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COMPOSITION FORMULA FOR THE MARICHEV–SAIGO–MAEDA

FRACTIONAL CALCULUS OPERATOR PERTAINING TO pRq FUNCTION

BELETE DEBALKIE AND D. L. SUTHAR ∗

(Communicated by R. Ashurov)

Abstract. The aim of this study is to evaluate two theorems for fractional integration using the
product of the pRq (ω ,ζ ;z) and Appell’s function F3(.) due to Marichev-Saigo-Maeda. Mul-
tivariable generalized Lauricella functions are used to present the results. Furthermore, a num-

ber of interesting association findings are shown using the Bivariate Wright function – pΨ(2)
q .

Additionally, corresponding statements are provided in terms of Weyl, Erdélyi-Kober, Riemann-
Liouville, and Saigo fractional integrals. We present some interesting particular cases of our two
main conclusions. Moreover, we emphasize their importance.

1. Introduction and preliminaries

Right now, fractional calculus is one of the branches of mathematics that is grow-
ing the fastest. Integrals and derivatives of arbitrary orders are the focus of this area of
applied mathematics. Numerous special functions are incorporated into the fractional
integral operator, which has been increasingly popular and used in many subfields of re-
lated mathematical analysis. Applications of fractional calculus include turbulence and
fluid dynamics, astronomy, quantum mechanics, image processing, nonlinear biological
systems, stochastic dynamical systems, plasma physics, and nonlinear control theory.
Although past research has examined the theory and applications of fractional calculus,
this study focuses on Saigo operators to extend known operators and special functions
and to recover earlier findings [1]. Important conclusions regarding the polynomial
class and the multivariable H-function are also drawn.Using Srivastava polynomials,
this study derives new fractional calculus formulas, including novel special cases, and
demonstrates that the conclusions of Saigo and Raina are particular instances of these
results [2]. Fractional integrals can be expanded using series in both pure and applied
mathematics. By establishing two theorems that provide the image of a function under
generalized fractional integral operators with Fox’s H-function as the kernel, along with
corresponding results for the Euler, Mellin, Laplace, Whittaker, and K-transforms, this
paper explores several properties of the Mittag-Leffler (M-L) function [14]. Further-
more, by adjusting the parameters, different specialized scenarios can be generated due
to the broad nature of the M-L function.
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Fractional derivatives (and fractional integrals) of special functions of one or more
variables are important to calculate because the results can be utilized to solve differen-
tial and integral problems and assess generalized integrals. These application prospects
have led to a remarkable variety of formulas for fractional integrals that incorporate
various special functions.In this paper, a path fractional integral formula (PFIF) is in-
troduced and extended to include the product of a general class of polynomials and
Fox’s H-function [3]. Furthermore, two proofs for the image of the Mittag-Leffler
(M-L) function under extended fractional integral operators are presented using Fox’s
H-function kernel [4]. Related Euler, Mellin, Laplace, Whittaker, and K-transform
findings are also shown. Additionally, depending on the parameters chosen, it illus-
trates how the universal nature of the M-L function leads to a range of specific function
relations. Several integrals involving the generalized Bessel-Maitland functions, repre-
sented in terms of the hypergeometric and beta functions, are examined in the present
work [22]. Some interesting specific examples of the Legendre and Jacobi polyno-
mials are obtained. This research creates a large class of integrals. The conclusions,
which are succinct and widely applicable, consolidate and generalize earlier findings,
including those of Nair [9]. New PFIFs are also given to Wright generalized hyperge-
ometric functions and Mittag-Leffler functions. In terms of multivariable generalized
Lauricella functions, we provide the composition formula of Marichev-Saigo-Maeda
fractional integral operators and the product of pRq (ω ,ζ ;z) function. We also exam-
ine some intriguing specific instances of our main conclusions.

The Marichev-Saigo-Maeda (MSM) fractional operators constitute a comprehen-
sive generalization of numerous classical operators in fractional calculus, offering an
effective analytical framework for addressing a wide range of problems in applied math-
ematics and mathematical analysis. Initially introduced to integrate and extend the for-
mulations proposed by Marichev, Saigo, and Maeda, these operators have demonstrated
remarkable utility in deriving novel fractional integral and differential identities involv-
ing various classes of special functions, including the Mittag-Leffler, Bessel, Struve,
and Srivastava polynomial functions. Over the years, considerable research efforts have
been devoted to the exploration and application of MSM operators in diverse mathemat-
ical contexts. For example, Purohit et al. [12] investigated their association with Bessel
functions, while Mishra et al. [11] and Suthar et al. [20, 21, 23] extended their scope to
encompass generalized Mittag-Leffler and S-functions, respectively. Subsequent devel-
opments have linked these operators with other special functions such as the k-Struve
function (Kabra et al., [8]), the K-Mittag-Leffler function (Gupta et al., [7]), and the
Bessel-Maitland function (Suthar et al., [19]). Collectively, these contributions un-
derscore the versatility, generality, and unifying nature of the Marichev-Saigo-Maeda
framework within the broader domain of fractional calculus research.

Saigo and Maeda [16] presented the following generalized fractional integral and
differential operators of any complex order with Appell function F3(.) in the kernel
after the Saigo operators ([14]–[15]) proved successful:

The following equations describe the generalized fractional calculus operators (the
Marichev-Saigo-Maeda operators) using the Appell function, or Horn’s F3 -function,
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assuming that f ∈ L1(0,∞) , ξ ,ξ ′,κ ,κ ′,γ ∈ C and x > 0.

