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CERTAIN NON-LINEAR DIFFERENTIAL POLYNOMIALS
HAVING COMMON POLES SHARING A NON
ZERO POLYNOMIAL WITH FINITE WEIGHT

ABHIJIT BANERJEE AND GOUTAM HALDAR

Abstract. With the notion of weighted sharing we study the uniqueness property of meromorphic
functions having common poles when certain non-inear differential polynomials share a non zero
polynomial function. Our theorems in the paper will improve, extend and supplement a number
of recent results in a more compact and convenient way.

1. Introduction, definitions and results

In this paper by meromorphic functions we will always mean meromorphic func-
tions in the complex plane.

Let f and g be two non-constant meromorphic functions and let a be a finite
complex number. We say that f and g share a CM, provided that f —a and g —a
have the same zeros with the same multiplicities. Similarly, we say that f and g share
a IM, provided that f —a and g — a have the same zeros ignoring multiplicities. In
addition we say that f and g share o CM, if 1/f and 1/g share 0 CM, and we say
that f and g share oo IM, if 1/f and 1/g share 0 IM.

We adopt the standard notations of value distribution theory (see [0]). We denote
by T(r) the maximum of 7'(r, f) and T(r,g). The notation S(r) denotes any quantity
satisfying S(r) = o(T(r)) as r — oo, outside of a possible exceptional set of finite
linear measure.

A finite value zq is said to be a fixed point of f(z) if f(z0) = zo. For a positive
integer m and a number u, let m* = y,m, where y, =0 if 4 =0 and y, =1 if
u # 0. Throughout this paper, we need the following definition.

O(a,f) =1—1lim upM

S ’
e T(}" ’ f )
where a is a value in the extended complex plane.

We start with the following famous theorem of W.K. Hayman (see [5], Corollary
of Theorem 9) obtained in 1959.

THEOREM A. Let f be a transcendental meromorphic function and n(> 3) is
an integer. Then " f' =1 has infinitely many solutions.
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In 1997, Yang and Hua obtained the following uniqueness result corresponding to
Theorem A :

THEOREM B. [17] Let f and g be two non-constant meromorphic functions,
n = 11 be a positive integer and a € C—{0}. If f"f" and g"g' share a CM, then
either f(z) = c1e%, g(z) = coe™ %, where ¢y, ¢ and c are three constants satisfying
(c1e2)"™ 1 e? = —1 or f =tg for a constant t such that "' = 1.

Using the idea of sharing fixed points, in 2002, M.L. Fang and H.L. Qiu further
extended Theorem B in the following manner.

THEOREM C. [4] Let f and g be two non-constant meromorphic functions, and
let n > 11 be a positive integer. If f"f —z and g"g' —z share 0 CM, then either

flz) = cres, g(z) = cre™
satisfying 4(cicy)"e? =

For the past few years researchers have become more interested in the value shar-
ing of nonlinear differential polynomials which are the k-th derivative of some linear
expression of f and g.

In 2010, J.F. Xu, F. Lu and H.X. Yi proved the following results.

, where ¢y, ¢y and c are three nonzero complex numbers
—1 or f =tg for a complex number t such that "' = 1.

THEOREM D. [15] Let f and g be two non-constant meromorphic functions,
and let n, k be two positive integers with n > 3k+10. If (f)*) and (g")*®) share z
CM, f and g share = IM, then either f(z) = cre?, g(2) = c2e=%, where c1, ¢3 and
c are three constants satisfying 4n*(cic;)"c?> = —1 or f =tg for a constant t such

that t" = 1.

THEOREM E. [15] Let f and g be two non-constant meromorphic functions
satisfying ©(co, f) > % and let n, k be two positive integers with n > 3k+ 12. If
(f"(f—=1)® and (g"(g— 1)) share z CM, f and g share o IM, then f = g.

In the mean time in 2008 Zhang and Lin [21, 22] obtained a more generalised
result for entire function as follows.

THEOREM F. [21, 22] Let f and g be two non-constant entire functions, and
n, m, k be three positive integers with n > 2k +m* + 4. Suppose (f"(uf™ + l))(k),
(g"(ug" +2))® share 1 CM, where A, | are constants such that |A|+ |p| # 0. If

(i) A #0, and ged (n,m) =d, then f¢ = g?; especially when d =1, f =g. or
while m =1 and ©(eo, ) >2/n, then f=g;

(ii) if Au =0, then either f =tg, where t is a constant satisfying M =1 or
f=c1e“, g=cre %, where ¢y, ¢y and c are three constants such that (—l)klz(clcz)”m*
[0+ m*)e2 =1 or (=142 (crea)™ [(n+m*)e] = 1.

In 2001 an idea of gradation of sharing of values was introduced in {[8], [9]}
which measures how close a shared value is to being share CM or to being shared IM.
This notion is known as weighted sharing and is defined as follows.

DEFINITION 1. [8, 9] Let k be a nonnegative integer or infinity. For a € CU {e}
we denote by Ei(a;f) the set of all a-points of f, where an a-point of multiplicity m
is counted m times if m < k and k+ 1 times if m > k. If Ex(a; f) = Ex(a;g), we say
that f, g share the value a with weight k.
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The definition implies that if f, g share a value a with weight k then zy is an a-
point of f with multiplicity m (< k) if and only if it is an a-point of g with multiplicity
m (< k) and zp is an a-point of f with multiplicity m (> k) if and only if it is an a-
point of g with multiplicity n (> k), where m is not necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k), then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value ¢ IM or CM if and only if f, g share (a,0) or (a,oo)
respectively. If @ is a small function we define that f and g share (a,/) which means
f and g share a with weight [ if f —a and g — a share (0,1).

With the notion of weighted sharing in 2011, X. Q. Lin [12] improved Theorem F
as follows.

THEOREM G. [12] Let f and g be two non-constant entire functions, and let
n, m, and k be three positive integers. Suppose (f*(uf™+A))®, (g"(ug”+1))®
share (1,1), where A, W are constants such that |L|+ || # 0 and one of the following
conditions holds.:

(i) l=2and n>2k+m*+4;
(i) 1=1 and n> 3319 .
(iii) 1 =0 and n > Sk+4m*+17.

then conclusion of Theorem F holds.

In 2012 Wang and Luo [13] investigated Theorem F for meromorphic functions
and replaced value sharing by fixed point sharing.

THEOREM H. [13] Let f and g be two transcendental meromorphic functions
and n, m, k be three positive integers with n > 3k +m* +7. Suppose (f"(uf™+
NG, (g (ug™ + AW share (z,00), f, g share (=,0); where A(#0), u be con-
stants. then one of the following results holds:

(i) if U =0, then either f =1tg, where t is a constant satisfying t"* =1, or
k=1, f= cleczz, g= cze_czz, where ¢y, ¢y and ¢ are three constants such that
42%(c1c2)"nc)? = —1.

