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MULTIVALENT FUNCTIONS WITH VARYING ARGUMENTS
R. M. EL-ASHWAH, M. K. AOUF, A. A. M. HASSAN AND A. H. HASSAN

Abstract. Silverman [4] was defined the class of univalent functions f(z) =z+ z axF for

which arg(ay) prescribed in such way that f(z) is univalent if and only if f(z) is starlike. In
this paper we introduce the subclass of p-valent functions with varying arguments, especially
p-valent starlike functions and p— valent convex functions, moreover we give some interesting
properties of functions in these classes, including coefficients estimates, distortion theorems and
extreme functions.

1. Introduction

Let A (p) denote the class of functions of the form:
f@) =2+ Y, adr (peN=1{1,2,3,.1}), (1.1)
k=p+1

which are analytic and p-valent in the open unitdisc U = {z € C : |z| < 1}. A function
f(z) € A(p) is said to be p-valent starlike of order o if it satisfies the inequality:

Re{Zf/(Z)}>a O<a<p;peN; zel), (12
f(2)
or, equivalently,
2f'(2)
fz)
— 7= <1 (1.3)
z2f'(2) ’
-2
i

we denote by S, () the class of all p-valent starlike functions of order . Also a func-
tion f(z) € A(p) is said to be p-valent convex of order o if it satisfies the inequality:

Re{l+ZJJ2(i§>}>a O0<o<p peN; zeU), (1.4)
or, equivalently,
L@
Zf//{Z)(Z) < la (15)
1+ tp-2
i P
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we denote by K),(or) the class of all p-valently convex functions of order o, the classes
Sp(or) and K (o) were introduced by Patil and Thakare [3] and Owa [2] studied these
classes with negative coefficients, further from (1.2) and (1.3), we can see that

zf'(2)
p

f2) eKp(a) = eSyla) (0<a<p;peN). (1.6)

Silverman [4] defined the class of univalent functions f(z) = z+ Y, aZ" for which
k=2

arg(ay) prescribed in such way that f(z) is univalent if and only if f(z) is starlike. In

this paper we introduce the subclass of p-valent functions with varying arguments as

follows:

DEFINITION 1. A function f(z) of the form (1.1) is said to be in the class V},(6y)
if f €A(p) and arg(ay) = 6 for all k > p+ 1. If furthermore there exist a real number
0 such that 6, + (k— p)6 = (mod 2x) forall k > p+ 1, then f(z) is said to be in
the class V,,(6,8). The union of V,(6, ) taken over all possible sequences {6} and
all possible real numbers 6 is denoted by V,,.

Note that:

(i) Vp(6k + 2km) =V, (6k), k is an integer;

(i) Vy(m,0) =T, = {f €EA(p): flr)=2"— Y, a2 (p e N)}7 the set of

k=p+1
p-valent functions with negative coefficients. !

Let V), (o) denote the subclass of V), consisting of functions f(z) € S,(o), also
let V,,(a) denote the subclass of V), consisting of functions f(z) € K,(ot), which are
the classes of p-valent starlike functions with varying arguments and p-valent convex
functions with varying arguments, respectively.

We note that V; (o) = V*(¢r), which was introduced and studied by Silverman [4].

In this paper we obtain coefficient bounds for functions in the classes V(o) and
V,(), further we obtain distortion bounds and the extreme points for functions in these
classes.

2. Coefficient estimates

Unless otherwise mentioned, we assume in the reminder of this paper that 0 <
a<p,peNandzeU.

We shall need the following lemmas given by Owa [2] and Aouf [1, with A = —1
and B=1]:

LEMMA 1. The sufficient condition for f(z) given by (1.1) to be in the class
Sy(o) is that
Y, k—a)|al<p-o. (2.1)
k=p+1
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LEMMA 2. The sufficient condition for f(z) given by (1.1) to be in the class
Ky (o) is that

i (g) (k—o)|a < (p—a). (2.2)

k=p+1

THEOREM. I. Let f(z) of the form (1.1), then f(z) € V() if and only if

Y (k—o)|a <p-—o. (2.3)
k=p+1

Proof. In view of Lemma 1, we need only to show that function f(z) € V,(ct)
satisfies the coefficient inequality (2.3). If f(z) € V,,(ot), then from (1.3), we have

zf'(2)
/(@)

zf'(2)
) +p—20

=

> (k—p)a?
k=p+1
2(p—a)+ (k+p—2a) P
k=p+1
Since f(z) € V,, f(z) lies in the class V,(6,0) for some sequence {6} and a real
number & such that

<1,

thus we have

<1. (2.4)

O+ (k—p)8 = n(mod2n) (k> p+1), 2.5)
also z = re'® , we obtain the following
Y, (k—p) lag| P
ol <1. 2.6)
20p—a)— Y, (k+p—20)|ax| 7
k=p+1

Since Re {w(z)} < |w(z)|, we have

> (k—p)lag| P
Re an <1 2.7)

2(p—0)— ¥, (k+p—20)|a| 7
k=p+1

Letting » — 1, then we obtain that

oo

Y (k—o)lal <p—a
k=p+1

Hence, the proof of Theorem 1 is completed. [
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COROLLARY 1. If f(z) € Vy(x), then

— o
ol <T=— (= p+1). 2.8)

The result is sharp for the function f(z) given by

—o
ﬂ@:ﬂ#%jaw%k (k=>p+1). 2.9)

Using the same technique as used in Theorem 1, we have the following theorem:

THEOREM 2. Let f(z) of the form (1.1), then f(z) € V() if and only if

) (g) (k=) el < (p— 1) .10

k=p+1

COROLLARY 2. If f(z) €V, (), then

|m<p@—

e (k=p+1). 2.11)

The result is sharp for the function f(z) given by

ﬂ@:##%%fg%@f (k=p+1). (2.12)
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3. Distortion theorems

THEOREM 3. Let the function f(z) defined by (1.1) be in the class V,(ct). Then

gp - 2%

p—a
erl_Oc\ZI”+1 <If@)] < P+ ————1z""". (3.1)

p+l—o
The result is sharp.