(
Iξ ,ξ ′,κ ,κ ′,γ
0+ f

)
(x) =

x−ξ

Γ(γ)

∫ x

0
(x− t)γ−1 t−ξ ′

F3

(
ξ ,ξ ′,κ ,κ ′;γ;1− t

x
,1− x

t

)
f (t)dt,

(ℜ(γ) > 0),

=
(

d
dx

)n(
Iξ ,ξ ′

,κ+n,κ ′
,γ+n

0,+ f

)
(x), R(γ) � 0; n = [ℜ(−γ)+1] ;

(1)

(
Iξ ,ξ ′,κ ,κ ′,γ
− f

)
(x) =

x−ξ ′

Γ(γ)

∫ ∞

x
(t− x)γ−1 t−ξ F3

(
ξ ,ξ ′,κ ,κ ′;γ;1− x

t
,1− t

x

)
f (t)dt,

(ℜ(γ) > 0),

=
(−d

dx

)n(
Iξ ,ξ ′

,κ ,κ ′
+n,γ+n

− f

)
(x), R(γ) � 0; n = [ℜ(−γ)+1];

(2)

where

F3
(
ξ ,ξ ′,κ ,κ ′;γ,x;y

)
=

∞

∑
m,n=0

(ξ )m (ξ ′)n (κ)m (κ ′)n

(γ)n+m m!n!
xmyn,

(max{|x| , |y| < 1}) ,

is referred to as the Appell function (also called the Horn function).
The following are the image formulas for a power function under operators (1) and

(2), in accordance with Saigo and Maeda [16]:

(
Iξ ,ξ ′,κ ,κ ′,γ
0+ xρ−1

)
(x) = Γ

[
ρ , ρ + γ − ξ − ξ ′ −κ , ρ + κ ′ − ξ ′

ρ + κ ′, ρ + γ − ξ − ξ ′, ρ + γ − ξ ′ −κ

]
xρ−ξ−ξ ′+γ−1, (3)

where ℜ(ρ) > max {0, ℜ(ξ + ξ ′+ κ − γ), ℜ(ξ ′ −κ ′)} and ℜ(γ) > 0.

(
Iξ ,ξ ′,κ ,κ ′,γ
− xρ−1

)
(x) = Γ

[
1−ρ −κ , 1−ρ + ξ + κ ′ − γ, 1−ρ − γ + ξ + ξ ′
1−ρ , 1−ρ + ξ −κ , 1−ρ + ξ + ξ ′ + κ ′ − γ,

]

× xρ+γ−ξ−ξ ′−1, (4)

where ℜ(ρ) < 1+min {ℜ(−κ), Re(ξ + ξ ′ − γ), ℜ(ξ + κ ′ − γ)} and Re(γ) > 0.

In this case, we utilized the Γ
[

. . .

. . .

]
symbol. stands for the fraction of numerous

Gamma functions.

Assuming x > 0 and ξ ,κ ,γ ∈C , f ∈ L1(0,∞) and taking ξ = ξ +κ , ξ ′ = κ ′ = 0,
κ =−γ , γ = ξ in eqs. (1), and (2) yields Saigo fractional calculus operators ([1]), they
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are described as follows.(
Iξ ,κ ,γ
0,+ f

)
(x)

=
x−ξ−κ

Γ(γ)

∫ x

0
(x−ρ)ξ−1

2F1

(
ξ + κ ,−γ;ξ ;1− x

ρ

)
f (ρ)dρ , (ℜ(ξ ) > 0), (5)

=
(

d
dx

)n(
Iξ+n,κ−n,γ−n
0,+ f

)
(x), ℜ(ξ ) � 0; n = [ℜ(−ξ )+1] ,(

Iξ ,κ ,γ
0,− f

)
(x)

=
1

Γ(γ)

∫ ∞

x
(ρ − x)ξ−1 ρ−ξ−κ

2F1

(
ξ + κ ,−γ;ξ ;1− x

ρ

)
f (ρ)dρ , (ℜ(ξ ) > 0)

(6)

=
(
− d

dx

)n(
Iξ−n,κ−n,γ
0,− f

)
(x),ℜ(ξ ) � 0; n = [ℜ(−ξ )+1] ,

where the integrals in (5) and (6) converge because 2F1(.) is sufficiently limited, and
the Gauss hypergeometric function is specifically instance of the generalized hyper-
geoemetric function.

Assuming x > 0 and ξ ,γ ∈ C , f ∈ L1(0,∞) , taking κ = 0 in Eqs. (5) and (6)
yields the Erdélyi-Kober fractional derivative & integral operators ([10]), they are de-
scribed as follows(

Iξ ,γ
0,+ f

)
(x) =

x−ξ−γ

Γ(ξ )

∫ x

0
(x−ρ)ξ−1 ρξ−1 f (ρ)dρ , ℜ(ξ ) > 0,

(
Iξ ,γ
0,− f

)
(x) =

xγ

Γ(ξ )

∫ ∞

x
(ρ − x)ξ−1 ρ−ξ−γ f (ρ)dρ , ℜ(ξ ) > 0,

Assuming x > 0 and ξ ∈ C , f ∈ L1(0,∞) , equations (5) and (6) yield the Weyl & the
Riemann-Liouville fractional integral & derivative operators [10] when κ = −ξ :(

Iξ
0,+ f

)
(x) =

1
Γ(ξ )

∫ x

0
(x−ρ)ξ−1 f (ρ)dρ , ℜ(ξ ) > 0,

(
Iξ
0,− f

)
(x) =

1
Γ(ℑ)

∫ ∞

x
(ρ − x)ξ−1 f (ρ)dρ , ℜ(ξ ) > 0.

The following Lemmas [14, 16] provide the power function formulae of the fractional
operators that were previously examined, which are necessary for our current investi-
gation.

LEMMA 1. Assuming x > 0 and ξ ,κ ,γ,ρ ∈ C are such that ℜ(ξ ) > 0 , the fol-
lowing formulas are valid:(

Iξ ,κ ,γ
0+ tρ−1

)
(x) =

Γ(ρ)Γ(ρ + γ −κ)
Γ(ρ −κ)Γ(ρ + γ + ξ )

xρ−κ−1,

ℜ(ρ) > max{0,ℜ(κ − γ)} .
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(
Iξ ,κ ,γ
− tρ−1

)
(x) =

Γ(1−ρ + κ)Γ(1−ρ + γ)
Γ(1−ρ)Γ(1−ρ + γ + ξ + κ)

xρ−κ−1,

ℜ(ρ) < 1+min{ℜ(κ) ,ℜ(γ)} .