(ii) W #£0 and m > 2 and ged (n,m) =1, then f =g.

(iii) If w # 0 and m = 1 then either f =g or

_ A1) o A1)
T ey T ey

where h is a non-constant meromorphic function.

Also J. Wang, W. Lu and Y. Chen [14] investigated the IM value sharing counter-
part of Theorem H as follows.

THEOREM 1. [14] Let f and g be two non-constant meromorphic functions, and
n, k, m be three positive integers with n > 9k +6m* + 13. Suppose (f"(uf™+21))%,
(g"(ug" + )% share (1,0), where A, u are constants such that |A|+ || # 0, and
f» g share (,0).
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(D If Au#0, m>1 and (n,n+m) =1, or while m =1 and O(e, ) >2/n,
then f=g;

(ii) if A =0, then either f =tg, where t is a constant satisfying ot —
1 or f= cleczz, g= cze_czz, where ¢y, ca and c¢ are three constants such that
(_ 1)k)LZ(C1C2)n+m*
[(n4+m*)c]** =1 or (—Dfu?(cica)™™ [(n+m*)c]* =1.

The purpose of the paper is to unify all the above mentioned theorems into a single
result under relaxed sharing hypothesis, which will improve, extend and generalize all
the results discussed above in a large extent. We present the main result as follows.

THEOREM 1. Let f and g be two transcendental meromorphic functions shar-
ing (=2,0); (f"(uf"+A)Y, (¢"(ug™ +2)® share (p(z),1), where p(z) be a
nonzero polynomial with deg(p) =r, A, U are constants such that ||+ |u| # 0 and
n, m, k be three positive integers. Suppose one of the following conditions hold:

(a) 1 >3 and n>max{3k+m*+6,k+2r};
(b) 1 =2 and n > max{3k+m*+8,k+2r};
(c) =1 andn>max{4k+%+9,k+2r};
(d) 1 =0 and n > max{9%+ 4m* + 14,k +2r}.

Then

(Dif Au#0 and(a) m=1, O(eo, f)+0O(c0,g) >4/n; or(b) m =2 and for some
constant t, satisfying =1,
we have f =tg, where d = (n+m,n).

(ii) if At = 0, then either f =tg, where t is a constant satisfying "™ =1 or

if p(z) is not a constant, then f = c¢1e“) | g = ce=C)  where O(z) = [§ p(z)dz,
c1, ¢y and ¢ are constants such that a2, (cic2)"™™ [(n+m*)c]> = —1;

if p(z) is a nonzero constant b, then f = cze*, g = cqe” %, where c3, ¢4 and ¢
are constants such that (—1)%a2,. (c3¢4)"™™ [(n+m*)c]** = b?, where ap» = 1, when
m* =m and a,+ = A, when m* = 0.

THEOREM 2. Let f and g be two transcendental entire functions sharing (e,0);
(F(ufm+ 200, (g"(ug"+2))® share (p(z),1), where p(z) be a nonzero polyno-
mial with deg(p) =r, A, U are constants such that |A|+ || # 0 and n, m, k be three
positive integers. Suppose one of the following conditions holds:

(a) 1 =2 and n > max{2k+m*+4,k+2r};
(b) 1=1 andn>max{w,k+2r};
(¢) 1=0 and n > max{4k+3m"+6,k+2r}.

Then

(i) if Au#0 and (a) m = 1; or (b) m > 2 and for some constant t, satisfying
11 =1, we have f =tg, where d = (n+m,n).

(ii)if At = 0, then either f =tg, where t is a constant satisfying "™ =1 or
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if p(2) is not a constant, then f = c1e??, g = cye=C  where Q(z) = [§ p(z)dz,
c1, ¢y and ¢ are constants such that a2 (cic2)"™™ [(n+m*)c]> = —1;

if p(z) is a nonzero constant b, then f = cze*, g = cqe™ %, where c3, c4 and ¢
are constants such that (—1)¥a2,. (c3c4)"™ [(n+m*)c]** = b?, where @, = W, when
m* =m and ay+ = A, when m* = 0.

REMARK 1. In both the theorems when p(z) is a constant f and g can be taken
as non-constant instead of transcendental.

We now explain following definitions and notations which are used in the paper.

DEFINITION 2. [7] Let p be a positive integer and a € CU {eo}.

(i) N(r,a;f |> p) (N(r,a; f |> p))denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not less than p.

(i) N(r,a;f|<p) (N(r,a;f |< p))denotes the counting function (reduced counting
function) of those a-points of f whose multiplicities are not greater than p.

DEFINITION 3. {11, cf.[18]} For a € CU{e=} and a positive integer p we de-
note by N,(r,a;f) the sum N(ra;f) +N(r,a;f |>2)+...N(r,a;f |> p). Clearly
Ni(r,a;f) =N(raf).

DEFINITION 4. Let a,b € C U{e}. Let p be a positive integer. We denote by
N(ra;f|>plg=b) (N(r,a;f | > p| g # b)) the reduced counting function of those
a-points of f with multiplicities > p, which are the b-points (not the b-points) of g.

DEFINITION 5. {cf.[1],2} Let f and g be two non-constant meromorphic func-
tions such that f and g share the value 1 IM. Let zo be a 1-point of f with multiplicity
p,a l-point of g with multiplicity ¢. We denote by Ny (r,1;f) the counting function
of those 1-points of f and g where p > g, by Nli-)(r, 1;f) the counting function of

those 1-points of f and g where p = ¢ =1 and by ]T/g(r, 1;f) the counting function
of those 1-points of f and g where p =g > 2, each point in these counting functions is

counted only once. In the same way we can define N (r, 1;g), Né)(r, L;g), ]T/g(r, L;g).

DEFINITION 6. {cf.[1], 2} Let k be a positive integer. Let f and g be two non-
constant meromorphic functions such that f and g share the value 1 IM. Let zg be a
1-point of f with multiplicity p, a 1-point of g with multiplicity g. We denote by
Ny-y (r,1;g) the reduced counting function of those 1-points of f and g such that
p>q=k. ]T/g>k (r,1;f) is defined analogously.

DEFINITION 7. [8, 9] Let f, g share a value a IM. We denote by N.(r,a;f,g)
the reduced counting function of those a-points of f whose multiplicities differ from
the multiplicities of the corresponding a-points of g.

Clearly N.(ra: f,8) = N(ra;g,f) and Nu(r,a: f,g) = NL(r,a: ) + NL(r,a:8).

