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SOME NEW RESULTS ON NONLINEAR MIXED FRACTIONAL
INTEGRODIFFERENTIAL EQUATION WITH NONLOCAL CONDITION

V. V. KHARAT*, H. L. TIDKE AND G. N. MORE

(Communicated by V. E. Tarasov)

Abstract. The existence and uniqueness of a solution to a mixed fractional integrodifferential
equation involving a Caputo fractional derivative with nonlocal condition are investigated in
the present work with the use of Schaefer’s and Banach’s fixed point theorems. By applying
generalization of Gronwall’s lemma for singular kernel, moreover boundedness, dependence of
the solution on various data and different types of Ulam stabilities are obtained. To illustrate the
results the suitable and relevant example is given.

1. Introduction

The field of fractional calculus has penetrated through several areas of study. In-
tegrodifferential equations play significant role in engineering, signal processing, rhe-
ology, bioengineering and biomedical fields [3, 10, 19, 23]. Many aspect in these areas
are interpreted in terms of integrodifferential equations and their solutions. Over the
past few years many researchers [2, 13, 16, 18, 21, 22, 27, 28] published results on
existence and uniquness of solution for nonlinear fractional differential and integrodif-
ferential equations by applying the fixed point theorems.

Byszewski initiated the work on nonlocal initial value problems. In recent years,
fractional integrodifferential equations with nonlocal boundary conditions have drawn
a lot of interest, see [5, 6, 7, 8, 29]. Momani [22] deliberate the global as well as lo-
cal uniquness results by using Gronwall’s and Bihari’s inequalities. Wu and Liu [31]
proved the existence and uniquness results of solution for the fractional integrodiffer-
ential equations in Banach spaces. Using Krasnoselskii’s fixed point theorem Wahash
et al. [30] discussed existence results for fractional integrodifferential equations in Ba-
nach spaces.

“Under what situations does there arise an additive mapping near an approximately
additive mapping?” asked Ulam in 1940. The first response to the Ulam question in
the light of Banach spaces was given by Hyers [12]. Hyers-Ulam stability of linear
and non-linear mapping was established by Rassias in 1978. On a constrained area,
Jung [14, 15] developed the Hyers Ulam stability of more general mapping. The first
analysis of the Hyers-Ulam stability of linear differential equations was done by Obloza
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[24] in 1993. Later than Several researchers have published Hyers generalised results
in numerous areas [1, 4, 11].

In light of the aforementioned work, in the current research, we examine the ex-
istence and uniqueness of the solution, dependence of the solution on various data and
different kinds of Ulam stability of the following nonlinear Caputo mixed fractional
integrodifferential equation with nonlocal condition:

Dy () = q);g(l7)+£4<l77x(17),/:///1(l7, N)x(x)d&/os (R, R)x(x)dx>7

(1)
20)=x0+o(x), he # =[0,3], ®>0, (2)

where the symbol D¢ represents (' order Caputo fractional derivative, 0 < ¢ < 1,
G AXRBXRXR — R, M, My XA —F and ¢ :C(H, ) — X
are continuous functions, by employing the Schaefer fixed point theorem, the Banach
contraction principle and the Gronwall lemma. For support of the results, we find an
appropriate example.

2. Preliminaries

This part will present some foundational fractional calculus concepts, hypotheses,
and fixed-point theory that will be crucial to our discussion in the part that follows:
Suppose U = € (S, %) is the Banach space of all continuous functions on .77’
with any y € U,
2]l = sup{|x(R)| : h € A}

L' () indicates the space of Lebesgue-integrable functions on . with

3 _—
2l = [ 1x(®IdF.

DEFINITION 1. [25] The Riemann-Liouville fractional integral of y € L' (%, %)
of order § € % is given below

h
1) = g ) -9 (%)a.

where ['(§) = [ e "R dR, { > 0.

DEFINITION 2. [19] The Caputo fractional derivative of order { € #Z4 of y €
LY (s, %) is given by

h
D¢y (k) = ﬁ/o (F—R)" &g (R)dx,

where m is equal to []+ 1 and [ { ] stands for the integer portion of .
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LEMMA 1. [19] Suppose { >0 with m is equal to [C] + 1. Then

I (°D* (R)) = x(R) — 2

where x W () denotes the k' order usual derivative of ().