LEMMA 2. Assuming x > 0 and ξ ,γ,ρ ∈ C are such that ℜ(ξ ) > 0 , the follow-
ing formulas are valid:

(
Iξ ,γ
0+ tρ−1

)
(x) =

Γ(ρ + γ)
Γ(ρ + γ + ξ )

xρ−1, ℜ(ρ) > −ℜ(γ) .

(
Iξ ,γ
− tρ−1

)
(x) =

Γ(1−ρ + γ)
Γ(1−ρ + γ + ξ )

xρ−1, ℜ(ρ) < 1+ ℜ(γ) .

LEMMA 3. If ξ ,ρ ∈ C and x > 0 are such that ℜ(ξ ) > 0 , then the following
formulas are valid:

(
Iξ
0+tρ−1

)
(x) =

Γ(ρ)
Γ(ρ + ξ )

xρ+ξ−1, ℜ(ρ) > 0.

(
Iξ
−tρ−1

)
(x) =

Γ(1−ρ − ξ )
Γ(1−ρ)

xρ+ξ−1, 0 < ℜ(ρ) < 1−ℜ(ρ) .

2. The pRq (ω ,ζ ;z) function

The pRq(ω ,ζ ;z) function was introduced by Desai and Shukla [5] (see also [18],
who also provided an interpretation by

pRq (ω ,ζ ;z) = pRq

[
up

vq

∣∣∣∣∣ξ ,κ ;z

]
= pRq

[
u1,u2, . . . ,up

v1,v2, . . . ,vq

∣∣∣∣∣ω ,ζ ;z

]

=
∞

∑
n=0

1
Γ(ωn+ ζ )

(u1)n · · · (up)n

(v1)n · · · (vq)n

zn

n!
, (7)

where ω ,ζ ∈C , ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(v j)> 0 for all i = 1,2, . . . , p and j = 1,2, . . . ,q ,
and p,q ∈ Z+ ∪ {0} . up is a multi-parameter symbol in this case, meaning that
up = (u1, . . . ,up) and (up)n = (u1)n · · · (up)n , where (u)n is the Pochhammer symbol
that is established by

(u)n :=
Γ(u+n)

Γ(u)
=

{
1 (n = 0, u ∈ C\ {0}),
u(u+1) · · ·(u+n−1) (n ∈ N, u ∈ C).

Series (7) is defined when v j ∈ C\Z
−
0 . If any numerator parameter ui ( i = 1,2, . . . , p )

is zero or a negative integer, then the series terminates to a polynomial in z .
The following are updated convergence conditions for the pRq(ω ,ζ ;z) function:

1. For all finite values of z , the series converges if ℜ(ω) � p−q .
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2. The series converges for |z| < 1 and diverges for |z| > 1 if ℜ(ω) = p−q−1.

3. Depending on the parameters, the series may converge conditionally when ℜ(ω)
= p− q− 1 and |z| = 1. If ω = p− q− 1, then ℜ

(
k+ ∑q

j=1 v j −∑p
i=1 ui

)
> 0

indicates that the series in (7) is absolutely convergent on the circle |z| = 1.

When u1 = 1, ζ = 1, and ω = 1 are present, (7) reduces to

pRq

(
1,u2, . . . ,up

v1,v2, . . . ,vq

∣∣∣∣∣1,1,z

)
=

∞

∑
n=0

1
Γ(n+1)

(1)n(u2)n · · · (up)n

(v1)n(v2)n · · ·(vq)n

zn

n!

= p−1Fq

(
u2, . . . ,up

v1,v2, . . . ,vq

∣∣∣∣∣z
)

,

where the generalized hypergeometric (GH) function is denoted by p−1Fq(z) [13].
When p = 1, q = 0, and u1 = 1, (7) yields

pRq(1|ω ,ζ ;z) =
∞

∑
n=0

(1)n

Γ(ωn+ ζ )
zn

n!
= Eω,ζ (z),

where the generalized Mittag-Leffler (M-L) function is denoted by Eω,ζ (z) [24].
We investigate composition of integral transforms (1) and pRq(ω ,ζ ;z) function.
Also, we show that the composition is expressed in terms of the multivariable

generalized Lauricella functions due to Srivastava and Daoust [17] is a generalization
of the Wright function pψq in several variables [6] and defined by

Sp,p1,p2,...,pn
q,q1,q2,...,qn

⎛
⎜⎜⎝
[
(a)p :

(
ξ 1

p

)
, . . . ,

(
ξ n

p

)]
:
[(

c1
)

p1
:
(
γ1
p1

)]
; . . . ;(cn)p1

:
(
γn
p1

)
;

[
(b)q :

(
κ1

q

)
, . . . ,

(
κn

p

)]
:
[(

d1
)
q1

:
(
δ 1

q1

)]
; . . . ;(dn)q1

:
(
δ n

q1

)
;

z1, . . . ,zn

⎞
⎟⎟⎠

=
∞

∑
m1,m2,...,mn=0

A(m1,m2, . . . ,mn)
n

∏
j=1

z
mj
j

m j!
, (8)

where

A(m1,m2, . . . ,mn) =
∏p

k=1 Γ
[
a j + ∑n

j=1 mkξ k
j

]
∏q

k=1 Γ
[
b j + ∑n

j=1 mkκk
j

] n

∏
k=1

⎛
⎝∏pk

k=1 Γ
[
c j + ∑n

j=1 mkγk
j

]
∏qk

k=1 Γ
[
d j + ∑n

j=1 mkδ k
j

]
⎞
⎠ ,

The coefficient ξ k
j ( j = 1,2, . . . , p) , κk

j ( j = 1,2, . . . ,q) , γk
j ( j = 1,2, . . . , pk) and

δ k
j ( j = 1,2, . . . ,qk) for all k = 1, . . . ,n , are real and positive and (ap) means the array

of p -parameters a1, . . . ,ap ; with similar interpretations for (bp) ,
(
γ1
p1

)
,
(
ξ 1

p1

)
and so

forth.
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The generalized Wright function is used to express the primary formulas found
here. For z ∈ C, ai,b j ∈ C , and Ai,Bj ∈ ℜ (Ai,Bj �= 0; i = 1,2, . . . , p; j = 1,2, . . . ,q),
pψq(z) is provided by the series

pψq(z) = pψq

[
(ai,Ai)1,p

(b j,Bj)1,q

∣∣∣∣z
]