DEFINITION 8. Let a,by,bs,...,by € C U{eo}. We denote by N(r,a;f | g #
bi,bs,...,by) the counting function of those a-points of f, counted according to mul-
tiplicity, which are not the b;-points of g for i =1,2,...,q.
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2. Lemmas

Let F and G be two non-constant meromorphic functions defined in C. We
denote by H the function as follows:

F// 2F/ /! 2 /
mo (2 (626G @2.1)
F' F-1 G G-1
and
F’ F’ G G
V= BN (GG, 22
(F—l F) (G—l G) @2
LEMMA 1. [13] Let f be a non-constant meromorphic function and let ay,(z)(Z
0), an—1(2), ..., ao(z) be meromorphic functions such that T(r,a;(z)) = S(r,f) for

i=0,1,2,...,n. Then
T(ranf" +ap1f" ' +...4aif +ao) =nT(r,f)+S(r.f).

LEMMA 2. [20] Let f be a non-constant meromorphic function, and p, k be
positive integers. Then

Ny (107 ®) < T (1) =T 1)+ Nypia (1,0:) + S(5.1), 23)

Ny (R0 ) SN (1001 )+ Npk (1.0:1) + S (1. ). 24)

LEMMA 3. [10] If N(r,0;f®) | f # 0) denotes the counting function of those
zeros of f®) which are not the zeros of f, where a zero of f¥) is counted according to
its multiplicity then

N(r,0; f0 | £ #£0) KN (1,00, f) +N(1,0; f | < k) + kN (1,0 f | > k) + S(r, f).

LEMMA 4. Suppose that f and g be two non-constant meromorphic functions.
Let F = [f"(uf™ 4+ 1)|W, G=[g"(ug” +A)|%), where n, k, m are positive integers.
If f, g share co IM and V =0, then F =G.

Proof. Suppose V = 0. Then by integration we obtain

1 1
1-==A(1-=).
F ( G)
If zo is a pole of f then it is a pole of g. Hence from the definition of F and G we

have %:0 andﬁzo.SOAzl and hence F=G. O

LEMMA 5. [11] Let fi and f, be two non-constant meromorphic functions sat-
isfying N(r,0; f;) +N(r,e0; fi) = S(r; f1, o) for i =1,2. If f{f3 — 1 is not identically
zero for arbitrary integers s and t(|s| + [t| > 0), then for any positive €, we have

NO(r71;flaf2) < 8T(r)—|—S(r;f1,f2),
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where No(r,1; f1, f2) denotes the reduced counting function related to the common 1 -

poinis of fi and fy and T(r) =T(r,f1) +T(r,f2), S(rif1,/2) = o(T(r)) as r — oo
possibly outside a set of finite linear measure.

LEMMA 6. [6] Suppose that f is a non-constant meromorphic function, k > 2
is an integer. If

/

N(ryoo, f) +N(1,0; f) + N(r,0, f0) = S(r, ),

then [ = =l ywhere a #0, b are constants.

LEMMA 7. Let f and g be two non-constant meromorphic functions and k, m,
n > 3k-+m* be three positive integers. If [f"(f™ +2)]® = [g"(ug" +A)]|W, then
frufm+A)=g"(ug"+4).

Proof. We have [f"(uf™ +A)]%) = [¢" (ug™ + A )] ¥
When k > 2, integrating we get

7 (™ 4+ A = (g (g™ + N e

If possible suppose ¢;_1 # 0.
Now in view of Lemma 2 for p =1 and using the second fundamental theorem we

get

(n+m*)T( f)

T(r [ (wf" + 2)) ) = N 0: [ (f™ + ) V) + Ne(r, 0z f" (™ + 1))
+S(rf>
N (r, 05 [f" (uf™ + A)] % )+N(roof>+N(rck L+ A)) D)
—N(r,0: [f" (™ + A)] & )+Nk(r0f(uf +A))+8(rf)
N (1o £) + N (1,03 [8" (g™ + MNE D) + kN (1,05 f) + N(1,0: o f" + A) + S (1 f)
{k+14+m"} T(r,f)+ (k= 1)N(r,00;8) + Ni(r,0; 8" (ug” + 1)) +S(r, f)
{k+14m*} T(r,f)+ (k—1) N(r,00:¢) + kN(r,0:g) + N(r,0; ug" + 1)
+S(r,.f)
<Hk+14+m}T(nf)+{2k—14+m"} T(r,g) +S(r, f) +S(r,g)
< {3k+2m"} T(r)+ S(r).

INCIN N

Similarly we get
(n+m") T(r,g) < {3k+2m"} T(r)+S(r).
Combining these we get
(n—m"—=3k) T(r) <S(r),

which is a contradiction since n > 3k 4+ m*.
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Therefore ¢; | = 0 and so [f"(uf™ +A)]% D = [g"(ug™ +1)]*~1). Repeating
k—1 times, we obtain

fruf™+A) =g"(ug" +A) +co.

If k=1, clearly integrating once we obtain the above. If possible suppose ¢y # 0.
Now using the second fundamental theorem we get

(n+m")T(r,f)
SN0 f"(uf™+ 1))+ _(V°°f (Lf™+A)) +N(r,co f" (f" + 1))
SN0 f) +m T (r, f) +N(r,o0; f) + N(r, 08" (ug" + 1))
< (M +2)T(r,f)+N( ,O,g)+m T(r,g)+S(r,f)
S (M +2)T(rf)+(m" +1)T(rg)+S(r,f)+S(rg)
< (3+2m*) T(r)+S(r).

Similarly we get
(n+m*)T(r,g) < (3+2m") T(r)+S(r).
Combining these we get
(n—m"=3)T(r) <S(r),

which is a contradiction since n > 3 +m*.
Therefore ¢o = 0 and so

[ uf+4) =g (uf" 4+ 4).
This completes the Lemma. [J

LEMMA 8. Suppose that f and g be two non-constant meromorphic functions.
F, G be defined as in Lemma 4 and H #20. If f, g share («,0) and F, G share
(1,ky), then

(n+m*—k—1)N(r,o0; f) < (k+m*+ 1){T(r,f)+T(r.g)} + Nu(r,1;F,G)
+S8(r, )+ S(r,g).

Similar result holds for g also.

Proof. Suppose oo is an e.v.P. of f and g then the lemma follows immediately.
Next suppose oo is not an e.v.P of f and g. Since H # 0 from Lemma 4 we have
V #0. We suppose that zp is a pole of f with multiplicity ¢ and a pole of g with
multiplicity r. Clearly zo is a pole of F with multiplicity (n+ m)q+ k and a pole of
G with multiplicity (n+m)r+ k. Noting that f, g share (eo,0) from the definition of
V itis clear that zg is a zero of V with multiplicity at least n+m+k — 1. Now using
the Milloux theorem [6], p. 55, and Lemma 1, we obtain from the definition of V' that

m(r,V)=8(r,f)+8(r,g).
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Thus using Lemma 1 and (2.4) we get

(n—i—m*—!—k—l)]T/(r,oo;f)

N(r,0;V)

T(r,V)+0(1)

N(r,o;V)+m(r,V)+ O(1)

N(r,0;F)+N(r,0;G) + N.(r,1;F,G)

+S(rf)+S(rg)

< N1 (15,05 " (™ +24)) 4 N1 (1,0, 8" (g™ 4+ 4)) 4 kN(r, 003 f)
+kN(r,00;8) + N (r, ,F,G) + S(r, f) + S(r,8)

< N1 (1,05 /") 4 Nigr (1,05 (i f™ 4 1)) + Ny 1 (1, 038")
+Ne1 (1,05 (Ug™ + A)) +2kN(r,00; f) + N (r, 1, F,G)
+S(r,f)+S(rg)
< (k+1DN(1R0: ) +N(10; (uf™ +4)) + (k+ 1)N(r,05g)
+N(r,0; (g™ + A)) + 2kN(r,00; f) + N (1, 1, F, G)
+S(r f)+S(rg).