DEFINITION 3. [19] The mapping % on a normed space (U, |-|) is said to be
contractive if 3A* € (0,1) suchthat |[Fy — Zy|<A*|x—k|: V¥, % €0.

THEOREM 1. [20] (Banach fixed point theorem) Suppose that the mapping 7 -
U — U be a contraction over complete normed space (U,|-|). Then .F possess unique
fixed point.

THEOREM 2. [19] (Schaefer’s fixed point theorem) Let . % be a continuous map-
ping on normed space U into itself that is compact on each bounded subset % of U.
Then either ¥ = ¢*F(x) possess a solution for ¢* = 1, or the collection of all such
solutions ¥, for 0 < ¢* < 1, is unbounded.

LEMMA 2. [9] (Generalization of Gronwall’s lemma for singular kernels) Con-

sider a function £ :0,3] — [0, +e0) and %3 defined on [0,3] is a positive and locally
integrable function. If 3 constant § >0 and 0 < { < 1 with

Z) < 5B [ X2 (%

then, 3 a constant © = ©({) in such a manner

70 < %) +0p [ (- X) 25(x)ax
forall h e [0,3].

|. 4, A and M5 are continuous functions. Then Y € U

LEMMA 3. Ler £ €(0,1
(2) if and only if it satisfies following integral equation

satisfies the problem (1)—

h h
1) = 10+000)+ gy | =) (908 + s [ x)7

X 3
x%(x,m),/o //m,;o)x(;o)dp,/o //zz(x,mu@)d;o)dx, 3)
for he .

Proof. By applying the integral I to (1), we get

U N L I L
%@—Cl*r(g)/o(h X) 1x<x>dx+r(g)/0<h X)E!

3
x%(x,x(xx/ox//zl(x,;omuo)dp,/o //fz(x,mx(;o)d;o)dx. @)
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Using x(0) = xo+ @(x) in (4) implies ¢; = o+ ¢(x). By putting the value of ¢ in
(4), we obtain
X0 =20+ 000+ o [ (%) ()% + e [ )¢
’ I Jo () Jo

3
x%(m(x), " nx puap, | ///z(&p)x(ﬁ)d@d&

forhes. 0O

The lists of the assumptions are as follows:
(Hy) Let G €C(HXKEXRXR, #) and 3 0 > 0, in such a way
G (R, vi, 61, 01) =9 (h, v2, 02, )| < O(|Vi — V2| + |01 — 02| + |01 — @)
Vhe A and vy, 01, 0, Vo, Oa, ) €EX.
(H») Assume that A = sup |%(h,0,0,0)|
heAt

(H3) Let ¢ : U — Z is continuous and 3 .Z > 0, in such a way

lo(x1) —e) < ZLx1—xl, Y, x2€0.

(Hy) Let ¢ : U — % is continuous and 3 8 > 0, in such a way |@(x)| <8,V x € U.

3. Existence and uniqueness

This part addresses the existence and uniqueness of solution of the problem
(1)-(2).
THEOREM 3. Suppose hypotheses (Hy) and (Hs3) are hold, and

O+ 01+ (M +.42)3I)
r({+1)

A= L+ 3¢ <1, )

where

7y = sup{|.a\(h,R)| 1K, R € [0,3]}, > =sup{|.#>(F,X)|:, R € [0,3]}.

Then the problem (1)—(2) possess a unique solution on U.