Proof. We employ the same technique as used by Silverman [4]. In view of The-
orem 1, since
(k) = k—a, (3.2)

is an increasing function of k (k > p+ 1), in view of Lemma 1, we have

= =

(p+1-0) ¥ |al< ¥ (k—a)|al<p-—a,

k=p+1 k=p+1
that is
" -«
>l < ——. (3.3)
k=p+1 ptl-a

Thus we have

=

1
F@I < 2P+ Yl
k=p+1

p—o 1
f(@)] < |Z|174'Im|Z\I7Jr :

Similarly, we get

=

1
@I = [l = =" ¥ aul,

k=p+1

p—-u« 1
f(@)] = [z - mk\ﬁ :

Finally the result is sharp for the function

ﬂ@:f+#ﬁgaﬁwf“7 (3.4)

at 7 = +|z]e Or+1,
This completes the proof of Theorem 3. [

COROLLARY 3. Under the hypotheses of Theorem 3, f(z) is included in a disc
with center at the origin and radius ry given by

p—a

=1+—-—-.
r| +p+1—0€

(3.5)
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THEOREM 4. Let the function f(z) defined by (1.1) be in the class V,(ct). Then

& g%%g_@|}vﬂ 7@ < {+@i$¥—@¢}mpﬁem

The result is sharp.

D(k
Proof. Similarly for ®(k) defined by (3.2) it is clear that I(c )

function of k(k > p+ 1;p € N), in view of Theorem 1, we have

is an increasing

—I—l - 109
2D S dal< 3 PWijal= 3 owal<p-o
k=p+1 k p+1 k=p+1

that is

S klaf< 2029

k=p+1 -

Thus we have

IF' @) <pladP "+ 27 Y kw=<{p+z > Hm}kp“

k:p+l k:p+l

< {pr =D g,

Similarly

1F/(2)] = plz”" =2 E,km:>{p—z S H%}k”l

k=p+1 k=p+1

Finally, we can see that the assertions of Theorem 4 are sharp for the function f(z)
defined by (3.4). This completes the proof of Theorem 4. [J

COROLLARY 4. Under the hypotheses of Theorem 4, f'(z) is included in a disc
with center at the origin and radius r, given by

(p+D(p—0)

n=pt p+l—-—o

(3.7)

Using the same technique as used in Theorem 3 and Theorem 4 , in view of Lemma
2, we have the following theorems for functions in the class V,(a):

THEOREM 5. Let the function f(z) defined by (1.1) be in the class Vy(ct). Then

e S I {0 R FL Y e

1
(D (pt+1-a) @+U@+Fﬂﬂw+'6&
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The result is sharp for the function

_ plp—a) 011 ,p+1
M= o 59

at 7= +|z|e 1,

COROLLARY 5. Under the hypotheses of Theorem 5, f(z) is included in a disc
with center at the origin and radius r3 given by

p(p—a)
D rl-a) G40

r3=1+

THEOREM 6. Let the function f(z) defined by (1.1) be in the class V(). Then
plp—a) Pl o p(p— ) p-1
—_— < —_— . 3.11
{p-2 bt < @) < {p+ 2= i G
The result is sharp for the function given by (3.9).

COROLLARY 6. Under the hypotheses of Theorem 6, f'(z) is included in a disc
with center at the origin and radius ry given by

rlp—a) (3.12)

r4:p+p+1—(x

4. Extreme points

THEOREM 7. Let the function f(z) defined by (1.1) be in the class Vy(ct), with
arg(ay) = 6y, where O+ (k—p)6 =n (mod 21) (k> p+1). Define

fr(d)=2"
and

—o
fk(Z)ZZp-i-i—aele"Zk (k=p+1). @.1)

Then f(z) € Vy(a) if and only if f(z) can expressed in the form f(z) Z Wefi(2)

where W > 0 and Z[Jk =1.
k=p

Proof. If f(z) 2 i fi(z) with e >0 and Y e =1, then
k=p

S o) (P28 )= 3 (- (p-a)i-uy) < (p-a).

k=p+1



136 R. M. EL-ASHWAH, M. K. AOUF, A. A. M. HASSAN AND A. H. HASSAN

Hence f(z) € V,(a).
Conversely, let the function f(z) defined by (1.1) be in the class V,(ct), define

k—a
— k> 1 4.2
Hi p_a|ak\ (k=p+1) (4.2)
and .
Mp=1— 2: Hie

k=p+1

From Theorem 1, ) <1 andso p, > 0. Since i fi(z) = mz? + axz*, then
k=p+1

i Wefi(z) =2+ i @ = f(2).
k=p k=p+1

This completes the proof of Theorem 7. [J

Similarly we can get the following theorem.

THEOREM 8. Let the function f(z) defined by (1.1) be in the class V, (o), with
arg ay = 6, where 6+ (k—p)6 =n (mod 2m) (k> p+1). Define

fP(Z) =z
and
filz) =2+ %e’%k (k=p+1). (4.3)

oo

Then f(z) € Vy(a) if and only if f(z) can expressed in the form f(z) = 2 Wefi(2),
k=p

where W, > 0 and 2 we=1.
k=p

REMARK. Putting p =1 in all the above results, we obtain the corresponding
results obtained by Silverman [4].
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