INCINCIN N

This gives

(n4+m*—k—1)N(r,o0; f) < (k+m"+1){T(r,f) +T(r,g)} + N.(r,1;F,G)
+S8(r, )+ S(r,g)-

This completes the proof of the lemma. [

LEMMA 9. Let f, g be two transcendental meromorphic functions and F =
w, G= W, where p(z) is a non zero polynomial with deg(p) =
r, n(=1), k(= 1), m(= 2) are positive integers such that n > 3k+m*+3. If f,
g share (=,0) and H = 0 then either [f"(uf™ + A)]®[g"(ug” + A)]® = p* or

frufm+a)=g"(ug" +4).
Proof. Since H = 0, on integration we get

1 bG+a—b
F-1 G-1

) (2.5)

where a, b are constants and a # 0. From (2.5) it is clear that F and G share (1,).
We now consider the following cases.

Casel.Let b#0 and a #b.

If b = —1, then from (2.5) we have

—da

F=——.
G—a-—1

Therefore
N(r,a+1;G) = N(r,00,F) = N(r,0;, f) +S(r, f).
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So in view of Lemma 2 and the second fundamental theorem we get

) T(rg)
1,G) + Nip1 (108" (ug" + 1)) = N(r,0;G) +S(r,8)
1,00;G) +N(r,0;G) + N(r,a+1;G) + Ny, 1(r,0; 8" (ug™ + 1)) — N(r,0;G) + S(r, g)
r,e0:8) + Ni1 (,0:8" (g™ + A)) + N(r,001 f) + S(r, ) + S(r,8)
7,208) + Nip1 (1,05 8") + Niey 1 (1,05 (g™ +A)) + N(r,00, f) + S(r, f) + (1, 8)
(rooi8) + (k+ 1)N(r,0:8) + T (r,(ug" + 1)) +S(r, f) + S(r,8)
(k+m"+3)T(r,g)+S(r,f)+S(r,g).

—

e
_|_
3

INCINCIN N IN N
S 2 =22

Without loss of generality, we suppose that there exists a set / with infinite mea-
sure such that T(r, f) < T(r,g) for r € I. So for r € I, S(r,f) can be replaced by
S(r,g). So for r € I, we get a contradiction from above since n > 3k +m*+3.

If b# —1, from (2.5) we obtain that

1 —a
F—(l+-)= —.
b BIGh
So
_ (b — a) _ _
N(r,=—3G) = N(r,eoiF) = N(r,eo: f) + (1. f)-
Using Lemma 2 and the same argument as used in the case when b = —1 we can get a
contradiction.

Case2.Let b#£0 and a=b.
If b = —1, then from (2.5) we have

FG = p?,

that is
L ™+ A)] W [g" (g™ + )P = p?.
If b# —1, from (2.5) we have

1 bG
F~ (1+b)G—1

Therefore

1
——:G)=N(r,0;F).
1550 =N(#0:F)
So in view of Lemma 2 and the second fundamental theorem we get

N(r,

(n+m") T(r,g)
< T(r,G) + Nyt (r,0:8" (g™ +4)) = N(1,0:G) + S(r8)
1

< N(r,0:G) +N(r,0;G) +N(r, ;G) 4 Niy1 (r0: 8" (g™ + 1))

1+b
_N(ra07G)+S(r7g>
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< N(r,0;8) + (k+ 1)N(r,0;8) + T (r, (ug"™ +A)) + N(r,0; F) + S(r,g)
< N(r,0;8) + (k+ 1)N(r,0;) + T (r, (ug™ + 1)) + (k+ 1)N(r,0; f)
+T(r,(Wf™ +24)) + N (1,00 f) +S(r,.f) +S(r,8)

< (k+m"+2)T(rg)+ 2k+m"+1)T(r,f) +S(r, f) +S(r.g).
So for r € I we have
(n+m*) T(r,g) < (3k+2m"+3)T(r,g) +S(r,g),

which is a contradiction since n > 3k +m* + 3.
Case 3. Let b = 0. From (2.5) we obtain

G+a—1
p .

F (2.6)

If a # 1 then from (2.6) we obtain

N(r,1—=a;G)=N(r,0;F).

We can similarly deduce a contradiction as in Case 2. Therefore a = 1 and from (2.6)
we obtain

F=¢G.
Then by the Lemma 7 we have
["P(f)=g"P(g).
O

LEMMA 10. Ler f, g be two transcendental meromorphic functions and p(z)
be a non-constant polynomial, where n and k > 2 be two positive integers. If [ = e*
and g = eP, where o, B are non-constant entire functions such that [f"]®) — p(z) and
[¢"]®) — p(2) share 0 CM, then [f"))[g"]|®) & p?.

Proof. Suppose
L ©[gM® = p?. 2.7
From (2.7) we have
N(r,0;[f"]®) = S(r,f) and N(1,0;[g"|®) = S(r,g).
Let

[ &)

n (k)
F1:f and Glz[g} .
p

(2.8)

We note that T(r,F1) < n(k+1)T(r,f) +S(r.f) and so T(r,F;) = O(T(r,f)). By
Lemma 2, one can obtain T (r, f) = O(T (r,F})). Hence S(r,Fy) = S(r, f). Similarly we
get S(r,G1) = S(r,g). From (2.7) we get

F1G1 =1. (29)
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Itis clearl that T(r,F1) =T (r,G1)+O(1). So S(r,F1) =S(r,Gy). If F; =G, where ¢
is a nonzero constant, then Fj is a constant and so f is a polynomial, which contradicts
our assumption. Hence F; # ¢G and so in the view of (2.9) we see that F| and G,
share —1 IM.