Proof. We justify this result by employing the Banach contraction principle.
Define .# : 0 — U as

h h
(200 = 20+ 900G0) + 5 [ =05 ()8 + o [ )=

3
xcf(x,x(xx/ox//n(x,mx(;o)d;o,/o /@(N,;o)m)dp)dx.
(6)
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Consider x1(h), x2(h) € U. Then V h € 5, we obtain

I(:F x1)(h) = (F x2) (R)]|
<o) — o)l
@

R ) - )
+@/o (= %)° 1\xl(x)—;¢2(x)|dx+m/o (F—R)E1

3
%(x,mx),/ox%(x,;o)xluo)d;o,/o /ﬁ(&w)xl(;o)d;o)

X

—%(x,xz(m,/ox//zl(x,;om(md;o,/os///z(x,xam(md;o)’dx

h
<2l + g [ =) ()~ (%) as
1

g 050 (10 - 001+ [ (o) - o)lde

- 3
+ 70 [ (@) —Xz(z(@)|d[0)dx

Rt O[1+ (S + A3)|R*
<Z — ot —=— — - - o
21— 22l +F(€+1)HJC1 2+ 1) 21— 22l

O+O(1+ (M + M>)3)
< <$+ [ (T ]SC> 121 — 22|

Hence, we have [[(:Zx1) — (Z x2)|l~ < Al|x1 — x2||, where A < 1. Hence .Z is a
contraction map. According to the Banach fixed point theorem, the operator .7 possess
only one fixed point in U, which is the desired unique solution of (1)—(2) on U. O

THEOREM 4. Suppose hypotheses (Hy)—(Hy) are hold. Then the problem (1)-
(2) possess at least one solution on U.

Proof. Note that % : U — U defined by (6) is well defined. By using Schaefer’s
fixed point theorem, we prove this theorem. The proof involves a number of steps.

Step (I): — .F is continuous.
Consider sequence {y,} which convergesto x in U. Hence V h € 57,

[(F 2m) (B) = (F 2)(R)]

h h
<100~ 0G0+ gz | (=95 ) = 2008 + g [ =)
R 3
< s [9( %28, [ 68 D010, [ (S, 010010

3
—%(x,x(x»/ox///l(wwmdp,/o //z2<x7;o>x<xo>dp)|dx7
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as ¢, ¢,.# and .#, are continuous, with x,, — x, then || F (xm) — F (X)||- — O as
M — oo,

Step (II): —In U, .F maps bounded sets into bounded sets.

Define Bx = {x € U: ||x||» < k}. We must prove that 3, /> 0 in such a way
YV x € Py, for each k > 0, we get ||.7(x)|l < . By applying (H,),(H>) and (Ha)
and for every h € 7, we find

(F2(®)
o 1
< Il + 10001+ gz )= R)T RS + gy [ - X)5

X 3
<[ (%20, [ A8 D, [ (5 D)

~%(X,0,0,0)|dR + ﬁ/j(ﬁ— X)¢'%(X,0,0,0)[d R

@ o AR® [
<lol+0-+ gy [ = X0 X)X + s + gy | %!

3
< (el [ L pll@ldp [ 1. o)) )axo
dKh* AR*
MC+n T+

1 h_ - —
_x)é-1
+F(§)/o (A= R)*O(K+ A KS + M >Kk3)d R

3¢

<|xo| +8+ [@k+A+O0k(1+ (M + A4>)3)] sy .

< |xol + 6+

Hence ||.7 x|l < L.

Step (III): — .7 maps the bounded sets into the equicontinuous sets of U.
Choose &y, hy in (0,3] with &y < hy, Py be a bounded set of U defined as in

Step (I), consider y € %y, we have
| (2)(h1) = F () (h2)]|

I I
<lol) ()~ oG+ o | [ =05 = [ =05 o
i3 Ty
g -0 [P
X 3
<[ (%2080, [ (s, 0010, (% P21 )0

hy
< 0GR = o) + 1 [0 = %) = (= %) ()
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3
<19 (%20, [ (s oo, [ (s onoip)

o [ .
[ o S

3
O Ny Ay

X

<
TN Y

QZ

X

h
—g<N,O,O,O>dN+L/2(712—N)€lg<N,O,O,O>|dN
() Jr,

0 [(ha—h)° I -1 .
+F(C)[ 7 + 7 :|(K+K(.//l+ 2)3)
ok(hy—1)S | A [(—h)° R -F
BNy +r<c>[ T ]
Oy — )6 (k+ k(A +2)3) Ay — )¢

<o) (h1) —o(x)(h2)| + F(g’i : 2~ To)f 4 — )]
gy RO+ O )]
+ ﬁ(l@k K(]1 —|—]2)S) [2(712 _El)é + (Elg —175)]
Thus

\Z (0) () = F () (R2)| < o (1) () — 9(0) ()| + [2(F2 — )& + (S —13)]
y <®K+A+ Ox[(1+ (A, +%2)S]).

r¢+1)

As h| — hy, the right hand side of the above inequality tends towards 0. Therefore by
Arzela-Ascoli theorem, % is completely continuous.