=
∞

∑
k=0

Γ(a1 +A1k) . . .Γ(ap +Apk)zk

Γ(b1 +B1k) . . .Γ(bp +Bpk)k!
,

where Γ(z) is the Euler gamma function, often known as the generalized Wright func-
tion, which was first proposed by Wright [25]. For all values of the argument z , a
number of proofs on the asymptotic expansion of pψq(z) exist, provided that:

1+
q

∑
j=1

Bj −
p

∑
i=1

Ai � 0.

A bivariate Wright function is introduced as a double series when we generalize this to
two variables (x,y) . ξ j,κk,γ j,δk ∈ R (usually positive), x,y ∈ C , and Aj,Bk ∈ C .

pΨ(2)
q

[
(A1,ξ1,γ1), . . . ,(Ap,ξp,γp)
(B1,κ1,δ1), . . . ,(Bq,κq,δq)

∣∣∣∣∣x,y
]

=
∞

∑
m=0

∞

∑
n=0

∏p
j=1 Γ(Aj + ξ jm+ γ jn)

∏q
k=1 Γ(Bk + κkm+ δkn)

· xmyn

m!n!
.

The series converges if:

p

∑
j=1

ξ j +
p

∑
j=1

γ j >
q

∑
k=1

κk +
q

∑
k=1

δk −2,

(generalizing the single-variable Wright convergence condition).
Note:

1. When y = 0, it becomes the classical Wright function in x .

2. When γ j = δk = 0, it separates into a product of two Wright functions.

The structure of the paper is as follows. The multivariable generalized Lauri-
cella functions (8) are used in Sections 2 and 3 to prove the composition formula of
Marichev-Saigo-Maeda fractional integral operators (1) and (2) with the product of
pRq(ω ,ζ ;z) function (7). Sections 2 and 3 also offer the corresponding conclusions
for the corresponding statements in terms of Riemann-Liouville, Erdélyi-Kober, Saigo,
and Weyl type fractional integrals. Section 4 examines special instances that provide
compositions of fractional integrals with the product of the pRq(ω ,ζ ;z) function and
closing remarks.
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3. Left-side fractional integration of pRq(ω ,ζ ;z) functions

In this part, we provide image formulae for the multivariable generalized Lau-
ricella functions that involve the left sides of the Marichev-Saigo-Meada fractional
integral operator and the product of the pRq(ω ,ζ ;z) function. The following proof
provides these formulas:

THEOREM 1. Let ξ ,ξ ′,κ ,κ ′, h̄,℘,γ, ω j,ζ j,b ∈ C and fulfilling the inequalities,
ℜ(γ) > 0 , ℜ(h̄) > 0, ℜ(h̄) > max{0,ℜ(ξ + ξ ′+ κ − γ),ℜ(ξ ′ −κ ′)} , ℜ(ω j) � p j −
q j and ℜ(ω j),ℜ(ζ j),ℜ(up j),ℜ(vq j) > 0, for j = 1,2, . . . ,n, and p,q∈Z+∪{0} then
for x > 0 ,

∣∣ ax
b

∣∣< 1 one has

(
Iξ ,ξ ′,κ ,κ ′,γ
0+

[
t h̄−1 (b−at)−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;a jt
ρ j

]])
(x)

=
xh̄+γ−ξ−ξ ′−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

× Sn+3;1; ...;1;0;...1; ... ;0;1
n+3;1; ...;1; 1;...1; ... ;1; 0

[
A,
B,

C,
D,

E :
F :

G1 : . . . .,
H1 : . . . ,

Gn;
Hn;

−a1x
ρ1 , . . . ,−anx

ρn ,
ax
b

]
, (9)

where A, B, C, D, E, F, G1 ,. . . ,Gn , H1 ,. . . ,Hn are provided by the following

A = [(h̄) : (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)] , (10)

B =
[(

h̄+ κ ′) : (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)
]
, (11)

C =
[(

h̄+ γ − ξ − ξ ′ −κ
)

: (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)
]
, (12)

D =
[(

h̄+ γ − ξ − ξ ′) : (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)
]
, (13)

E =
[(

h̄+ κ ′ − ξ ′) : (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)
]
, (14)

F =
[(

h̄+ γ − ξ ′ −κ
)

: (ρ1) ,(ρ2) , . . . ,(ρn) ,(1)
]
, (15)

G1 = [(u11 : 1) ; . . . ;(up1 : 1)] ;0] , (16)

...

Gn = [[(u1n : 1) ; . . . ;(upn : 1)] ; 0,(℘ : 1)] , (17)

H1 =
[
(u11 : 1) ; . . . ;

(
vq1 : 1),

)]
;(ω1,ζ1)] , (18)

...

Hn = [(v1n : 1) ; . . . ;(vqn : 1)] ; (ωn,ζn),0]. (19)

Proof. Let F represent the left-hand side of the (9) for convenience. Using bino-
mial expansion and definition (7), specifically

(b−at)−℘ = b−℘
∞

∑
m=0

(℘)m
m!