Now by Lemma 2 we have

N(1,0;F1) <nN(1,0; ) +kN(r,00 f) +S(r, f) < (1, F).
Similarly we have
N(r,0;G1) < nN(r,0;g) +kN(r,00;8) + S(r,g) < S(r,Gy).
Also we see that
N(r,e0; F1) = S(r,F1), N(r,e;Gy)=S(r,G)).
Let

F
fl—G—l-
and
R -1
G -1

S

Clearly f) is non-constant. If f, is a nonzero constant then F; and G; share .« CM
and so from (2.9) we conclude that F; and G; have no poles.
Next we suppose that f, is non-constant. We see that

A= 15H) _ -5
fi= fi—-fH “ fi—f
Clearly
T(r,F) <2[T(r, 1) +T(r,f2)]+0(1)
and

T(r.fi) +T(r,f2) <4T(r,F1)+O(1).
These give S(r,F1) = S(r; f1, f2). Also we note that
N(r,0: fi) + N(r,00: fi) = S(r3 1, f2)

fori=1,2.

We note that N(r,—1;F;) # S(r,F), since otherwise by the second fundamental
theorem F; will be a constant.

Also we see that

N(V,—I;Fl) < NO(ra 1;f17f2>'
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Thus we have

T(r,f1)+T(r,f2) <ANo(r,1;f1. )+ S(rF).

Then by Lemma 5 there exist two mutually prime integers s and #(|s| + |¢] > 0) such
that

fifh=1,
i.e.,
[(F;_llﬁgll:ll]tfl (2.10)

If either s or ¢ is zero then we arrive at a contradiction and so st # 0.
We now consider following cases:
Case (i): Suppose s > 0 and t = —1;, where #; > 0. Then we have

ATl

Let z; be a pole of Fj of multiplicity p. Then from (2.11) we see that z; must be a
zero of G of multiplicity p. Now from (2.11) we get 2s = ¢;, which is impossible.
Hence F; has no pole. Similarly we can prove that G| also has no poles.

Case (ii): Suppose either s >0 and r > 0 or s <0 and # < 0. Then from (2.11)
one can easily prove that | and G| have no poles.

Consequently from (2.9) we see that ] and G| have no zeros.

Since F| and G; have no zeros and poles, we have

FL=e"Gy,

i.e.,
[0 = et [gM®), (2.12)

where 7] is a non-constant entire function.
First suppose that o« and 3 both are both transcendental entire functions. More-
over from (2.7) we see that we see that

N(1,0; [f" %) < N(r,0;p*) = O(logr)
and we see that
N(r,0:[g"™) < N(r,0; p*) = O(logr).

From this we get

N(r,oo f) +N(1,0: ) + N1, 0:[4]V) = S(rone) = S(r, [J;] ) (2.13)
and
N(rowig?) + N(1,0:8") + N(r0:[g"1¥) = S(rnp) = S EL). (2.14)
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Then from (2.13), (2.14) and Lemma 6 we must have
f _ euZer,g _ eCZer’ (215)

where a # 0, b, ¢ # 0 and d are constants. But these types of f and g do not agree
with the relation (2.7).
Next suppose o/, B both are polynomials. Since f = e% and g = eP, it follows
that
10 = AoV + P ()], (g = BIB) + P (B)]P,

where A, B are non-zero constants, P,_; (o), P_(B') are differential polynomials
in o and [3/ of degree at most k — 1 respectively. From (2.7) we see that o« + 3 = C,
ie.of =B So deg(at) =deg(P).

If deg(o) = deg(B) = 1, then from (2.7) we again get a contradiction. So we
suppose deg(ot) = deg(B) == 2. From (2.12) we see that [f"]®) and [¢"]*) share 0
CM. So we have for some non zero constant D

[(0 )+ P1(c )] = D[(B) + k1 (B)],

which is impossible as k > 2.

Actually [( )+ P_i(a')] and [(B)* + Q1 (B")] contain the terms (of ¥ +
K(o 20" and (B')*+K(B')*2B" respectively, where K is a suitably chosen posi-
tive integer. But these two terms are not identical. [J

LEMMA 11. ([19], Lemma 6) If H =0, then F, G share 1 CM. If further F, G
share oo IM then F, G share oo CM.

LEMMA 12. Let f and g be two transcendental meromorphic functions, let p(z)
be a nonzero polynomial with deg(p) = r; n, k and m be three positive integers with
n>k+2r. Suppose that H=0. If [f*(uf™ + 1) P [g"(ug™ + 1)]®) = p?, where
A, W are constants such that |A|+ |u| # 0, f and g share (=,0); if p(z) is not
a constant, then f = c1eQ@) g= cre Q) where 0(z) = [jp(2)dz, c1, ¢z and ¢
are constants such that a*.(c1c;)"™ [(n+m*)c]> = —1, if p(z) is a nonzero con-
stant b, then [ = cze®, g = cqe” <, where c3, c4 and c are constants such that
(—1)*a2. (c3¢4)™" [(n+m*)c]** = b2, where ay» =, when m* =m and @y = A,
when m* = 0. Also when p(z) is a nonzero constant b, then f and g can be taken as
non-constant.

Proof. Since H = 0. It follows from Lemma 11 that F, G share 1 CM. So [f"]X) —
p(z) and [g"]®) — p(z) share 0 CM except the zeros of p(z). Let

(™ 4+ )]0 g (g™ + 1) W = p?. (2.16)

First suppose that Ay # 0

Note that f and g share (e0,0), we have f = oo, g # oo Suppose that zy is a
zero of f of order p, then zo will be a zero of [(f"(uf™ + A)]%) of order np — k.
Since n > k4 2r, we can deduce that zop must be a zero of p?(z) with order at least
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2r+ 1. This is impossible. Thus f has no zero. Similarly g has no zero. So f = ON
g =P where 0/(z) and B(z) are two non constant entire functions. Then we get

(fm® =g (o o ..., oK))elrtme (2.17)
ALY =1 (o, ", ..., )", (2.18)
where r;(o/, 0, ...,a®) (i =1,2) are differential polynomialsin o/, o, . . ., a®.

Obviously
Lol o, .., a®)£0
for i =1,2. From (2.16) and (2.17) we obtain

N(r0:n2 (e 0 ...,a®)e™™ D) 1py (a0 ... o)) (2.19)
<N(0:p*(2) = S(1.f).
Since o is an entire function, we obtain T'(r,a/)) = S(r, f) for j=1,2. Hence T (r,t;) =
S(r,f) fori=1,2.
So from (2.19) we obtain

mT (r, f) = T (r,12¢"*) +S(r, f)
< N(r70;t26ma) +N(r’0;t26ma +tl) +S(raf)
=S(r.f),

which is a contradiction.