Step (IV): — A priori bounds.
Claim: of ={y €U :x=wFy for some0 < y < 1} is bounded.
Let ye o, = y=y7y.
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Thus V h € 7, we get
a P h—— -1
x(h)=wFx(h)=vy xO+<p(x)+—/O (h—R)>" x(R)dR

1 E_ €7
+@/O (h—R)1

x%(m(m,/fQ///mx,xo)x(mm/()S///zmwmuo)dp)dx}.

Therefore, by applying (H,), (Hy) and for each i € 2, we obtain

F RO < l+ o]+ s [T 05 0l + s [0

S 3
%(x,xm),/o AR, HD)ap, [ SR, Dx(Pd

—%(N,0,0,0)‘d& +ﬁ/oﬁ(;;_ N)§1%<N,0,0,0))dx

244
(¢+1)

X

<|xol+ 84 [Pk +A+O0k(1+ (M) + .4>)3)] =V.

Thus ||.% (%) |l < #, where

e ¢
WZDCO+5—|—[@K+A+9K(1+(/{l+%2)s)]ﬁ'

Hence </ is bounded. Consequently, . possess a fixed point which is required a
solution of the problem (1)—(2) according to Schaefer’s fixed point theorem. [

THEOREM 5. Under the assumptions of Theorem 4, and if x(h), h € S is a
solution of the problem (1)—(2), then

AZ¢ } {1 N O[®+ 0(1 + (M| +.4,)3)|3°

|x(l7)|<{9co+6+— TCi0)

() ] @

Proof. If x(h) is a solution of the problem (1)—(2), then it satisfies equivalent
integral equation (3), we have

h h
21 < ol + 10Ol + gz [ = X)7 e (9)0ds + s [ )5

0
R 3
x |%(x,x<x>7 " o, [ s, 000

—~%(X,0,0,0)|dX + %/j(/z— %) 119(X,0,0,0)[d R
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¢ h
<l 8+ e g, (R ol
1

+_)/Oh(l7— R)§16<|X(N)|+%13x(x)+%23x(x)>dx

(¢
AS¢
<{w+or s )
O+ 01+ (M + >
(9
Applying Lemma 2, we obtain
¢ W+ ¢
% (B)] < {XO+5+7F([23+ 5 } {1+ Ole+60 J;((g/il;;//fz)sﬂs :

where ® = O({) aconstant. [

B 15— r(las.

4. Continuous dependence

In this section, we shall deal with continuous dependence of solution of the prob-
lem (1)—(2) on the initial data, function induced therein and also on parameters.
In order to discuss the data dependence result, we consider

“DSy(R) = dy(k) +?</zy(/7),/oﬁ///l (%, R)y(N)dN,/OS 5T, x)y(x)dx> L ®)

¥(0) =y0+9(y), yo €Z, )
for he 2 =[0,3].

THEOREM 6. Suppose the conditions of Theorem 4 holds. Let €;, j=1,2,3 be
any three real numbers such that,
|X0_y0‘ <é, |(p(y)_a(y)‘ <&, |(‘j(ﬁ, v, o, (U) _g(ﬁv v, O, (1))} < &, he %7
where y(h) is a solution of (8)—(9). Then, the solution y(h) of (1)—(2) depends

continuously on the function involved on the right side of equation (1).

