H3(a,o)da)dm] (n0) }

where {*(0) is defined in (12). Explicit numerical evaluation gives

A; = max{0.000187,0.000129, 0.000267} = 0.000267,
Ay =min{0.001074, 0.003060,0.001925} = 0.001074.

Since the conditions of Theorem 1 are satisfied, we obtain the eigenvalue interval
0.000267 < A1,A2,A3 < 0.001074,

within which the p-Laplacian FBVP (43)—(44) admits at least one positive solution.
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Nonlinear Functions f, g, h

Function Value

w 1 0 u

Figure 4: The growth comparisons of the nonlinear functions £(@,h;,h2,bh3),
g(wahlah27b3)’ and h(w7bl7b2ah3) in 3D.

5. Case study

Coupled transport and reaction of solutes in a memory-drive porous medium
5.1. Problem context

Numerous interacting solutes move through a porous domain with memory in
a variety of natural and artificial filtration systems (such as bio-barriers, geological
aquifers, and catalytic substrates). Modeling frameworks that account for nonlinear in-
terdependence between species and long-range temporal effects are necessary in such
environments. This encourages the use of RL derivative-governed ternary fractional
p-Laplacian systems.

5.2. Layered material composition

The porous medium consists of three distinct layers, each modeled by a state func-
tion h; (@) for 1 = 1,2,3, with the following physical roles:

e Surface adsorption layer (h;(@)): Represents the porous material’s outermost
layer, which is distinguished by an extremely reactive interface. A high concen-
tration gradient causes this layer to absorb solutes rapidly, and is modeled with a
strong short-term memory effect via the fractional derivative of order o; =2.4.

e Mid-depth scaffold layer (h,(@)): Serves as a consistent channel that makes it
easier for solutes to move between layers and interact with one another. Through-
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out the medium’s core, it facilitates coupled reaction-diffusion processes and is
moderately reactive.

e Basal buffer layer (h3(@)): Represents the medium’s deep foundation, which
demonstrates delayed release and long-term retention. It stabilizes the transport
system and takes cumulative memory effects into account.

5.3. Mathematical modeling assumptions
The ternary system for @ € (0, 1) is governed by:
Dy” [dp (D501 (®))] = i (@, b1, b2, b3),
Dy [dp (D5 02(®)) ] = Mag(®, b1, b2, b3),
Dy [dp (D5¥03(@)) ] = A3h(®. by, b2, b3),
11

with parameters: o; = 2.4, 43 = 1.99,m; = 15, and m; = 1.8.

5.4. Boundary conditions

Each variable h; (@) satisfies:
hi(0) = D(l)ff)i(o) =0,
11
hi(1)+ ED(I)fbi(U =0,

bp(D501(0)) = dp(D5hs(1)) = 0.

5.5. Nonlinear bounds and eigenvalue interval

The lower and upper bounds of the nonlinear functions, computed over the work-

ing interval I = [%, %] , are as follows:

1. For f(w7hlah2ab3):

fo =780, 0= 2280, f. =15385000, £~ =5435000.
2. For g(@,h1,h2,h3):

go = 300, gO =800, g.=7782500, g~ =7857500.
3. For h(w7 hl ) h27 h3) :

hy = 525, h' = 1275, h. =3778500, h™ =3803500.

Based on these bounds and the associated kernel estimates, the eigenvalue interval that
guarantees the existence of a positive solution is:

0.000267 < A; < 0.001074 fori=1,2,3.
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5.6. Physical interpretation

e The RL derivatives model subdiffusive memory in layered porous media.

e The p-Laplacian operator reflects nonlinear diffusion and nonuniform flow re-
sistance.

e The eigenvalue interval (0.000267,0.001074) ensures the existence of positive
solutions, thus confirming the stability and physical relevance of the system.

6. Conclusion

This work has investigated a class of ternary systems characterized by RL p-
Laplacian FBVPs. Utilizing a FPT in a cone and assuming appropriate conditions, we
established novel existence results for positive solutions. Furthermore, the influence of
key parameters on the solution structure has been thoroughly examined.

Future directions may involve the study of more generalized models with nonstan-
dard BCs or alternative formulations of fractional derivatives. Additional efforts could
also focus on developing numerical schemes to approximate such solutions, thereby
broadening their potential applications in physics, engineering, and other applied fields.
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