Hence we have Au = 0. Here also f =¢% and g = P, where o and B are two
non constant entire function. Then from (2.16) we have

g [frm W gn R = p2, (2.20)

Let s =n+m".
Casel: Let deg(p(z)) = r(> 1). First suppose k > 2. Then from Lemma 10 we
get a contradiction.
Next suppose k = 1. Suppose that o and 3 are transcendental. Then from (2.20)
we get
ABd B @P) = p(2), 2.21)

where AB = (n+m*)?a2, .
Let oo+ 3 = y. From (2.21) we know that y is not a constant since in that case
we get a contradiction. Now from (2.21) we get

ABd (v — o)™ = p2(2). (2.22)
We have T(r,7) =m(r,y) =m(r, (E:Tyy)) = S(r,e"). Thus from (2.22) we get
e
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< T(ra)+T(ry — o)+ 0(logr)+0(1)
<2T (o) +S(ra) +S(re),
which implies that T (r,e"”) = O(T (r,&')) and so S(r,e"”) can be replaced by S(r, o).
Thus we get T(r,7) = S(r,') and so ¥ is a small with respect to ¢ . In view of (2.22)
and by the second fundamental theorem for small functions we get
T(ro') <N(resio)+N(n0:0) +N(r0;0/ —y) +8(r.of)

< Ollogr) +S(r.at),
which shows that o' is a polynomial and so ¢ is a polynomial. Similarly we can prove
that f3 is also a polynomial. This contradicts the fact that & and B are transcendental.

Next suppose without loss of generality that o is a polynomial and 8 is a tran-
scendental entire function. Then 7y is transcendental. So in view of (2.22) we can
obtain

2

nT(ne) T ) +0(1)
<T(na)+T(ny —a)+S(ry)
< T(ry)+S(re) = S(reY),

which leads to a contradiction. Thus o and 3 both are polynomials. Also from (2.21)
we can conclude that y(z) = ot(z) + B(z) = C foraconstant C and so o (z)+ 8 (z) =0.
Again from (2.21) we get a2, (n +m*)2e7a’ B’ = p*(z). By computation we get

o = cp(z),ﬁ, = —cp(2). (2.23)

Hence
o=c0(z)+1,B=—-c0(z)+1, (2.24)

where Q(z) = [5 p(z)dz and [;, [, are constants. Finally we take f and g as
f(2) = 1601 g(2) = cre7 01,

where ¢1, ¢y and ¢ are constants such that a2,.[(n+m")c]*(cicy)"H = —1.

Case 2: Let p(z) be anonzero constant b. Obviously we get f =e%* and g = P,
where o and 8 are two non-constant entire functions. Proceeding in the same as above
we get in view of (2.20), o = cz+13, B = —cz+ 4. We can rewrite f and g as

_ CZ — —CZ
f =3¢ 7,8 =46 i

where ¢3, ¢4 and ¢ are nonzero constants such that (—1)%a2,. (c3¢4)"™™ [(n+m*)c]* =
b*.
This completes the proof of the lemma. [
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LEMMA 13. Let f and g be two non-constant meromorphic (entire) functions
and n(=2), m be two distinct integers satisfying n+m>d+7 (n+m>d+3). Then
for two constants A, W, with |A|+|u| #0,

[ +24)=¢"(ug" +4) (2.25)

implies the following.
(i) if AU #0 and
(a) m=1, O(co, f)+O(c0,g) >4/n; or
(b) m =2 and for some constant t, satisfying t* =1,
we have f=tg, where d = (n+m,n).
(ii) if AU =0, then f =tg, where t is a constant satisfying =1,

Proof. First suppose Au #0.

Let m = 1. In this case noting that d = 1 = (n+ 1,n), proceeding in the same
way as done in Lemma 6 of [10] we can show when ©(eo, f) 4 O(e0,g) >4 /n, we have
f=g.

Next suppose m > 2. Let f #tg for a constant 7 satisfying ¢ = 1. We put

h= g Then h# 1, ie., (h—vo)(h—v1)...(h—v4_1) Z0, where v = exp (£},
k=0,1 .,d — 1. First suppose that % is constant. Now (2.25) implies

ug" (R — 1) = —A (K" —1).
Since ged(n+m,n) =d, eliminating d common factors namely h—vy, k=0,1,....,d —

1 from both sides we are left with

g"(h—o)(h—a)...(h—Cyym—a) = (h—B1)(h—B2) ... (h—Bu_a),

where o; and f3; are those zeros of A"*" —1 and h" — 1 which are not the zeros of
h'—1,i=1,2,....n+m—d and j=1,2,...,n—d. Also we note that none of the ¢;’s
coincides with B;’s. Soif h = o; or B;, then we have either (h—Bi)(h—B2)...(h—
Br—a) =0 or g =0 and in both case we get contradictions. Consequentely we assume
neither /"7 = 1 nor " = 1. Hence we may write

N

It follows from (2.26) that g is a constant, which is impossible. So % is non-constant.
We observe that since a non-constant meromorphic function can not have more than
two Picard exceptional values & can take at least n+m —d — 2 values among u; =

exp <n+m> where j=0,1,2,...,n+m~—1. Since f™ has no simple pole 4 —u; has no
simple zero for at least n+m —d —2 values of uj, for j=0,1,2,...,n+m—1 and for
these n+m—d —2 values of j within j=0,1,2,...,n4+m—1, we have O(uj;h) > 1
So by the maximum deficiency sum we have % <2ie,n+m<d+06, Wthh
leads to a contradictionas n+m >d+7.

When f and g are entire functions, proceeding in the same way we can obtain
(2.26) where h is non-constant. Since g has no pole and % can omit at most 2 values,
we must have n+m < d + 2, which is a contradiction.
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Next suppose Au # 0. Then from the give condition either A or u will be
zero. So we get f =tg, where ¢ is a constant satisfying "t = 1. This proves
the lemma. [

LEMMA 14. [3] Let f and g be two non-constant meromorphic functions shar-
ing (1,k1), where 2 < ky < oo. Then

N fl=2)+2N(n L f| =3)+...+ (ki = ) N(r, Li f| = k1) + ki No(r, 15 f)
(ki + 1) N (r,1ig) + ki NS (1 1:g) <N(r 1ig) — N(r, Lig).

LEMMA 15. [2] Let f, g share (1,1). Then
— 1— 1— 1 /
N ool 158) < SN(R0 )+ SN(rems f) = Mol 051 ) +S(r. 1),

where Ny(r,0; f/) is the counting function of those zeros of f/ which are not the zeros
of f(f=1).

LEMMA 16. [2] Let f and g be two non-constant meromorphic functions shar-
ing (1,0). Then

NL(ryl;f)+2NL(r17g)+NE( L;f) = Nysi1(r,1;8) — Nes1(n 15 f)
<N(r1;8) —N(r,1;g).

LEMMA 17. [2] Let f, g share (1,0). Then
NL(n l’f) <N(I’,O,f)‘f’ﬁ(hoo,f)‘f's(l’,f)
LEMMA 18. [2] Let f, g share (1,0). Then

N(r,0: f) + N(r,001f) — No(r,0: £ ) + S(r, f)
(r,00:8) — No(1,0s8 ) +S(r, 8).

3. Proofs of the theorems

Proof of Theorem 1. Let F = [f"P(f)]%) /p(z) and G = [¢"P(g)]¥) /p(z), where
P(w) = uw™+ A. It follows that F and G share (1,[) except the zeros of p(z) and f,
g share (e,0).