(at
b

)m
,
∣∣∣at
b

∣∣∣< 1.
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we find

F =

(
Iξ ,ξ ′,κ ,κ ′,γ
0+

[
t h̄−1 (b−at)−℘

n

∏
j=1

pRq

[
a1 j, . . . ,ap j

b1 j, . . . ,bq j

∣∣∣∣∣ω j,ζ j;(a jt
ρ j)

]])
(x)

=

(
Iξ ,ξ ′,κ ,κ ′,γ
0+

[
t h̄−1

(
b−℘

∞

∑
m=0

(℘)m
m!

(at
b

)m
)

×
n

∏
j=1

pRq

[
a1 j, . . . ,ap j

b1 j, . . . ,bq j

∣∣∣∣∣ω j,ζ j;(a jt
ρ j)

]])
(x),

According to proof 1’s convergence condition, for any k ∈ N 0 ,

ℜ

(
h̄+m+

n

∑
j=1

ρ jm j

)
� ℜ

(
h̄+

n

∑
j=1

ρ jm j

)

> max
{
0,ℜ(ξ + ξ ′+ κ − γ),ℜ

(
ξ ′ −κ ′)} ,

Then rearranging the integration and summation order, we get

F = b−℘
∞

∑
m,m1,m2,...,mn=0

(u11)m1 . . .(up1)m1 (−a1)
m1

Γ(ω1m1 + ζ1)(v11)m1 . . . (vp1)mnm1!

× . . . × (u1n)mn . . .(upn)mn (−an)
mn

Γ(ωnmn + ζn)(v1n)mn . . . (vqn)mnmn!

× (℘)m
m!

(a
b

)m (−an)
mn

mn!

(
Iξ ,ξ ′,κ ,κ ′,γ
0+ t h̄+m+ρ1m1+...+ρnmn−1

)
(x) ,

Now, applying (3) with ρ substituted by (h̄ + m + ρ1m1 + . . . + ρnmn) , and utilizing
the pochammer symbol and gamma function property, we obtain

F =
xh̄+γ−ξ−ξ ′−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n ∞

∑
m,m1,m2,...,mn=0

Γ
(
h̄+m+ ∑n

j=1 ρ jm j

)
Γ
(
h̄+m+ κ ′+ ∑n

j=1 ρ jm j

)

×
Γ
(
h̄+m+ γ − ξ − ξ ′ −κ + ∑n

j=1 ρ jm j

)
Γ
(
h̄+m− ξ ′+ κ ′+ ∑n

j=1 ρ jm j

)
Γ
(
h̄+m+ γ − ξ − ξ ′∑n

j=1 ρ jm j

)
Γ
(
h̄+m+ γ − ξ ′ −κ + ∑n

j=1 ρ jm j

)
× Γ(u11 +m1) . . .Γ(up1 +m1)

Γ(ω1m1 + ζ1)Γ(v11 +m1) . . .Γ(vq1 +m1)
× . . .

× Γ(u1n +mn) . . .Γ(upn +mn)
Γ(ωnmn + ζn)Γ(v1n +mn) . . .Γ(vqn +mn)

×Γ(℘+m)× (−a1xρ1)m1

m1!
× . . . × (−anxρn)mn

mn!

(
ax
b

)m
m!

.

In accordance with (8), gives the required result (9). This completed the proof of the
proof 1. �
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The following are some special case of theorem 1 that we now present:
The following Saigo fractional integral operator image of the product of pRq (ω ,ζ ;z)

function is obtained by setting ξ ′ = 0 in theorem 1.

COROLLARY 1. Let ξ ,κ ,κ ′, h̄,℘,γ,ω j,ζ j,b ∈ C , ℜ(ω j),ℜ(ζ j),ℜ(ui),ℜ(v j) >
0, and x > 0 ,

∣∣ ax
b

∣∣< 1 fulfilling the inequality, ℜ(h̄)> 0, ℜ(h̄)> max{0,ℜ(ξ−γ+κ)}
and ℜ(ω j),ℜ(ζ j),ℜ(up j),ℜ(vq j) > 0, ℜ(ω j) � p j−q j for j = 1,2, . . . ,n, and p,q∈
Z

+ ∪{0} then one has(
Iγ,ξ−γ,−κ
0+

[
t h̄−1 (b−at)−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;a jt
ρ j

]])
(x)

=
xh̄+γ−ξ−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

× Sn+2;1; ...;1;0;...1; ... ;0;1
n+2;1; ...;1; 1;...1; ... ;1; 0

[
A,
D,

C,
F,

G1 : . . . .,
H1 : . . . ,

Gn;
Hn;

−a1x
ρ1 , . . . ,−anx

ρn ,
ax
b

]
,

where A, C, D, F, G1 ,. . . ,Gn , H1 ,. . . ,Hn are given by (10), (12), (13), (15), (16), (17),
(18) and (19) respectively.

The following corollary asserts that the Riemann-Liouville fractional image of the
product of pRq(ω ,ζ ;z) function is obtained by letting ξ ′ = 0 and ξ = 0 in theorem 1.

COROLLARY 2. Let ξ ,κ ,κ ′, h̄,℘,γ,ω j,ζ j,b ∈ C , ℜ(ω j),ℜ(ζ j),ℜ(ui),ℜ(v j) >
0, and x > 0 ,

∣∣ ax
b

∣∣< 1 fulfilling the inequality, ℜ(h̄)> 0, ℜ(γ) > 0 and ℜ(ω j),ℜ(ζ j),
ℜ(up j),ℜ(vq j)> 0, ℜ(ω j)� p j−q j for j = 1,2, . . . ,n, and p,q∈Z+∪{0} then there
holds the results:(

Iγ
0+

[
t h̄−1 (b−at)−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;a jt
ρ j

]])
(x)

=
xh̄+γ−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

× Sn+1;1; ...;1;0;...1; ... ;0;1
n+1;1; ...;1; 1;...1; ... ;1; 0

[
A,
D,

G1 : . . . .,
H1 : . . . ,

Gn;
Hn;

−a1x
ρ1 , . . . ,−anx

ρn ,
ax
b

]
,

where A, D, G1 ,. . . ,Gn , H1 ,. . . ,Hn are given by (10), (13), (16), (17), (18) and (19)
respectively.