Proof. Since ),y are the solutions of (1)—(2) and (8)—(9) respectively. We find
forany i € 7.

|2 (R)—y(h)]

h
< 103041000 -0+ oo [ =R)5 (X) (X)X

(2) Jo

1 ho_ B X 3
+m/0 (h—X)* 1%<x,x(x)7/0 /A(x,p)x(p)dp,/o t///z(xﬁ)x(p)d(@)

_ 3
—%(x,ym, " s omap, | //zzw,;o)y(mdp)wx
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o [
< \xO—yo\Hco(x)—co(y)|+|<p(y)—¢(y)\+m/0 (A—8)" % (R)—y(R)|dR
1 h

o X 3
+m/0 (h—R)* 1%(&,%(?%)7/0 //l(x,p)x(p)dp,/o t///z(xﬁ)x(p)d(@)

3
—%(&y(x), | s omoap, [ //zz<x,;o>y<;o>d;o)|dx
h

1 _ _ X 3
+m/0 (h—X)* 1%<N,y(x)7/0 .//I(N,(@)y(ﬁ)dp7/o ,%2(}{7[0));((@)‘1(@)
— e 3
—g<&y(x>,/0 %(&@y(ﬁ)dgo,/o //lz(N,Jo)y(p)dp)WN

(0] h
<t LRtz /0 (A—R)S () —y(X)|d X
1

h N
+m/0 (R=X)>10(|2(R)—y(X) |+ 18| 1 (2)—¥()]

[@+0(1+(A\+.A2)3)] [T o B
(1-2)(C) /O(h R)= 2 (R)—y(X)|dX.

Applying Lemma 2, we obtain

£3¢ Hl O[®+ 0(1 + (M| +.4,)3)|3°
¢+1) (1-AT(E+1) ’
(10)

1
|x(h) —y(h)| < -7 {814'824-

where ® = ©({) a constant.
From equation (10) we observe that the solution x (k) of (1)—(2) depends con-
tinuously on the function involved the right side of equation (1) O

REMARK 1. Theorem 6 gives the dependency of the solution of (1)—(2) simul-
taneously on the initial condition and the functios involved on the right hand side. If
€1,& = 0 then it gives the dependency of solution on the function involved on right
hand side, if &3 =0 then it gives the dependency of solution on initial condition and if
€1,& =0 and & =0 it gives the uniqueness of solution.

We next consider the following problem

DXy () =d>x(l7)+f<ﬁ,x(/7), [ x| Vm,x)x(x)d&m),
(11)
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forhe # =[0,3], 0< <1, ®>0 with conditions;

200) =20+ (x), (12)

and

“Dly(R) =q>y<m+f<ay<ﬁ>,/0h///l<a x>y<x>dx,/osﬂz<ﬁ, x>y<x>dx,uz),
(13)
for he ' =[0,3],0 < { <1, ® >0 with conditions;
¥(0) =20+ o(y), (14)

where F : HXRBXRXR — R, M\, Mr: I xXH — X and Q:C(H, %) — R
are continuous functions and [, Uy are real parameters.

THEOREM 7. Let the function ¥ satisfies conditions of Theorem 4. Suppose
there exists &, 2 > 0 such that

17 (Feox(R) (R, 2t ) — F (R () 5(R), 20, )|
P Ix(R) —x(R)| +[y(R) — ()| + |<() — z(A)], (15)
and
| (Fox(R) (), 2), o ) = F (Fox(R), (), 2(), o) | < 2l = ol (16)
If x,y are the solutions of (11 —12) and (13 — 14) respectively, then

23¢ O®+ P\ + (M +42)3)]3°
2R — ¥R < [—(l_g)rml)m—m] [1+ s }

Proof. We find for any h € 7
2 (R) = y(h)]

& ) () RIS
<100 =00+ gz [ =0 2(9) (NN + s [ = 1))
xg<x

X(R / AR, @) (9)dp, /0 sxflz(x,@x(mdxo,m)
3
~9(xo00. [ 0p(pap. [ a5 Ol )

h
h—x)5! — X))
F ) = 5 )~y s + (g)/w )

)=o)+
X g<xa% / %1 b ﬁ) d(@a/ %2 S (W d(@hu‘l

<lo(x
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3
sf( X), [ %o, //zz<x,;o>y<;o>d;o,m)|dx
1 a -
s /(h—x) !
R 3
x%(&y ). [ (% pn(@ap, | //zxx,;o)y(p)dml)dx
3
~(xo00. [ on(pap. [ a5 Ol )
<L) 3P+ s [ =) () ()
(&) Jo
+ s [ X Z](8) ()| + TSl () ()