Case 1. Let H #0.

Subcase 1.1. [ > 1

From (2.1) it can be easily calculated that the possible poles of H occur at (i)
multiple zeros of F and G, (ii) those | points of FF and G whose multiplicities are
different, (iii) poles of F and G with different multiplicities, (iv) zeros of F' ,(G,) which
are not the zeros of F(F —1)(G(G—1)).

Since H has only simple poles we get

N(r,e0;H) 3.1)
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< Ni(r,0;f,8) + Ni(r,1;F,G) + N(r,0;F| > 2) + N(r,0;G| > 2)
—f—NO(V,O;F,) +N()(V,O;G,),
where Ny(r,0;F /) is the reduced counting function of those zeros of F " which are not
the zeros of F(F — 1) and No(r,0;G') is similarly defined.

Let z9 be a simple zero of F — 1 but a(zg) # 0,°0. Then zo is a simple zero of
G —1 and a zero of H. So

N(r1;F|=1) <N(r,0;H) < N(r,eo:H) + S(r, f) + S(r,8). (3.2)
While [ > 3, using (3.1) and (3.2) we get

N(r,1;F) (3.3)
N(rnL;F|=1)+N(r,1;F| > 2)

N(r,e0, f)+N(r,0;F| > 2)+N(r,0;G| >2)+ N.(r,1,F,G)
+N(r1:F| = 2) +No(r,0;F ) + No(r,0,G ) + S(r.f) + S(r.g).

<
<

Now in view of Lemmas 14 and 3 we get

No(r,0;G ) +N(r, 1;F |>2) + N.(r, 1;F,G) (3.4)
< No(r,0;G)+N(r,1;F| =2)+ N(r,1;F| =3) +...+ N(r, 1;F| = 1)
AN (5 1 F) + No(n 1, F) + Ny (1, 1,G) + N (1, 13 F, G)
<No(r,0:G)=N(r1;F| =3)—...— (I=2)N(r,1;F| = 1) — (I — )N, (r, 1,F)
—INL(r,1;G) — (1 — )l+1(,1,F)+N(r,1,G) N(r,1;G) +N.(r,1;F,G)
< No(r,0:G)+N(r,1;G) —=N(r,1;G) — (1 — 2)N.(r, 1;F) — (1 — 1)N,(r, 1;G)
<N(R0;G |G #0)— (1—2)Nu(r,1;F) — (I— 1)N.(r, 1;G)

< N(r,0;G) + N(r,00,8) — (I —2)N.(r, 1;F,G) — NL(r, 1,G)

< N(1,0;G) + N(r,00;8) — N (r, 1, F,G) — N (1, 1;G).

Hence using (3.3), (3.4), Lemmas 2 and 8 we get from the second fundamental theorem
that

(n+m*)T(r,f) (3.5)

T(r,F) 4 Nio(r,0; f"P(f)) = N2 (1,0 F) + S(r, f)

N(r,0;F) + N(r,00; F) +N(r,1;F) 4+ N2 (1,0; f"P(f)) — Na(r,0; F)

—No(r,O;F)

< N(ryoo, f) +N(r,0:8) + N(1,0; F) + N2 (1,05 f"P(f)) + N(r,0;F | > 2)
AN(R0;G| = 2) + N(r 1,F| = 2) + No(r, 1;F, G) + No(r,0:G ) — Na(r, 0; F)
+S(rf)+S(rg)

< 3N(r,0; f) + Nia (1,0, ' P(f)) + N2(r,0;G) — N.(r,1;F,G) — NL(r,1;G)

<
<
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+S(rf)+S(rg)

< 3N(ry005 f) + Neea (1,05 f"P(f)) 4k N(r,90,8) 4 Niw2 (1,0, 8" P(g))
—N.(r,,F,G)+S(r, f) + S(r,2)

< (B+k) N(r,o0; f) + (k+2) N(r,0; f) + T(r,P(f)) + (k+2) N(r,0;9)
+T(r,P(g)) — Ni(r,1;F,G) +S(r,f) + S(r,g)

< (k+m* +2){T(r,f)+T(r,g)} + (3+k)N(r,o0; f) — N.(r,1;F,G)

+S(rf)+S(rg)
< (k4+m* +2) {T(r,f)+T(rg)} + B:f),ikt;fj 2 {T(nf)+T(rg)}
(B+k)(k+m*+1)

< [k+m*+2+ } (T )+ T(r.g)} +5(nf) +5(r.8).

n+m*—k—1
In a similar way we can obtain
(n+m")T(r,g) (3.6)

L D] )+ T} (1) +S(r)

< {k+m*+2+

Adding (3.5) and (3.6) we get

(6+2k)(k+m*+1)
n+m*—k—1

[n—m*—zk—4— } {T(rnf)+T(rg)} <S(rf)+S(rg).

Since the quantity in the third bracket can be written as

[(n+m*—k— 12— Q2m* +k+3)(n+m* —k—1) = 2(k+3)(k+m*+1)

3.7
P — (3.7

by a simple computation one can easily verify that when

n+m‘—k—1>2m"+2k+5>
2m* +k+ 34/ (2m* +k+3)2+8(k+3)(k+m*+1)
2 b

i.e., when n > 3k+m* + 6 we get a contradiction from (3.7).

While [ > 2, like (3.3), (3.4) and not using Lemma 8 in (3.5) we can deduce a
contradiction when n > 3k+m* + 7. So we omit the detail.

While [ = 1, using Lemmas 3, 14, 15, (3.1) and (3.2) we get

(n1:F) (3.8)

N
N(r1;F| = 1)+ No(r 1;F) + Ni(r, 1;G) + N (1, 1 F)
N

(000 f) +N(r,0:8) + N(r,0;F| > 2) + N(r,0;G| > 2) + N.(r, 1, F,G)
ANL(r 1 F) + NL(r,1:G) + NE (1, 1:F) + No(r, 0:F ) + No(r,0; G )

+S(r, f)+S(r,g)

<
<
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< N(r,0;, f) + N(r,00;8) + N(r,0;F| > 2) + N(r,0;G| > 2) + 2N, (r, 1, F)
HONL(r, 15G) + N (1, 1;F) + No(r,0;F') + No(,0:G )
+S(r f)+S(rg)

< N(r,00; f) +N(r,008) + N(r,0;F| = 2) +N(r,0;G| > 2) + Nr=2(r, 1;G)
FN(1,1;G) = N(r, 1;G) + No(r,0:F ) + No(r,0:G)

+8(r,f)+5(r8)

< % N(r,00; f) +N(r,0;8) + N(r,0;F| >2) + % N(r,0;F)+N(r,0;G| > 2)
+N(r,1;G) = N(r,1;G) + No(r,0;G ) + No(r,0; F)
+8(r,f)+5(r8)