Using the left sides of the Marichev-Saigo-Meada fractional integral operator and
without the product of the pRq (ω ,ζ ;z) function, we established image formulas for
the bivariate Wright function in this section. These formulas are given by the following
corollaries:

COROLLARY 3. Let ξ ,ξ ′,κ ,κ ′, h̄,℘,γ, ω ,ζ ,b ∈ C and fulfilling the inequality,
ℜ(γ) > 0 , ℜ(h̄) > 0, ℜ(h̄) > max{0,ℜ(ξ + ξ ′+ κ − γ),ℜ(ξ ′ −κ ′)} and
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ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(vi) > 0, ℜ(ω) � p−q for all i = 1,2, . . . , p and j = 1,2, . . . ,q,
and p,q ∈ Z+ ∪{0} then for x > 0 ,

∣∣ ax
b

∣∣< 1 one has(
Iξ ,ξ ′,κ ,κ ′,γ
0+

[
t h̄−1 (b−at)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;ktρ

]])
(x)

= xm+ρn+h̄−ξ−ξ ′+γ−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)

× p+4Ψ(2)
q+4

[
(℘,1,0) ,(u1,0,1), . . . ,(up,0,1) ,(h̄,1, p)

(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(h̄+ κ ′,1, p) ,

(h̄+ γ − ξ − ξ ′ −κ ,1, p),(h̄+ κ ′ − ξ ′,1, p)
(h̄+ γ − ξ − ξ ′,1, p) ,(h̄+ γ − ξ ′ −κ ,1, p)

∣∣∣a
b
,k

]

COROLLARY 4. Let ξ ,κ ,κ ′, h̄,℘,γ,ω ,ζ ,b∈C , and x > 0 ,
∣∣ ax

b

∣∣< 1 fulfilling the
inequality, ℜ(h̄) > 0, ℜ(h̄) > max{0,ℜ(ξ −κ)} and ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(vi) > 0,
ℜ(ω) � p−q for all i = 1,2, . . . , p and j = 1,2, . . . ,q, and p,q ∈ Z+ ∪{0} then one
has(

Iγ,ξ ,κ ,
0+

[
t h̄−1 (b−at)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;ktρ

]])
(x)

= xm+ρn+h̄−ξ−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)

× p+3Ψ(2)
q+3

[
(℘,1,0) ,(u1,0,1), . . . ,(up,0,1) ,(h̄,1, p) ,(h̄+ κ − ξ ,1, p)

(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(h̄− ξ ,1, p) ,(h̄+ κ + γ,1, p)

∣∣∣a
b
,k

]
.

COROLLARY 5. Let ξ ,κ ,κ ′, h̄,℘,γ,ω ,ζ ,b∈C , and x > 0 ,
∣∣ ax

b

∣∣< 1 fulfilling the
inequality, ℜ(h̄) > 0, ℜ(γ) > 0 and ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(vi) > 0, ℜ(ω) � p−q for
all i = 1,2, . . . , p and j = 1,2, . . . ,q, and p,q ∈ Z+ ∪{0} then there holds the results:(

Iγ
0+

[
t h̄−1 (b−at)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;ktρ

]])
(x)

= xm+ρn+h̄+γ−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)

× p+2Ψ(2)
q+2

[
(℘,1,0) ,(u1,0,1), . . . ,(up,0,1) ,(h̄,1, p)

(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(h̄+ γ,1, p)

∣∣∣a
b
,k

]
.

4. Right-side fractional integration of pRq(ω ,ζ ;z) functions

In this part, we provide image formulae for the multivariable generalized Lau-
ricella functions that involve the right sides of the Marichev-Saigo-Meada fractional
integral operator and the product of the pRq (ω ,ζ ;z) function. These equations are
provided by the subsequent proof:
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THEOREM 2. Let ξ ,ξ ′,κ ,κ ′, h̄,℘,γ, ω j,ζ j,b ∈ C and fulfilling the inequality,
ℜ(γ) > 0 , ℜ(h̄) > 0, ℜ(h̄) < 1 + min{ℜ(−κ) ,ℜ(ξ + ξ ′ − γ),ℜ(ξ + κ ′ − γ)} and
ℜ(ω j),ℜ(ζ j),ℜ(up j),ℜ(vq j) > 0, ℜ(ω j) � p j − q j for j = 1,2, . . . ,n, and p,q ∈
Z+ ∪{0} then for x > 0 ,

∣∣ a
bx

∣∣< 1 one has

(
Iξ ,ξ ′,κ ,κ ′,γ
−

[
t h̄−1 (b− (a/t))−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;(a j/t
ρ j)

]])
(x)

=
xh̄+γ−ξ−ξ ′−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

× Sn+3;1; ...;1;0;...1; ... ;0;1
n+3;1; ...;1; 1;...1; ... ;1; 0

[
A0,
B0,

C0,
D0,

E0 :
F0 :

G1 : . . . .,
H1 : . . . ,

Gn;
Hn;

−a1

xρ1
, . . . ,

−an

xρn
,
ax
b

]
, (20)

where A0, B0, C0, D0, E0 and F0 are given by the following:

A0 = [(1− h̄−κ) : (ρ1) ,(ρ2) , . . . ,(ρn) , (1)] , (21)

B0 = [(1− h̄) : (ρ1) ,(ρ2) , . . . ,(ρn) , (1)] , (22)

C0 =
[(

1− h̄− γ + ξ + ξ ′) : (ρ1) ,(ρ2) , . . . ,(ρn) , (1)
]
, (23)

D0 = [(1− h̄+ ξ −κ) : (ρ1) ,(ρ2) , . . . ,(ρn) , (1)] , (24)

E0 =
[(

1− h̄+ ξ + κ ′ − γ
)

: (ρ1) ,(ρ2) , . . . ,(ρn) , (1)
]
, (25)

F0 =
[(

1− h̄+ ξ + ξ ′+ κ ′ − γ
)

: (ρ1) ,(ρ2) , . . . ,(ρn) , (1)
]
, (26)

and G1 ,. . . ,Gn , H1 ,. . . ,Hn are given by (16), (17), (18), and (19) respectively.