I'(¢) Jo

LTS \0(9) — (@) R + =

h
) =% 2l — pola

()
¢ i
<L) P+ s =l + o [R5 (%) - ()lax
+ﬁ/oh(ﬁ—x)é1@[1+(%1+]2)3]x(x)_y(x)dx
23°¢

< mlm—uzl
O+ P\ + (M) +.4>)3)

h
| =) ) =y (0)la.

(1-2)1(5)
Applying Lemma 2, we obtain
23¢ O[®+ P + (M + .4>)3)|3°

a7)

where © = O({) a constant. This shows the dependence of solution of the problem
(1)=(2) is on parameters y; and pp. O

5. Stability analysis

This part examines the Ulam stability of the problem (1). In order to accomplish
this, we present some definitions and concepts: refer [4, 26, 29].

DEFINITION 4. The equation (1) is Ulam-Hyers stable if 3 .27 > 0, in such a
way, ¥V Y* > 0 and for every solution y* € ¢1(#, %) of

3 3
”DCx*@—@x*(ﬁ)—%(ﬁx*@/o AR (R, [ ///z(mm*(x)dx)\ <,
(18)
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for i € [0,3], 3 asolution y € €' (', %) of the equation (1) in such a way
X" (h) = x (W) < AZY".

DEFINITION 5. The equation (1) is generalized Ulam-Hyers stable if 3 V%
C (A, %), ¥5(0) =0, in such a way, V Y* > 0 and for each solution x E

GV (A, R) of

_ _ g _ 3 _
CDgx*(m—@x*(h)—%(hx*@/o AR (), | //2(h7x)x*(x)dx)‘<Y*7
for i € [0,3], 3 asolution y € €' (#, %) of the equation (1) in such a way

2" () = x (W) < ¥ (7).

DEFINITION 6. The equation (1) is Ulam-Hyers-Rassias stable with respect to
&% € €(H, %) if 3 areal constant £ > 0, such that, for each Y* > 0 and for

each solution x* € € (¢, %) of
D) - 0= (R ), i 5z (s, [ sy (x)a )|
)
for i € [0,3], 3 asolution y € € (#, %) of the equation (1) such that
X" (h) = x(R)| < HZY @ (R).

DEFINITION 7. The equation (1) is generalized Ulam-Hyers-Rassias stable with
respect to @7 € € (A, %) if I areal constant 5 > 0, such that, for each solution

1 €GN A.R) of
- .E -~ S -~
D 0~y 0~ (R O, [ Fx) (ax, [y (x)ax )|
<M.

€10,3], 3 asolution y € ¢!(, %) of the equation (1) such that

(X" (h) — x (W) < 7P (h).
REMARK 2.

(a) A function x* € €' (A, %) is a solution of the inequality

h -3
"Dgx*(m—fbx*(fz)—%(5775*(@7/()}1///1(57N)x*(x)d&/o //zz(fzx)x*(x)dx) <1,

h € 10,3],if and only if 3 a function g* € € (57, %) (which depends on x)
such that
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0 [g"(m)|<Y*, ¥ he(0,3].
(if) fnéx*<m:@x*(n>+s¢(Ex*(ﬁ»fw/l(zx)az*(x)dwﬁzfzxax>x*<x>dx)
+g*(R), ¥ Fel0,3)].
(b) Clearly,
(i) Definition (4) = Definition (5).
(ii) Definition (6) = Definition (7).
(¢) A solution of the fractional differential inequality
h 3
D - ()~ (' 0, [ Rx) (s, [y (x)ax ) | <
h €10,3], is called a fractional Y* solution of the equation (1).

THEOREM 8. If (H}), (H3) and inequality (5) are fulfilled, then the problem (1)
is Ulam-Hyers Stable.