< 3 Nlrew ) 4 Nrosi) +N(50:F| > 2) 4 5 N(r0:F) + N (5061 > 2)
+N(r,0;G |G # 0) +No(r,0:F ) + S(r, f) + S(r,g)

< % N(r,00; f) +2N(r,00;8) + N(r,0; F| > 2) + %N(nO;F) + N, (r,0;G)

+No(r0:F') +8(r.f) +S(1,8).
Hence using (3.8), Lemmas 1 and 2 we get from second fundamental theorem that

n+m")T(r,f) (3.9)
T(r,F)+ Nipa (1,0 " P(f)) = Na(r, 0, ) + S(r, f)

N(r,0;F) +N(r,o0;F )+ N(r, 1, F) + N2 (1,05 f"P(f)) — Na(r,0; F)

~No(r,0;F)

<
<

N

2
+N>(1,0;G) — Ny (r,0; F) + S(r, f) + S(r, 2)

< 2N (e 1) 4 IN(1r,0038) + N1 0: f"PU) + 5N (50 F) + Nafr 0:)
+S(r.f) +S(rg)

< %W(n 003 ) 42N (r,00:8) + Niy2 (1,05 [ P(f)) + k N(r,00,8) + Niyo (1, 058" P(g))

3N (oo )+ Nt (105 PU)) + () +S(18)

\¥N<roof> (e 2N emig) + 252 N 031) 43 T(P(F))
+(k+2)N(r,0;2) +T(r,P(g)) +S(r,f) +S(r,g)

*

32 YT (r,f)+ 2k+4+m") T(r,g) +S(r,f)+S(r,2)

M) )+ S0,

2 Nl ) + 2N (re258) + Na(1,05F) 4 3N (50 F) 4 Ny 103 P()

< (2k+5+

< (4k+9+




188 ABHIJIT BANERJEE AND GOUTAM HALDAR

In a similar way we can obtain

Srzn*) T(r)+S(r).

(n+m") T(r,g) < <4k+9+

Combining (3.9) and (3.10) we see that

*

) 10)+50)

(n+m")T(r) < <4k—|—9—|—

i.e

3m*

<n—4k+9— : )T(r)gso»).

Since n > 4k+9 + 3’;1* , (3.11) leads to a contradiction.
Subcase 1.2. [ = 0. Here (3.2) changes to

NY (r, 1,F0) |= 1) <N(10;H) < N(r,oo;H) + S(r,F) + 5(1,G)
using Lemmas 3, 16, 17, 18, (3.1) and (3.12) we get

N(r,1;F)
ND(r1:F) + NL(r 1 F) + N (r, 1:G) + N (r, 1 F)

<
< N(ry00; f) +N(r,00,8) + N(r,0;F| > 2) + N(r,0;G| > 2) + N (1, 1;F,G)

AN L F) + NL(r 1,G) + N (1, 1, F) + No(1,0:F ) + No(r,0;G)

+S(r.f)+S(r.g)
< N(r,00 f) +N(r,00:8) + N(r,0;F| > 2) +N(r,0;G| > 2) +2NL(r, 1;F)

(3.10)

(3.11)

(3.12)

(3.13)

+2N.(1,1;G) +N1(52(r7 1:F)+No(r,0:F )+ No(r,0:G ) + S(r, f) + S(r, )

< N(r,00; f) + N(r,00,8) + N(1,0;F| > 2) + N(r,0;G| > 2) + Np=1(r, 1;G)

+NGo1(r,1;F) +Ni(r, 1;F) + N(r,1;G) = N(r, 1:G) + No (r,0; F )
+N0(V,O;G,) +S(rf)+S(rg)

< 3N(r,; f) +2N(r,00;8) + No(r,0; F) +
+N(r,1;G) = N(r, 1;G) + No(r,0;G ) + No(r,0;F ) + S(r, f) + S(r,g)

< 3N(r,0,f) + 2N (r,0,8) + No(r,0; F) + N(r,0; F) +N>(r,0; G)
+N(1,0;G'|G # 0) +No(r,0;F )+ S(r, f) + S(r.g)

< 3N(r,00; f) + 3N(r,00;,8) + No(r,0; F) + N(,0; F) + N, (r,0; G)
+N(r,0;G) + No(r,0;F )+ S(r, f) + S(r, 8).

N(r,0;F) + N>(r,0;G)
N
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Hence using (3.13), Lemmas 1 and 2 we get from second fundamental theorem that

(n+m*)T(r, f) (3.14)

< T(1F)+ Newa(n,0; f'P(f)) — Na(r, 0 F ) + S(r, f )

<N(10;F) + N(r,0, F) +N(r, 1;F) + Niio (1,0, f"P(f)) — N2 (r,0; F)
—No(r,O;F )+ S(r,f)

< AN(r,o0, f) +3N(r,0;8) + Na(r,0;F ) + N(1,0; F) + Niy2(1,0; " P(f))
+Ny(r,0;G) +N(r,0;G) — N2 (r,0; F) +S(r, f) + S(r, )

< AN(r,00; f) +3N(r,0;8) + Niy2 (1,05 f'P(f)) + 2N (r,0; F) + Ny (r,0; G)
+N(r,0;G) +S(r,f) + S(r,g)

< AN (1,005 f) 4 3N(r,00,8) 4+ Niy2 (1, 05 f" P(f)) 4 2kN (1, 00 )
+2Nei 1 (1,05 f"P(f)) 4+ k N(r,00:8) + Niy2(r,0:8"P(8)) 4+ kN (r,00; )
+Niy1(1,0:8"P(g)) +S(r, f) +S(r,8)

< (2k+4) N(r,00; f) + (2k+3)N(r,00;8) + (3k +4)N(r,0; f) + 3T (r,P(f))
+(2k+3) N(r,0;8) +2T(r,P(g)) + S(r, f) + S(r,g)

< (5k+8+3m™) T(r,f)+ (4k+6+2m*) T(r,g) + S(r,f) +S(r, )

< (9k+14+5m") T(r) + S(r),

where T (r) = max{T(r,f),T(r,g)}. In a similar way we can obtain
(n+m") T(r,g) < (9% + 14+5m") T(r)+S(r). (3.15)
Combining (3.14) and (3.15) we see that
(n+m*) T(r) < (9% + 14+ 5m") T(r)+S(r),
ie
(n—9k—14—4m*) T(r) < S(r). (3.16)

Since n > 9k + 14 +4m™, (3.16) leads to a contradiction.
Case 2. Let H =0. Then by Lemma 9 we obtain either

(™ + AW g (ug™ + )Y = p?
or
" +2A)=g"(ug" +21).
So the theorem follows from Lemma 12 and 13. [

Proof of Theorem 1. Proceeding in the same way the proof of Theorem 2 can be
carried out in the line of proof of Theorem 1. [l
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