Proof. For convenience, let E represent the left-hand side of the (20). By using
binomial expansion and definition (7), we discover

E =

(
Iξ ,ξ ′,κ ,κ ′,γ
−

[
t h̄−1 (b− (a/t))−℘

n

∏
j=1

pRq

[
a1 j, . . . ,ap j

b1 j, . . . ,bq j

∣∣∣∣∣ω j,ζ j;(a j/t
ρ j)

]])
(x)

=

(
Iξ ,ξ ′,κ ,κ ′,γ
−

[
t h̄−1

(
b−℘

∞

∑
m=0

(℘)m
m!

( a
bt

)m
)

×
n

∏
j=1

pRq

[
a1 j, . . . ,ap j

b1 j, . . . ,bq j

∣∣∣∣∣ω j,ζ j;(a j/t
ρ j)

]])
(x),

According to proof 2’s convergence condition, for any k ∈ N 0 ,

ℜ

(
h̄−m−

n

∑
j=1

ρ jm j

)
� ℜ

(
h̄−

n

∑
j=1

ρ jm j

)

< 1+min
{

ℜ(−κ) ,ℜ(ξ + ξ ′ − γ),ℜ
(
ξ + κ ′ − γ

)}
,
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and altering the integration and summation order, we get

E = b−℘
∞

∑
m,m1,m2,...,mn=0

(u11)m1 . . .(up1)m1 (−a1)
m1

Γ(ω1m1 + ζ1)(v11)m1 . . . (vp1)mnm1!

× . . . × (u1n)mn . . . (upn)mn (−an)
mn

Γ(ωnmn + ζn)(v1n)mn . . . (vqn)mnmn!

× (℘)m
m!

(a
b

)m (−an)
mn

mn!

(
Iξ ,ξ ′,κ ,κ ′,γ
− t h̄−m−ρ1m1−...−ρnmn−1

)
(x) ,

With ρ substituted by (h̄+m+ ρ1m1 + . . . + ρnmn) when (4) is applied, we now get

A =
xh̄+γ−ξ−ξ ′−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

×
∞

∑
m,m1,m2,...,mn=0

Γ
(
1− h̄−κ +m+ ∑n

j=1 ρ jm j

)
Γ
(
1− h̄+m+ ∑n

j=1 ρ jm j

)

×
Γ
(
1− h̄+ ξ + κ ′ − γ +m+ ∑n

j=1 ρ jm j

)
Γ
(
1− h̄+ ξ + ξ ′+ κ ′ − γ +m+ ∑n

j=1 ρ jm j

)

×
Γ
(
1− h̄− γ + ξ + ξ ′+m+ ∑n

j=1 ρ jm j

)
Γ
(
1− h̄+ ξ −κ +m+ ∑n

j=1 ρ jm j

)
× Γ(u11 +m1) . . .Γ(up1 +m1)

Γ(ω1m1 + ζ1)Γ(v11 +m1) . . .Γ(vq1 +m1)
× . . .

×× Γ(u1n +mn) . . .Γ(upn +mn)
Γ(ωnmn + ζn)Γ(v1n +mn) . . .Γ(vqn +mn)

×Γ(℘+m)
(−a1/xρ1)m1

m1!
× . . . × (−an/xρn)mn

mn!

(
a
bx

)m
m!

.

The necessary result (20) is obtained in accordance with (8). The proof theorem 2 was
thus fully proved. �

Here are a few examples of theorem 2’s special cases:

When ξ ′ = 0 is specified in theorem 2, the product of pRq (ω ,ζ ;z) function yields
the following Saigo fractional integral operator image.

COROLLARY 6. Let ξ ,κ ,κ ′, h̄,℘,γ,ω j,ζ j,b ∈ C , and x > 0 ,
∣∣ a
bx

∣∣ < 1 fulfill-
ing the inequality, ℜ(h̄) > 0, ℜ(h̄) < 1+min{ℜ(ξ − γ,ℜ(−κ)} and ℜ(ω j),ℜ(ζ j),
ℜ(up j),ℜ(vq j) > 0, ℜ(ω j) � p j −q j for j = 1,2, . . . ,n, and p,q ∈ Z

+∪{0} then the
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following are the results:(
Iγ,ξ−γ,−κ
−

[
t h̄−1 (b− (a/t))−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;(a j/t
ρ j)

]])
(x)

=
xh̄+γ−ξ−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

×Sn+2;1; ...;1;0;...1; ... ;0;1
n+2;1; ...;1; 1;...1; ... ;1; 0

[
A0,
B0,

C0 :
D0 :

−a1

xρ1
, . . . ,

−an

xρn
,

a
bx

]
.

where A0, B0, C0 and D0 are given by (21), (22), (23) and (24) respectively.

The following corollary asserts that the Riemann-Liouville fractional operator im-
age of the product of pRq (ω ,ζ ;z) function is obtained by letting ξ ′ = 0 and ξ = 0 in
theorem 2.