Proof. Let Y* >0 and let x* € €' (¢, %) be a function which satisfies (18) and
let y € €' (A, #) be the only solution for the following problem.

h 3
CDC;c(B:cDx(FH%(E,x(EL/O xfll(ﬁ,wx(x)dx,/o //lz(ﬁ,x)x(x)dx>7
x0)=2x+0(x"), Fe[0,3], 0<{<L
Using Lemma 3

h h
1) = 20+000)+ gy |, =95 290 + 5 [ = x)7

S

3
x%(&x(x), s e, | //zzm,xo)x(;o)d;o)dx.

By integrating (18), we get

20 10- 00~ s [ R0T (R - s [ w05

3 + 7
< (% ), [ (3.0 (0o, | (%017 ()i )ax | <
(19)
Using (H1),(H3) and (19), for every h € 5, we have
2" () — x ()|
o 1 h
<lr -0t 1 [0 s - g [E- 0

><g(&)C*(N),/OR///1(&10)%*((@)61(&/OS///z(N,JO)X*(JO)dW)dN'
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ol )00l s [ X0 (0 (0lax s [0

%(x,x*(x),/ox//I(N,p)x*(p)dm/OS///z(N,JO)x*(JO)dJO)

X

—%(x,x<x>7/ox///1(xJo)xuo)dp,/fm(x,m;c(mdp)‘dx

Y*Eé * (O] }_l— g— *
< FErTy A Al ) T () = x(X)la
I
b 056 (0 -
X 3
+ [ s o) ) - woldp s [ 1.0l () xe)ap i
Thus
2" (R) = x ()]
*xE 7
<y 2l [ R0 () - )l
g L0 (- 200+ [ e (0~ 20w

S__
+ [l (o)~ 2olap)ax.
which implies

(1= L) (R) - 2B
T3¢ O+ 0[1+ (A1 + A3 [T
STCrD ( () >/o g

Hence

R)S T (R) — 2(X)|dX.

T3¢
(1-A)T(&+1)
<¢+6[1+(%l+%2)3}
(1-2)(0)

By Gronwall’s Lemma, V i € 5# we derive

Ix"(h) — x(R)] <

}_l _—
) [ )~

T3¢
(1—-2)T(C+1)

QP+ 01 + (M +.4,)3])3°
(1—AT(+1)

1+

2" (R) = x(h)] < =Tz,

where © = O({) a constant. Hence equation (1) is Ulam-Hyers stable. Moreover, if
we take W* 7 (Y*) = #;Y*; ¥* #(0) =0, equation (1) is generalized Ulam-Hyers
stable. [l
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THEOREM 9. Assumes that (H,), (Hz), inequality (5) and (Hs): 3 an increas-
ing function ®* 7 € €(H,R) and Ay > 0 such that 1°®%; (k) < M@ (R), YR
S are hold then the problem (1) is Ulam-Hyers-Rassias Stable.

Proof. We omit the proof as it is straightforward and may be derived like Theorem
8 by using Definition 6. [

6. Example

Following two examples illustrates existence, uniqueness and Ulam Hyers stability
of solutions.

EXAMPLE 1. We now consider the first equation of the type:

B T (0NN WL W
D) = 22+ X0+ g [ s+ g [ a9, )

for h € 7 = [0,1], with nonlocal condition:

£(0) = 14 5 sin (). 1)

The problem (20)—(21) is of the form (1)-(2) with { =0.5, =1,

h 3
g(m@,/ (R, R)x(x)dx,/ (R, xmxmx)

eh+7 8/ 3+/7)2% 8/ 2+17)3% R)dx

Clearly, for each vy, 01, ®;, V2, 02, W € Z and h € F,
_ 1
‘g(h, Vi, O1, wl)—%(h Vo, Oz, )] < (|V1—V2‘+‘01 0'2|+|(1)1—(1)2D.
In addition, we have
M| =sup{|.# (R, R)| : h, R €[0,1]} = é Mo = sup{| (R, R)| R €[0,1]} = —
Also, we get

I — x|

OI'—‘

9

000) - 002 < | sinGa) - g sin()| <

Hence, the assumptions (H;) and (H3) are hold with 6 = § and . = §. Thus, we
have

195 ~ 0.4084 < 1.

N q>+9(1+(%1+%2)3)]3§_$+[ + A+ G+ b

1
r¢+1) r0.5+1)

The problem (20)—(21) possess only one solution on [0,1] as a result of Theorem 3
and by Theorem 8, the problem (20)—(21) is Ulam Hyers stable.
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EXAMPLE 2. We consider another equation of the form:

DSy = Ly L s ) [
8 (84 (14 x (1)) "3 4+W *3 3+W
(22)
for h € 2 = [0, 1], with nonlocal condition:
x(0) =1+ Y cix(h) (23)
izl
where 0 < h; < ... <h, <1 and ¢;,i = 1,...,n are positive constants with
L 1
P —.
Sock o

The problem (22)—(23) is of the form (1)—(2) with { =0.6, ® = §7

_ Koo s
%(h,w‘z),/o %(h,x)x(x)d&/ //zz<h,x>x<x>dx>

e Pl (m)|
T B+ 1+ (M) 9/ 4+72% 9/ 3+—)z% R)dR

Clearly, for each vy, 01, ®;1, V2, 02, Wy € Z and h € F,

‘g(ﬁ, Vi, O1, wl)—%(h Vo, Oz, )] < (|V1—V2‘+‘01 0'2|+|(1)1—(1)2D.

\OI'—‘

In addition, we have
I _ _ 1 — _ —
%1 :Sup{|%1(h7 N)‘ th,R € [Ovl}} = Ev %2 :Sup{“///Z(hv x)' th, R € [07 1]} v

Also, we have

n

1
< Y ciln—xl < 1ol — el
i=1

Z cixi (i) = Y, cig (i)
i-1

lo(x1) —

Hence, the assumptions (H;) and (H3) are hold with 6 = % and ¥ = 11—0. Thus, we
have

gr_ L TS+ (L& +5H1)

190 ~ 0. 1.
r0.6+1) 0386 <

At {q>+e(1+(%1+]2)3)]

I'(¢+1)

The problem (22)—(23) possess only one solution on [0,1] as a result of Theorem 3
and by Theorem 8, the problem (20)—(21) is Ulam Hyers stable.

Here, we shall discuss the parameter dependency of solutions.
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EXAMPLE 3. We consider the following integral equations involving real param-
eters Uy, U

05, _ L x(h) +
D5 () = am+ K L s [ 2+m3x( Jax. @)

for h € 7 = [0,1], with nonlocal condition:

£(0) =1+ g sin (2 () 6)
and
n e—l_z
‘D°%y(h) = (@4' (}7;1):7“2 é/o ﬁym)d?{+é/ol m}’(x)d&
(27

for h € 7 = [0,1], with nonlocal condition:
¥(0) = 1+—Sm( (R))- (28)

Following above discussion, one can observe that & = % and 2 = % Hence from
Theorem 7, one can have

x(R) —y(R)
23¢ O®+ P\ + (M + M2)3)]3¢
[U—XW@+NM_M@[ (I—2)T(C+1) }

P‘jﬁfi——m M]P+OMMX9+%+®+@xmwT
Sla-Hros+u) (1—$)I(0.5+1)
< 0.1830 X w1 — Ua|.

In particular, if we choose y; =1 and u, = % then,

[x(h) —y(Rh)| = 0.0915.

This proves that the dependency of solutions on real parameters.

7. Conclusions

In this work, for the given nonlinear mixed fractional integrodifferential equations
(1)=(2), we have examine existence and uniqueness results. Thus both the results are
based on Banach and Schaefer’s fixed point theorems. With the help of Gronwall’s
Lemma data dependence results and different kinds of HU stability have been estab-
lished. Results have been justified by providing the examples.

Our findings are not only new in the given setting, but it provides some particular
cases so it is more general case. Also we have studied various properties of solutions:
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e If ® =0, then given problem (1)—(2) reduces to the problem in [17].
o If ¢ = C (constant), then given problem (1)—(2) reduces to the problem in [11].
o If fOS Mo (h, R) 2 (R)dR = 0, then given problem (1)—(2) reduces to the prob-

lem in [29].
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