COROLLARY 7. Let ξ ,κ ,κ ′, h̄,℘,γ,ω j,ζ j,b ∈ C , and x > 0 ,
∣∣ a
bx

∣∣ < 1 fulfilling
the inequality, ℜ(h̄) > 0, 0 < ℜ(γ) < 1−ℜ(γ) and ℜ(ω j),ℜ(ζ j),ℜ(up j),ℜ(vq j) > 0,
ℜ(ω j) � p j − q j for j = 1,2, . . . ,n, and p,q ∈ Z

+ ∪ {0} then the following results
holds: (

Iγ
−

[
t h̄−1 (b− (a/t))−℘

n

∏
j=1

pRq

[
u1 j, . . . ,up j

v1 j, . . . ,vq j

∣∣∣∣∣ω j,ζ j;(a j/t
ρ j)

]])
(x)

=
xh̄+γ−1

Γ(℘) b℘

(
Γ(v11) . . .Γ(vqn)
Γ(u11) . . .Γ(upn)

)n

×Sn+1;1; ...;1;0;...1; ... ;0;1
n+1;1; ...;1; 1;...1; ... ;1; 0

[
C0 :
B0 :

−a1

xρ1
, . . . ,

−an

xρn
,

a
bx

]
.

where B0, and C0, are given by (22) and (23) respectively.

Using the right sides of the Marichev-Saigo-Meada fractional integral operator and
without the product of the pRq (ω ,ζ ;z) function, we established image formulas for
the bivariate Wright function in this section. These formulas are given by the following
corollaries:

COROLLARY 8. Let ξ ,ξ ′,κ ,κ ′, h̄,℘,γ, ω ,ζ ,b ∈ C and fulfilling the inequality,
ℜ(γ) > 0 , ℜ(h̄) > 0, ℜ(h̄) < 1 + min{ℜ(−κ) ,ℜ(ξ + ξ ′ − γ),ℜ(ξ + κ ′ − γ)} and
ℜ(ω) � p−q, ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(v j) > 0, for all i = 1,2, . . . , p and j = 1,2, . . . ,q,
and p,q ∈ Z+ ∪{0} then for x > 0 ,

∣∣ a
bx

∣∣< 1 the following results holds:

(
Iξ ,ξ ′,κ ,κ ′,γ
−

[
t h̄−1 (b−a/t)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;k/tρ

]])
(x)

= xh̄−m−ρn+γ−ξ−ξ ′−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)
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× p+4Ψ(2)
q+4

[
(℘,1,0) ,(u1,0,1), . . . ,(up,0,1) ,(1−κ − h̄,1, p) ,

(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(1− h̄,1, p) ,

(1− h̄− γ + ξ + ξ ′ −κ ,1, p),(1− h̄− γ + ξ + κ ′,1, p)
(1− h̄− γ + ξ + ξ ′+ κ ′,1, p) ,(1− h̄+ ξ −κ ,1, p)

∣∣∣a
b
,k

]

COROLLARY 9. Let ξ ,κ ,κ ′, h̄,℘,γ,ω ,ζ ,b ∈ C , and x > 0 ,
∣∣ a
bx

∣∣ < 1 fulfilling
the inequality, ℜ(h̄) > 0, ℜ(h̄) < 1 + min{ℜ(ξ − γ,ℜ(−κ)} and ℜ(ω) � p− q,
ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(v j) > 0, for all i = 1,2, . . . , p and j = 1,2, . . . ,q, and p,q ∈
Z

+ ∪{0} then the following results holds:(
Iγ,ξ ,κ
−

[
t h̄−1 (b−at)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;k/tρ

]])
(x)

= xh̄−m−ρn−ξ−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)

× p+3Ψ(2)
q+3

×
[

(℘,1,0) ,(u1,0,1), . . . ,(up,0,1) ,(1− h̄+ ξ ,1, p) ,(1− h̄+ κ ,1, p)
(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(1− h̄,1, p) ,(1− h̄+ κ + γ + δ ,1, p)

∣∣∣a
b
,k

]
.

COROLLARY 10. Let ξ ,κ ,κ ′, h̄,℘,γ,ω ,ζ ,b ∈ C , ℜ(ω),ℜ(ζ ),ℜ(u),ℜ(v) > 0,
and x > 0 ,

∣∣ a
bx

∣∣ < 1 fulfilling the inequality,ℜ(ω) � p− q, ℜ(h̄) > 0, ℜ(h̄) > 0,
0 < ℜ(γ) < 1−ℜ(γ) and ℜ(ω),ℜ(ζ ),ℜ(ui),ℜ(v j) > 0, for all i = 1,2, . . . , p and
j = 1,2, . . . ,q, and p,q ∈ Z+∪{0} then there holds the results:(

Iγ
−

[
t h̄−1 (b−at)−℘

pRq

[
u1, . . . ,up

v1, . . . ,vq

∣∣∣∣∣ω ,ζ ;k/tρ

]])
(x)

= x1−h̄−m+ρn+γ−1 b−℘

Γ(℘)
∏q

i=1 Γ(vi)
∏p

j=1 Γ(u j)

× p+2Ψ(2)
q+2

[
(℘,1,0),(u1,0,1), . . . ,(up,0,1) ,(1− h̄− γ,1, p)

(ζ ,0,ω) ,(v1,0,1), . . . ,(vq,0,1) ,(1− h̄,1, p)

∣∣∣a
b
,k

]
.

5. Consequence results and concluding Remarks

In the framework of generalized Saigo fractional operators, this study examines the
pRq(ω ,ζ ;z) functions proposed by Desai and Shukla. It establishes new fractional inte-
gral and differential formulas, transformation identities, and special cases that reduce to
well-known Mittag-Leffler, Bessel, trigonometric, and hypergeometric functions. With
potential uses in viscoelasticity, anomalous diffusion, and stochastic processes, the de-
rived results broaden the use of these functions in fractional calculus by providing a
unified framework for solving fractional differential equations. Since many special
functions are specific instances of pRq(ω ,ζ ;z) , the proofs that are presented can be
tailored to produce a wide range of fractional integral relations by selecting the suitable
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parameters. Future studies could investigate physical interpretations, computational
techniques, and multi-variable extensions to further improve the theoretical and applied
usefulness of these generalized functions. It is anticipated that the results will have a
major impact on the theory of special functions as well as the solution of fractional
differential and integral equations in applied mathematics and engineering.
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